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Abstract. This paper discusses a new fourth-order compact off-step discretization for
the solution of a system of two-dimensional nonlinear elliptic partial differential equa-
tions subject to Dirichlet boundary conditions. New methods to obtain the fourth-order
accurate numerical solution of the first order normal derivatives of the solution are also
derived. In all cases, we use only nine grid points to compute the solution. The proposed
methods are directly applicable to singular problems and problems in polar coordinates,
which is a main attraction. The convergence analysis of the derived method is discussed
in detail. Several physical problems are solved to demonstrate the usefulness of the pro-
posed methods.
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1. Introduction

We consider the system of two-dimensional (2D) nonlinear elliptic partial differential
equations (PDE)
LuEA@+Ba—2u=f (1.1)
dx? 2y?
defined in the domain Q = {(x, ¥)|0 < x, y < 1} with boundary 9, where
A = diag (A(i)(x,y)) e R™", B = diag (B(i)(x,y)) e R™n

u= [u(l),u@)’ e ,u(n)] ‘ f= [f(l)’f@)’ e ,f(”)] g
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and t denotes the transpose of the matrix. We consider i = 1(1)n throughout this paper.

Each f@ is a function of x, y, u™™, u®, .-+, u™ M y@ ... 10 ug}), ug,z), e ug/”); and
the system (1.1) is subject to the Dirichlet boundary conditions given by
uD0x,y) =ugd(x,y),  (x,y) €09 (1.2)

where ug) are continuous functions in d. In addition, Egs. (1.1) are assumed to satisfy

the ellipticity conditions AVB® > 0 in Q. Further, ¥ (x, y) € Q we assume that

@ u®(x,y) e Cs;
(i) AD(x,y), BO(x,y) e C*

eee [ 1 2 1 2 1 2 . . .
i) FO(x,y,u®,u®, ... ,u(”),ugc),ugc),--- ,u&”) ug/),ug,),--- ,ug,”)) is differentiable,
and for j=1,2,---,n

(i) afD/ou > o;
™ 16fD/0u?’| < C and |ofD/0u{’| < D,

where C and D are positive constants and C™ denotes the set of all functions of x and
y with partial derivatives up to order m continuous in Q [3]. Conditions (iii), (iv) and
(v) guarantee the existence and uniqueness of the solution of the given boundary value
problem.

The present paper is concerned with solving the system (1.1) of 2D nonlinear ellip-
tic PDE with variable coefficients by a new compact 9-point fourth-order off-step finite
difference discretization. Such systems of equations arise in various important mathe-
matical models in science and engineering. For linear elliptic problems, there has been
considerable work done on the development of high order compact schemes and the con-
vergence of relevant iterative solution methods — e.g. [5-10]. Ananthakrishnaiah & Sal-
danha [4] framed a 13-point fourth-order compact scheme for the solution of a scalar
nonlinear elliptic PDE, which was later extended to a system of equations [18]. A variety
of high order compact schemes have been developed for the solution of 2D steady state
Navier-Stokes (N-S) equations in stream function vorticity form in Cartesian coordinates
—e.g. [1,2,19-21].

One of the present authors previously proposed fourth-order difference methods for
2D nonlinear elliptic boundary value problems with variable coefficients using only 9 grid
points of a single compact cell, with application to the singular problems involving Poisson
equation and the Navier-Stokes equations in polar coordinates [12]. Subsequently, fourth-
order accurate estimates were developed for the first order normal derivatives (du/dn)
[13]. However, these methods could not be applied to singular elliptic problems directly,
due to terms such as 1/r;_; in polar coordinates that create difficulties at [ = 1 where
ro = 0. In such cases, a suitable difference approximation valid at r = 0 or a suitable
modification at the singular point is required. Consequently, Mohanty and Singh [14]
derived a new compact fourth-order discretization for the solution of singularly perturbed
2D nonlinear elliptic problems and the estimates of (du/dn), in an approach referred to
as off-step discretization.
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Figure 1: Single compact cell.

In this paper, we develop new fourth-order off-step discretizations for the solution of
the system (1.1) and estimates of (du®/dn), using 9 grid points of a single compact cell
— cf. Fig. 1. In Section 2, we discuss the relevant proposed difference schemes, which
are derived in Section 3. Under appropriate conditions, the fourth-order convergence of
the method is established in Section 4. In Section 5, we consider numerical examples
to illustrate and examine the accuracy of the methods for linear and nonlinear problems,
including the singular problem mentioned earlier involving the 2D Poisson equation and
steady state Navier-Stokes equations in polar coordinates.

2. Formulation of the Numerical Method

We adopt a rectangular grid on the domain 2, with spacing h > 0 in both the x and y
directions. The grid points are (x;, y,,) for x; = (_l — 1_)h, Ym =.(m —Dh,m=1(1)N+1,
where Nh = 1. At each grid point (x;, y,,), let U0, A and Bl(lil denote the exact values of

I,m’>* l,m
uD(xy, ym), AD(x;, y,n) and BD(x;, y,,) respectively. Similarly, at each grid point (x;, y,,)
we denote
® ® 2@
@O _ aAl,m O aAl,m € _ d Al,m
xl,m ox yl,m — 3y ’ xxl,m ox2 "’

and the approximate solution value of u?(x, y) by ugl’)n Thus at every grid point (x;, ¥,,,)
each differential equation of the system (1.1) can be written

277(1) 277(1)
A(i) Ul,m +B(i) 9 Ul,m
I,m axz I,m 3_)'2
@ O @ om0 @ W 0 @ W
_f l (Xl’ Ym> Ul,m’ Ul,m’ 4 Ul,m’ le,m’ le,m’ > le,m’ Uyl,m’ Uyl,m’ > Uyl,m)

=F l(i) .
,m
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For the fourth-order discretization of the system (1.1) subject to boundary conditions
(1.2), we follow Chawla and Shivakumar [15] with the approximations

and then define

l:l:z,m

f(l) .
l,m:l:z

—(i) R () ©)
Ul:l:%,m - E(Ulil,m + Ul,m)
—(i) I () ©)
Ul,m:l:% - E(Ul,mil + Ul,m)
=0 _ 1 0]
le,m - ﬂ(UH—l,m - Ul—l,m)
=0 1. 0]
lei%,m - E(:I:Ulzl:l,m + Ul,m)
=0 _ 1 ©) 0) @
xl,mi% - E(Ul-kl,m:l:l ~Uma T Um — Ul—l,m)
=0 _ 1 o 0]
Uyl,m - E(Ul,m+1 - l,m—l)
=0 _ 1 ) 0) @
Uyli%’m - E(Ulil,m-i-l “Uim1 P Ui — Ul,m—l)
=0  _ 1. o 0)
Uyl,mi% - E(:I:Ul,mzl:l + Ul,m
(i) (i) )
—(i) . Ul+1,m - 2Ul,m + Ul—l,m
Uxxl,m - hz
@ @) @
—(0) Uy mar = 2Up iy UL
Uxxl,m:l:l - hz
(i) ) ©)
ﬁ“) __[Qm+1_2Uun+LQm—1
yylbm = K2
Q) @) Q)
—() _ Ulsimi1 ~ 22Uy m T Ui
Uyyl:l:l,m - h2 5
i —(1) —=(2) —(n) —=(1) —(2)
=7 (xlil’ym’UZil Ut U DU DU
2 2,m 2,m 2,m X 2,m X 3 m
o, o, T, T )
xl:l:z,m yliz,m yl:l:z,m yliz,m
—(2)

:f(l) x).y 1)6(1) 115(2) 11'“15(“) 115(1)
bIme= " mae ™y
2 LMEy LmEy MES

U(ﬂ) . ,U(l) L 5(2) L, ﬁ(n) .
xl,m:l:z yl,mii yl,m:l:z

1>
xl,mi2 xl,mi2

1,°°"

(2.1a)

(2.1b)

(2.10)

(2.1d)

(2.1e)

(2.19)

2.1g)

(2.1h)

(2.11)

2.1))

(2.1k)

(2.1

(2.2a)

(2.2b)
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Further, let

=(i) , o [ - n? [(_ _
TN ( ) FO ) L ( CIE0 1)
4 16Al,m +=,m I—=,m 16Bl,m I,m+= l m-y
(@) )]
h? A | =) h? B m | -0
+—11 +—=11-——= 2.3a
8 Bl(l) xxl,m 8 A(l) yyl,m ( )
m I,m
. )]
=0~  h (o o h Bim | (=0 =)
v, =09 +—(FY, -F p-1-2b (U -7 )
xl,m xl,m 4Agt’)n l+%,m l—%,m 8 Agt’)n yyl+1,m yyl-1,m
2, 2p(0)
h Axl m—(i) h Bxl,m—(l) @ 3b)
- @) xxl,m — ) yyl,m :
4Al,m 4Al,m
. (@)
=) h (—(i) —(0) ) h A | (=0 —(i)
U, =0, +—|(F’ |-F b1 (U ~T )
L L 1 _1 I,m+1 I,m-1
yl,m yl,m 4Bl(,lr)n l,m+2 I,m 3 8 Bl(lgl xxl,m xxl,m
2,0 2p(0)
WA = "Byin—q 230
- ) xxl,m @) yylom> :
4Bl m 4Bl m
and define
=(1) o —(1) =(2) =) =(1) =(2)
Fl,m :f X1 Ym» Ul,m’ Ul,m’ ) Ul,m’ le,m’ le,m’ )
=—(n) =(1) =(2) —=(n)
xI,m’> Uyl,m’ yl,m> B yl,m (2'4)

Thus at each internal grid point (x;, y,,,) the system (1.1) is discretized by

LU0 = 1062 + 17062 + 12620, 6,) + 1 (262 1,5,) + 15 (626212

I,m

o | =0 ()= ()= (=) =@ =)
—h [Jl Foou +LF 1 +J0F 0 L UF 1 —2F 4T, (25)
> > , ,

for Tﬁ)n = 0(h®), where [,m = 2(1)N and
D _ 2@ @ D _ p@® @
Kl - Axl,m/Al,m’ K2 - Byl,m/Bl,m’

) L1 ‘ .
(D) _ 2@ 2 [ 4D )
10 =640 +on? (4D, +AD)

_2K§i)A(i) —2K§0A(i) )’

xI,m yl,m

@) _ zpd 2 () )] (OO (D
1§ = 6B + oh (Bxxl,m +BY,  —2kBY —2K{'B ) )

xl,m yl,m
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L1 . o
O _ Lo (40 _ 0,0
1= Sh (A, —KPAD ),

yl,m
(0L (g0 _ g
4 2 xI,m 1 “Ilm)°
~ 1 . .
M _ ) @
IS - E (Al,m +Bl,m) >
JO=2-mk®,  JP=2+nkl,

M _ (0) () _ (0)
JP=2-nk’, IV =2+nk,

with 6, U; = (Upy1/2 — Uj—1/2) and u, U; = (Upyq2 + Uj—12)/2 the central and average
difference operators in x-direction, etc..

Let us now consider the fourth-order numerical methods for the estimates of (0u®/ax)
and (au®/ay). 1f UY Uilz)m denote the exact and v 1  the approximate solu-

u

xI,m’ xl,m’> " yl,m
tions of (du®/dx), (8u™ /3 y) respectively at the grid point (x;, y,,), following Stephen-
son [16] we obtain

(@

; 1 . 1 . . . )
© _ Q)] @ <2 () s24770) Lm 2 Q)]
Usim —ﬁ(zu,((Sx)Ul’m + R (A} 03 + By W80 + ey (262u,6,)U, ",
I,m I,m
-—= (F“)l ~FY ) + T I,m=2(1)N, (2.6)
6Altm l+§,m l—z,m ’
1 1 A
o _ ()] i) <2 @ <277 »m 2 (@)
Uyl,m _ﬂ(z‘uy5y)ul,m + 6B(i) (Ayl,m5x +Byl,m5y)Ul,m + 12hB(i) (25XM}’5J’)Ul,m
I,m I,m
h (= —(0) =(@i.y)
- (Fl It R o [,m=2(1N, 2.7)
6Bl’m mty m=y

where Tg;’:f) = 0(h*) and Tgln“: ) O(h"). The numerical methods (2.6) and (2.7) are
applicable when the fourth-order difference solutions of the u(? are known at each internal
grid point. Further, the Dirichlet boundary conditions are given by Eq. (1.2). The difference
method (2.5) for the determination of the u(*) can easily be expressed in tri-block-diagonal
matrix form, and the methods (2.6) and (2.7) for the determination of ux(i) and uy(i)
can be expressed in diagonal matrices form, and therefore easily solved. The proposed
methods (2.5)-(2.7) are directly applicable to singular elliptic problems in the region Q.

3. Derivation of the Discretizations

For j=1,2,---,n, we denote

3f(l) W af(l) W) af(l)

L7 =
a = =, = =, Yl = —.
ouWw 8U)(C]) 8U§/J)




A New Fourth Order Compact Off-Step Discretization 65

Simplifying Egs. (2.1a) to (2.11) with the help of Taylor series, we obtain

2

770 (M h” o 3

Uli%,m Uli%,m-’_ 8 Uxxl,m o(h), (3.1a)

_(l) () h2 () 3

U, a=U’ U, TOh 3.1b
l,mi% l,mi%_'_ g ~yylm (n™), (3.1b)

2

=0 _ o oo 4

le,m - le,m + EUxxxl,m + O(h )’ (3.1¢)

7@ =g® +h_2U(i) +o(h%) 3.1d)
xEym  xlktm 24 0LM ’

2 2

TR O oo Foo 5

le,m:l:% - le,mi% + 6 Uxxxl,m + 8 nyyl,m +0(h’), (3.1e)
o _, 0 oo 4

— R .

Uyl,m - U_yl,m + gUyyyl’m + O(h )3 (Slﬂ

2 2

—(1) T ) h_ ) h_ (i) 3

Uyl:l:%,m - Uyl:l:%,m + 8 Uxxyl,m + 6 Uyyyl’m + O(h ), (Slg)

—(i . 2 ..

7Y . =u® L+ U L, EO(RY), (3.1h)
yl,m:l:z yl,m:l:z 24 YyyyLm

lexl,mil = U)(clygl,mil + O(hz)’ (3.11)

_() . .

Useim = U)(cl)?l,m +0(h?), (3.1)

770 _ (D) 2

U}’ylil,m - Uyyl:l:l,m +0(h%), (3.1k)

OB () 2

Uyyim = Uyyim T O (3.11)

Again invoking Taylor series, we first obtain

LIUD) =162 + 1762 + 157 (262, 6,) + 1,7 (262, 6,)) + I (6262)]U; )

,m

12 | JOp® Q0] OP0) (D) (D) 0 6.
=h* |)"FY, +J,°FY, +J°FY  +JFY | —2F | +0(h);
l+§,m [-=,m I,m+= l =
[,m=2(1)N. (3.2)

Then with the approximations Egs. (3.1a)-(3.1h), from Egs. (2.2a) and (2.2b) and again
using Taylor series we obtain

_. N

FO —p0 IO oant 4, (3.32)
l:l:z,m l:l:z,m 24

—() : e

Pt =F 1+ 52T + OGN + 1Y), (3.3b)
5 ,mT>

2 2
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where
n
@ _ () (i) () (i) (6] () (i)
Tl - Z |:3Uxxl,mal,m + Uxxxl,mﬁl,m + (SUxxyl,m + 4Uyyyl,m)}/l,m ] >
j=1
n
O _ )] @) (6))] (6))] (@) () @)
T2 - Z [BUyyl,mal,m + (4Uxxxl,m + 3nyyl,m)/jl,m + Uyyyl,myl,m ] :
j=1
Now let

—0 _ — o —
U, =UD +ayh? (F L +FY ) + agh? (Fﬁ” L+ FY 1)

(1)
I+E,m I—E,m ,m+= I,m—=

2 ’ 2
+a3ihzﬁ§3d’m + a4ihzﬁfgl’m, (3.42)
70 59 by (ng%’m - ng_)%’m) @, T
+byih2T sy o+ bah2To (3.4b)
Ty =Tt et (P P2y |+ cah @ s =T
’ 2 ’ 2
+c3ihZU§31,m + c4l~h25§2,l’m , (3.40)

where a;;s, by;s and c;;s for k = 1(1)4 are suitable parameters yet to be determined.

Invoking Egs. (3.3a), (3.3b), (3.1i)-(3.11) and simplifying Egs. (3.4a)-(3.4c), we obtain

TN e D + o(h* 3.5
L =Upm T T3+ 00" (3.52)
= i h?

()] (@) 4
Ut = Ul + g T3 + 00" (3.5b)
= i h? .

()] (@ 4
Uyt = Uyl + g Ts + O, (3.50)

where

TS =[12(ay; + azi)AEtzn +64as;] U)(cl)zl,m +[12(ay; + a2i)Bl(,lr)n +6a,] U«Sy)l’m

T, =(1+6by A US| +6(brAY |+ b3)UL), L +6(byBL) +2by)U0) |
+6(by;By, , + ba)ULY,

Ts(i) =(1+ 6cliBl(,ir)n)U)(/i))/yl,m + 6(c1iASVi?’m + c3i)U)(C21’m + 6(c1iAE?n + 2C2i)U)((i)3yl,m
+ 6(cliB§,il)’m + C4i)U}(,i)),l,m .

Finally, from Eq. (2.4) we obtain

70 g0 0 o 3.6
ILm— l,m+€ 6 + ( ); ()
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where
n

@ _ 0 G5 () g1 (M)
Ty —Z[Ts ap T B T ]
j=1
Substituting the approximations (3.3a), (3.3b) and (3.6) into Eq. (2.5), and invoking
Eq. (3.2), we obtain

— h* ; ; ;
T = @1 -1~ 1) + o). 3.7)
Thus the proposed difference method (2.5) is fourth-order if the coefficient of h* in Eq. (3.7)
is zero, so we have

® ® @ _
T,"+T, —2T,' =0,
which gives

n
Z{{ [24(a1 i+ a5)AY) +12a5 - 3} v+ [24(a1j +a5)BY) + 12ay; - 3} U)(/J;l’m}agf;fl)
j=1

+ b )UY)

xxl,m

+12(by,4Y)

+ { [12b1jA§ffn - 3} gV @

xxxl,m
+ [1206,B), +2b,) ~3]UY) | +12(8,8Y), + iU, 1D

xyyl,m yyl,m
7 _ () 6)) _ 6]
+ 12C1]Bl m 31U + 12(C1]Al m + 2C2]') 3|1U

yyyl,m xxyl,m
() 6)) 6)) 6)) @&H\ _
+12(c,AY) + el #1206 BY) +epud) Ayl } =0. (3.8)
Equating the coefficients of each of agi#;), [J’l(ir’nj) and ygi#? for j =1,2,---,n to zero, and
likewise the coefficients of UY), | y¥) W W) W) and UV for each

: h xxl,m’> “yyl,m® “xyyl,m® T xxyl,m’ T xxxl,m yyyl,m’
j=1,2,---,n we have

() 6))]
a1j:—1(~ ; azj:—1~ > azjzl(l_Al_’-m)’ a4j:1(1_Bl_’~m)’
o) e S\ U
6] 6))] 6))]
byj = % szzl(l_%), ijZ_Ax—é"r)n’ b‘*f:_Bx%’
4Al,m 8 Al{m 4Al{m 4Al{m
() (6))] (6))]
Cj = %’ C2j = 1(1 _Al_"m)’ =T Z5 Cqj = —Byl’-m .
4B, s\ B, 4B, 4B,

where Tglr)n = O(h®) and thus the difference method of O(h*) for the system (1.1).
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With the fourth-order accurate solution values for the u'”, approximate values of
(0u®/8x) and (8u?/8y) can be obtained by using the standard central differences

. 1 . ,
= 57 W~ 1) (3.92)
2h
. 1 . ,
@ _ (i) €3]
Uylm = ﬂ(ul,mﬂ ~U 1) (3.9b)

which yield second-order accurate results irrespective of whether the fourth-order differ-
ence method (2.5) or a standard difference scheme is used to solve the system (1.1). How-
ever, our new difference methods for computing the numerical values of u, and u, are
found to yield O(h*) accurate results, when used in conjunction with the 9-point formula
(2.5). From Taylor series, we obtain

(@

. 1 . 1 . . . .
@ _ Q) @ <2 (i) <2570 Lm 2 )
Ugim —ﬂ(zuxéx)Ul,m + 6A§i3n (A O3 + By W8I + —12’1A§i3n (255u,6.)U;",
h 0 0 4
-—\|F’, —-F7, +0(h"), I[,m=2(1)N, (3.10)
6A(l) I+5,m [-5,m
I,m 2
1 1 AW
@ _ - @ () <2 @) c2y77@) ,m 2 @)
Uyl,m - 2h (z‘uy5y)Ul,m + 6Bl(ir)n (Ayl,m5x + Byl,m5y)Ul,m + 12hBl(i3n (25xuy5y)Ul,m
h 0 0 4
———FY [ -FY | ]+0om"H Im=201N; (3.11)
6Bl(lr)n l,m+§ l,m—i

and then using Eq. (3.3a) in Eq. (2.6) we have

@

. 1 . 1 . . . B .
o _ ) D <2 D 24770 Lm 2 )
le,m _E(Z‘ux5x)Ul,m + 6A(i) (Axl,m5x + Bxl,m5y)Ul,m + 12— i(i)(26y‘u’x5x)Ul,m
I,m I,m

h : : (i
——[FO, —F9 | +T Y 40k%),  Lm=2(1N
6A513n Z+E’m l—z,m ?

where Tglnf )= O(h*) from Eq. (3.10), and the similar result for Uy,m With T%ln{ ) = o(h™.

4. Convergence Analysis

Let us consider the 2D nonlinear elliptic PDE

uxx+uyy:f(x).y)u)ux)uy) (4'1)
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defined in the region Q, subject to u(x, y) = ug(x,y) V(x, y) € Q. The difference method
(2.5) for the scalar equation (4.1) reduces to

2 2 2¢2
662 +662+ 6262 | ui,
=2h? [Fl%,m HF g+ F 1 +F 1 = Fl,m} ., Lm=2(1N. (4.2)

We now show that, under appropriate conditions, the difference method (4.2) for the PDE
(4.1) is O(h*) convergent.

For each I,m = 2(1)N, let
Pim = 2k [E%m + fl_%,m +fl,m+% + fl’m_% - Fl,mi| + Boundary Values .

LetE=u—U;andforS=¢,u, U, T and E let

t
S= [82,2183,2" o 5SN,2552,3’SS,3" o ’SN,35' o ’SZ,NNSB,N" o ’SN,N:| (N—1)?x1"

Then for [,m = 2(1)N in Eq. (4.2),
Du+¢(u)=0 4.3)

where D = [BA B](N_l)zx(N_l)z is a tri-block diagonal matrix, involving the tri-diagonal
matrices A = [—4 20 —4]y_1)xw-1) and B = [-1 —4 — 1]y_1)xv—1)- Since U is the
exact solution vector, it follows that

DU+ ¢(U)+T=0 (4.4)
where Tl,m = O(h®) for each I,m = 2(1)N. Denoting

fl:l:%,m :f (xlil’ym’uli%,m’ uxli%,m’uyl:tl,m) = Fl:l:%,m >
2

1= X u 1,U 1,U 1 | ~F 1
fl,m:I:E f( l’ymi%’ Lm+5> “xl,m+;> yl,m:l:E) Lm+; >

fl,m :f X1, ym’ﬂl,mﬁﬂxl,m’ﬂyl,m) = Fl,m >

we write
Fretm=Fretm= (Tt n—TUasn) Gl(l)% + (B~ Togs ) Hz(:%,m
+ (Hyli%,m _ﬁyli—,m) Il(:%,m, (4.5a)
?l,mi% Fy +1 = (w, +1 Uz, i%) Gl(znii% + (uxl,mi% U l,mii) Hljii%
+ (ﬂyl,mig _ﬁyl,mi%)l(’zn)l 1 (4.5b)
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and

+ (ﬁyl,m — Eyl,m) 1) (4.50)

for suitable le Jom? ngn)q +1/2 and QE?’% where Q = G, H and I. Also, for Q = H and I we
may write

h
le = Qp * 5 Qi + O, (4.62)
2,m
h
@) @ 4 "o 2
=Q® £~ o(h .6b
Qz,m% Qi £ 5 Q1 + O, (4.6b)
¢V =G o), (4.60)
I£=,m
2
¢ | =G2 +o(h). (4.6d)
l’mii

From Egs. (4.5a)-(4.5¢c) and Egs. (4.6a)-(4.6d) we obtain
¢(u)—¢(U)=PE, (4.7)

with P= (P, ), [r = 1(1)(N — 1)%, s = 1(1)(N — 1)?] the tri-block diagonal matrix where

Plm—2)(N—1)+1-1,(m—2)(N-1)+~1
=12 [260) +26( — 20y - 217 —26°) + HOOHD + 121 | +0(h),

xl,m I,m “I,m I,m l,m

[l =2(1)N, m=2(1)N],

Pin—2)(N=1)+1-1,(m=2)(N—1)+—1+1

h2
_ €)) (2 (3) 1 €3] (1) 403) 3
=h [:tZHl’m +HY ¥H ] +3 [zc;l’m +2H,) - Hl’mHl’m] +0(h?),

,m I,m
[l=2(1)N —1,3(1)N, m=2(1)N],

Plm—2)(N—1)+1-1,(m—2£1)(N-1)+I—1

hZ
_ (2) (€))] 3) (2 (2 (2);3) 3
—h [:EZIl’m I F Il’m] +3 [ZGLm +20) — T ] +0(h®),

I,m l,m
[l =2(1)N, m=2(1)N—1,3(1)N],

Plm—2)(N=1)+1-1,(m=1)(N—1)+1—1%1
A TeH® O]+ [ oy® 4oy
I,m I,m 8

— E yl’m xl’m :F I(l)H(S) :FH(Z)I(S)] + O(hB)’

IL,m “I,m I,m l,m

[l =2(1)N —1,3(1)N, m=2(1)N —1],
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Pin—2)(N=1)+1-1,(m=3)(N=1)+1—1%1
h h?

_ (2) 1

- [:I:Hl,m - Il,m] +3

@ o
[F2H®? T 21

) L WO L @ ® 3
@ L EIDHD £ B2 10 ] 1+ om?),

I,ml,m

[l =2(1)N —1,3(1)N, m=3(1)N].

Using the relation (4.7), in the absence of round-off errors we obtain from Egs. (4.3) and
(4.4) the error equation
(D+PE=T. (4.8)
Let p p
G, = min 2 and G* = max 2 ,
(x,y)€Q ou (x,y)eQ au

where Q = QUI. Then

0<G,<¢", ,¢?
lii,m I,m

and for Q =H and I let
o<W, 1Ik? [L1ePI<q,
l:l:z,m l,miE m
1 2
QY =™, 1% 1<Q®,

for some positive constants Q, QW and Q@. 1t is now easy to verify that for sufficiently
small h

2(1)N,m = 2(1)N],

2(1)N —1,3(1)N,m = 2(1)N],
2(1)N,m = 2(1)N —1,3(1)N],
2(1)N — 1,3(1)N,m = 2(1)N — 1],
2(1)N — 1,3(1)N,m = 3(1)N].

IPm—2)(N=1)+1-1,(m-2)(N—1)41-1| < 20,

|Pin—2)(N=1)4+1=1,(m=2)(N—1)41—1%1] <4,

[l
[l
IPm—2)(N—1)+1-1,(m—22 1) (N-1)+1-1] <4, (1
|P(m—2)(N=1)41-1,(m-1)(N—-1)+-121] < 1, [l

[l

|P(m—2)(N=1)41-1,(m=3)(N 1)+ -121] < 1,

Further, the Direct graph of D 4 P shows that D 4+ P is an irreducible matrix — cf. Fig. 2,

where the arrows indicate paths i — j for every nonzero entry (D + P); ;) of the matrix
— —

D + P. For any ordered pair of nodes i and j, there exists a direct path (i,1;), (I1,1,),

e (lk—,;) connecting i to j, hence the graph is strongly connected so the matrix D + P is
irreducible [23].

Now let S;. denote the sum of the elements in the kth row of D 4+ P, so for k = 1 and
N — 1 we have

h
Se=11+1 (36}, ,+36), ,— 26, ,) + g(bkthe) +0(h%),  (4.92)
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Figure 2: Directed graph of D+P.

where
_ ® @ 2 ¢)) 3 3)
b =*16H, /, , £ 12H, 7}, , + 1617 , + 121, ) , F8H [y, — 8L 5,
— 47D 3 @ 43 ¢)) ©)) 2 )]
Ck = 4Hk+1,2Hk+1,2 + 4Ik+1,21k+1,2 - 8ka+1,2 - 8ka+1,2 + 2Hyk+1,2 4 2ka+1,2
(1) 3) @ 3 .
FlhvroHif1 o FH ol 05
and also
_ 2 (@)) 2) 3)
Sw-nv-2)+k = 11+h [SGkH,N + 3Gk+1,N - 2Gk+1,N]
h

*3 [bov-1v-2)+k +hey-nv-2)4x ] +OR), (4.9b)

where
_ D @) 2 ¢)) 3 )
b(N—l)(N—2)+k - i16Hk+1,N + 12Hk+1,N - 16Ik+1,N - 12Ik+1,N + 8Hk+1,N + 8Ik+1,N >
_ 47D 3 @ 3 ¢)) 2 2
CN-DWN-2)+k = 4Hk+1,NHk+1,N + 4Ik+1,NIk+1,N - 8ka+1,N - 8ka+1,N + 2Hyk+1,N
1) 1 3) ©)) (3)
F2pnn Thi vy TH vl -
For ¢ =2(1)N — 2,
_ 2 @)} 2 3)
S(@-DN-1+k = 6+h |:3Gk+1,q+1 + 4Gk+1,q+1 - 2Gk+1,q+1]
h 3

+§ [b(q—l)(N—1)+k + hc(q—l)(N—1)+k:| + O(h ) 5 (49C)
where

_ 0 2 3)

b(q—l)(N—1)+k - :I:4Hk+1,q+1 = 4Hk+1,q+1 + ZHk+1,q+1 ’

— €8] €Y (3)
Clg-N-1+k = ~2H 00 g1 T H g Hi g4
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For r =2(1)N — 2,

_ 2 )] ©)) (3)
S(k—l)(N—1)+r =6+h |:4Gr+1,k+1 + 3Gr+1,k+1 - 2Gr+1,k+1:|

h
+5 [bg-nw-1y+r Hheg-nw-ner] + o(h%),
where
_ €3] ©)) (3)
b(k—l)(N—1)+r - :I:4Ir+1,k+1 + 4Ir+1,k+1 + 2Ir+1,k+1 ’
_ (2 (2 3
Clk—DIN-D+r = _ZIyr+1,k+1 + Ir+1,k+1Ir+1,k+1 :

And finally, for g = 2(1)N — 2, r = 2(1)N — 2 we have

— 12 ) 2 (3) 4
S(r-D)N-1)+q = h [4Gq+1,r+1 + 4Gq+1,r+1 - 2Gq+l,r+1] +O0(h").

From Egs. (4.9a)-(4.9¢), since

|br| < 36(H +1),
o] < 4(H? +12) + 8(HW +1@) + 2(H® + 1) + 21H

fork=1,N—1,(N—1)(N—2)+1and (N —1)?,
|bl <10H, || <2HW +H?
fork=(g—1)(N—1)+1and q(N —1) whereq=2(1)N — 2,
|bel <101, i <2I® + 12
fork =r and (N — 2)(N — 1) + r where r = 2(1)N — 2, for sufficiently small h

S, > 6h%G, fork=1,N—1,(N—1)(N—-2)+1and (N —1)*,

S >7h%G, fork=(q—1)(N—-1)+1andq(N —1);q=2(1)N -2,

S >7h?’G, fork=rand (N—-2)(N—-1)+rr=2(1)N-2,

S(r—1)(N-1)+q = h*(8G, — 2G*) > 0 assuming G* < 4G,
forq=2(1)N—2and r=2(1)N —2.

73

(4.9d)

(4.9¢)

(4.10a)
(4.10b)
(4.100)

(4.10d)

Thus D+P is monotone for sufficiently small &, so (D + P) ! exists and (D + P l=J1>0

[26], where J = (J,.;) with r = 1(1)(N — 1)? and s = 1(1)(N — 1)?. Since

(N-1)
D1 JpS=1,  p=11N-1)
r=1
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and G, > 0, for p = 1(1)(N — 1)? it follows from Egs. (4.10a)-(4.10d) that

1
Jp < —<—
pk = Sk 6h2G*
[k=1,N—1,(N—1)(N—2)+1and (N —1)?], (4.11a)
N-—2
Z J s < 1 1
p, - 2
= 2<£11L1I{[1 2Sk 7h G,
[k=(@—1)(N—-1)+1and qN —1),q=2(1)N - 2], (4.11b)
N-—2 1 1
J. . <
r=2 P 2<HB]{[1 2Sk 7h2G*
[k =r and (N—2)(N—1)+r,r:2(1)N—2] , (4.110)
N—2N-2 1
J. . < <
pk = 2 _ *
55 2;;11151_ Sk ~ h*(8G, —2G")
2<r<N-2
[k=(r—1)(N—-1)+q,g=2(1)N—2and r =2(1)N —2]. (4.11d)
Eq. (4.8) may be written as
NE[ < Il (4.12)

where

(N=2)
1<p<(N-1)? Pl ; pg TYUp,N-1

N—-2N-2
(ZJp (q-1)(N— 1)+1+ZZJp (@-1(N-— 1)+r+2~’p q(N— 1))

q=2 q=2 r=

N-2
(JP (N-1)(N— 2)+1+Z p,(N—1)(N—2)+q +J p,(N—1)% ):| . (4.13)

q=2
Using Egs. (4.11a)-(4.11d) in Eq. (4.12), for sufficiently small h we obtain from (4.13)
IEIl < O(h"). (4.14)

This establishes the convergence of the fourth-order difference method (2.5) with n =1,
for the scalar elliptic equation (4.1).

We may extend the above convergence analysis carried out for a single equation to the
system of equations. Thus for each i = 1(1)n, we denote

ED — 4@ _y®

where uY and U® are the respective approximate and exact solution vectors for the system
of equations. Since the local truncation error is of O(h®) for each equation, then in a
similar manner to the above we may obtain ||[E®?|| < O(h*) for each i, so the fourth-order
convergence of the difference method (2.5) can be established for the system.
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5. Numerical Illustrations

In this section, we discuss the numerical solution of some linear and nonlinear prob-
lems in Cartesian or spherical and cylindrical polar coordinates in specified domains, where
the exact solutions are known. (The functions on the right-hand side of the particular PDE
and the Dirichlet boundary conditions are obtained from the exact solutions.) The system
of linear difference equations is solved using the Block iterative method, and the system of
nonlinear difference equations by the Newton-Raphson method — e.g. see Hageman and
Young [25]. For all of the problems, the iterations were terminated once the absolute error
tolerance 10~ '2 was reached. Computer code was written using the MATLAB programming
language.

Problem 1. (Poisson equation in polar coordinates)

a 1
@ ur + —u, + Suge = G(1,0), 0<rf<l.
r r

For a = 1 and 2, this is the 2D Poisson equation in the r-0 plane for cylindrical and
spherical coordinates, respectively. The exact solution adopted was u = r2 cos(70).

a
Gi) u, + —u, +u,, = G(r,2), 0<rz<l.
r
For a = 1, this is the 2D Poisson equation for cylindrical coordinates in the r-z plane. The
exact solution adopted was u = coshr coshz.

The Maximum Absolute Errors (MAE) for u and its normal derivatives tabulated in
Tables 1 and 2 for a = 1 and 2 are for Problems 1(i) and 1(ii), respectively. Figs. 3 and 4
give the plots of the exact and numerical solutions of Problems 1(i) and 1(ii), respectively.

Problem 2 (Nonlinear Convection Equation)

e(uyy +uyy) =u(uy, +uy)+glx,y), 0<x,y<l.

Table 1: Problem 1(i): The MAE.

Proposed O(h*) - methods O(h*) - methods discussed in [12,13]
h a=1 a=2 a=1 a=2
1/8 u | 2.3294(-06) 4.6091(-06) 4.2944(-06) 6.8672(-06)
u. | 8.1179(-06) 1.6529(-05) 8.8246(-06) 4.2834(-05)
ug | 3.9153(-04) 6.2317(-04) 4.4823(-04) 8.6298(-04)
1/16 u 1.4731(-07) 2.9153(-07) 2.7278(-07) 4.4629(-06)
u. | 9.7119(-07) 1.8818(-06) 8.1105(-07) 3.0421(-06)
uy | 2.8537(-05) 4.5514(-05) 3.2188(-05) 6.3244(-05)
1/32 u 9.2898(-09) 1.8373(-08) 1.8642(-08) 3.2187(-07)
u, | 7.9264(-08) 1.5078(-07) 7.0243(-08) 2.2424(-07)
ug | 1.9185(-06) 3.0633(-06) 2.3156(-06) 4.4341(-06)
1/64 u 5.8207(-10) 1.1480(-09) 1.1022(-09) 1.9068(-08)
u. | 5.5941(-09) 1.0553(-08) 5.8124(-09) 1.4172(-08)
ug | 1.2425(-07) 1.9850(-07) 1.5510(-07) 2.7012(-07)
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Table 2: Problem 1(ii): The MAE.

Proposed O(h*) - methods O(h*) - methods discussed in [12,13]
h a=1 a=2 a=1 a=2
1/8 u | 1.6604(-06) 2.8030(-06) 2.8604(-06) 4.2166(-06)
u, | 1.0721(-05) 1.0390(-05) 2.1444(-05) 1.9833(-05)
u, | 2.3486(-05) 3.6014(-05) 3.6218(-05) 4.8412(-05)
1/16 | u 1.0530(-07) 1.7649(-07) 1.9884(-07) 2.6261(-07)
u, | 8.1375(-07) 8.1496(-07) 1.1721(-06) 1.0104(-06)
u, | 1.6895(-06) 2.5690(-06) 2.7520(-06) 3.8224(-06)
1/32 | u 6.6915(-09) 1.1082(-08) 1.1645(-08) 1.6224(-08)
u. | 5.6905(-08) 5.8312(-08) 8.2169(-07) 7.6186(-08)
u, | 1.1430(-07) 1.7298(-07) 1.6644(-07) 2.3242(-07)
1/64 | u | 4.2259(-10) 6.9292(-10) 7.0120(-10) 8.8844(-10)
u. | 4.5970(-09) 7.3664(-09) 5.0210(-08) 4.5458(-09)
u, | 7.4703(-09) 1.1278(-08) 8.9744(-09) 1.4242(-08)

Exact solution Nurmerical solution

uvalues
uvalues

0

06 -
04

0
rvalues oo Feiaiaiiss Ivalues 9 theta values

Exact Solution Numerical Solution

Figure 3: Solution of 2D Poisson equation in polar coordinates.

Table 3: Problem 2: The MAE.

Proposed O(h*) - methods O(h*) - methods discussed in [12,13]
h e=0.1 £=0.01 £=0.001 e=0.1 e=0.01 e =0.001
1/16 u 2.0616(-05) 2.4785(-04) 2.5130(-03) | 4.4185(-05) 4.8266(-04) 3.9282(-03)
u, | 1.2837(-04) 2.5155(-03) 1.5332(-02) | 2.5208(-04) 2.8427(-03) 2.5834(-02)
uy 1.6447(-04) 1.3841(-03) 1.5891(-02) | 3.0162(-04) 2.7129(-03) 2.4345(-02)
1/32 u 1.2695(-06) 1.7462(-05) 1.4391(-04) | 2.9287(-06) 3.4324(-05) 2.8411(-04)
u, | 1.6905(-05) 2.0866(-04) 1.6390(-03) | 1.9812(-05) 2.2186(-04) 2.6928(-03)
u, 1.1825(-05) 8.9167(-05) 1.0726(-03) | 2.1441(-05) 2.0412(-04) 1.8184(-03)
1/64 u 7.9012(-08) 1.1296(-06) 1.0375(-05) | 1.8119(-07) 2.1204(-06) 2.1686(-05)
u, | 1.5530(-06) 1.4118(-05) 2.4812(-04) | 1.2124(-06) 1.3016(-05) 2.8928(-04)
u, 8.0908(-07) 6.2655(-06) 5.4500(-05) | 1.2888(-06) 1.2162(-05) 1.1421(-04)

The exact solution adopted was u = e* sin(7ty/2). The MAE for u, u, and u, are tabulated
in Table 3 for ¢ = 0.1, 0.01 and 0.001.
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Exact solution u MNumerical solution u

S5
s

uvalues

06 06

04 04

rvalues 0o Qo
2z values rvalues S valies

Exact Solution Numerical Solution

Figure 4: Solution of 2D Poisson equation with cylindrical symmetry.

Table 4: Problem 3: The MAE.

Proposed O(h*) - methods O(h*) - methods discussed in [12,13]

h a=1 a=10 a =25 a=1 a=10 a=25
1/16 u 6.6498(-06) 1.4642(-04) 4.8477(-04) | 7.6488(-06) 2.4122(-04) 5.6678(-04)
u, | 9.4134(-05) 1.3702(-03) 3.1661(-03) | 1.1012(-04) 2.3816(-03) 4.0465(-03)
u, 3.0028(-04) 2.5306(-03) 5.9721(-03) | 3.8149(-04) 3.6296(-03) 6.8764(-03)
1/32 | u | 4.1944(-07) 9.1279(-06) 2.9675(-05) | 4.8894(-07) 1.5158(-03) 3.6654(-05)
u, | 6.6876(-06) 1.3007(-04) 4.3732(-04) | 7.2724(-06) 2.2244(-04) 3.8975(-04)
uy 2.0286(-05) 1.7751(-04) 4.1266(-04) | 2.6261(-05) 2.4890(-04) 4.8243(-04)
1/64 u 2.6367(-08) 5.6914(-07) 1.8430(-06) | 3.0189(-08) 9.2284(-07) 2.2056(-06)
u, | 4.4521(-07) 1.0153(-05) 4.3173(-05) | 4.8484(-07) 1.8446(-05) 3.6698(-05)
uy 1.3205(-06) 1.1963(-05) 2.8454(-05) | 1.6185(-06) 1.5177(-05) 3.0125(-05)

Problem 3 (Nonlinear Elliptic Equation)
(1+x2u,, +(1 +y2)uyy = au(u, +uy, )+ f(x,y), O0<x,y<1

with the exact solution u = e sin(7y) adopted. The MAE for u, u, and u, are tabulated
in Table 4 for various values of a.

Problem 4 (2D steady-state Navier-Stokes equations in Cartesian coordinates)

1
R—(uxx-i-uyy)zuux-i-vuy+f(x,y), O<x,y<l1

e

1
R—e(vxx+vyy)=uvx+vvy+g(x,y), O<x,y<1
where the constant R, > 0 is the Reynolds number.

The exact solution u = sin(7tx)sin(my), v = cos(ntx)cos(nwy) was adopted. The MAE
for u and v are tabulated in Table 5 for R, = 10, 10? and 10>. Fig. 5 provides a comparison
of the exact and numerical solutions.
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Figure 5: Solution of the 2D Navier-Stokes

R. K. Mohanty and N. Setia
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equations in Cartesian coordinates.

Table 5: Problem 4: The MAE.

Proposed O(h*) - methods

O(h*) - methods discussed in [12]

7.9504(-08)

3.0175(-06)

1.0199(-04)

8.4324(-08)

3.3046(-06)

h R, =10 R, =10° R,=10° R, =10 R, = 10? R,=10°
1/16 | u | 3.8170(-05) 7.9117(-04) 1.1370(-02) | 4.2172(-05) 8.1235(-04) 1.4212(-02)
v | 2.0205(-05) 8.1179(-04) 1.6068(-02) | 2.3785(-05) 8.4455(-04) 1.9872(-02)
1/32 | u | 2.4148(-06) 4.4070(-05) 6.8308(-04) | 2.7868(-06) 4.7602(-05)  7.6880(-04)
v | 1.2680(-06) 4.6982(-05) 1.9517(-03) | 1.5742(-06) 4.9852(-05) 1.9702(-03)
1/64 | u | 1.5149(-07) 2.6562(-06) 5.3901(-05) | 1.7044(-07) 2.9885(-06) 5.8280(-05)
(

1.2692(-04)

Problem 5 (2D steady-state Navier-Stokes equations in polar coordinates)

(i) Spherical polar coordinates (r-6 plane):

1
R,
1

1 2
Uy + —21199 + —U, + —2UQ - —2’09 —
r r r r

cotf

1
=uu, + —vug — —v*+H(r, 6),
r r

2 2
Zu—
r

2cotf

2 2

r

0<rf6 <1,
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Table 6: Problem 5(i): The MAE.

Proposed O(h*) - methods O(h*) - methods discussed in [12]
R R,=10 R,=100 R, =500 R,=10 R, = 100 R, = 500
1/4 u | 4.0350(-03) 4.7668(-02) 1.0430(-01) | 4.6880(-03) 5.3210(-02) 2.1678(-01)
v | 2.8464(-03) 2.4988(-02) 8.0180(-02) | 3.6584(-03) 3.0824(-02) 8.8249(-02)
1/8 u | 4.5574(-04) 6.9580(-03) 2.4922(-02) | 5.0324(-04) 7.3214(-03) 2.9911(-02)
v | 1.9624(-04) 2.9897(-03) 1.5191(-02) | 2.4454(-04) 3.4789(-03) 1.9923(-02)
1/16 | u | 2.6553(-05) 6.3235(-04) 2.4796(-03) | 3.0355(-05) 6.6532(-04) 2.7697(-03)
v | 1.2965(-05) 3.0081(-04) 1.0288(-03) | 1.5569(-05) 3.3180(-04) 1.3288(-03)
Table 7: Problem 5(ii): The MAE.
Proposed O(h*) - methods O(h*) - methods discussed in [12]
R R, =10 R, =100 R, = 500 R, =10 R, =100 R, = 500
1/8 u | 4.4475(-04) 6.6056(-03) 7.5996(-03) | 5.2574(-04) 7.4650(-03) 8.3699(-03)
v 1.0410(-03) 9.8564(-03) 2.0399(-02) | 1.8014(-03) 1.1565(-02) 2.8993(-02)
1/16 | u | 2.9587(-05) 8.6235(-04) 1.9389(-03) | 3.2785(-05) 9.1532(-04) 2.4983(-03)
v | 6.6121(-05) 8.9744(-04) 3.6708(-03) | 1.1060(-04) 9.3447(-04) 4.1807(-03)
1/32 | u | 1.9121 (-06) 6.3020(-05) 3.8183(-04) | 2.0111(-06) 6.7022(-05) 4.1381(-04)
v | 4.1297(-06) 5.7202(-05) 4.9547(-04) | 6.8267(-06) 6.0204(-05) 5.2745(-04)
1 N 1 +2 +cot9 N 2 cosec?0
— | — —v, + —, —Ug— ———v
Re rr r2 66 r r r2 6 r2 6 r2
1 1
=uv, + —vvg +—uv+1(r,0), 0<r6<1.
r r
The exact solution adopted was u = 2r3cos 6, v = —5r3sin 0.

(ii) Cylindrical polar coordinates (r-6 plane):
1 1 1 2 1
R_e rr+ﬁU99+;ur—r—2’Ug—r—2u

1
=uu, + —vug — —v?+H(r,0), 0<r0<1,
r r

1 1 1 2 1
R_e Urr + r—z’l)gg + F’Ur + r—ZUQ - ﬁ’l)

1 1
=uv, + —vvg + —uv +1(r, 0), 0<rf<1l.
r r

The exact solution adopted was u=r3sin 6, v = 4r>cos 6.

The MAE for u and v are tabulated in Tables 6 and 7 for various values of the Reynolds
number R, > 0. Figs. 6 and 7 provide a comparison of the exact and numerical solutions
to Problems 5(i) and 5(ii), respectively.
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Figure 6: Solution of the Navier-Stokes equations in spherical polar coordinates (r, 6).

6. Conclusions

Nine-point compact difference methods of order four were developed in Ref. [12] for
the numerical solution of the system of second order non-linear 2D elliptic equations (1.1),
but these methods fail at singular points and a special treatment was required to solve
singular problems. Indeed, it was found that such numerical methods fail if it is difficult to
differentiate the singular coefficients twice. In this paper, a new stable method of accuracy
four for the solution of the system of non-linear elliptic equations (1.1) is developed, using
the same number of grid points. In addition, fourth order compact difference methods are
derived to estimate the normal derivatives of the solutions. Our new numerical methods
are directly applicable to elliptic equations in polar coordinates, and do not require any
fictitious points for computation. No special technique is needed to solve singular elliptic
problems, whether linear or nonlinear, and we obtain better results than some existing
fourth order numerical methods have produced. Tables 3, 5, 6 and 7 show the results for
model nonlinear equations, including the Navier-Stokes equations of motion. Although the
order of accuracy drops for high Reynolds number in the Navier-Stokes equations, there
is no numerical oscillation arising in the computed solution, in contrast to a second order
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Figure 7: Solution of the Navier-Stokes equations in cylindrical polar coordinates in -6 plane.

method that becomes totally unstable [3,12,13]. We are now extending our new methods
to time-dependent problems.
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