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Abstract. We propose a family of conforming mixed triangular prism finite elements for solving
the classical Hellinger-Reissner mixed problem of the linear elasticity equations in three dimen-
sions. These elements are constructed by product of elements on triangular meshes and elements
in one dimension. The well-posedness is established for all elements with k& > 1, which are of k41
order convergence for both the stress and displacement. Besides, a family of reduced stress spaces
is proposed by dropping the degrees of polynomial functions associated with faces. As a result,
the lowest order conforming mixed triangular prism element has 93 plus 33 degrees of freedom on
each element.
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1. Introduction

In the Hellinger-Reissner mixed formulation of the linear elasticity equations, it is
a challenge to design stable mixed finite element spaces mainly due to the symmetric
constraint of the stress tensor, see some earlier work for composite elements and
weakly symmetric methods in [2, 6, 7, 30, 34, 35, 36]. In [9], Arnold and Winther
designed the first family of mixed finite element methods in two dimensions, based
on polynomial shape function spaces. The analogue of the results on tetrahedral
meshes can be found in [1, 4], and rectangular and cuboid meshes in 3, 11, 18]. Since
the conforming symmetric stress elements have too many degrees of freedom, there
are some other methods to overcome this drawback. We refer interested readers
to nonconforming mixed elements, see [5, 10, 15, 21, 37] on simplicial meshes, and
[26, 31, 39, 40] on rectangular and cuboid meshes. For the weakly symmetric
mixed finite element methods for linear elasticity, we also refer to some recent work
in [8, 12, 19, 32].

Recently, Hu [23] proposed a family of conforming mixed elements on simplical
meshes for any dimension, see [27] and [28] the elements in two and three dimen-
sions, respectively. This new class of elements has fewer degrees of freedom than
those in the earlier literature. For k > n, the stress tensor is discretized by Py fi-
nite element subspace of H(div) and the displacement by piecewise Py, polynomials.
Moreover, a new idea was proposed to analyze the discrete inf-sup condition and
the basis functions therein are easy to obtain. For the case that 1 < k <n —1, the
symmetric tensor spaces are enriched by proper high order H(div) bubble functions
to stabilize the discretization in [29]. Another method by stabilization technique
to deal with this case can be found in [16]. We also refer to [20] for interior penalty
mixed finite element methods by using nonconforming symmetric stress spaces,
where the stability is established by introducing the conforming H(div) bubble
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TRIANGULAR PRISM ELEMENTS 229

spaces from [23] and nonconforming face-bubble spaces. Corresponding mixed el-
ements on both rectangular and cuboid meshes were constructed in [22], also see
[17, 24] for the lowest order mixed elements, while the simplest nonconforming
mixed element on n-rectangular meshes can be found in [25].

In this paper, we propose a family of conforming mixed triangular prism ele-
ments for the linear elasticity problem. Triangular prism meshes can deal with
some columnar regions, and in this case, the triangular prism partition is more
easily achieved than the tetrahedral partition. The key idea here of construct-
ing triangular prism elements is using a product structure that each prism can be
treated as the product of a triangle and an interval. By dividing the stress variable
into three parts, we construct the stress space through a combination of the mixed
elasticity element [23, 27] and the Brezzi-Douglas-Marini element [14] on triangular
meshes, and some other basic elements in one and two dimensions. In this way,
we obtain conforming mixed triangular prism elements for any integer k > 1. The
stability analysis is established by the theory developed in [22, 23, 27, 28, 29]. A
family of reduced stress spaces is also proposed by dropping the degree of poly-
nomials associated with faces. The reduced elements still preserve the same order
of convergence. The lowest order case has 93 plus 33 degrees of freedom on each
element. In addition, by using the lowest order nonconforming mixed element in
[10, 21] on triangular meshes, we obtain a nonconforming mixed triangular prism
element of first order convergence, of which degrees of freedom are 81 plus 33.

The rest of the paper is organized as follows. In Section 2, we define the conform-
ing mixed triangular prism finite element methods and present the basis functions.
In Section 3, we prove the well-posedness of these elements, i.e. the K-ellipticity
and the discrete inf-sup condition. By which, the optimal order convergence of the
new elements follows. In Section 4, we propose a family of reduced triangular prism
elements. In the end, we provide some numerical results.

2. The family of conforming mixed triangular prism elements

Based on the Hellinger-Reissner principle, the linear elasticity problem within
a stress-displacement (o-u) form reads: Find (o,u) € ¥ x V := H(div,;S :=
symmetric R3*3) x L2(2; R?), such that

{ (Ao, 7) + (divr,u) =0 for all 7€ X,

(1) (dive,v) = (f,v) for all v e V.

Here the symmetric tensor space for the stress ¥ and the space for the vector
displacement V' are, respectively,

711 T12 T13 )
(2)  H(div,S):={r= |71 722 73| € H(div,;R*>?), 7T =71},
731 T32 733
(3)  L*QR®) :={v=(v1 vy v3)T|v; € L>(4R),i=1,2,3}.

This paper denotes by H(w; X) the Sobolev space consisting of functions with
domain w, taking values in the finite-dimensional vector space X, and with all
derivatives of order at most k square-integrable. For our purposes, the range space
X will be either S, R3, R?, or R, and in some cases, X will be Sy := symmetric R2*2
as well. Let | - ||k be the norm of H*(w) and H(div,w;S) consist of square-
integrable symmetric matrix fields with square-integrable divergence. The H (div)
norm is defined by

171 (@iv oy = 17113 o + ldivT 3 .
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Here, the compliance tensor A = A(x) : S — S, characterizing the properties
of the material, is bounded and symmetric positive definite uniformly for x € €,
namely, there exists C' > 0 such that (Ar,7) > C||7[|§  for any 7 € X. While
for the nearly incompressible materials, it holds only for functions 7 which satisfy
divr =0, [, tr7 dz = 0, see remarks in [9].

This paper deals with a pure displacement problem (1) with the homogeneous
boundary condition that © = 0 on 9f). But the method and the analysis work for
mixed boundary value problems and the pure traction boundary problem as well.

2.1. The discrete stress and displacement spaces. To obtain triangular prism
partitions, we suppose that the domain Q = Q,, x 1., where {1, is a polygon on
the (z,y)-plane and €2, is an interval on the z-axis. The domain €2 is subdivided into
the union of non-overlapping shape-regular triangular prism elements such that the
non-empty intersection of any distinct pair of elements is a single common vertex,
edge or face. Let Ty, be the set consisting of all these elements (with the mesh size
h). In fact, we also obtain partitions of Q, and €., which are denoted by A}, and
Zp, respectively. Given triangle A,, € &} and interval A, € Zp,, K = Ayy X A, is
thus a triangular prism element in 7. Then, each element K in 7} is equipped with
a product structure. Given element, face or edge w, let |w| denote the measure of w.
Let divyy, Vay and curl,, denote the divergence, gradient and curl operators with
respect to the variables x and y, respectively. Given any nonegative integer k, let
Pi.(w; X) denote the space of polynomials over w of total degrees not greater than
k, taking values in the finite-dimensional vector space X. Let Pj(z) be the space
of polynomials of degree not greater than k with respect to the variable z, and let
Py (z,y) be the space of polynomials of degree not greater than k with respect to
the variables « and y. Given face F' of K satisfying F' = e x A, where e C 0A,y,
let Qg .k, (F) = Pr, (6;R) X P, (A,; R) for any nonegative integers ki and k.

We define the following spaces associated with partition Z; for s = 0,1 and
k>s

Li(Zh) :={veH(Q;R) | v|a, € Py(z) for any A, € 23},
and the space associated with partition A}, for k£ > 0
LX) = {v € L*(Qpy; R) | v|a,, € Pi(x,y) for any A,y € X}

Before defining the space for the stress, we introduce the mixed elasticity finite
element in two dimensions of [23, 27] and the Brezzi-Douglas-Marini (BDM here-
after) space of [14] for the mixed Poisson problem. We recall some notations in
[23, 27]. Let A;(1 < i < 3) denote the barycentric coordinates with respect to
the vertices x; of triangle A,,. For any edge x;x;(1 < i < j < 3) of Ayy, let
t;; = ©; — x; denote associated tangent vectors, which allow for us to introduce
the following linearly independent symmetric matrices of rank one

Ti,j = ti,jtgjja 1<q <j <3.

With these symmetric matrices T; ; of rank one, we define a H(divgy, Agy;Sa)
polynomial bubble function space

Ha,y kb = Z Aidj Pr—2(Asy; R)T; 5,
1<i<j<3
which satisfies
HAwy,k,b = {T € Pk(Aa:y§SQ) | Tsz|8Axy = 0}

Here and throughout the paper, let H(div,,,w;X) consist of square-integrable
functions over w with values in X and square-integrable divergence with respect
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to z and y. Here X will be either Sy or R2. The finite element space of order k
(k > 3) for the stress approximation in two dimensions is

(4)  Hpp:= { T € H(divyy, Qey; So) | T=Te+ T, Tc € Hl(sz;Sg),

Tc|Azy S Pk(Axy;Sg), Tb|Azy S HA kb for any Al-y S Xh}.

Ty

A matrix field 7 € Pi(Agy;S2) can be uniquely determined by the following degrees
of freedom [23]
(1) the values of T at three vertices of Ay,
(2) [, Tvay - pds for any p € Pr_s(e;R?) and e C 07y,
(3) foy 7 : pdxdy for any p € Ha,, k-
Hereafter v,, is the normal vector of 9A,.
The spaces of the BDM element are defined as follows for k > 1

BDM;, :={7 € H(diva,Qxy;RQ) | Tla,, € Pk(Aa.y;RQ) for any Ay, € X}
The vector-valued function 7 € Py(A,y;R?) can be determined by the following
conditions (see e.g. [13]):

(1) [, 7 vaypds for any p € Pi(e;R) and e C 0A,y,

(2) foy 7+ Vaypdady for any p € Py_1(z,y),

(3) fAzy T - pdady for any p € Ui (Ayy)
with
(5) Ui (Agy) = {w|w = curlyy(byyv),v € Py_o(z,y)},
where by := A1A2A3 denotes the cubic bubble on A;,. We also introduce the

bubble function space

BDMa,, kb = {7 € Pk(AzyERQ) | 7- sz|6Axy = 0}.

This space can be uniquely determined by the conditions in (2) and (3) above.
Based on the above finite element spaces, we use a product structure to define
the stress space of the conforming mixed triangular prism elements for £ > 1:

Ty

711 T12  T13 T Ti
I _ 2 . 0
Ek,h .—{T = |71 T2 T3] €L (Q,S) | S Hk+2,h X Ek(Zh),
T21 T22
731 T32 T33

(113, 723)" € BDMyy1 x L1 (2n), 733 € Lo(AR) X L40(2n)}

It is straightforward to show that X5, C ¥ and the shape function space of the
element is

(7)

e (T T2 1/ 7. _ [T1 T2 )
Ek(K) = {T— <T2T 7_3) cH (K,S) | T = <T21 7_22> c PkJrQ(Amy,gg) X Pk(z),

Ty 1= (T13,T23)T S Pk+1(Amy;R2) X Pk+1(z),73 =T33 € Pk(l',y) X Pk+2(z)}.

Note that v,y is the normal vector of dA,, and thus defined on A, then it is
also well defined on each face F' of K that parallels the z-axis and each edge e of K
that parallels the (z,y)-plane. We present the degrees of freedom in the following
lemma.

Lemma 2.1. A matriz field 7 € X (K) can be uniquely determined by the following
conditions:
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(1) the values of 71 at k + 1 distinct points on edge e of K that parallels the
2-axis,
(2) [pTiVay - pds for any p € (Qrk(F))? and face F of K that parallels the
Z-axis,
(3) [ 7 : pdudydsz for any p € Ha,, xso0 % Pr(2);
(4) [ 72 - vaypds for any p € Pry1(e;R) and edge e of K that parallels the
(z,y)-plane,
(5) [p T2 vaypds for any p € Qry1,k—1(F) and face F of K that parallels the
2-axis,
(6) w72 Vaypdady for any p € Py(x,y) and face F that parallels the (x,y)-
plane,
(7) [pm2 - pdxdy for any p € Wiy1(Ayy) and face F that parallels the (x,y)-
plane,
(8) fK T2 " va:ypd:Edde fOT’ any p € Pk(l’,y) X Pkfl(z)’
(9) [ 72 pdadydz for any p € Uiy1(Agy) X Pr_1(2);
(10) [ mspdady for any p € Py(x,y) and face F that parallels the (x,y)-plane,
(11) [y mpdadydz for any p € Py(x,y) x Py(2).

Here 11,7 and 73 are defined in (7).

Proof. Since the dimensions of the space X (K) are equal to the number of these
conditions, it suffices to prove that 7 = 0 if these conditions vanish. The first
and second conditions show that 7., = 0 on side faces of triangular prism K.
Moreover it follows from (3) that 71 = 0. Note that (4) plus (5) and (4), (6) plus
(7) yield that 75 - vy = 0 on side faces and 75 = 0 on top and bottom faces,
respectively. Thus it follows from (8) and (9) that 72 = 0. It remains to prove
73 = 0. Actually, condition (10) implies that

73 =b.g,
where b, is the quadratic bubble function on interval A, and g € Py(x,y) X Pi(z).

Using condition (11), we immediately obtain 73 = 0. O

On each element K, the space for the displacement is taken as
(8) Va(K) :={v=(vi,v2,03)" € H(K;R?) | v; € P (a,) x Pr(2),i=1,2,
v3 € Pp(z,y) X Pet1(2)}.
Then the global space for displacement reads
(9) Vi ={v e V | v|x € Vi (K) for any K € Tp}.

The mixed finite element approximation of Problem (1) reads: Find (o, up) €
Ek,h X Vk,h; such that

{ (Aop,7) + (divr,up) =0 for all 7€ Xy p,

(10) (divoy,v) = (f,v) for all ve V.

2.2. Basis functions of the stress space. For convenience, we provide the basis
of the stress space X} on element K. In fact, we only need to give the basis of
Hip(k > 3) and BDMg(k > 1). Thus we immediately obtain the basis of ¥ 5
by the product structure. For any edge x;x;(1 < i < j < 3) of Ay, @, being
the opposite vertex, let v; ; denote its associated normal vector and h,, denote the
height of the triangle from x,, to the opposite edge x;x;.

The canonical basis of S reads
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r=fo o) = o) m= (i 1)
Then, the basis functions of Hy (k > 3) on triangle A, are as follows [27, 29]:
(1) Given vertex x;, the corresponding basis functions are
)\iTja ] = 172a3;
(2) Given edge x;x;, its associated basis functions with nonzero fluxes read

~ ~ ti v+t
XA Pr—a(Ni, \)vi vy, )\Mij—2(>\i7)\j)’jfj;
(3) The basis functions of Ha,, . are

)\i)\jpk,Q(Azy;R)ti’jth, 1< < j <3.

Here
(11) Pe(Aiy Aj) = span{\;"* N1, mq + mo = k}.

For BDMy, the hierarchical basis functions can be found in [38]. We give another

basis functions following [13]:
(1) Given edge x;x;, the corresponding basis functions are
1 1 1
_)\ztmza —Ajtm v op
L T

(2) The basis functions of BDMa,, kb are

>\i>\j]5k72(>\ia Aj) (i +tmj);

)\i)\jﬁk,Q(Ai, )\j)ti,ja 1<i< j < 3,
)\1)\2)\3Pk_3(Axy;R2).

Using the above two families of basis functions, we can easily construct the basis
functions of ¥y 5 (k > 1) on element K = A, x A, by the product technique. We
shall make explicit the lowest order case, of which the stress space is as follows

Sop={r = (T; 72) € L*(%S) | 71 € Hap x LY(Z), 72 € BDMy x L3(Z),

T2 T3
3 € LX) x L3(Zh)}.

Let {¢;}2%, and {1;}}2; be the collection of basis functions of Hj , and BDM; on
triangle A, respectively. Suppose that A, = [z0, 20 + ho|, we introduce the affine
invertible transformation

Fa, - [0, ].] — [Zo,ZO + ho],z = ho& + 20,& € [0, 1]
Thus we select 7 such that 7 = 73 = 0 and
1 € {¢i&, di(1 — )},
71 =73 =0 and
72 € {1i€(26 — 1), 0i(1 — ) (1 — 26), k(1 — )}, 2,
and 71 =1 =0
73 €{ (36 = 1)(3 — 2), \i§(1 — §)(2 — 3€), \ié(1 = €)(3§ — 1),
Ai(1—€)(3¢ = 1)(36 = 2)}y.

In this way, we obtain the basis functions of ¥;; on K. Thus, the degrees of
freedom on each element of the lowest order element are 108 plus 33.
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3. The stability analysis for the mixed triangular prism elements

In this section, we consider the well-posedness of the discrete problem (10). By
the standard theory, we only need to prove the following two conditions, based on
their counterparts at the continuous level.

o K-ellipticity. There exists a constant C' > 0, independent of the meshsize
h such that

(Atp, 1) > C||Th|\%,(div,9) for any 7, € W,

where W}, is the divergence-free space defined as follows

Wiy = {Th S Zkﬁ | (diVTh,’U) =0 forallv e Vk,h}-

e Discrete inf-sup condition. There exists a positive constant C' > 0 indepen-
dent of the meshsize h, such that
divry, v
sup M > Cllupllo,e  for any vj, € Vi p.
0ATHEXk b HTh”H(diV,Q)

It can be easily checked that divXy, C Vi . Hence divry, = 0 for any 7, € W
and this implies the above K-ellipticity condition. It remains to show the discrete
inf-sup condition. We first introduce the following lemma in [23, 27], which is a
key ingredient to prove the discrete inf-sup condition for mixed triangular elasticity
elements.

Let Rgy(Agy) be the rigid motion space in two dimensions, which reads

ratay s (2. (2). (%)}

Define the orthogonal complement space of Ry, (A4, ) with respect to Pyy1(Agy; R?)
by

Ri‘y(Aw) ={ve PkH(Azy;RQ) | (v,w)a,, =0 for any w € Ryy(Agy)},

where the inner product (v,w)a,, over Agy reads (v,w)a,, = [, v-wdzdy.
: oy

Lemma 3.1. It holds that
divey Ha,, k20 = Ri_y(Aa:y)-
Next we follow the arguments in [22, 23, 27, 28, 29] to analyze the discrete inf-sup
condition. To this end, we define the bubble function space
Skipi={r €Ip(K),7v=0o0n 0K}.

Here v denotes the normal vector of K. Let RM(K) be the rigid motion space in
three dimensions, which reads

1 0 0 —y —Zz 0
RM(K) ::span{ o},t1],10),1 = |, 0],[—-= }
0 0 1 0 x Y

Define the orthogonal complement space of the rigid motion space RM (K) with
respect to Vi (K) by

RM™*(K) :={v € Vi(K) | (v,w)x =0 for any w € RM(K)},
where the inner product (v, w)x over K reads (v,w)g = [p v - wdzdydz.
Lemma 3.2. For any k > 1, it holds that

divZg kp = RM*H(K).
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Proof. Since it is straightforward to see that divXy ., C RM*L(K), we only need to

prove the converse. If divEg 1, # RM* (K), there is a nonzero v = (v, v, v3)? €
RM*(K) such that

/ divr - vdxdydz = 0 for any 7 € Xk 5.
K

T1 0

0T 0) € Yk kb such that 7 € HAwy,kJ’_Q,b X Pk(z). It

First, we choose 7 = (

follows that

0= / div T - vdrdydz = / divay 71 - <“1> dzdydsz.
K K v2

From (8), we have (v1,v2)” € Pyi1(Asy; R?) x Py(2). This, together with Lemma
3.1 shows that

(12) (vl,vg)T € Ryy(Azy) X Pi(2).
Second, we take 7 such that 711 = 715 = 709 = 713 = 723 = 0 and
T33 € bz X Pk(.ﬁ,y) X Pk(z)7

where the bubble function b, is defined in Lemma 2.1. An integration by parts
yields

0= / div 1 - vdxdydz = f/ 7'33% dxdydz.
K K 0z

Since % € Piy(z,y) x Pi(z), it holds that
(13) v3 € Pp(z,y).
Third, we use degrees of freedom of 713 and 723 to deal with the remaining part of

(v1,v2,v3)T in (12) and (13). Given 7 € Xk such that 711 = 712 = T2 = 733 = 0
and (T13,T23)T € b, x BDMa k+1,b X Pk,l(z), we have

Ty

or oT _
0= /K ((_8;3 v + _8,23 v2) + v3 divgy (713, 7-23)T) dadydz.

Recall that K = Ay x A,. An integration by parts gives rises to

(14) /Az </A (113, 703)T - (%(vl, v2)! 4 Vyv3) d:cdy) dz =0.

Ty
It follows from (12) that there exist two constants ¢; and co, two polynomials
p1,p2 € Pr_2(z), and a polynomial p3 € Py_1(2) such that

0
—(v1,v2)T + Vayv3 = Vg (e17 + coy + v3 + 22p1 + y2p2) + p3 ( Y ) :

0z —
Then, the choice (713, 723)7 = b.pscurlyybyy in (14) implies that
|Azy| 2
15 - b,p5dz =0,
(15) 30 Ja. bz az

where by, is defined in (5). Indeed, a simple computation shows that
divgycurly,byy = 0 and curlyybyy € BDMa,, k110,

and
Ay
(16) / curlyybay - (y, —2)7 dedy = _[Axy
Agy

50 70
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Further, using (15), we obtain p3 = 0. Next we show that V,(ci12 + coy +v3) = 0.
If otherwise, it follows from the second degrees of freedom for the BDM space in
Section 2 that there exists w € BDMAa, x+1,6 such that

Ty

/ w - Vay(c1z + coy + v3) dady = 1.
A

*y

Besides, there exists q1 € Py_1(z) satisfying

/ b.q1 dz =1 and / b.q1zp;dz =0 fori=1,2,
Ay

Actually, it is straightforward for k£ > 3. While for k£ = 1, since p; = ps = 0, we
can just take ¢ = 1/(fAz b,dz). And for k = 2, since p1,p2 € Py(z) and then
p1 and po are dependent, there exits ¢; € Pi(z) satisfying the above conditions.
However, selecting (713, 723)7 = b.qiw in (14) leads to a contradiction that 1 = 0.
Therefore, we obtain V,(cix + coy + v3) = 0. On the other hand, we select
w € BDMa,, k41,5 such that fAW w - Vyyxdrdy =1 and way w - Vyyydrdy =0,
and q; = zp;. This gives p; = 0. Similar choice yields p; = 0. Hence, a collection
of the above arguments yields

(17) %(vl, v)T + Vayvs = 0.

Consequently, we conclude, by (12), (13) and (17),

v = (v1,v2,v3)" € RM(K),
which completes the proof. O

Before giving the following lemma, we present the H! conforming triangular
prism element (k > 1)

U = {v € H(S) | v € Pe(Ary;S) x Py(2) for any K € Tp,}.

Let I, : HY(Q;S) — Up,n denote the Scott-Zhang interpolation operator in [33]
that satisfies

(18) |7 = Inllo.q + RV ILT]

0,0 < Ch||VT||07Q.
Lemma 3.3. Given any integer k > 1, there exists an interpolation operator Iy, :
HY(Q;S) — X1 satisfying for any T € H(€;S),
(19) / div(r — Ip7) - wdzdydz = 0 for any w € RM(K) and any K € Ty,
K

and
(20) IHn7 |l H(div,0) < CllTl10-
Proof. We use notations 71,72, 73 to denote the corresponding parts of 7 as in (7),

and Ty p,Toh, 73,5 are similar defined for th such that th = (;}Th ;2’h>. It
2,h 3,h

follows from degrees of freedom in Lemma 2.1 that there exists 71, € Hyyon X

LY(Zn), o0 € BDMyy1 x L, (Zn) and 735 € LY (Xn) X L}, 4(Z1) such that for

face F' that parallels the z-axis,

/ T1 hVay - Pds = / (T1 — T1,n)Vay - pds for any p € (Ql,l(F))Q,
F F

/ To,h - Vayp ds = / (To — To,n) - Vayp ds for any p € Q1,0(F),
F F
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and for face F' that parallels the (z,y)-plane,

(21) / To.p - pdady = / (T2 — 7o) - pdaxdy for any p € Ryy(Agy),
F F

/ T3.pp dxdy = / (13 — T3,1)p dxdy for any p € Pi(z,y).
F F

Note that (21) is a combination of (6) and a slight modification of (7) in Lemma
2.1, replacing p = curlby, € Wyi1(Ayy) with p = (y, —z)T there. This is valid
because of the result (16). In addition, the remaining degrees of freedom vanish for
Ti,h, T2,h and 73 p.

Since Uy, C X, p, we define I 7 = fhr + (?Th :Q’h). An integration by parts
2,h 3,h
immediately yields that (19) holds true. The stability estimate follows from (18)
and the definition of the correction TIT’h TQ’h). O
To,n T3,k

Theorem 3.4. For k > 1, there exists a positive constant C' independent of the
meshsize h with

(div 7, vp)
sup —
0ATHES K, 1

> Cllvnlloe  for any vy, € Vi .

Thll m(div,0)

Proof. By the stability of the continuous formulation, see [9, 23], there exists a
T € H'(Q;S) such that

divr = vp, and ||7]]1,0 < Cllunllo,0-

This plus Lemma 3.3 implies that
(22) / (div InT — vp) - wdz = 0 for any w € RM (K) and any element K
K

and

(23) 11071 22 (aiv,0) < Cllvnllo,q-

By Lemma 3.2, there exists a 05, € X p, such that

(24) div 0, = v, — div Iy and ||6 | g (aiv,0) < Cllvn — div InT|lo,0.

Let 7, = In7 4 65 Then we have div 7, = vy and ||75 || g (aiv,0) < Cllvn]

0,2 U

Remark 3.5. Similarly as mentioned in [23], it follows from Lemma 3.2 and
Lemma 3.3 that there exists an interpolation operator Iy, : H*(€;S) — Sk n such
that

(div(r = p7),vn)k = 0 for any K and vy, € Vi p,
for any T € HY(Q%;S). Further, if T € H*T1(Q;S), it holds that

I7 = Marllo.e < CA* |17 ]lkr1 0.

Theorem 3.6. Let (o,u) € X x V be the exact solution of problem (1) and
(on,un) € Tg,n X Vin the finite element solution of (10). Then, for k > 1,

(25) o = onlla(aiv,) + I — unlloe < CR* T ([lollkr2,0 + lullktr,0)-
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Proof. We follow the standard error estimate of mixed finite element methods in
[13]

llo = onll #(div,0) + lu —unllo0 < CT;LeEk,i;LI,lfher,h(HU — Tl 5 (div,0) + |v = vnllo,0).

Let P, denote the local L? projection operator, from V' to Vj p, satisfying the error
estimate

v — Prollo.g < ChE 1 |v||gy1.0 for any v € HFH(Q;R?).

Choosing 75, = IIpo where 11 is defined in Remark 3.5, and note that divIl;o =
P, div o, we have

o — ho || maiv.o) < CAE o]l kt2.0.

Consequently, a choice of vy, = Ppu and 75, = II;,0 completes the proof. O

4. Reduced mixed triangular prism elements

In this section, we provide a family of reduced spaces of Xy, 5, in (6). According to
Lemma 3.2, we only need the degrees of freedom of bubble function space Xk 11 to
deal with the space RM*(K). From the proof of Lemma 3.3, we only need degrees
of freedom on faces of the lowest order element to deal with the rigid motion space
RM(K) on each element K. Hence the stress finite elements can be reduced by

replacing Hyto , and BDMy4q in (6) by ﬁk+27h and B/ISM;H_l as follows
ﬁkJrQ’h = { T € H(divyy, Qgy; S2) ‘ T=T+ T, T¢ € Hip,
TolA,, € HA,, k2, for any Ay, € Xh},

—_~—

BDMj,, = { 7€ H(divey, Quy; R2) ‘ 7 =10+, 72 € BDMj,

7b|a,, € BDMa

Y

k+1,6 for any Ay, € Xh}.

Remark 4.1. We know that Hyj, is defined for k > 3 in (4). When k = 1,2, we
refer interested readers to [29] for those two cases and omit the specific definitions
herein. Thus, the degrees of freedom on each element of our lowest order case,
which is of second order convergence, are 93 plus 33.

We use X, 5, to denote the new stress spaces. The reduced elements preserve the
same convergence order.

Theorem 4.2. Let (o,u) € ¥ x V be the exact solution of problem (1) and

(oh,un) € f)k,h X Vin the discrete solution by the reduced triangular prism ele-
ments. Then, for k > 1,

o = onllar(div,) + llu = unlloe < CR*([lollkr2,0 + ullktr,0)-

Remark 4.3. For k = 1, if we utilize the first order nonconforming stress space of
[10, 21] in two dimensions instead of the first order conforming element of [29], we
obtain a nonconforming mized triangular prism element of first order convergence,
with 81 plus 33 degrees of freedom. The following error estimate holds

0,0 < Chlul

lo —onllo + [|w—unl 2,0
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5. Numerical results

5.1. Pure displacement problem. It is a pure displacement problem on the
unit cube Q = (0,1)% with a homogeneous boundary condition that u = 0 on 9.
In the computation, let

1 A
Ao = E <O' mtr(o)é) s

1 00
where = [0 1 0], and u=1/2 and A =1 are the Lamé constants.
0 0 1
Let the exact solution on the unit square [0, 1] be
24
(26) u=[2°]2z(1—2)y(1 —y)z(1 — 2).
26

Then, the true stress function o and the load function f are defined by the equations
in (1), for the given solution w.

We use the triangular prism element of £ = 1 in Section 2. In the computation,
each mesh is refined into a half-sized mesh uniformly, see the initial mesh in Figure
1. In Table 1, the errors and the convergence order in various norms are listed for
the true solution (26), by the mixed finite element in (6) and (9), with k& = 1 there.

The optimal order of convergence is achieved in Table 1, coinciding with Theorem
3.6.

TABLE 1. The error and the order of convergence by the triangular
prism element, k=1 in (6) and (9), for (26).

lo—onllo,e R™ ||lu—unllo,e RA™ || divic —on)lloa A"
1.61682569 0.0 | 0.21093411 0.0 6.10467990 0.0
0.48388087 1.74 | 0.06461602 1.71 1.74304423 1.81
0.12795918 1.92 | 0.01699145 1.92 0.45537323 1.94
0.03244990 1.98 | 0.00429655 1.98 0.11514501 1.98
0.00814520 1.99 | 0.00108161 1.99 0.02886873 1.99

QU s W N =

FIGURE 1. The initial grid for the triangular prism partitions.

5.2. Cantilever beam problem. We consider a straight beam of dimension 10 x
1 x 1 from [41]. The Young’s modulus is £ = 2.1 x 10%. The top is loaded with
normal stress ¢ = 100. See Figure 2 for the boundary conditions and the initial
triangular prism grid. We use the mixed triangular prism element of £k = 1 in
Section 2 to compute the vertical displacements at points A and B, which are
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denoted by u4' and u£ respectively. For comparison, the first (P1) and second (P2)
order Lagrangian elements are also used to produce the vertical displacements at
points A and B. The initial tetrahedral grid is obtained by dividing each triangular
prism into three tetrahedrons. In this example, we also test the behavior of elements
under the incompressible limit condition (Poisson’s ratio v is 0.3 and 0.499). The
Lamé constants A and p satisfy

Ev B E
A+ "~ 2010
The results are listed in Table 2. From Table 2, we see that the first order mixed
triangular prism element is locking free.

S R R S S S S

FIGURE 2. The initial triangular prism grid for the cantilever beam.
TABLE 2. Cantilever beam.
Poisson’s ratio v = 0.3
Prism (k =1) P1 P2
mesh uf u® uf u® uf uf
1 -0.2571 -0.7201 | -0.0588 -0.1596 | -0.2472 -0.6998
2 -0.2566 -0.7183 | -0.1305 -0.3636 | -0.2534 -0.7119
3 -0.2560 -0.7171 | -0.2023 -0.5671 | -0.2549 -0.7148
4 -0.2557 -0.7165 | -0.2388 -0.6698 | -0.2553 -0.7156
Poisson’s ratio v = 0.499
1 -0.2561 -0.7177 | -0.0074 -0.0110 | -0.2010 -0.6006
2 -0.2540 -0.7128 | -0.0095 -0.0171 | -0.2339 -0.6716
3 -0.2520 -0.7086 | -0.0174 -0.0398 | -0.2449 -0.6943
4 -0.2510 -0.7066 | -0.0427 -0.1133 | -0.2484 -0.7014
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