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Abstract. An explicit difference scheme is described, analyzed and tested for numer-
ically approximating stochastic elastic equation driven by infinite dimensional noise.
The noise processes are approximated by piecewise constant random processes and
the integral formula of the stochastic elastic equation is approximated by a truncated
series. Error analysis of the numerical method yields estimate of convergence rate.
The rate of convergence is demonstrated with numerical experiments.
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1. Introduction

The subject of stochastic partial differential equations (SPDEs) has gained consider-
able popularity and importance due to its frequent appearance in various fields, such as
mechanics, biology, chemistry, epidemiology, microelectronics, economics and finance.
SPDEs can describe many phenomena in various fields of science and engineering. Dur-
ing the past decades, there has been an increasing demand for tools and methods of
SPDEs in various disciplines and many theoretical analyses for SPDEs have been stud-
ied theoretically, for example [9,12,18,24,25,28,30]. The numerical analysis of SPDEs
is a young topic of research. Recently, many useful numerical methods for SPDEs have
been developed, for instance, finite differences [1-3,6-14,16,19,23,26,27,29,32,33],
finite elements [4,5,21,31].

For the contributions on numerical approximating parabolic SPDEs, we refer the
reader to [1,2,7,8,10,13,14,16,19, 26,29, 32,33] and reference therein. In [1] the
finite element and difference methods were studied for some linear SPDEs. 1. Gyongy
and D. Nualart [13] introduced an implicit numerical scheme for a stochastic parabolic
equation and showed that it converges uniformly in probability. I. Gyongy [14] also
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applied finite difference to stochastic parabolic equations and derived the rate of con-
vergence in LP. In [15], a finite difference approximation scheme for an elliptic SPDE
in dimension d(d = 1,2,3) was studied and estimates for the rate of convergence of
the approximations were obtained. In [8], the authors studied finite element approxi-
mations of some linear parabolic and elliptic SPDEs driven by special additive noises.
The effects of the noise on the accuracy of the approximation were discussed. Annie
Millet and Pierre-Luc Morine [22] studied the speed of convergence of the explicit and
implicit space-time discretization schemes of the solution u(t,x) to a parabolic par-
tial differential equation in any dimension perturbed by a space-correlated Gaussian
noise. The influence of the correlation on the speed was observed. For the numerical
approximating of hyperbolic SPDEs, we refer the reader to [23,27] and the reference
therein.

It should be noted that most of the papers on numerically approximating SPDEs
by finite difference approximation are devoted to the case of space-time white noise.
However, there are few papers deal with the SPDEs driven by infinite dimensional noise
by a finite difference method.

Enlightened by the above contributions, in this paper we consider strong approxi-
mations for a stochastic elastic equation in spatial dimension d = 1, 2, or3 by an explicit
difference scheme. To our best knowledge, this is a first step towards the analysis
of lattice approximations for stochastic elastic equation driven by infinite dimensional
noise.

Let D = [0,1]%,(d = 1,2, or 3), consider the numerical approximation of the fol-
lowing stochastic partial differential equation

ug + A%u = f(t,x,u) + W(t), t>0,z€D,
u=Au=0o0ndD, (1.1
uli=0 = uo, Utli=0 = vo, on D,

where W (t) is a Hilbert space U = L?(D) valued Q-Wiener process defined as follows.
Q is a symmetric bounded nonnegative operator on L?(D), there exists a complete or-
thonormal system {e;,} in L?(D) and a bounded sequence of nonnegative real numbers
A such that Qe = Apep, k = 1,2, ..., then W has the expansion

W(t) =V ABr(b)er. (1.2)

h=1

And so -
W(t) =V ABr(b)er, (1.3)

h=1

where i (t), (k = 1,2,...) are real valued Brownian notions mutually independent on
a complete probability space (€2, F,P) and f(t) is the derivative of (). If TrQ =
2%, A\x < 400, then the series (1.2) is convergent in L?(Q2, 7, P; U) and W (t) is called
colored noise. If Tr@Q = +oo, then the series (1.2) is not convergent in U, but conver-
gent in a suitable Hilbert space U; such that U is embedded continuously into U; and
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Difference Approximation of Stochastic Elastic Equation 125

W (t) is called white noise. For more properties about the Hilbert space valued Wiener
process, we refer the reader to [24].

Stochastic elastic equation is a fourth order partial differential equation and has
very wide applications in structural engineering. As an engineering problem, it has its
applications in beams, bridges and other structures, see [3, 24].

Throughout the paper, we use the letter C' denotes a constant that may not be the
same form one occurrence to anther, even in the same line. We express the dependence
on some parameters by writing the parameters as arguments, e.g., C' = C(«).

The rest of the paper is organized as follows. In the next section, we study the
Holder continuity of the sample paths of the solution of Eq. (1.1). Section 3 is devoted
to approximate the noise and the integral formulation. In Section 4, we give the explicit
difference scheme and prove the rate of convergence. Finally in Section 5, numerical
experiments demonstrate the theoretical analysis.

2. Regularity of the solution

In this section, we present the conditions under which Eq. (1.1) has a unique solu-
tion and prove boundedness and Holder continuity of the sample paths of the solution.

We fix a finite time horizon 7" and assume that the nonlinear term f satisfies the
following Lipschitz and linear growth conditions

[f(t,2,21) = (8,9, 22)] S CO(|t = s+ |2 = y[ + [21 - 22), 2.1
sup |f(t,z,2)| < C(1+|z]), (2.2)
(t,z)€[0,T]x[0,1]
for every s,t € [0,T],21,22,2 € Rz = (21,...,24),y = (y1,...,5a) € [0,1]%, |z| =
L x?)%, and C is a positive constant.
Letr = (r1,...,rq) € N4, 2 = (z1,...,24) € RY Define ¢, (z) = \/Z_dﬂle sin(r;ma;).
Then {¢, },cna satisfy the boundary conditions of (1.1) and compose of a complete or-
thonormal system on L?(D) which diagonalize A with

d
Y = m2|r|? = 7 Zr?, (2.3)
=1

the corresponding eigenvalues. We assume that the complete orthonormal system
{¢+},ene diagonalize Q) with corresponding eigenvalues {\, },cna. Since @ is bounded,
{A\},ena 1s @ bounded sequence too. Therefore, in the following we always assume
that W has formal expression

W(t) = > VABr()er, (2.4)
reNd

and the degenerate rate of )\, is

Ar=O(|r[), A > 0. (2.5)

Downloaded from https://www.cambridge.org/core. South University of Science and Technology of China, on 15 Aug 2017 at 09:06:47, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.4208/nmtma.2015.y14002


https://www.cambridge.org/core/terms
https://doi.org/10.4208/nmtma.2015.y14002
https://www.cambridge.org/core

126 Y. -H. Zhang, X. Y. Yang, R. -S. Qi

Assume that ug, vg belong to L?(D). Since the fundamental solution of
v +A%0=0,t>0,z €D,
v=Au=0o0ndD,

U’t:O - ¢($), Ut’t:O - w(x)vx € D7

is given by

U(t’x) = Z sin ’Yr / ¢ 901" dy+ Z COs ’Yr 901" / ¢ Qpr

reNd reNd

From the theoretical results for stochastic elastic equation discussed in [3,6,11,17,33],
we know that under the conditions (2.1) and (2.2), problem (1.1) has a unique weak
solution and is given by the the integral formulation

atyr) = 30 SOy 0 [ wntwenway

reNd r

+ Z cos(v,rt)pr(x )/ o(y)or (y)dy

reNd

#30 [ 2D 600165, sy

reNd
" Z/ / et )¢T( )ér ()W (s5,y)dsdy. (2.6)
reNd

For a given function g : D — R and « € R, define

1
2
9llas = ( S R < g > 12) ,

reNd

where < -,- > stands for the usual scalar product in L?(D), and denote by H*?(D) the
set of functions g : D — R such that ||g||o.2 < co. Notice that H*?(D) is a subspace
of the fractional Sobolev space of fractional differential order « and integrability order
p = 2 (see [27]). For a special case a = 0, it is clear that H*?(D) = L?(D) and we will

denote | - [|o2 by || - ||. By Parseval’s identity, we have
lgl> =>" I < g0 >, Vg L*(D). 2.7)
reNd

The following lemma gives an asymptotic bounds for series that will often appear
in the rest of the paper and for a proof of them we refer the reader to [20].

Lemma 2.1. Let d € {1,2,3} and ¢* > 0. Then there exists a constant C = C(c*,d) > 0,
such that
S allgttee < cet Ve € (0,2].

aeNd
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Difference Approximation of Stochastic Elastic Equation 127
The boundedness of the sample paths of the solution is given below.

Lemma 2.2. Assume that vy € H%%(D) for some 8 > —45¢ and ug € H*?(D) for some

o > %, and f satisfies the linear growth condition (2.2). Then, there exists a constant

C =C(a, B, \,T), such that

sup  Elu(t,z)|? < C.
(t,z)€[0,T|xD

Proof. By the expression (2.6), it is easy to see that

4
Elu(t,z)[* <4 Ii(t,x),

=1

with
2
B sin(y,t) . "

n(t,z) = ZN =285, (0) /D o))y
2
I(t,z) = reszcos(%t)W) /D uo(®)ér (v)dy| .

Ig(t,-’IJ) =E Z /0 /D Sin(’yr(t = S))¢T(x)¢r(y)f(87yvu(svy))dey ’

reNd r

ntta) =& | [ [ SO0 (0, () (s, hasay

reNd r

By Lemma 2.1, Cauchy-Schwartz inequality and the assumptions on vy, we have

2

sin(~,t _
L) =) S0 1B, (2) < v, dr > [rf?
reNd r

<O I <vo,dr > PP ) |7

reNd reNd

<Clwolle > I+ <,
reNd

if 8 > —45¢. Similarly, one has

L(t,x) < Clluol2, Y I < C,
reNd
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if a > %. Applying Cauchy-Schwartz inequality and the linear growth condition (2.2)
yield

2

3(t,z) <E Z / sin(y, (¢ [/ ér(y) f (s y,u(s,y))dy] ds

reNd

(v, br !
<ET€ZNd/ S ’Y )) ( ) /OTGZNd‘<¢T7f>’2dS
ey ‘4/EHf s, )]s
reNd

<c / 1+ Efu(s, )|ds
0

t
<C <1 —l—/ sup E|u(s,:c)|2ds> .
0 zeD

By the white noise expression (2.4), the orthogonal property of ¢, and the mutual
independence of (3,, one gets

Ii(t,) = E Z//Sm’"t_s) () 3 v whi(s)n(y)dsdy

reNd keNd
2
sin (v, (t —
=E|Y° / st = 9) o () dBu(s
reNd
_Z/SID ’YT ))¢2( ))\d$<CZ"4_
reNd reNd "

Combining together the above estimates, we can obtain that

sup B(ult, o)) < ¢ (1+ t sup Biu(s.2))ds ).

xzeD zeD

with a constant C' independent of ¢. We conclude applying Gronwall’s lemma. d

We next prove the Holder property of the sample paths of the solution.

Lemma 2.3. Assume that vy € H??*(D) for some 8 > —%5% and uy € H*?*(D) for
some o > %, and f satisfies conditions (2.1) and (2.2). Then there exists a constant
C = C(«,B,\,T), such that, for every s,t € [0,T] and x,y € D.
Elu(t, z) — u(s y)\2
<C (]t _ 3’(2+ﬁf§)/\(a DIAE2- ) 1 |z — y’(4+257d)/\(2a7d)/\(47d)/\2)

)
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where a A b stands for min{a,b}. Moreover, if the nonlinear term f = 0, then for every
s,t €10,T] and x,y € D,

Elu(t,z) — u(s,y)[

<C <|t _ 8|(2+5—§)A(a—g)A(2—g+g)A2 Yz — y|(4+2B—d)/\(2a—d)/\(4—d+)\)/\2) .

Proof. We assume that 0 < s <t < T. Let

o) = Y [ [ 2O 016,02 6,2 2

reNd

F(t,z) = Z/o A)Wﬁ%es))@(x)@(z)ﬁf(s,z)dsdz.

reNd

Then we have the following decomposition

4
Elu(t,z) — u(s,y)2 <43 Jo(t,as5,),

k=1
with
. . 2
At =| 5 (00, (0) - =000,0)) < 60 >
2
J2(t7x§37y) = Z (COS(’)’Tt)ng(.%') - COS(’YTS)QbT(y)) < ¢r,ug >|
reNd

J3(ta x;s, y) =E |H(t’ IE) - H(S’ y)|2 ) J4(ta x;s, y) =E |F(ta :C) - F(Sa y)|2 :
Cauchy-Schwartz inequality and the assumptions on vy yield

sin(y,t)r () — sin(y,8)ér (v) | |28

Ji(s,zit,y) < Joolde D

reNd T
<c Z sin(%t);sin('yrg)gbr(x) 2 o
reNd "
sin(v,1) ? -2
+ ) T(sbr(ﬂf)—sbr(y)) |
reNd "

=: C(J11 + J12).

The mean value theorem yields

I £ C Y T (LAl - 9)%).

reNd
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If > 4, itis clear that Jy; < C(t — )% If =354 < 3 < 4,

Ju<C DY P e-sr+ D
Ir|<[(t—s)" 2] Iri>[(t-5)"2]
< O((t =)t = 5)°72 + (£ — > 72
<C(t—s)?th 5,
where [-] stands for the integer value. The above arguments implies that

Jii < C(t - S)(2+ﬁ7%)/\2.

Analogously, Jiy < C|z — y|(*+28=9"2_ Thus
Ji(s,z;t,y) < C<|t _ BN gy y|<4+25*d>A2). (2.8)

Now we deal with the term .J5. By Cauchy-Schwartz inequality and the assumptions on
Uo,

Ta(s,w5t,9) < uollo S | costnt)n (@) — cosrns)n(y)] Tl
reNd

<c|> ‘cos('yrt) — cos(ys) P72 4+ Y Jor(z) — dr(y) QITI*QC“

reNd reNd
Similar to the method used in the analysis of the term .J;, one has
Ja(s,x;t,y) < C(]t — 3\(0‘_%)/\2 + |z — y](%‘_d)M). (2.9
To give a estimation of /3, we consider the decomposition
Ja(s,w;t,y) = E[H(t,2) — H(s,y)|,

< C (E|H(t2) - H(s,)]* + E|H(s,x) - H(s,y)|*)
=: C(J31 + Js2).
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By the linear growth condition (2.2) and lemma 2.2, one gets

J31 = Z // sin(y, (¢ )¢ ()¢ (2) f (7, z,u(T, 2))drd2

reNd
2
sin(y,(s — 7 )
- ——————22 0 ()b (2) f (1, 2, u(T, 2))dTd2
Py /
< CE Z // sin(y,(t — 7)) — sin(y-(s — ))qbr(x)qbr(z)f(ﬂz,u)dfdz
reNd r
2
+ Z //D wg%m@(x)(ﬁr(z)f(ﬁz,u(ﬂ z))drdz
=: J311 + J312.

By (2.2), Lemma 2.2 and Cauchy-Schwartz inequality, we have

LA |4t — s/
Jar <0 3 I =SB P B, ) )
reNd |T|4 0 zeD

<C St D>

Ir|<[jt—s| 2] 7| >[jt—s] 2]
<C|t— s|2_g
Similarly, we also have
Jata < CJt — s~

Apply the linear growth condition (2.2) and Lemma 2.2 and then the orthogonal prop-
erty of ¢,, we have

s =8| % [ [ SO0 @) - )6 ) 72 updras

reNd

LA |7z — y\Q 4—d)A2
reNd

Combining together the estimations of J3; and .J35, we obtain that

J3(s,x;t,y) < C (\t — 3\2*% + |z — y](4*d)/\2> . (2.10)
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The white noise expression (2.4) and the orthogonal property of ¢, (z) yield

ns.it) =B\ Y ([ ) s, )

reNd o
¥ sin(yr(s — 7)) ;
- [ ) s
2
. Z / sin(yr (¢ — 7)) — sin(y,(s — ng(x)\/)\_rdﬁr(T)
reNd "
2
B[O ) s
reNd
sin(y,(t — 7)) 2
CE Z (2)v/ A B, (r
reNd

=: Jy1 + Jyo + Ju3.

By using the mutual independence of 3, (¢), the orthogonal property of ¢,(z) and the
method that used in the estimate of .J;, we have

LA [r[*t — sf?
InsCy, %Ar = C\T!_‘M(l A |t — s\2> < CJt — 5|2 222,

1A 2
J42<CZ |T|| ||:Z Yl A < Clr| ™ A(l/\]r\ |z — y ) < Ol — y|A=d+IA2)
reNd

Juz < Clt — 8|(27%+%)/\2.

Thus .
Ja(s,xz;t,y) <C (]t — 5|me TN g y](4*d+’\)/\2> . (2.11)

Combining together the estimate of .J;, (i = 1,2, 3, 4), we finished the proof. d

3. White noise and integral formula approximation

In this section, we regularize the noise through time discretization and approximate
the integral formula (2.6) by a truncated series.

First we regularize the noise by the following manner. Define a partition of [0, T'] by

[tiytix1] fori =0,1,2,...,m — 1, where t; = iAt, At = % A sequence of noise which
approximates W is defined as
. |
Wm(t,CC) = Z V )\r¢r Z —F— sz (3.1)
reNd i=1 At
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where x;(¢) is the characteristic function for the ith time subinterval and

I
VAL J:
that is to say, (3,; are mutually independent and j,; € N(0,1).

Replacing W (t, z) in (2.4) by W,,(t,z) and let u,, be the solution of the following
equation

wn(te) = 3 2206, 00) [ ooy

reNd

+ 3 costrrt)on(o) | uolw)ou)dy

reNd

Bri = ds, (1), (3.2)

+ Z/ / SO =) o, () (9) 5 9y (5, ) sy

reNd

+Z//m% WOAZD o, (1), ()Wl p)dsdy. (33

reNd

The next theorem shows that under suitable conditions, u,, approximates u, the solu-
tion of (1.1).

Theorem 3.1. Suppose that the Lipschitz condition (2.1) is satisfied, then there exists a
constant C = C(\,T), such that

sup E < CAtP=5+2)12,

t€[0,T]

|u (t, ) — up(t, z)2dx

Proof. Let e(t,x) = u(t, =) — up(t, x), and

t x Z / / sin ’yr t—S )¢r( )¢1"( ) (f(S,y,u) _f(s’y’um)) dey,

reNd

B(t.x) Z/ / sin(y,(t — s) )¢T( )¢r(y )( W(s,y) — Wm(s,y)) dsdy.

reNd

Then, we have e(t,z) = A(t,z) + B(t,z) and €?(t,z) < 2(A%(t,z) + B?(t,z)). By
Cauchy-Schwartz inequality, Lemma 2.1 and the Lipschitz condition (2.1), one has

tx<CZ/Sm _) /Z]<u U, G > |*ds

reNd 0 reNd

<C’/ lle(s,-)||*ds.
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Now we estimate B(t,z). For simplicity, we assume ¢ = t;11,0 < k < m, by the white
noise approximation (3.1) and the orthogonal property of ¢,(y), one gets

Biny= Y [ [ St =)o)

reNd
x> VAdu(y) [51 i A /ttz dBi( )] dsdy
leNd i=1 i—1
_%;d/m% [ Z /tudﬁl ]ds
-y el Z [ (G e ) —sinte i ) as)

By the the orthogonal property of ¢, and the mutual independence of /3,., we have

E / B%(t,z)dx
D
tz+1 tH—l . ) 2
= Z 2 Z/ At/ [sin(y,(t — s)) — sin(y, (¢t — 7))]d7| ds
reNd 1=0
L 2
<cy —;Z/ '—At A 2]t — 8))
ena 17 =0
SCZH41/\M At?) < CAtZ8T2)/2
reNd
Combining the estimates of A%(t,x) and B?(t,z) together, we obtain that
t
E '/ e(t,x)dz| < C (At(2_§+%)A2 +/ E / e*(s,z)dx ds> :
D 0 D
We conclude the theorem by applying Gronwall’s lemma. O

Now we approximate the integral formula (2.6) by a truncated series. Let n be a
positive integer and w,, ,, be the solution of the following equation

otz = 300 (0 [ enlwen )y + 3" costrr1)6.) [ wnlu)o )y

Ir

« [ sin(v, (t — s
+%: /O /D wwxm(y)ﬂs,y,um,n(s,y))dsdy

« (U [ sin(y.(t — s))
#[, o wn psi, G4
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where, and throughout this section, we use the notation
> >
r,n rGNd,maxlgiSd r;<n
Then w,, , approximates u,,, the solution of (3.3), in the following way.

Theorem 3.2. Suppose that the Lipschitz condition (2.1) and linear growth condition
(2.2) are satisfied, vy € H?2(D) for some 8 > % and vy € H%?(D) for some o > %,
then there exists a constant C' = C'(«a, 5, A\, T'), such that

sup E

< C( )(4—}—25 AN 2a—d)N(4— d)
t€[0,T]

/ g (£, ) — U (£, 2)[2da

Moreover, if f =0, then

sup E
te[0,T)

/]umtx) U (8, ) [P

< C( )(4—}—25 AN 2a—d)N(4— d+>\)
n

Proof. Let e(t, ) = um(t, ) — umn(t, ), and

Al(t7x) = Z*Slrlr(yit)ng(x) < UOv(bT’ >,

rn

Ag(t ) = Z* cos () () < ug, Gy >,

3(t, x) Z / / sin (v, (t )¢ () (Y) f (8, Yy, um(s,y))dsdy

reNd

s ([ sin(y.(t —s
_%; /O /D %))qbr(x)(br(y)f(s,y,umyn(s,y))dsdy,

At =30 [ [ 2O g 0 49103 5,

Then,

4 4
v) =Y Apt,z), E(tx) <4) Aj(t ).
k=1

k=1
By Cauchy-Schwartz inequality and the assumptions on vy, we have

1
A(t,2) < ClleolBod " P <0 Y P < o)
Tn

reNd |r|>n

Similarly,

—% 1 9q—
At @) < HuOHaQZ L O S [ e R

reNd |r|>n
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Now consider the decomposition of Ag(t :c)

o) =3 [ 2O )60 055, ) sy
> A /D =D w10 0)

X (f(s,9, um(s,y)) — f(s,y, umn(s,y))) dsdy
=: A3 (t, SC) + Agz(t, SC)

Then we have A3(t,z) < 2 (A3,(¢,x) + A3,(t,z)) . By a similar way as in the proof of
Lemma 2.2, we can derive that there exists a constant C' independent of m, such that

sup Elum(t,z)|* < C. (3.5)
(t,z)€[0,T]x[0,1]

By Cauchy-Schwartz inequality, the linear growth condition (2.2) and (3.5), one gets
1 1
E|As (t,z)]* < C — <o)
Anaf<e Y L <00
reNd |r|>n
By the Lipschitz condition (2.1), one has
1
E|Anto)? <C > W/ Elle(s, ) d5<c/ Elle(s,-)||*ds.
reNd |r|>n

For A4(t, x), without of loss of generality, we assume ¢ = t41. By the expression (3.1)
of W,,(t,z) and the orthogonal property of ¢,(y), we have

E|A4(t, )]

N ) s
=B |5 [ et isiy

:EZ / sm%t—s \/72\/—,81%)(1

2

2
. TZT; Zzg/tm sin(y 8))@(%)\/)\7\/%@(“1)(13
. B 2
_TZT; Z; / - Smry—ff’))@(x)\/x\/%ds
<oy Z 2
r,mno 1=0
<c |r|‘4‘A§C(5)4‘d“-
reNd |r|>n
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Moreover, if f = 0, then A3 = 0, thus in this case

‘/ (t,z)dz d8>.

We conclude the theorem by applying Gronwall’s lemma. d

Combining the estimation of A?(t,x), (i = 1,2,3,4) together, we obtain

‘/ (t,z)dx

<C (( )(4+26 A)A(a—d)A(4—d) ‘/ S x dx

t
< C<( ) (4 28-d)ARa—d)A(4=d+3) E‘/ (s, z)dx
D

4. Difference scheme and error analysis

In this section, an explicit difference scheme is used to approximate w,, (¢, z), and
the error between the numerical solution and the solution (¢, z) of (1.1) is analyzed.

Let n be the positive integer that has been used in Section 3 to truncate integral
formula (2.6). Define a partition of D = [0, 1] by

Tk = (kle,kgAx,...,dex),
where Az = 1 and
ke K={r=(r,...,rg) eNt:1<r;<n—-1,1<i<d}.

Define
K :{T:(rl,...,rd)ENdzogrign—l,lgigd}.

Forl € K, let

[z, x141]) = {x = (x1,...,mq) € R : Az < x; < i+ DAz, 1 <i< d}.

We consider the difference solution uy, , defined on the lattice {(¢;, z);i € {0,1,...,m},
k e K}, as
sin(~v,-t;
U (ti1, Th) = —5 Z y o sin(yrti1) Or (k) dr (z0)vo (1)
€K reK
1
+od D> cos(etisn) b () dr () uo (a1)
leK reK
sin ’)/7« i n
Yy / 3 T )6 () 1 s
q=0|c K [z12141] e
i+1 /tq Z sin ’)’7« Z+1 ¢ ( ) b\ ,qu d (4 1)
r Tk )\ Ar S. .
to1 rei VAL

The following theorem gives the error in the difference method given by (4.1).
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Theorem 4.1. Assume the conditions in theorem 3.1 and 3.2 are all satisfied, vy €
HP2(D) with B > 4 and vy € H*?(D) with o > d, then there exists a constant
C =C(a,p,\,T), such that

1
e D Nt (i k) — gy o (ti, )
keK

<C (At(z+5—g)A(a—g)A(2—g) i Ax(QB—d)/\(Qoz—2d)/\(4—d)/\2> _

sup E
0<i<m

Moreover, if f =0, then

1 — —
nd Z |, (ti, 21) — unm,n(ti,xk)\Q < CAz2B-DN(2a—2d)

keK

sup E
0<i<m

Proof. 1t is clear that w,, ,,(ti11, zj) satisfies

maltisrsan) = 3 P @) [ ()6 )y

reK Yr
+ Z cos(’YrtiJrl)(br(xk)/ uo(y) by (y)dy
rekK D
fi sin(yy (tiy1 — s))
+7,EZK~/O /D Yr ¢r($k)¢r(y)f(5ayaUm,n(S,y))dsdy

! sin T ti — S .
+ Z/O /D (y (,y:l ))ng(xk)qbr(y)Wm(S’?/)dey

rekK
=: A1(tiv1, k) + Ao(tiv1, xx) + As(tivr, xx) + Aa(tivr, xp)-

Fory = (yi,...,ya) € D,t € [0,T], set ky(y) = (Il el - [aly and ,0(t) =
% mTt], then the difference scheme (4.1) can be written as

it ) = 30 S0 ) | el ) 1))y

rekK r
3 cos(autin)on (o) [ ualln)or e (0))dy
rekK b
bt osin(y, (i1 — s))
+7;(/0 /D " ¢T(xk)¢r(y)

X J (K1 (8); kn(y), U, (kmr (), kn (y)))dsdy

Lt sin it1— S
+Z/ Z (’Y’r'(tZ:rl ))gbr(xk)\/rr /87“‘1 ds

1Yt-1 peg 7 VAL
=: Bi(ti+1,xk) + Ba(tiv1,xx) + Bs(tiy1, k) + Ba(tiv1, zk).
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Let e; k = Umn(ti, Tk) — up, »(ti, 7x). It is clear that

1
Civ1e =Y (Aj(ti+1,$k) - Bj(tiﬂ,xk;))-

j=1
Thus
4 2
Elei1x < 4ZE‘Aj(ti+1vwk) - Bj(ti+1vwk)‘
j=1

As mentioned in [14,27], the (n — 1)d-dimensional vectors

Vp = (\/gﬁbr(xk)’k € K) , TeK, (4.2)

are an orthonormal basis of R("~14, That is to say,

| onta(@) )y = b € K 4.3)
D
where §,; is the Kronecher symbol. Then, it holds

| A1 (tis1, 2x) — Bi(tis, an)|?

. . 2
= |30 IOt o) | 00w)ér) = ook ()6 ()
reK r b
sin(vrtiq1)
= |3 =0 ) ([ oty
P [
2
— Z <’U0,¢l > / ¢l(kn(y))¢r(kn(y))dy
leNd p
2
- chf)r(m) > <Uo,¢z>/ O1(kn () or (kn(y))dy
rek Tr leNd—K b
. 2
<0 Y <cuas P S |y S
leNd—K leENI—K ek
< Ollnl3s 3 17 < O,
1 >n

Using similar arguments, one can obtain that

1
|A2(ti+1,$k) — B2(ti+1,$k)|2 < C(E)Q(a_d)'
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By Cauchy-Schwartz inequality, one has

E|A3(tiy1,x) — Ba(tiv1, x)|

-3 [ ) e = 6 )

reK

(100 (5.)) — f(lw(s),kn<y>,uz,n<ka<s>,kn<y>>>>dsdy\2
bit sin 'Yr tig1 — ))
Or(zk)9r(y)
2

X (f(s’ Y, um,n(sa y)) - f(ka(S)a kn(y)’ um,n(ka(S)a kn(y))))dey‘

+ ZK/O [, == o)

X (f (kmr (), kn(y), um,n(ka(s)v kn(y)))

= it (5), o0, 0 o (), i (9))) sl
=: Az + Asz.

Using the same method as in Lemma 2.3, we can obtain
E |t (t, ) — Umn (s, y) 2
<C (]t 5|6 A @=5)A2-F) 4 oz — y’(257(d74))/\(2a7d)/\(47d)/\2> 7 (4.4)
for every s,t € [0,7] and =,y € D. By (4.4) and the Lipschitz condition (2.1), one has
1 2 2 2
A < C;K e (A + A2 4 Efugnn(5,9) = tmn (ki (), (1) )

< C<At(5—%)A(a—g)A(2—g) i Am(26—(d—4))/\(2a—d)/\(4—d)/\2)’

and
tit1 9
A < CE tt sz (5), o (9)) — 2 (i (5). K (9) dsdy\
D
1 1 )
I -
IS
a=0 K
Thus

E|As(tis1,z) — Bs(tis1, zp)|?

S(;(At(ﬁ—%w DAR-$) | A2B—(d—)ACa—d)AE-d)A2

).

+At i E
q=0

1 2
nd Z |€q,k|
eK
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By the orthogonal property ¢,., there holds

Mattran) = 3 [ [ O =D )i 5y

reK
HLort sin tii1 —
1 S
_ Z/ Z (yr (tit ))¢r($k)
q:1 tqfl rekK ’77’

<SOVRL [ 6. )nt)ds

leK

i+1 -
B tq Z sin(v;(tir1 — 5)) T Bra. s
- q21/ ’77’ ¢T( k)\/)\_r\/Ed

la—1 rcK

= By(tit1,Tk)-

Thus we have
E|Aa(tiy1, k) — Baltisr, zx)]* = 0.

Combining together the above arguments, we can obtain that

1
nd Z |€z‘+1,k|2

keK

5 . C<At<ﬁz4>A<ag>A<zg>

_I_A:C(Zﬁ—d)/\(204—2d)/\(4—d)/\2 + AtZE

1 2
nd Z leg.xl

).

q=0 keK
Moreover, if f = 0, then A3 = B3 = 0, thus in this case
1 _ _
E m Z ’ei+1,k’2 < CA.%'@B AN (2 Zd)'
keK
We conclude the theorem by using the Gronwall’s inequality of discrete form. O

By Theorems 3.1, 3.2, 4.1 and Lemma 2.3, we have the following theorem.

Theorem 4.2. Assume the conditions in Theorem 4.1 are all satisfied. Then there exists a
constant C' = C(«a, B, N\, T, K, L), such that

sup E

1
0<i< nd Z |ulti, zx) — ugl,n(tivxk)‘Q
<i<m

keK
< C<At(2+57%)/\(a7%)/\(27%) i Am(2ﬁfd)/\(2a72d)/\(4fd)/\2).
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Moreover, if the nonlinear term f = 0, then

1
i > fulti, wx) = uph (i, )
keK

< C(At@w—g)/\(wg)/\(zngrg)/\z 4 Ax(2ﬁfd)/\(2a72d)/\(4fd+/\)/\2)'

sup E
0<i<m

5. Numerical results

The numerical methods described in the above sections are computationally tested
in this section. Notice that by Theorem 4.2, for sufficiently smooth initial conditions
the rate of convergence in [? of the difference scheme with respect to x is of order
1A (2- %) for fixed temporal step length, and with respect to ¢ is of order 1 — % for
fixed spacial step length. We now test this statement by the following examples.

Example 5.1. Consider Eq. (1.1) with d = 1, T" = 1, up(xz) = sin(nwz),vo(x) =
sin(2mz), f(t,z,u) = 1+ cos(t) + sin(x) + v + arctan(u), and A\, =1, (k = 1,2,...).

Here, the exact solution u is approximated by the explicit difference method (4.1)
with a very small step size, Az = —— = 278 and At = —— = 279 The expected

Nezact Mezact

values are approximated by computing averages over M = 100 times.

0 0

10 ! ! 10
= - s
10 ) Lk
L
.
.
. P .
2 B * 210" VT x
3 - 3 L7
- e
- * s - 7
o #* 7
10°F - 1 P
* 7
< 7
- 7
* .
L0
.
L7
.
¥
1073 -3 ‘72 ‘71 0 1072 ~2 -1 0
10 10 10 10 10 10 10
At Ax

Figure 1: I2-convergence for Example 5.1 with respect to ¢ and .

First, we fix n = 2% and let m changes from 22 to 2. The MATLAB command loglog
plots our approximation to (E|+ ZZ;% lu(1, zx) — ug, (1, :ck)|2|)% against At on a log-
log scale. This produces the asterisks connected with solid lines in the left-hand plot of
Fig. 1. A dashed line of slope 0.75 is added. We see that the slopes of the two curves
appear to match well. We test this further by assuming that

n—1
(E(% S lu(t, zi) - ufn,nu,xk)ﬂ) = C(any
k=1
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for fixed sufficiently small Az, so that

2

n—1
1
log (E\g S fu(t, @) —u"m,nu,xk)ﬂ) — log C + qlog(At).
k=1

A least squares fit for log C' and ¢ producing the value ¢ = 0.7465 with a least squares
residual of 0.1214. Hence, the computational results are consistent with the order of
convergence with respect to ¢ equal to 0.75.

Second, we fix m = 2 and let n changes from 22 to 26. The MATLAB command
loglog plots our approximation to (E|2 ZZ;% lu(1, x) —uy, (1, mk)|2|)% against Az on
a log-log scale. This produces the asterisks connected with solid lines in the right-hand
plot of Fig. 1. For a reference, a dashed line of slope 1 is added. We see that the slopes
of the two curves appear to match well. As the case for At, a least squares fit for log C'
and ¢ producing the value ¢ = 0.9905 with a least squares residual of 0.01011. Hence,
the computational results are consistent with the order of convergence with respect to
x equal to 1.0.

Example 5.2. Consider Eq. (1.1) with d = 1, T = 1, up(z) = sin(mz),vo(x) =
sin(2rz), f =0,and \, = 7, (k = 1,2,...).

Since f = 0 and the initial conditions are smooth, by Theorem 4.2, the rate of
convergence in {2 of the difference scheme with respect to z is of order 1A (2—$+3) = 1
for fixed temporal step length, and with respect to ¢ is of order 1 A (1 — % + %) =1 for
fixed spacial step length.

Here, the exact solution u is approximated by the explicit difference method (4.1)
with a very small step size, Az = —— =279 and At = —— = 2710, The expected

Nexact Mexact

values are approximated by computing averages over M = 100 times.
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o . .
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. .
. ¥ - *
10 -3 ‘*2 ‘*1 0 10 ~2 -1 0
10 10 10 10 10 10 10
At Ax

Figure 2: I2-convergence for Example 5.2 with respect to ¢ and z.

First, we fix n = 22 and let m changes from 23 to 28. The MATLAB command loglog
plots our approximation to (E|< ZZ;% lu(1, x) — ug, (1, :ck)|2|)% against At on a log-
log scale. This produces the asterisks connected with solid lines in the left-hand plot
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of Fig. 2. A dashed line of slope 1 is added. We see that the slopes of the two curves
appear to match well. We test this further by assuming that
1

n—1 2
(E‘% > fu(l, zp) — u”m’n(l,xk)]QD = C(At)?
k=1

for fixed sufficiently small Az, so that

1 n—1 2
k=1

A least squares fit for log C' and ¢ producing the value ¢ = 1.0009 with a least squares
residual of 0.3141. Hence, the computational results are consistent with the order of
convergence with respect to ¢ equal to 1.

Second, we fix m = 2'° and let n changes from 22 to 26. The MATLAB command
loglog plots our approximation to (E|2 ZZ;% lu(1, x) —uy, (1, mk)|2|)% against Az on
a log-log scale. This produces the asterisks connected with solid lines in the right-hand
plot of Fig. 2. For a reference, a dashed line of slope 1 is added. We see that the slopes
of the two curves appear to match well. As the case for At, a least squares fit for log C
and ¢ producing the value ¢ = 0.9960 with a least squares residual of 0.0067. Hence,
the computational results are consistent with the order of convergence with respect to
x equal to 1.0.

6. Conclusions

An explicit difference method for stochastic elastic equations driven by infinite di-
mensional noise are investigated. Our main results Theorem 4.2 showed that for suffi-
ciently smooth initial conditions, the rate of convergence of the difference scheme with
respect to z is of order 1 A (2 — g), while with respect to ¢ is of order 1 — %. Numerical
experiments showed that the theoretical analyses for the order of convergence were
correct and the methods were computationally feasible. In this paper we only studied
the case of additive noise. We will investigate the case of multiplicative noise in our
future works.
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