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1. Introduction

Let f’a,ab...,an (D,) be the differential operator,

m
ﬁa,al,w,am(Dt)=D?+Zde?j: 1.n
j=1

where dj, j =1,---,m are positive numbers, 0 < a, <--- <oy <a<1,

1

D{u(t) =t

t
f (t—s)"u'(s)ds, O0<r<1, (1.2)
0

is the Caputo fractional derivative of order r with respect to variable t — cf. Ref. [17], and
T the I'-function.

Fractional differential equations often arise in applications [3,12,18]. It is not always
possible to find an analytic solution of such equations, hence numerical methods have to
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be used. In this work, we apply a weak Galerkin finite element method to initial bound-
ary value problem for multi-term time-fractional diffusion equation with one-dimensional
space variable

2%u(x,t)
dx2

ﬁa,al,...,am(Dt)u(x, t) = +f(X, t)’

u(0,t)=0, u(L,t)=0,

u(x,0) = v(x),
xe(0,L), te(0,T], (1.3)

where f(x,t) is a sufficiently smooth function.

Time fractional diffusion equations are studied in [8,13]. For numerical solution various
methods have been proposed — e.g. Liu et al. [8] employed a finite difference method
and developed a fractional predictor-corrector method, Zhao et al. [22] constructed a finite
element method in space and finite difference method in time, Lopez-Marcos [5] and Lubich
[7] investigated the spectral and finite element methods.

Weak Galerkin finite element method was initially introduced by Wang and Ye [19] to
solve the second order elliptic problems. The main idea behind this method consists in
the replacement of classical derivatives in standard variational equations by weak ones.
This allows using of totally discontinuous finite elements with inferior values not related
to the boundaries — cf. Ref. [16]. Nowadays, the method is widely recognised — e.g.
Zhang et al. [21] applied it to elliptic problems with one-dimensional space variable, Chen
and Zhang [1] to one-dimensional Burgers’ equation, Li and Wang to parabolic equations
[6], Mu et al. to Stokes [14] and Maxwell equations [15]. However, to the best of our
knowledge, so far the weak Galerkin finite element method has not been employed in multi-
term time-fractional diffusion equations. Here, we use the weak Galerkin finite element
method in space and the backward Euler method in time. The corresponding integral terms
are discretised by first-order convolution quadratures. We also prove the stability of the
method, its convergence in L?-norm, and derive error estimates.

The paper is organized as follows. In Section 2, we describe the weak Galerkin finite
element method and write down a fully discrete weak Galerkin finite element equations.
Section 3 is devoted to the stability and convergence of the method. In Section 4, we present
results of numerical experiments and discuss their correlation with theoretical analysis. Our
conclusion is in Section 5.

2. Weak Galerkin Finite Element Method

Let I refer to the interval (0,L) and let H*(I) and L2(I) be, respectively, the usual
Sobolev space and the space of square summable functions on I. The norms in H*(I) and
L?(I) are denoted by || - ||, = || - llzrsry and || - ||, while (-, -) is the inner product in L2(D).
Moreover, we also consider the space Hé (D ={v:veHY(),v(0)=0}.

Let us rewrite the problem (1.3) in the weak variational form — cf. Theorem 2.2 and
Theorem 2.3 in Ref. [5]. Multiplying the equation (1.3) by v € Hé(I ) and integrating the
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products arising, we obtain

(Paaya, POW V) + Uy, vi) = (f,v), VveHMD), 0<t<T,
u(x,0)=vY(x), xel. (2.1)

By I, we denote a closed interval [x,,x;] and by I, = (x,,x;) the interior of I,. Weak
functions v on I, are defined as v = {vg,v,,Vv;}, where v, := VI, Ve = v(x,) and vy, =
v(xp). Note that, in general, the values of v, at x, and x; are not connected with v, and
vp. The space of all such functions is denoted by W(I,) — i.e.

W(Ia) = {V = {VO,va’Vb} W€ Lz(Ia)’ |va| + |vb| < OO}

Moreover, let r be a non-negative integer and P.(I,) the set of all polynomials on I, of
degree at most r.

Proposition 2.1 (cf. Zhang & Tang [21]). For any fixed element v € W(I,) and for any
q € P.(I,) there exists a unique solution u € P,(I,) of the equation

J uvqdx = —J voq dx +vpq(xp) — vaq(x,), (2.2)
I, I,

which does not depend on the choice of q.

This unique solution u of equation (2.2) is denoted by d,, , and called the discrete weak
derivative of v. Thus Proposition 2.1 means that if v € H(I,), then d, ,visthe L? projection
of v,. onto subspace P,(I,).

Now we can introduce a weak Galerkin finite element method for the problem (1.3).
For M € N, we seth = L /M and consider the partition I, = {x;|x; = (j—1)h,1 < j < M+1}
of the interval [0, L] into the subintervals I; = (x;,x;41), i = 1,2,---,M. For any k € N,
the discrete weak function space W(Iy, k) on I, is defined by

Wl k) :=={v:v|, eW(;,k), i=1,2,--- ,M}, (2.3)

where

W(I;, k) := {V ={vo, Vi, Viza} 1 vo € P(Ly),  [vil +1vigal < 00} (2.4)
According to the definition, for weak functions v = {vy,v;,v;;1} € W(I;, k), the one-sided
limits of the function v, at the points x; and x;,, not necessarily coincide with v; = v(x;) and
Vig1 = V(x41. Let fi,_ = [x;_1,x;] and INH =[x}, x;41]. For a function v = {vy, v;,v;41} €
W(I;, k), letvl; _ ={(vo)-, (vie1)—, (vi)-} and vl = {(vo)+, (Vi)4, (Vis1)+}, then the jump
of v € W(Iy, k) at the point x; is

[V]xi =)=y

Thus if [v],, = 0 then v is continuous at the point x;. Now we consider the weak finite
element spaces

Spi={v:iveW(,k), [v], =0,i=2,--- ,M}, (2.5)
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and

S i={viveS, v;=0, vy =0} (2.6)

The discrete inner L2-product on the space W (I, k) is defined by

M M
(u,v)y, = Z(u, V), = ZJ uvdx,
i=1 i=1JI;

so that the corresponding norm of u € W(Iy,, k) is ||u||i21 = (u,u)y. The semi-discrete weak
Galerkin finite element scheme for problem (1.3) is based on the variational formulation
of the problem (2.1) and consists in finding an element uy(t) € S}? satisfying the equations

(ﬁam am(Dt)uh,Oavo) +(dy, up, dy,  v) = (f,vo) forall ve S}?, (2.7)

.....

uh(X, O) = Eh’l,b(X), xel, (28)

with an operator Ej, introduced in the next section. Recall that for a € (0, 1), the Riemann-
Liouville integral I®) is defined by

1@y(t) = ﬁ f (t —s)* Lu(s)ds, (2.9)
0

so that
Du(t) = 1979y, (¢). (2.10)

Let N € N. Setting 7 := T/N and Q; := {(t,_1,tn)|t, = n7,0 < n < N}, we consider
the time discretisation of the problem (1.3) at the time moment t = t,,. If up = up(x) €
S;, denotes an approximation for u(x,t,) at the point t = t,, n = 0,1,---,N, then the
derivative u, of u at the point t,, is obtained by the backward Euler method — viz.

1
(up),(t,) ~ 6 uf = ;(u;l‘ —up™"), xe€[0,L], n>1 (2.11)

Moreover, the integral () (t,) is approximated according to the Lubich [9-11,20] first
order convolution quadrature formula

n n—1
HO(p) =Y i 0P = v )l P, (2.12)
p=1 p=0
where the weights c[(J“) are determined by the generating function

oo
o) — (a),p
(1—2) —Z(:)cp 2P, (2.13)
=
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The fully discrete weak Galerkin finite element method for problem (1.3) consists in finding

an element u; € S, (uy = {uh O,u,’;l, I 1+1} oneach I;, i =1,2,--- ,M) which satisfies the
equations

n—1

Z p(5tuh0 :v0)+(dwruh: w,rV ) (f VO) Vv GSO: (214)

p=0

u'(0)=u(L)=0, 1<n<N, (2.15)

w = Eu’(x), x€l0,L], (2.16)
where

C (1-a;)
&p = Tl_“cl()l_“) + ZdjTl_aij s 2.17)
j=1

and the operator Ej, is defined in next section.

3. Analysis of Weak Galerkin Finite Element Scheme

3.1. Stability

Let us start with auxiliary results needed in stability analysis.

Lemma 3.1. If {c(o‘)}"o0 is the sequence defined by (2.13), then

n—1 C(a)
2ll<c, (3.1)
=1 P
where the constant C does not depend on n.
The proof directly follows from the relation
(@) p*! 2
) = +0O(p® o0 3.2
cpr()(p)p—>, (3.2)
cf. formula (4.6) in Ref. [9].
Lemma 3.2. If
O<a,<--<a;<a<l, meN, 3.3)

then the coefficients ¢, of (2.17) satisfy the inequality
Gy <8< <H<E, n=1,2--. (3.4)

Proof. Indeed, if a € (0, 1), then c(()a) =1landforanyp>1,

CI(,a) _ (_DP(—a) _ ala+1)(a+2)---(a+p— 1). 3.5)

p p!
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Therefore,

1—
c[ga):(1— > )[E‘”l, p=1, (3.6)

and taking into account the positivity of the coefficients d;, we obtain

m
o ~ 1— - (1-aj) (1-a;)
Ep1—8 = - ( 1() 1a) (1 a)) Z ( Ve, Y )

A=) m C(1 ;)
1—a P 1 1—a; p—1
=1 + > dtv Ya,——
p ; ’ ’op
(]- am) C(l_am)
< ( 1= a+Zd T aj) = ad, p1 ) 3.7)
p
so that the inequalities (3.4) follow. O

Theorem 3.1. Any solution uy of the equations (2.14)-(2.16) satisfies the inequality

T
gl = ¢ (ol + 171, 38

where here, and in what follows, C means a constant independent of h and n.
Proof. Substitution of v = uy, into (2.14) yields

n—1

Z (5 uhO ’uh,O)+ ”dwr ”h (fn u, 0) (3.9

p=0

Using the relation (2.11), we rewrite the first term in the left-hand side of (3.9) as

n—1 1 n—1

_ - < n—p __n—p—1l p
Z &(6¢ uho ’uh,o) =7 Zcp(uh,o Upo »Up o)
p=0 p=0

¢ 15, _ o
=2l o1+ = D (6 — Gy Foul ) — 2w g ul ). (3.10)
T T = ; g T A7,
Now we substitute (3.10) into (3.9) and use the Cauchy-Schwarz inequality, obtaining

2 =, ~ 0
Colluf ol <Z(cp1 Ep)up Pt ) + E () o, )+ T (" ul )
p=1
n—1

- - - - 0
< D (o1 =Gl P MIug o+ llesp o e o+ ILF ™l - (3.11)
p=1
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By (3.7), the norm of the element uZ o can be estimated as

n—1 C(l_am)
p—l — 0 T
ol <@’ a1+ 1 oll + = 1£ "1, (3.12)
p=1 0

p

and the discrete Gronwall inequality [2, Page 139] implies

n—1 C(l_am)
-1 T
ol < exp | a 32— | (1ol + 171, (3.13)
=1 P ‘o
which together with the inequality (3.1) completes the proof. O

3.2. Convergence

Here we study the convergence of the discrete weak Galerkin finite method (2.14)-
(2.16) in L2-norm. Considering the spaces S, and P,(I;), we set r = k + 1 in (2.2) and
define a projection operator Q;, : H'(I) — W(I,, k) by

Quul;, = {Qh,OU, (Qhu)i,(Qhu)H-l}’ i=12,---,N.

where Qy, is an L*-projection from L*(I;) to Pi(I;), and (Quu); := u(x;), (Quiy; =
u(x;41)- It is known [21] that

IQpou —ullz2ry < CHllully;, O<s<k+1. (3.14)

Thus ifu € Hé (I), then Quu € S}? and (3.14) shows that Q,u is a good approximation for
functions from Hé (I) N HS*Y(I), s > 0. Following [4], we introduce an elliptic projector
Ep :Hy(I)NH*(I) — S) by

(dw,rEhu’ dw,rl) = (_uxx, XO)’ VX € SO, (3.15)

where Epul;, = {Epou, (Equ);, (Ept)j4q}, 1 =1,2,--- ,M,and u € Hy(I)NHA(I) is the exact
solution of the problem (1.3).

Lemma 3.3 (cf. Gao & Mu [4]). If u € H**1(I) is the exact solution of the problem (1.3),
then
1Qn.0t — Epoutll < CRMYjullis 1. (3.16)

By R(“)(cp)(tn) we denote the residue
RO(p)(t,) :=1Y¢(t,) —HP (), (3.17)

where Hr(la)(tp) is defined in (2.12).
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Lemma 3.4 (cf. Refs. [9,20]). Let ¢ = ¢(t) be a real two times continuously differentiable
function on the interval (0, T), T < oo. If @, is integrable on (0, T), then for any t, € (0,T]
the inequality

th

(tn—S)“_llcpt(S)ldHCT“J lp.(s)lds, (3.18)

th—1

th

R@(p)(t,)] < CTeep(0)|+C J
0

holds.

Theorem 3.2. Assume that the problem (1.3) and equations (2.14)—(2.16) are solvable, and
u(x, t) and uy are their corresponding solutions. If u € H 2(0, T; H*1(I)), then

tn
lu" —up oIl <C (hk“ (||u(0)||k+1 + J Ilurllkﬂdf)
0

th th
+T(I|ut(0)II+J ”utt”dt+J ||uu||dt)
tot 0

th—1 m
1 f (rn—t)—a(nunn+Zdj||un||)dt). (3.19)
0

j=1

Proof. Writing the difference u" —u; , in the form

n n —_ n n n
u'—up =p"+u+el,

where p" = u" —Qyou", u" = Qpou" —Epou" and e" = Ej qu" —u,’ll,o, we recall that p™ and
u" are, respectively, estimated in (3.14) and Lemma 3.3, so that

th
lp" Il < CR** lulgsy < CREH (Ilu(0)||k+1 +J ”ut”k-t-ldt): (3.20)
0
th
™l < CRF I lgy < CRFF (”u(o)”k-H +J ”ut“k+1dt)- (3.21)
0

In order to estimate the term e", we write

n—1
Z &p(6¢e™ P vp) + (dy, ", dy v n
p=0
n—1

n—1
= Z Ep (6 Epu™ P, v5) — Z Ep(5tu2_p, vo) +(dyEpu",d,, vy — (dy, up, dy V), (3.22)
=0 p=0
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and use the relations (2.14) and (3.15) to obtain

n—1
Ep(5ten—p, VO) + (dw,ren: dw,rv)h
p=0
n—1
= Np(5tEhun_p’V0)_(uxx(tn), VO)_(fn’VO)
p=0
n—1
= Ep(5tEhun_p: VO) - (Pa,al,...,am(Dt)u(tn): VO)
p=0
n—1 m
=6, (8, Exu" P, vo) — | 10 Du(£,) + D diI 7 u,(t,), vg |- (3.23)
p=0 j=1

The identity p" +u"* =u" — E;:}O implies that

n—1

Z 5p(5te"_p, Vo) + (dWJe", dyy -V
p=0
n—1 n—1 n—1
=26 (8" —(tup) v0) = 2 E(8ep™Fv0) = D5 (B P, wp)
p=0 p=0 p=0
m n—1
— (I(l—a)ut(tn) + Z de(l—aj)ut(tn) — Z Eu(typ),vo |- (3.24)
j=1 p=0

Recalling the relations (2.12), (3.17) and (2.17), we rewrite the third line in (3.24) as

m n—1
19Dy, (£,) + > di 10, () = > 6t ()
0

j=1 p=

m
=I(1_a)ut(tn) —Hr(ll_a)(ut) + Z d; (I(l_aj)ut(tn) _Hr(ll_aj)(ut))
=1

=R, )(t,) + D d R (w,)(e,,). (3.25)
j=1

Now Theorem 3.1, Lemma 3.2 and triangle inequality lead to the inequality

lle™| sc(||e°||+Ei(ng+n’;+ng+ng)). (3.26)
0
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On the other hand, the terms H;‘, [ =1,2,3,4 can be estimated as follows

n—1
Iy = ng5tpn—p = s Ptdt <_J lloclldt, (3.27)
p=0 0
n—1 En E tn
m = Zep(st,u"—l’ = Z i ,utdt s?of lu.lldt, (3.28)
p=0 t 0
3 = RO (u, )(t,) + Z d R (w)(t,)
j=1
m
<R D)) + D d; R4 )(e (3.29)
j=1

<coZ||6 u(t,) —u,(t,))

P n
<& ZJ lluelldt = EOJ llu,lldt, (3.30)
p=1J1tp

n—1
Z 5 (8eultn ) —u(tasp))

ZJ (t—tp—1Ju, dt

It follows from (3.18) and (3.20) — (3.21) that

Iy =

Co

0

th tn

luelleade, M < CT_lthka lluelleradt, (3.3

" <Ct1Ehk*! f
0

0
and

m m tn
I} <Cv (t;‘” +Zdjt§“f) )l +C (Tl“’ +Zdﬂ1_“f> f e lldt
j=1 t

j=]. n—1
th— m th—
+Ct f (t, — ) *uglldt + Zdi f (t,— ) Y lu,lldt |. (3.32)
Besides, according to (2.16), we have
[1€°]] = 11 Ep,ou® —up |l = 0. (3.33)

The relations (3.30), (3.31) —(3.33) and (3.25) yield

th tn m
||e"||scTU ||uu||dt+J ||utt||dr>+c ( “+Zd;tn"“)nu‘2||
th1 0

n— j=1

th—1 m th—1
T —a —a;
+Cr J (ta—1) ||un||dt+2djj (tn — Ol [ld e
Co 0 j=1 0

th
+ Chk“J g |l g dt. (3.34)
0
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Note thatif 0 < a,, <---<a; <a<1,then

m m
T —a; T
= (t;a+ E djtna’)z—N (n_“f_a—i- E djn_“fﬂ.'_ai)
0

j=1 “ j=1
T m
<—n%m| 7%+ Zdjr_“i =1n ‘<7, (3.35)
Co =
Z< i = crl*en < Cr, (3.36)
Co

T_am(l + Z d])
j=1

and the term e" can be now estimated as follows

tn
le"|| <C7 (J
t

n—

th—1 m th—1
+Ct (J (tn—t)_“||utt||dt+2djj (tn—t)_af||utt||dt). (3.37)
0 0

j=1

tn tn
”utt”dt+f ||un||dt> +CT”ut(O)”+Chk+1f lluelleadt
1 0 0

Finally, using the triangle inequality
llu"™ = oll < Np™ I + ™[] + [le™ (],

and (3.20) — (3.21), (3.37), we obtain the estimate (3.19). O

4. Numerical Experiments

Example 4.1. As an example, we consider the problem (1.3) with the parameters: m =1,
dj =1,L =1, T =1. The right-hand side f and initial condition are

t2—a t2—a1 )
+t*+1],

TG—a) TG—a)

fxt) = 2(x—x2)(
P(x) = x—x2.

The exact solution of this problem is
ulx,t)=(x—x3)(t?>+1), 0<x<1l, 0<t<l.

Let us also use the notation

E(h, 1) =llu" —uy ol R* =log, (E(Zh’f)), R’ = log, (E(h’ZT)).

E(h,v) E(h,v)

Table 1 presents L2-errors and the convergence rates R* of the weak Galerkin finite element
scheme (2.14) — (2.16) for a; = 0.2 and various choices of a. For k = 0 and k = 1
the convergence rates are approximately equal to 1 and 2, consistent with Theorem 3.2.
The time convergence rates R’ for a; = 0.2, presented in Table 2 are also consistent with
theoretical analysis.
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Table 1: L?-errors and convergence rate of the weak Galerkin finite element method, N = 1024, a; = 0.2.

a M k=0 k=1
E R* E R*
8  2.82964e-02 * 1.59180e-03 *
0.95 16 1.42152e-02 0.99318 3.97974e-04 1.99991

32 7.11595e-03 0.99831 9.95878e-05 1.99863
64 3.55902e-03 0.99958 2.52707e-05 1.97850
8  2.82964e-02 * 1.59182e-03 *

16 1.42152e-02 0.99318 3.98025e-04 1.99974

0-5 32  7.11595e-03 0.99831 9.97884e-05 1.99591
64 3.55903e-03 0.99957 2.60503e-05 1.93757
8  2.82964e-02 * 1.59184e-03 *

0.75 16 1.42152e-02 0.99318 3.98125e-04 1.99940

32 7.11596e-03 0.99830 1.00188e-04 1.99051
64 3.55904e-03 0.99957 2.75428e-05 1.86297

Table 2: The L%-norm errors and time convergence orders when M = 5000 and a; =0.2.

a N k=0 k=1

E R’ E Rf

4  1.28399e-03 * 1.28300e-03 *
0.25 8 6.09060e-04 1.07595 6.07174e-04 1.07934
’ 16 2.98566e-04 1.02854 2.94890e-04 1.04193
32 1.52399e-04 0.97020 1.45252¢-04 1.02161

4  2.16668e-03 * 2.16609e-03 *
8 1.03873e-03 1.06067 1.03762e-03 1.06182
0-5 16 5.09430e-04 1.02786 5.07284e-04 1.03241
32 2.54941e-04 0.99872 2.50734e-04 1.01664

4  3.19865e-03 * 3.19825e-03 *
0.75 8 1.55744e-03 1.03828 1.55671e-03 1.03879

16 7.69151e-04 1.01784 7.67731e-04 1.01982
32 3.83992e-04 1.00219 3.81212e-04 1.01001

5. Conclusion

In this paper, we show the stability and convergence of the weak Galerkin finite element
method for multi-term time-fractional diffusion equations. Numerical results are consistent
with theoretical analysis.
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