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Abstract. We establish in this paper the supercloseness of the quadratic finite element solu-
tion of a two dimensional elliptic problem to the piecewise quadratic interpolation of its exact
solution. The assumption is that the partition of the solution domain is quasi-uniform under a
Riemannian metric and that each pair of the adjacent elements in the partition forms an ap-
proximate parallelogram. This result extends our previous one in [7] for the linear finite element
approximations based on adaptively refined anisotropic meshes. It also generalizes the results
by Huang and Xu in [13] for the supercloseness of the quadratic elements based on the mildly
structured quasi-uniform meshes. A distinct feature of our analysis is that we transform the error
estimates on each physical element to that on an equilateral standard element, and then focus
on the algebraic properties of the Jacobians of the affine mappings from the standard element to
the physical elements. We believe this idea is also useful for the superconvergence study of other
types of elements on unstructured meshes.
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1. Introduction

Superconvergence study in finite element approximations has been an area of re-
search for several decades. Classical superconvergence analysis is mostly performed
on approximations based on uniform meshes or structured meshes, since supercon-
vergence is generally the result of cancellation of certain lower order terms in the
discretization, which relies on the local symmetry of the partition of the solution
domains, [2, 22, 26, 27]. There have been much recent developments in extending
the study to the FEM based on general types of meshes, see, e.g., [3, 12, 15, 24, 25].
Bank and Xu [3] and Huang and Xu [13] introduced a number of basic identities
which involves explicitly the geometric properties of the elements in the partition,
and established the supercloseness of the linear and quadratic finite element solu-
tion of an two dimensional elliptic equation to the interpolation of its exact solution
on general mildly structure quasi-uniform meshes.

For practical applications of the finite element method, the partition of the do-
main are often adaptively refined, and the meshes are no longer quasi-uniform or
even shape regular. In this case, superconvergence is often still observed. Various
error estimators have been designed based on such a property to guide the mesh
refinement process, see, e.g., [10, 14, 16, 17, 20, 21]. Therefore, understanding of
the superconvergence on adaptively refined unstructured meshes may offer useful
insights to the practitioners of the finite element method. There have been some
recent efforts in this area of study e.g., Wu and Zhang [23] established the super-
convergence for linear finite element approximation of a singular perturbed problem
based on a pre-defined graded mesh. However, the theoretical work in this area is
still limited due to the technical complexity involved in deriving the expressions for
discretization errors in general element geometries.
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By using the notion of quasi-uniform meshes under a Riemannian metric [9, 5, 6],
we extended in [7] the superconvergence analysis for linear finite element approxima-
tions on mildly structure quasi-uniform meshes in [3] to certain adaptively refined
anisotropic meshes. An innovation for the analysis in [7] is the development of the
notion of approximate parallelogram for anisotropic meshes. Based on this super-
convergence result, we established in [8] the effectiveness of several commonly used
gradient recovery type error estimators for the FEM based on adaptively refined
anisotropic meshes.

In this paper, we extend our analysis in [7] for linear FE approximations to a
quadratic FE approximation on anisotropic meshes. We establish rigorously the
supercloseness of the finite element solution of a two dimensional elliptic equation
to the piecewise quadratic interpolation of the exact solution. This conclusion also
generalizes the results by Huang and Xu [13] for the supercloseness of quadratic ele-
ments on the mildly structured quasi-uniform meshes As is documented in the study
of a Laplace equation in [13], superconvergence analysis for quadratic elements on
general meshes is much more complicated technically than for linear elements, and
considering anisotropic features of the partition makes the study even more difficult.
We simplify the task by performing the analysis on the standard element. More
specifically, we select the equilateral triangle with vertices on the unit circle as the
standard element, and transform the discretization errors on each physical element
to the standard element. Then all the estimates involving the geometric properties
of the physical elements become those involving the algebraic properties of the Ja-
cobians of the affine mappings from the standard element to the physical elements.
This approach was first used in our superconvergence study for linear elements in
[7]. Tt made much easier technically the derivation of various error bounds needed
for the analysis. We believe this idea is useful for the superconvergence analysis in
other types of problems.

An outline of this paper is as follows: We describe in Section 2 the model problem,
the anisotropic partitions of the solution domain, and the measure of the anisotropic
features of the higher order derivatives of solutions. We list in Section 3 a number of
basic lemmas and then establish the supercloseness of the quadratic finite element
solution to the piecewise quadratic interpolation of the exact solution. We provide
in Section 4 two numerical examples and finish the paper with some discussions in
Section 5.

2. FE Approximation Based on Anisotropic Meshes

We consider the following homogeneous Dirichlet problem of a second order
elliptic equation:

W {—V-(AVqubu)—kdu:ﬁ in Q

ulan = 0,

where A is symmetric positive definite (SPD) constant matrix, and b, d, and f are
suitably smooth functions. Furthermore, (1) is assumed to be strongly elliptic.
FE approximation: Let {7y} be a family of triangulations of Q satisfying
the basic requirement that the intersection of the closures of any two elements
is either the empty set, a point, or an entire edge. Here N stands for the total
number of elements in 7Ty. We use N, instead of the usual element diameter h to
characterize the fineness of the partition, because in anisotropic meshes an element
may have very different length scales in different directions. Define Sy be the
space of continuous piecewise quadratic polynomials over partition 7y, and Vi =
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Sn N HY(Q). The finite element method for solving (1) is to find the approximate
solution uy € Vi satisfying

@) atu.0) = [

[((AVupy) - Vo + (b-Vv)uy +d unv] = /fv7 Yv € V.
Q Q

In order to better describe and control the anisotropic mesh features, such as
element sizes, aspect ratios, and alignment directions, we consider a class of meshes
that are quasi-uniform under a given metric. Let M be a continuous Riemannian
metric on Q. For each element 7 € Ty, let M, be the average of M over 7. Its
eigen-decomposition is of form

(3) M, = T, A, - T,
where A, is diagonal and T’ is orthonormal. Define
(4) F. =T,A; 7.

We call a family of triangulations {7x} quasi-uniform under metric M, if for all
7 € Ty, T = F17 are shape regular and of about the same size, see [5, 6, 9]. Let
J: be the Jacobian of the affine mapping from a standard element 7 to 7. Then
{Tn} is quasi-uniform under metric M iff

(5) IE T = (I )T = (Cu /N2, e € T,

where ~ means the ratio of the two quantities involved are bounded from above
and below by positive constants, and

(6) CMZ/Q|det(M)|1/2.

In order to derive the convergence and superconvergence for the quadratic FE
approximation on anisotropic meshes, we need certain quantities to characterize
the anisotropic behavior of the third and fourth order derivatives of solution w.

Anisotropic measure of D3u and D*u: For any given point £ €  and m = 3
or 4, we call a “suitable” 2 x 2 symmetric positive definite matrix @, an anisotropic
measure of D™u at x, if it satisfies

(7) (s - V)™ u(x)| < [s - Qu(x)s]™/?, Vs € R?.

Clearly, there are infinitely many SPD matrices satisfying the above inequality. For
instance, @, can be chosen as |[D™u| I, where I is the identity matrix, and |D™u|
is the maximum of all the m-th order directional derivatives at &. However, such a
Q@ reflects only the magnitude of D™u(x), and no information about the possible
anisotropic behavior of D™u(x) is revealed. In order to include such information,
Q@ should be chosen so that inequality (7) is satisfied as tight as possible, namely,
Q. should be selected as “small” as possible. One option is to choose such an
anisotropic measure @,, so that s - @,,s = 1 is the largest ellipse contained in
|(s- V)™u| <1 on the s-plane, see [6] for more details. Unfortunately, there is no
explicit formula for @,, in general. Furthermore, in some degenerated cases, such
a largest ellipse can be infinite, and suitable regularization should be applied to
define @,,. We developed in [5, 6] a numerical algorithm to find an suitable @,
approximately. More recently, Mirebeau [19] discussed the basic properties of Qy,
for general m, and derived in particular an explicit formula in [18] for the “smallest”
()3 measuring the anisotropic behaviors of third order derivatives D3u. We shall
use this formula for the anisotropic mesh generation in our numerical experiment
in this paper.
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Based on the anisotropic measure (),, of the high order derivatives and its in-
terplay with the metric M characterizing the anisotropic properties of the adaptive
meshes, we can derive the error estimates for the piecewise polynomial interpolation
based on anisotropic meshes, see [5, 6] for details. In particular, we state below an
error estimate for the piecewise quadratic interpolation which will be needed in our
analysis later.

Theorem 2.1. Suppose {Tn} is quasi-uniform under metric M, and uq is the
piecewise quadratic interpolation of function u € H?(Q). Suppose the third order
derivative D3u satisfies assumption (7) about its anisotropic behavior. Then there
exists a constant ¢ independent of w and N such that

N1/2
(8) lu—uglog < CRPNTH2{ e /Q||FTQ3F||3} :
and

—1 —1712 T 3 1/2
©  l-whes GV {e [IFTRIFTQuRI

where F' and Cyy are determined by M as in (4) and (6).

Remark 2.1. The above estimates hold for any quadratic interpolation as long
as all the polynomials of degree < 2 are invariant under the operation. In addition,
by the ellipticity of the model problem, the above error estimate in H'-seminorm is
also true for the error u — un of the quadratic finite element approximation uy of

(1).

Remark 2.2. Let Ay > Ay be the eigenvalues of Qs(x), and vq,va its corre-
sponding eigenvectors. Then roughly speaking, A1 represents the largest third order
directional derivative of u at x (along v1 direction), and Ay approzimately the small-
est third order directional derivative at x (along vo direction). If we define a mesh
metric M3 12 as

(10) Msio = c(A1/X2)"%- Qs

and the anisotropic mesh is quasi-uniform under Ms 12, then the error bound (9)
for H'-seminorm for the quadratic interpolation is minimized, see Theorem 2.1 in
[6]. In this case, we have

3/2
(1) u-wha < N { [P}
Q

On the other hand, if quasi-uniform meshes are used, then we would have

1/2
[u—ugl1,0 < cN‘l-{ /|)\1|2} ;
Q

while if we are only allowed using isotropic adaptive refinements, then the best
isotropic mesh metric to minimize the error bound in (9) would be M = M\ I, and
the error bound for ||u — un||1,o becomes

3/2
u- o< eN [P}
Q

Therefore, the improvements in error bounds brought by the anisotropic adaptivity
is clearly manifested.
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3. Supercloseness of FE solution

In this section we establish the supercloseness of the quadratic finite element
solution to (1) to the quadratic interpolation of the exact solution. Since super-
convergence is often the result of cancellation of certain lower order terms in the
discretization, which relies on the local symmetry of the partition 7y, we first recall
the notion of O(N~(1+%)/2)_approximate parallelograms introduced in [7].

Approximate parallelograms: Let the standard element 7 be an equilateral
triangle with vertices on the unit circle. Let 7 and 7’ be a pair of elements sharing
a common edge, and let J, and J, be, respectively, the Jacobians of the affine
mappings from 7 to 7 and 7’ that map a vertex of 7 to the opposite vertices of TUT’,
cf. Figure 1. We call 7 U7’ forming an O(N~(+%)/2).approximate parallelogram,
if

(12) |1+ 77 00 = O(N—°7?),

It can be shown that the above definition is independent of which of the two elements
is taken as 7 or 7.

Note in the case that the affine mappings do not map the same vertex of 7 to the
opposite vertices of 7U7’, e.g., mapping F, maps vertex 1 to vertex i in 7, but F,/
maps vertex 1in 7 to vertex i’ —1 in 7. In this case, mapping F.oRj99 maps vertex
1 into ¢’ in 7/, where Rigg is the matrix for rotation by 120° counter-clock-wise,
and condition (12) should be expressed as

(13) T+ J71 (T Razo)|| = O(N™/2).

When the partition {75} is quasi-uniform, the diameters of all elements in Ty
are about h = O(N~1/2), and the above definition is equivalent to the O(h'*®)-
approximate parallelograms for “mildly structured” and unstructured quasi-uniform
meshes introduced in [3, 15, 24]. Indeed, anisotropic elements 71 and 75 form an
O(N~(+2)/2)_approximate parallelogram, if they form an shape regular O(N ~(1+®)/2)
-approximate parallelogram under an affine mapping, see Lemma 2.2 in [7]. Also, if
the two elements form an approximate parallelogram, then the ratio of their areas
deviates from 1 by at most O(N_O‘/2)7 ie.,

(14) =L =1+ 0(N"2/?),

Now we introduce some basic notations and formulas about the piecewise linear,
quadratic and cubic interpolations of a continuous function. Let 7 = Axixox3 be
an element in the partition. For ¢ = 1,2,3, denote by e; = x;—1 — x;4+1. Define
¢; = |e;| be the length of edge e;, t; = e;/¢; the unit tangent direction along e;,
and n; the unit outward normal on edge e;. See Figure 1. In addition, we define

§i =mnip1 - An; g, n; = n; - An,
where A is the coefficient matrix in our model problem (1). All the indices regard-
ing vertices and edges are considered congruent if they are equal modular 3. For
simplifying notations, we write Jy, = aitiv Oz = 88—;, Oty = #ﬁzats' We also
denote by Py the set of polynomials of degree < k. '

For any element 7 in the partition, we denote by ¢; the linear nodal basis function
associated with vertex x;. It is elementary to verify that

(15) Vo =~ zin 1 1
O, 0i =0, O it1=—7, O di1= 7
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FIGURE 1. Standard element 7 with 3 vertices on the unit circle
and a pair of adjacent elements 7 and 7'.

Let u be a continuous function on 2. We define II,u|, be the linear interpolation
of u|, at the vertices of 7. Furthermore, we denote by u, : 2 — R, the piecewise
linear interpolation of u over triangulation Ty, i.e., u¢|, = Ilyu|, for each 7 € Ty.

Define u, be the piecewise quadratic projection-interpolation of u over Ty as
follows: on each 7 € Ty,

3
(16) Uglr = Mgulr = Tpulr + Y qidir1di1,
i=1

where constants «a;,1 < i < 3, are determined by the following condition:

(17) / (u—1uq) =0, Vi=1,2,3.
Since II,u on an element edge is determined uniquely by u on the edge, thus Il u
is continuous over ). Furthermore, if u € P2, then we have by Lemma 2.2 in [13]
that

(18) ;= —é@t?u.

Define u, be the piecewise cubic projection-interpolation of u over Ty as follows:
on each 7 € Ty,

3
(19) uc|7’ :ch“r :Hqu|‘r+26lwm
=0
where
Yo = P1¢203,
and

Vi = ¢i10i-1(div1 — ¢i—1), 1<i<3.
The constants 3;, 0 < i < 3, are determined by

(20) { (1) S (u—uc) =0 |
(ii): fei (u—wuc)p1 =0, Vp, € Py, 1=1,2,3.
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Since II.u on an element edge is determined uniquely by w on the edge, thus u. is
continuous over ). Furthermore, if u € P3, then we have from Lemma 2.3 in [13]
that

3
(21) 50 = i&(ﬂgaﬁmu + % kz:l £i€k+18titk+lu;
Bi = 500su,  1<i<3.

Lemma 3.1. For any v € Ps, we have
3
1
(22) V- (AVv) = ~IE D Bl & Dpv.
i=1

Proof: Since v € P, and A is a constant matrix, we have

V. (AVU) Z (6%} V. Av(¢z+1¢z 1)

20; Vi1 AV 1.

‘Mwu

i=1

Then (22) follows directly from applying (15) and (18) to the right hand side of the
above equation. ]

Lemma 3.2. For any v € Ps, we have fort=1,2,3, that
O, (n; - AVv) = ﬁ { lillisa&im1 — lim1&ig1)Op2v
+7)2’(@2+16t$+1” — 07 102 v) }.
Proof: Since v € P, and A is constant, we have
3
O, (n; - AVv) = 37 0,0 - A(Gk+1Vr—1)]

(24) 3!
= > ouny - A(Vpi10k, dr—1 + Vr_10t, Pry1)-
K=1

(23)

By using (15), we have for k = i,

(V¢z+lat ¢2 1+ V(bz 181: ¢z+1)
[ €1+1 n; - Anz+1 +£7, 11; - Anz 1]

2|7'1| £;
SNz [—liv1&i—1 + Li1&ival;
for k=1i+1,
1 1
A(v(bi-’rQati ¢7, + V@@tb(bl_ﬂ) = ——n, - Ani — ——n;;
2|7 2| |
and for k=17—1,
1
A(V¢iO,pi—2 + V20, ¢i) = - An; = " ‘77“

2| | 2
Hence (23) follows readily from the application of (18) and the above three equalities
0(24).0

Lemma 3.3. For any u € Ps, let uy, = Il u be the piecewise quadratic inter-
polation of u defined in (16). Then for any v € Ps,

(25) /a (u—uy)(n- AVv) = Z 1% Ogsu O, (n; - AVv).

720
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Proof: Clearly,

/6T(u —u,)(n- AVv) = i/e(u —ug)(n - AV0).

Note that for u € P3, we have u — u, = £;%; on edge e; with §; given in (21). In
addition,

i = Gip10i1(iy1 — di1) = =0k, (DF4107_1)-
Thus, by using integration by parts,
fe:: (u—1ug)(n-AVv) = f Bivi(n - AVv)
—1£ Blf D¢, (¢7,107_1)(n- AVv)
g Bi f (¢z+1¢1—1)8ti (n- AVv).

By the facts that 0, (n - AVv) is a constant since v € Py, and that
¢
/e (¢z+1 ) %7

/ (u—ug)(n- AVv) = 60 023, 0, (n; - AV).

€;

we have

Finally, (25) follows from inserting 3; described by (21) into the above equation.

Lemma 3.4. For any u € P3, let uy = Il u be the piecewise quadratic inter-
polation of u defined in (16). Then for any v € P,

[ AV (u—ug) - Vo
3
= ﬁo‘ﬂ Z 8t?v . 612 {&Jrl&,lfi [36182638t123u

+2 Z 2 Wlet10g2¢,, u] — G (lis1&ima — lio1&it1)Ogsu
k=1

+(£z‘—177i718t1371u - fi+177i+15t§+1u) }.
Proof: Using integration by parts, we have

LAV (u —ug) - Vo
(27) = [ (u—ug)V-(AVV) + [, (u—ug)(n - AVv)
= V- (AV)[ (u—ug) + [, (u—1ug)(n- AVv).

Since u € Pg, we have from (19) that

Jlu—u) = /m o fwo= 01 I g

where we have used the facts that [ 1 = \670|’ and that [ t; =0 for all i = 1,2,3.

Putting By described in (21) into the right hand side of (27) and using Lemma
3.1, we have

LAV (u — ug) - Vv

3 3
= 288%\T| (Z £2£i+1£i*1§i 8&”) ’ [36162&’)813123“ +2 kzl E%Zk+1atztk+1u]

2880\T| Z 6 Ogzu{Li(Lit1&i—1 — Lim1&iy1)Op2v
+ni(¢ erlat2 Y z716t1271 v)},
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which leads to (26) after regrouping the terms. g

Next we state two lemmas about the partial cancellation of directional derivatives
on a pair of adjacent elements 7 and 7/ when they form an approximate parallelo-
gram. First we are concerned with this cancellation between two & = n; 1 - An;_3
and between two 7; = n; - An; after affine transforms. Let F, and F,. be the
affine mappings from 7 to 7 and 7/, resp.. J, and J,, are their Jacobians. For any
function u, let 4, = wo F, and i,» = uwo F,. Note that @QT = J,.Vu on 7 and
Vi, = J.Vuon 7. Let

A, =J7rAJ7T, Ap =gt ArT

Also, let 7 and ¢/ be the indices for the opposite vertices in 7 U 7’. Define
§ =M - Arn_ g, §ir = Ny Ay,
and

fi = n; - Arng, Nir = Dy Ariy.

Lemma 3.5. Suppose T and 7' are a pair of adjacent elements in the partition,
and they form an O(N~(+0/2)_approzimate parallelogram. Then for any 1 < i <
3, we have

(28) € — &l + I — ] < N2 TP+ TSP

Proof: First we assume that F,. and F,» map the same vertex of 7 into opposite
vertices in 7 U 7’. In this case, we have F=1t; = F,'t] and f; = fi}. Therefore

|éz - éz’| = [D4q - Arﬁifl — N4y - Ar'ﬁiuﬂ
< |- [ Ar = Ap| - [y |
= | PATTT = IS AT
sHUﬂwwE)AL“M+HLPAU‘T+J?NI
S+ T T T AT |+ TS AT ST N+ T T |
< N2 (P + 2.

The estimate for 7; — 77 is similar.

In the cases where F, and F,» do not map the same vertex of 7 into opposite
vertices in 7 U /. For instance, mapping JF,» maps vertex 1 to vertex ¢ in 7/, but
mapping J, maps vertex 1 to vertex i — 1 in 7. In this case, f; = Risony, and
mapping F, = F, o Riso maps vertex 1 into i in 7, cf. Figure 1. Therefore,

& =ty Ay
= RiooNyryy - z‘}r Ryoohy
=Ny 41 - Rl50Ar Risony 1
=iy - RipoJ7 AT T Rigo
=Ny 41 - (JrRi20) TP A(Jr Ri20) ™7 Dy

Then we may proceed in the same way as for the first case, and prove the estimates
for |&; — &/| by noting (13). 0

Lemma 3.6. Suppose T and 7' are a pair of adjacent elements in the partition,
and they form an O(N 1"“3‘)/2) approximate parallelogram. F. and F.. are the
affine mappings from standard element ¥ to 7 and 7', resp.. Let i, = u|; o Fr and
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Urr = u|rr o Fpro Then we have for any 1 <14, j,k <3 that

[ (0, r + 0y, ,,, ) dF |
—a ’ 3 3
(29) < NP [T Qs T + 2 [N TEQs P}
4 4
+ A [T Qur " + i [T Qad || 32,

where i, j', k' are the indices for the vertices opposite to 4,5,k in 7 U T, while J,
and J. are the Jacobians of F, and F,/, resp.. Qs and Q4 are the anisotropic
measures of D3u and D*u defined in (7).

Proof: First we assume that the affine mappings F, and F,» map the same vertex
on 7 into opposite vertices on 7 U 7', otherwise, either F, or F, is the composition
of such a mapping with a £120° rotation, and the estimates can be dealt with
similarly. Furthermore, for simplifying notations, we assume both F,. and F,» map
él tOTmT/ =€, — —€;.

To begin with, note that u, and u, only share the common values on edge e;,
we define the averages of @, and 4, on €; as follows:

q)y=1._1 | . 5 — 4 Yy
G(ir) = % [&1] félatijkuT =9 élatijku”

o1
1
A=l 1 5 4, Al 8 4
g(uT,) I ‘él‘ félat,i/j/k/u'r’ -9 élati,j,k,uT"
Then

}f_f_ (&;Ukm + afi/j/k/ﬁ.,./) dr |

(30) < Ui-(af;ijkﬂT - g(dT) )‘ + |f+/ (afi,j,k,ﬁﬂ" - g(ﬁT’) )‘
G (i) + i)

We first estimate the first term on the right hand side of the above inequality. Note
that |f+(8ﬁmﬁf —G () )| is invariant if 4, is replaced by ., + p3 for any p3 € P3,
and that H*(7) — W31(#), we have

| [+(0,,,ir = G(ir) )| <ec iZ{ISf lar + p3llmacs)
< clir|macs)
(31) < c{f, |D*#[2d7}1/?

< c{f. |IFQud, | dF}1/2
< el V2L NIEQud, | dryi2,

The second term on the right hand side of (30) can be estimated similarly.
To bound the last term in (30), we consider first the case i = 1,5 = 2,k = 3,

and thus 9, = 0, . Since D*u, = D*ur on 7N 7', we have on &; that

B, 0r = Oy, i = (812 V) (b2 - V(3 - V)i, = (Jrt1 - V) (Jrta - V)(Jots - V),

123

and similarly

ﬁT, = af ’&T/ = (JT’f—'l . V)(JT,£2 . V)(JT’{:'S . V)u

t'i’j’k’ 123

Recall that @1}7 = JI'Vu, and @117/ = JTT,VUT/, and use the fact that

. A 1
Jt1+ It = 7( e, +e; ) =0,

V3
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we have on €; that

Oy ir + 05, il
= |(Jrt1 - V) [ (Jrbo - V) (Jrbs - VIu — (Joby - V) (b - V)u ]
< |(Jrty - V) (Jrbe - V)[(Jr + Jo)ts - V]u
(T V) + T - V) (Tt V)|
< (6 - V) (ke - V[T 4 IS Tk - Vi
@+ T V) s V)i |

(1] [E2] [(T + T T )bs| - [DPar | + (6] (1 + T30 Tt [Es] - [D3i|
< eN"2(|D%ir| +|DPar ).

IN

Hence we have from the embedding H*(7) < L!(&;) that

G(r) +G(ar)

oo |0;, it + 0, |

eN=/2 [ (D% | + | D30 )

N2 L[ (|D%, 2 + |DYa, |2 + | D3t |? + | DYy |?)d7 } /2
N~ ([ (1TEQa,|” + I Qu "

HITEQs T P + 1TEQadr | ) d7}/?

N~ L [ (1T Qs - + 1T Qa- | dr

27 [ (1T Qs T | 4 [ JEQad || }1/2

INIANIN A

IN

Putting estimates (31) and (33) into (30), we have the estimate (29).

For other cases of indices 14, j, k, if one of them corresponds to t1, then a pro-
ceedure similar to (32) and (33) also leads to estimate (29). If none of the indices
corresponds to t1, we only have to split 9, + 0 into [0, + &ﬂjk] —[0, -+

i3k’ tiljk

fi,j/k] + [6£i/j/k + afi/j,k/], then proceed similarly as in (32) to reach (29). 0

Theorem 3.1. Let u be the exact solution of model problem (1) and ug, its
piecewise quadratic interpolation. Let uy be the quadratic finite element solution
of (1) based on partition Tn, and J : Q — R?*2 is defined on each element T by
J|r = J;, the Jacobian of the affine mapping from standard element 7 to 7. Let Q3
and Qg4 be the anisotropic measure of D3u and D*u satisfying (7), and assume each
pair of adjacent elements in Ty forms an O(N’(Ho‘)ﬂ)—appmximate parallelogram.
Then we have

—a _ 3
e € e { Jo [+ NPT - [T Qs
_ 4 1/2
HITI1TH 17 Qu I ]

Jun — uq

(34)

Furthermore, if the partition Ty is quasi-uniform under metric M, then we have
(3||513N —ugllr0 < CMN’l{CIQ[(CJVIN*1 +NTFPIEY) - I FTQs FP
1/2
+OMN T FRF - [ FTQuF )

where F' and Cyy are determined by metric M as in (4) and (6).
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Proof: By the ellipticity of a(:,-) and the orthogonality of the finite element solu-
tion uy to Sy,

lun —ugllie < ¢ sup ooy g o)l gy, [0~ v )]
vESN ”'UHI,Q vESN ”UHLQ

To estimate a(u — ugq,v), let u. be the piecewise cubic interpolation of u defined by
(19). We have for any v € Sy that

(AV(u —u.),Vv) = ; [, AV(u—uc) - Vv
= > {-f. (u—u)V-(AVv) + [, (u—u;)(n-AVv) }
=0,

where we have used the fact that V - (AVwv) is constant and n - AVv is linear on
each element 7, together with condition (20) in the definition of u.. Therefore,

(36) a(u — ug,v) = (AV(uc —uq), V) + (u — ug, b-Vo+dv).

For the lower order term on the right hand side of the above equation, we have
from Theorem 2.1 that

| (u—1ug, b-Vu+do)|

IN

[l = g - [Jo]l1,0

37 /
o < e Ll ) el

A

Now we focus on the estimate for (AV (u. — uq), Vv) in (36).

We transform all the integrals on physical elements 7 to those on standard ele-
ment 7. Denote by F, the affine mapping from 7 to 7, and J its Jacobian. Define
Ug = uqg o Fr, and 4, = u. o F;. It is easy to see that [13]

Gy =14, and 4, = I

Noting that for standard element 7, we have |7| = % and 0 = ly = I3 = /3.
Thus by applying Lemma 3.4 to integrals on 7, we have

(AV (4 — 1), Vo) = 3 [ V(e — ug) - AV
- \71| PORENA V(iie = iig) - AV
. 3
(38) = i 2 171060 { &6 (3030 +2 3 Oy r)
+(éi+1 - gifl)aﬁar - ﬁi*laf§7lﬁ7- + 771-+18€?+1ﬁ7 }

3 .
= 80\1€—|2 Z { |T| ;Bi(ncu‘r) 'af;fv }a

where

3
B;(w) :/ [51« (30, w+2> ezt )

k=1

+ (éiJrl - éifl)af;?fw — ﬁiflaeg,_lw + ﬁi+1a§§+lw } dr.
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Regroupping the terms in the sum-up on the right hand side of (38) so that the
two terms involving the same ;20 are combined, we have

’ i

= 80|1ﬂ2 Z HT'Bl(ﬁcaT) + |T/|Bi’(ﬁc7ﬁl)} . 8;:2@
= s X LB, — i) + |7 Bo (e — )] - 0528
e;=7NT’ i

+r Bi(ar) + 7| Bir(7')] - g2 }.

First, we estimate Bi(ﬁcﬁT —@i,) in the first term on the right hand side of (39).

Note that for any 1 < 4,7,k < 3, we have agijk(ﬁcaT — 1,;) is invariant if 4, is
replaced by 4, 4 ps for any p3 € P3. Thus
fff—|8€ijk(ﬂcﬂ7 —a-)|di < c iz?sf lar + psllma) < clirlmas)

. 1/2

c {f+|D4aT|2d%}
. 4 1/2
< ¢ { [ 177 QuI | "ar}
4 Y1/2

= clr| V2 { [T Qur | ar }

IN

A

In addition,
il = [Py - Ay | < A = (|7, P AT < el T
and
75| = |f - Ang| < || JH2

Hence we have

SN ~ _ —_ 4
(@) (Bl — )] < elrl V2P 1T Qu ] ary .

We may estimate |B;/ (ﬂcaT, — G,)| in a similar way. In addition, since v € Py,
which is a finite dimensional subspace, we have
O] = [FI7V2 [ |Opa0 2} /2
c {[.|D*0[2d7}1/?
¢ {[.|Do|2dr}'/?
c |77V 1A | Dof?dr}/2.

(42)

ININIA

Thus we have

air X LBl — i) + 7] B (07 — @7r)] - 02

e;=7NTt’ i
_ 4
< AL NI HNIEQud | dr Y12 { [ J; 12 | Dol?dr }/2
_ 4
<c {3 [NTAPISUANITQad- | dr Y12 {32 [ | Dvl*dr }1/2
T _ 4 T
< ITIPNTHANITQad | dr 312 - [v]1 q.

Now we deal with the last part on the right hand side of (39). We split it as
follows

(43)

s L LTI Bian) + |71 By (7)) - Ogz }

e;=1NT’

(44) = wir 2 A~ DB 0

+['[(Bi(ir) + Bir (7)) - 020 }.
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For the first term on the right hand side, by using the fact that 7 U 7/ forms an
O(N~(+2)/2)_approximate parallelogram, we have

_ﬂ‘ < ¢N~ O4/2|7—|

|17 17

Note that B;(,) involves only &k, i, 1 < k < 3, and the third order derivatives of
. They can be bounded by ||.J=!||? and | D34, | respectively. Thus

|Biir)| < e[ |7 - 1D | d7
¢ NI 17 Qs T
el =2 LTI ||JTQ3J 1P dr 3172,
Putting the above two inequalities together, we have

sk X | U7l = 1DBita) - 0o |

e;=TNT1’
(45) < eN- “/22 (AT AT Qa | dr 112 {Z J|Dvl?dr }1/2
< c{ folI7117 IIJ AN NITQs |1 + 1T Qad | )dT}”2 vl1.a

For the second part on the right hand side of (44), we note that B;(@,) is
composed of terms like glj;a,;ijkm with varrious [, 4, j, k, and B; . the terms like

< 8/2
<

él/ff_a"‘,v/k,ﬁ-,—/ with the corresponding indexes I’,4’, 7, k’. Hence all the terms in
ik
B;(t;) + By (i) are in the form of

gl/afijku‘r +£l’/afi,j,k/u'r’-
T T

We may estimate each of them in the following manners:
G [ or, it [0, il < V=Gl [ 100 irl +l ) [ 03, 00, )
where by (28) the first term on the right hand side can be bounded by

|£l él’ f |8t“kﬁr|
eN=2(IHP + I S DPa 2y 2
ol [TVAN =22 4 T SN2 T Qs P12
while by Lemma 3.6, the second term can be bounded by
|§l’ |f o i kur +8t/ o
< cr[TANTRIS P IJTQsJH + 177 Qud |
+ LTEQa o + 12 Qad w32,

Combining the above estimates and the bound for ;20 in (42), we end up with

80\1+|2 > |7 |Bi(tr) + Bir(7') | - |&;§f;|

e, =7NT1’

<
<

Uy |

_ —a 3 4
o S O T I R VT Qu 1T Que
WO S L iDefarye
_ _ 3 4
< TN T Qu [ + 17 Q| Y2

Finally, (34) follows from a combination of estimates (37), (39), (43), (45), and
(46).
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The second inequality (35) of this theorem follows easily from applying J, ~
(Cpr/N)Y2E, for all 7 € Ty in (34) when the partition is quasi-uniform under
metric M. [

4. Numerical Results

We present in this section some numerical results for the H'-error |u — un|1,0
of the quadratic finite element solution ux and the error |uy — u4|1,0 between uy
and the quadratic interpolation of solution u. We choose in the model problem (1)
the domain Q = [0, 1]?, and coefficients A = I,b = 0,d = 1. The right hand side
function f and the Dirichlet boundary condition are selected so that equation (1)
admits the following exact solutions:

Example (1):  u(z,y) = tanh[—100(y/22 + 2 — 0.3)];
Example (2): u(z,y) = [cosh(Kx) + cosh(Ky)]/[2cosh(K)], with K = 100.

These two examples were used in [7] to demonstrate the convergence and su-
perconvergence of the linear finite element approximation based on unstructured
anisotropic adaptive meshes. The first example involves a solutions with steep front
inside the domain, and the second one near the boundary. These examples were
used also for the numerical study of some a-posteriori error estimators of linear
elements based on anisotropic meshes, see, e.g., [14, 20, 25].

In order to generate the anisotropic meshes suitable for the quadratic approxi-
mation of the solution u, we need an accurate measure of the anisotropic behavior
of D3u. We use here the exact formula developed by Mirebeau [18] for the “smallest
possible” Q3. More specifically, at any given point (x,y), let
B 10%u 1 u 1 Pu B 10%u
= gﬁ(xvy)v 1= im(%y)» C2 = §W(m’y)’ c3 = Eaiyg(x7y)'

Define

Co

pg(t) = CotS —+ Cltz —+ Cgt + C3
and its discriminant

disc(ps) = (c1c2)? — 4(cocs + ches) — 27(coes)? + 18¢ocrcacs.
Define
QB _ ((I)fl)T(pfl'
where ® is selected according to disc(ps) as follows:
(i) When disc(ps) > 0, p3 has three distinct real roots r; < ro < r3. In this case,

Co ' [ r1(re + 13) — 2rars, V3 ri(re —r3) }
Y/ 2 disc(ps) 2ry — (r2 +13), V3 (ro—rg) I

(ii) When disc(ps) < 0, ps has one real root r; and two complex roots ro = 73.
Suppose Im(r3) > 0. Then we choose

_ Co . [ ri(rg +73) = 2rors, V3 iri(ra —rs) }
V2 ¥/disc(ps) 2ry — (r2 +13), V3i(rg—rs) I

In the degenerate case ¢yp = 0, we may apply a rotation of the coordinates to
convert D3u into the case with ¢y # 0 and then use the inverse of the rotation
afterwards to get the anisotropic measure Q3. Also for the degenerate cases when
p3 has repeated real roots, we may use small perturbation to convert them into the
cases of distinct real roots, and regularize the resulting QX3 by putting a “floor” on
its eigenvalues to avoid being close to singular.
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Once the anisotropic measure ()3 is determined, we compute the metric M3 1 2
according to (10), which minimizes the upper bound of the quadratic interpola-
tion errors in H'-seminorm. Metric M3 1 o with various ¢ is then supplied to the
bi-dimensional anisotropic mesh generator (bamg) [11] to generate the adaptive
anisotropic meshes with desired number of elements for our computations. We
display in Figure 2 and 3 typical meshes resulted from this procedure for the two
examples in this section.

We list in Table 1 the H!-error |u—un|1,0 of the quadratic finite element solution
upn and the error |uy — ugl1,0 between un and the quadratic interpolation of the
solution u based on the above generated anisotropic adaptive meshes. To determine
the rate of convergence, we use linear least square fitting on the logarithms of the
errors as well as the number of elements. It turns out that for Example (1), the
convergence rates (with respect to N~!) are approximate 1.0713 and 1.0875 for
lu —un|1,0 and Juny — u4l1,0, respectively; while for Example (2) these rates are
1.1919 and 1.2421, respectively. Clearly second order of convergence (corresponding
to O(N~1)) for the quadratic element solutions are achieved in both examples, and
the magnitude of the error |uy — u4l1,0 is about i and 11—0 of the corresponding
error |u — un|1,o for example (1) and (2) respectively. However, the convergence
of luny — ugl1,0 is only slightly better than quadratic. More precisely, they are
approximately of order O(N~(1+/2)) with o = 0.1750 and 0.4842 in example (1)
and (2), resp.. The relative small values of « in the improvement of the rate of
convergence for |uy —uq|1,o is mainly due to the fact that in unstructured adaptive
mesh refinement the mesh adaptation to metrics or solutions is the major goal, and
the closeness of each element pair to a parallelogram, which often conflicts with
this goal due to geometric constraints, is only secondary. Similar results were
reported before for the linear element approximations on unstructured meshes, too,
see [3] for the case of unstructured shape regular meshes and [7] for the case of
unstructured anisotropic meshes. As the meshes get finer and finer, it is expected
to have more and more pairs of elements become closer and closer to parallelograms,
and indeed this is observed in the cases of linear elements in [7]. However, it seems
that superconvergence for quadratic approximations is even more sensitive to the
closeness of the element pairs to parallelograms. Our computation here for the two
examples is still not well within regime of substantial order improvement yet.

FIGURE 2. Example (1): Adaptive mesh generated by bamg based
on metric M3 2 and its close-up look. Total number of elements
N = 8548.
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FIGURE 3. Example (2): Adaptive mesh generated by bamg based
on metric M3 ;2 and its close-up look. Total number of elements
N = 8452.
TABLE 1. Errors of the quadratic element solution to (1) and errors
between the FE solution and the quadratic interpolation of the
exact solution.

Example (1) Example (2)

N lu—unli,0 | lun —ugho| N lu—unli,0 | lun —uglio
2278 4.70495e-01 | 1.08851e-01 2674 4.12428e-02 | 4.59787e-03
4146 1.97713e-01 | 4.34775e-02 4336 1.69532¢-02 | 2.14723e-03
8548 8.26101e-02 | 1.73568e-02 8452 6.71769e-03 | 8.18282e-04
16548 4.15003e-02 | 8.67958e-03 16565 3.07508e-03 | 3.77876e-04
32014 2.18243e-02 | 4.74147¢-03 32166 1.49450e-03 | 1.19576e-04
62318 1.16236e-02 | 2.54865e-03 65568 6.93893e-04 | 7.67566e-05
124668 5.98247e-03 | 1.23921e-03 130805 3.65857e-04 | 3.78686e-05

order in V -1.0713 -1.0875 order in NV -1.1919 -1.2421

5. Discussions

For the quadratic finite element approximation of elliptic equations based on
adaptively refined anisotropic meshes in two dimensions, we proved the superclose-
ness of the finite element solutions to the quadratic interpolation of the exact solu-
tions in energy norm. Our basic assumptions are that the partition is quasi-uniform
under a Riemannian metric and that each pair of adjacent elements in the meshes
forms an approximate parallelogram. This result extends our earlier one for the
linear finite element approximation on anisotropic meshes [7]. It can also consid-
ered as a generalization of the results in [13] for quadratic elements based on mildly
structured shape regular meshes.

It is noted that for finite element approximation based on unstructured meshes,
though the finite element solution converges to the quadratic interpolation of the
exact solution faster than it does to the exact solution its self, the improvement in
the rate of convergence depends on the closeness of each element pair to a parallelo-
gram. In particular, this dependence seems to be more critical in quadratic approx-
imations than in linear approximations. Unfortunately, making element pairs close
to parallelograms is subject to the geometric constraints and also often conflicts
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with the goal of mesh adaptation. Therefore, inevitablely there are more or less
certain percentage of element pairs that do not form approximate parallelograms
to higher degrees. One issue of practical interests is to understand how much more
smaller the error uy — u4 is compared to the error u — ux in such situations. An-
other issue under our current consideration is rigorous proof of the effectiveness of
the gradient recovery techniques for quadratic finite elements on adaptively refined
unstructured anisotropic meshes.
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