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Abstract. We consider backward errors for an eigenproblem of a class of symmetric gen-
eralised centrosymmetric matrices and skew-symmetric generalised skew-centrosym-
metric matrices, which are extensions of symmetric centrosymmetric and skew-symmetric
skew-centrosymmetric matrices. Explicit formulae are presented for the computable
backward errors for approximate eigenpairs of these two kinds of structured matrices.
Numerical examples illustrate our results.
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1. Introduction

It is well-known that backward errors are very important for assessing the stability
and quality of numerical algorithms. In this article, we consider backward errors for an
eigenproblem of a special class of symmetric generalised centrosymmetric matrices and
skew-symmetric generalised skew-centrosymmetric matrices, with practical applications.
For example, a small perturbation method and backward errors for an eigenproblem were
key techniques for a nonlinear component level model, and a state variables linear model
of a turbofan engine — cf. [16-18].

Let ¢ and €™ " denote the set of complex numbers and m x n complex matrices,
respectively. (We will abbreviate €™*! as ¢™.) The conjugate, transpose, conjugate trans-
pose and Moore-Penrose generalised inverse of a matrix A are denoted by A, AT, A* and AT,
respectively. The identity matrix of order n is denoted by I,;; the matrix norm adopted is
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the Frobenius norm defined by ||Al|z = 4/ tr(A*A); and P, and PAL denote the orthogonal
projection onto % (A) and the projection complementary to P, respectively. We also write
0C™ ™M ={Ac €™ MATA=AAT =1,}.

Definition 1.1 (cf. Ref. [1]). Let A,B € €%, u,v € ¢*, p € C and assume P € €*** is
nonsingular. Then the block matrices

A BP
»‘Zfzk:( p-1 p-lap ) (k>1),
A u  BP
Hok1 = v B v'P (k=0),

P7'B P~y p7lap
are called 2k, 2k + 1 step generalised centrosymmetric matrices and denoted by ¥ %2k*2k
and ¢ ¢ Gk D*Ck+D) " respectively. Similarly,

A BpP
Box = ( _p-1g _p-lap ) (k=1),
A u BP
RBoks1 = —v! B v'P (k=0),

—Pp7'B —p7'y —pP7lAP

are called 2k, 2k + 1 step generalised skew-centrosymmetric matrices and denoted by

52k x2k FHDX2kAD)

946 and ¥ , respectively.

Definition 1.2 (cf. Ref. [6]). We define #96™ ™ ={Ac 96™™A=AT}and FY€" "
={Aec 9¢""|A=—AT} —ie. as the sets of symmetric generalised centrosymmetric

matrices and skew-symmetric generalised skew-centrosymmetric matrices, respectively.

In Definition 1.1, P is restricted to be orthogonal; and the corresponding classes of
symmetric generalised centrosymmetric matrices and skew-symmetric generalised skew-
centrosymmetric matrices are denoted by %] and %5, respectively. These classes of sym-
metric generalised centrosymmetric matrices and skew-symmetric generalised skew-centro-
symmetric matrices have practical applications in aerostatics, information theory, linear
system theory, and linear estimate theory [1-6]. We can obtain the block forms of #; and
Ay as follows (for a proof see Lemmas 2.3 and 2.6 below):
for 2k (k> 1),

A BP, ( A, BP, )}
T = _ _ , Jop= i _ ;
! {( Py'B PylAP, )} > { —Py'B —P;'AyP,

for 2k+1 (k> 0),
Ay u BP,
Hy = ut B u’ Py ,
P;'B Pytu PyYA P
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Ay u BP,
Hy = —u’ 0 u'p, ,
—P;'B —Py'u —Py'AyP,

where A}, A,, B, Py € 6€%F, € 6% satisfy A, =Al,A,=—Al,B=B", PPy =1I.

Definition 1.3 (cf. Ref. [6]). If e; denotes the i-th column of the identity matrix, then
Py = (e, em_1,""*,e1) is called an m-step sub-identity matrix.

It is not difficult to see that £ and %, depend upon the orthogonal matrix P,. If P, is
a sub-identity matrix, then £ and ¢, reduce to the sets of well-known symmetric cen-
trosymmetric matrices and skew-symmetric skew-centrosymmetric matrices, respectively.
Throughout this article, we always assume that orthogonal matrix P, is fixed.

It is well known that structured eigenvalue problems occur in numerous applications
— e.g. see [7-14]. A backward error of an approximate eigenpair (x, 1) of a matrix A is
a measure of the smallest perturbation E such that (A+ E)x = Ax. This backward error
can be used to determine if (x,A) solves a nearby problem, by comparing the backward
error with the size of any uncertainties in the data matrix A. A natural definition of the
norm-wise backward error of an eigenpair (x, A) is

n(x,)t)zmin{a_lllEllF :(A+E)x=kx} s (1.1)

where a is a positive parameter that allows freedom in the way the perturbations are mea-
sured.

Let Xi = (xq, X9, -+, Xk), A = diag(Ay, Ay, -+, Ar), and {(xj,A;), j = 1,---,k} be
the set of approximate eigenpairs. In order to measure the backward error, the following
definition given in Ref. [9] is a natural generalisation of the definition (1.1):

N(Xi, A) = min {a E|lp : (A+ E)X) = XA} -

Another definition for the backward error of eigenproblems for structured matrices is as
follows. Let & be the set of some classes of structured matrices, and let

N5 Xio Ar) = min{a Y |E||p : (A+ E)X) = X, Ay, A, A+E€ X} .

However, when ¢ = 27, 4, the backward errors for eigenproblem of these structured
matrices have never been considered yet. We consider this problem, and present an explicit
formula for 1 4 (X, Ag), 1 =1,2.

The remainder of this article is organised as follows. In Section 2, we present some
useful lemmas to deduce our main results. In Section 3, computable backward errors
N, (X, Ar), 1 = 1,2 are derived. Finally, some examples and our concluding remarks
are given in Section 4.
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2. Some Lemmas

We now present some lemmas, to be used in our subsequent derivation of structured
backward errors.

Lemma 2.1 (cf. Ref. [15]). Let Y, B € €™ " be given and let
Y={Xee¢™™: XY =B, X" =X}.
Then % # 0 if and only if BPy. = B and PgBY " = (PyBY *)T; and if & # 0, then
& ={BY" +(BY") P} + PIHP|H=H"},
Wapellr = min X115,
where X,,, = BY* + (BY *)TP}}.
Lemma 2.2 (cf. Ref. [15]). Let X, B € €™, Y, C € €™ be given, and let
S, ={A€ €™ ":AYy =B, ATX =C}.
Then
(i) S # 0 if and only if BPy. = B,CPy. = C and C'Y = X"B; and
(ii) if Sy # 0, then
S ={BY* +(CX*)'Py + PyHP;|H € ™"},
Mapells = min Al
where A,y =BY " +(CX )Py .

Lemma 2.3. Let #; € €™ ™ be as given in Section 1, and let

Gy D, Py ) 2kx2k }
= _ _ IS k>1
{( P;'D; Py'CiP,

Gy % D, Py
U MT [3 MTPO c (g(2k+1)><(2k+1)’ k Z O
P;'D; Pi'u PyCP,
Then A, = &, where C,,D; € 6%, ¢, =C!, D, =D!, pe ¢* and p € 6.
Proof. Assuming that A € %], we have A€ 46 ™ ™. Then from Definition 1.1, A has the

following block forms:

form =2k (k>1),

A_( G DiP )
P;'D; PyCPy )
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and form=2k+1 (k> 0),
¢ % D, Py
A= vl B vI'P, ,
P;'D; Pylu Py lCiP,
where C;,D; € €%, u,ve €, p 6.

Now since A= AT, we have

u=v, C=Cf, D =D,
hence
Aed

and therefore

H1C P
Conversely, if A € ¢ it follows that

Aege™m

and

A=AT,
hence

Ae
and therefore

dC .

Consequently, from (2.1) and (2.2) we conclude that #; = ®.

Before we present the next lemma, let us introduce some notation — viz.

Q= L( I =Py )ecgszZk(kZ 1,

V2 Ik Py
L k0 —R
Q - OT 1/2 OT c (g(2k+1)><(2k+1)(k > O) ;

V2 1, 0o b,

and for any matrices Y,B € €™*",

(N _( B: _
QY_(Yz)’ QB—(BZ) (m=2k,k=>1),
o i o B, .

QY—(Y2 ), QB_(BZ) (m=2k+1,k=>0),

where Y;,B; € €M,

333

2.1)

(2.2)

2.3)

(2.4)
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Lemma 2.4. Given Y, B€ €™ " and Y;, Y,, By, B, as in (2.3) and (2.4), for

Fa, ={A€ A C €™ ™ 1 AY =B},

5;% = {AE <€ka :AYl :Bl,AT :A},

(y/{}{1 — {Ae Cg(m—k)x(m—k) .AY2 — Bz,AT =A}’
we have #y # 0 if and only iJ[jxl # 0 and 5/%1 # 0.

Proof. From Lemma 2.3, for any A € %7, we have:

form=2k(k > 1),
A= Cy D1 Py
~“\Py'D, PIICIP )

and for m = 2k + 1(k > 0),
Gy u D, Py
A= uf B w'p |,
P;'D; Pylu Py CyP

where C;,D; € €%k, ¢, = ClT, D, = DlT, uesk, pes.

I I
_ _ 1 k k
When m =2k (k> 1), let G = 7 ( _Po_l Po_l ) such that
1 I, —P,
GT=Ggl= L ( k 0 ) _
V2 Ik Py
L, 0 I
When m =2k +1(k>0), let G = % oT 2 0T |suchthat
-1 -1
—ps1 0 P
L0 P
Gl=G1=—| of v2 of

2\ 1, o bp,

It follows that for m = 2k,

and form =2k +1,

L. Zhu and W. Xu

(2.5)

(2.6)
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Consequently, AY = B is equivalent to

GT'AGGTY =G"B,GTAGGTY =G'B. (2.7)

Y B . Y. . B

Ty 1 Tp 1 _ Ty 1 Tp 1
Let G Y—( Y, )andG B—( B, )form—ZkandG Y—( Y, ),G B—( B, )for

m = 2k + 1, where Y;,B; € €%,

Now assume that #y, # @, and let Ay € /. . Since A, € 7, from Lemma 2.3
C1o DyoPg )
A= .= - (m=2k,k>1),
0 ( Py'Dyy PyCioP
C1o Lo DyoPy
Ay = o Bo g Po (m=2k+1,k=>0),
Pi'Dyy Pyluo PylCioPo
where C10:D10 S (gka, ClO = CiTO’ DlO = DiTO’ Ug € (gk, ﬂo €.
From (2.5)-(2.7), for m = 2k (k > 1) we have C;; — Do € jjgl, Cyp+ Dy € y'%; and for

T
m =2k + 1 (k = 0), we have C;y— Dy € 5;%1’ ( Bo \/EHO

e . It foll
V2,0 C10"‘D10) 7 orows

thatj%#@andylfl#@.

Conversely, suppose that &, # @ and 5/% # 0, and also Hy € . and Z, € 5/%.
Then for m = 2k (k > 1), it is easy to verify that

(Ho + Zy) (Zo—Ho)p
0
Ay = 2 2 ESLy .
0 p-1 (Zy—Hy) P—1(Ho +Zo)P *
0 0 0
2 2
2 Zy

Form:2k+1(k20),1et20:(z 7
01 402

), where z € €, Zy, € 65, Zy, € €% and

ZOT2 = Zy. It then follows that

(Ho + Zp,) ﬁZ (Zoz—Ho)P
2 g 7o 2 0
;o V2 V2
AO - 7251 Z 72(?1]30 S yj(l .
1(Zyy—Hy) V2 __ 1 (Hp +Zyy)
P 1T - o 1Zoy Py 5 o

Hence 4, # 0, which implies the desired result. O
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Lemma 2.5. Let #., Y;, B; be given as in Lemma 2.4. Then ¥y, # 0 if and only if B;Py- = B,
and Py B;Y;" = (PyB;Y,")!, i=1,2.

Proof. With 57%1,5/’/ «#, given as in Lemma 2.4, from Lemma 2.1 we have 5;%1 #0
and 5"/% # 0 if and only if B;Py- = B; and Py B;Y;* = (PyB;Y;")", i = 1,2. Thus from
Lemma 2.4 we have the desired result. O

Lemma 2.6. Let 5 C €™ ™ be as given in Section 1, and let

G D1Py ) 2kx 2k }
U= _ _ IS4 k>1
{( —P;'D, —P;'CiP,

Gy u D1 Py
U _‘uT O ‘U,TPO = (g(2k+1)><(2k+1)’ k 2 O
—P;'D; —Py'u —P;lCiP,
Then 5 =W, where C1,D; € €%, ¢, =—CI, D, = DI and p € ¢*.

Proof. For A€ A4,, we have A€ 46 ™™ Then from Definition 1.1, A has the following
block forms:

form=2k (k>1),
A ( G, D; Py ) ,
—P;'D; —Py'CiPy )
and for m=2k+1 (k> 0),

Gy u D, Py
A= —T B v P, ,
—P;'D; —Py'u —PyCiP,
where C;,D; € 65K, u,ve ¢* and g € 6.
Since A= —A", we have u = v,C; = —ClT,Dl = DlT and 8 = 0 such that A € ¥, and hence
Hoy CW . (2.8)

Conversely, when A € W it follows that A€ 94™ " and A = —A” such that A € #5, and
hence
U CiA,. (2.9)

Combining (2.8) and (2.9), we therefore have ¢, = . O
Lemma 2.7. Given Y, B€ €™ " and Y, Yo, By, By as in (2.3) and (2.4), and letting

Ty, ={AE€ Hy C €™ ™ AY =B},
Ty, =1A€ €"R : AY, =B}, ATY, =—B,},

we have that Sy, # 0 if and only if Sy, # 0.
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Proof. From Lemma 2.6, for any A € #5:

form =2k (k>1),
Cy

A= _
(_Po 1Dl

G
_‘u,T

and form =2k +1 (k> 0),

A=

D, Py )
—P;'C1Py )
% D, Py
0 u' Py ,
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—P,'D; —P;'u —PylCPy

where Cy,D; € 6%, ¢, =—C!, D, =D, u e ¢*.

Let G, G be as given in Lemma 2.4, such that

0] C,+D 0] C,+D
T _ 1 1 _ 1 1
GAG_( C,—D; O )_(—(C1+D1)T 0 )
0O L
_( T o ) , (2.10)
0 V2u Cy+Dy o i
GTAG=| —v2uT 0 of =( T o ) , (2.11)
C,—D; 0 0
where L = C; + Dy, L = (v/2u, Cy + Dy).
Also AY = B is equivalent to
GTAGGTY =G"B,GTAGG"Y = G'B. (2.12)

Assuming that &y, # 0, we let Ay € #,. Since A, € 5, from Lemma 2.6

Cio DyoP, )

Ay = _ _ m=2k, k>1),
Cio Uo DyoPy

Ay = —ug 0 g Po (m=2k+1, k>0),

—Py'Dyg —Py g —Py ' CioPy

where C14,D15 € 6%, C1g = —CJ,, Dyy = D, py € 6*. From (2.10)-(2.12), for m =
2k (k > 1) we have C19g+D;g € jfz; and for m = 2k+1 (k > 0) we have (v/2ug, C1o+D1o) €

x> which implies that P, # 0.

Conversely, assume that 37%2 # 0. Suppose H, € 5@2 , when for m = 2k (k > 1) it is easy to
verify that

(Ho—H,) (H0+H§)P
- - 4 - 45 Y0
Ay = < < €Sy -
(Hy+HD) (Hy—HD) 2
_p-1 0 o’ _p-1 0 0 P,

0 2 0 2
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Form=2k+1(k>0), welet Hy = ( h Hy ) where h € 6% and Hy; € ¢**F. Then

(Hoy —Hgy) V2 (Hox +Hy,y
—_— —h —— P
i ’ N
5 2 2
o= 2 0 PR €
T T
—P_]' (HO]_ +H01 _@P_lh —P_]' (HO]._H01)P
0 0 0 5 Lo
2 2 2
Hence #y, # 0, which implies the desired result. O

Lemma 2.8. Let #4,,Y;,B;, i = 1,2 be as given in Lemma 2.7. Then %, # @ if and only if
ByPy; =By, ByPy: =By and B{ Y1 = —Y,B,.

Proof. The result follows from Lemmas 2.2 and 2.7. O

3. Backward Errors

Some explicit formulae for the structured backward error 1, (Xi, Ar), i = 1,2 are now
derived.

Let A € €™M X, € €™k, A, = diag(Aq,---,A), m > k, and #; be given as in
Section 1, and denote S 5. = {A+E € %] : (A+E)X; =X Ar}, i =1,2. Whenm = 2k (k > 1)
and Q is given in (2.3) let

X T F
QXkZ(X;): QXkAkZ(T;): Q(XkAk_AXk)Z(F;),

and when m = 2k + 1(k > 0) and Q is given in (2.4) let

- X ~ T ~ F
QXk:(X;)’ QXkAkZ(Tl), Q(XkAk_AXk):(Fl),

where X;, Ty, F; € €**F. To obtain 1.4 Xk, Ax), one needs to assume that S . # 0,i=1,2,
so we first provide some necessary and sufficient conditions (or just sufficient conditions)
for S # 0.

Lemma 3.1. S, # 0 if and only if

Tiprﬂ == Ti N (31)
and Py TX} =Pz TX)', i=1,2. (3.2)
Proof. From Lemma 2.5, we have S A # () if and only if (3.1) and (3.2) hold. O

Lemma 3.2. S, # 0 if and only if T/ Xy = —X; Ty, TyPy; = Ty and TyPy: = T>.
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Proof. The result follows from Lemma 2.8. O

The following theorem provides an explicit formula for 1, (Xi, Ar).

Theorem 3.1. Let A€ #; C €™™, X, € €™k, A € 6"k, where m > k. Assume that
(3.1) and (3.2) are satisfied. Then for any a > 0,

2

2
N, (Xioo M) = @ Z HFiX;r+(FiXi+)TP)éHF . (3.3)
i=1,2

Proof. From Lemma 3.1, S 5. = {A+E € #, : (A+E)X) = X A} # 0. Since A+E,A € A,
from Lemma 2.3 it is also easy to see that E € 7.

Now let E have the following block forms:
form =2k (k>1),

E—( Eq EyPy )
Py'E, P 'EP,

when
E,—E, O
QEQ" = ( ) 3.4)
O  E;+E,
and for m = 2k + 1(k > 0),
E, u Ey Py
E= u’ B u'Py
Py'E, Py'u PylEiP,
when
E,—E, O 0]
GEGT=| of B V2T :( E10E2 ? ) (3.5)
(0] 1/5,“1 El + Ez
2 T
where E;, E, € 6%k, u e 6%, p €6, B, =ET, E, = El,J = ( «/%u« E‘/;“E )
1 2

Since EX; = X A —AX is equivalent to

QEQ" QX = QXA —AX)) (m=2k, k>1),
QEQT QX = QX A —AX;) (m=2k+1, k>0),

it follows from (3.4) and (3.5) that

(Ey—Ey)X,=F,, (E;+E)X;=F,, (m=2k k=1),
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and

(E{—Ey)X,=Fy, JXy=F,, (m=2k+1,k>0),
where E; —Ey = (E; —E;)T, By + Ey = (E; + E;)T, 0 =JT.
From Lemma 2.1, when E;—E, = F1XI’+(F1XI’)TP§1 we have that ||E; —E,||r is minimised.
For m = 2k (k > 1), when E; + E, = F)X5 + (FzX;)TPXL2 we have that ||E; + E,|| is

minimised. For m = 2k + 1 (k > 0), when J = F,X + (FZX;)TPXL2 we have that ||J ||z is
minimised. Consequently, either

1
IE|lF =lIQEQ" |l = (”El _E2||12: +||Ey + E2||12:)2
3
2
= > ‘ FX* + (Fixj)Tp;H (m=2k k>1)
i=1,2 F
or
1
IENF =IQEQ” |Ir = (IlE; — Eoll% + [17112)?

1

2

2
FX[ + (FiX;“)TPXli HF (m=2k+1,k>0)

i=1,2‘

is minimised, and therefore

2

2
Gt =a | 3 Ry +ExTRE| |
i=1,2

The following theorem provides an explicit formula of 7, (X, Ar)-
Theorem 3.2. Let A€ H#y € €™™, X; € ™K, Ay € 6%, m > k. Assume that TX| =
—X; Ty, TyPy; =Ty, ToPx; = Ty. Then for any a >0

V2
Mo, X, Ak) = o HFlX; —(FzXf)TP;éHF . (3.6)

Proof. From Lemma 3.2, S, = {A+E € X5 : (A+E)X; = Xi Ay} # (. Since A+E,A € A5,
from Lemma 2.6 we have E € #5.

Let E have the following block form:
form =2k (k>1),

E= ( E; E> P )
—P;'E, —P;'EiP,
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when
O E+E 0] Ei+E
T _ 1 2 _ 1 2
QEQ _( E,—E, 0] )_( —(E; +Ex)T 0 ) ’ 3.7)
and for m =2k +1 (k > 0),
Eq u EyPy
E= —ul 0 ul'p,
—Py'E, —Py'u —PylEiP,
when
(0] '\/E,u El +E2
ArAT T T 0 N
QEQ" = —v2u" 0 0 =\ _nT o | (3.8)
E,—E, O 0]

where E;,E, € 6%, u € ¢, ET = —E,, EI =E, and N = (v2u, E, + E,).
Since

QEQ"QX) = QXA —AXy) (m=2k,k=>1),
and
QEQT QX = QXA —AX) (m=2k+1,k>0),
it follows from (3.7) and (3.8) that
(Ey +E)X,=F,, (E;j+E)'X,=—F,, (m=2kk>1)
and
NX,=F,, N'X;=-F,, (m=2k+1,k>0).

From Lemma 2.2, when E; + E; = F;X, — (FZXI’)TP)%2 we have ||E; + E,||; minimised;
and when N = F1X5L — (FZXIL )TPXl2 , we have ||N||; minimised. Consequently, we have
IENr = IQEQ"llr = V2IE; + Exllr = VEIFXS — (FX]) PL[le (m = 2k, k > 1) or
IElr = IQEQ" |l = v2IINIlp = v2I[F1X5 —(FoX{) Py llp (m = 2k +1, k > 0) minimised,
and therefore

V2
Nt Xk, M) = o HFlX; —(FzXf)TP;éHF :
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4. Examples and Remarks
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In this section, we give two examples to compute the backward errors 7 . (X, Ay) and

n&{z(Xk, Ak)

1
Example 4.1. Consider P, = ( (1) 0 ), whenin (2.3) Q = L+

V2
0 1 —i 1 1+i
-1 0 1 1 1+i

= c ¢4 =1
A i -1 0 -1 |2 X=g
-1 -11 o0 1—i

2
( 0 g ) € ¢%*2. Then a simple calculation yields

i 2
_ 1 —i _ X].
QXk - 1 2 _( Xz ) >
1 -1
2i  4i
|2 =2 | (T
QXkAk_ 2 4 _( T2 ) 5
2 -2

—i 20 —2i

. 9 o .
where X; =( i ' ), T; 2( ' 41. ) It is easy to verify that

-4 =2

Ty — _ywTo _
Tle——XZTz—( 5 10 ) ,
and a simple calculation gives

—2+2i —4+10i

1 | —4+8i —2+4i
AXM=AXI= 2| 4440 s+2i
6+2i  —2i

—2+2i —4+10i

=1
where F; = 7 ( _448i —244i ) Hence from Theorem 3.2,

8.0001
Nt Xi A) = P

0 -1
-1 0
0 1 Let
1 0
€ €2 A =
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0 o --- 1

: 0 - 1 0 2500%2500

Example 4.2. Consider P, = c¥ R
1 0 0

) -1 i -1 i -1 i 2500% 2500
_ c

) i1 i1 i1 2500% 2500
_ C

C DPy 50005000
= c
A (Po_lD Po_lcpo)e%l_% .

From Theorem 3.1, we compute

8.4092
n%l(Xk’ Ak) = a .

When A is some stochastic symmetric generalised centrosymmetric matrices or skew-sym-
metric generalised skew- centrosymmetric matrices, by simple calculations one sees that the
above inequalities still hold, implying both structured stability and stability of the numeri-
cal algorithm. For the backward errors for the eigenproblem of a special class of symmetric
generalised centrosymmetric and skew-symmetric generalised skew-centrosymmetric ma-
trices, the corresponding explicit formulae are in (3.3) and (3.6)). In particular, when the
orthogonal matrix P, reduces to a subidentity matrix, (3.3) and (3.6) reduce to the ex-
plicit formulae of backward errors for the eigenproblem of symmetric centrosymmetric and
skew-symmetric skew-centrosymmetric matrices [6].
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