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Abstract. In this paper we consider the relaxation limits of the two-fluid Euler-Maxwell
systems with initial layer. We construct an asymptotic expansion with initial layer
functions and prove the convergence between the exact solutions and the approximate
solutions.
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1 Introduction

In this paper, we consider the three-dimensional two-fluid (including electrons and ions)
Euler-Maxwell equations in a torus T=(R/Z)3 :

Orny+div(ngu,) =0, (1.1)
My [0 (nytty ) +div(ngu, @uy)|+Vp(ng) =gang(E+uy X B) — %:u“, (1.2)
eatE—£V><B:neue—niui, (1.3)
9B+V xE=0, (1.4)
edivE=n;—n,, divB=0, (1.5)

where a =e¢,i, g;=1, 9. = —1; n. and n; stand for the density of the electrons and ions; u,
and u; stand for the velocity of the electrons and ions; E and B are respectively the electric
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field and magnetic field; p = p(n,) is the pressure function which is sufficiently smooth
and strictly increasing for n, > 0. These variables are functions of a three-dimensional
position vector x € T and of the time ¢ > 0. In the above systems the physical parameters
are the electron mass m, and the ion mass m;, the momentum relaxation times 7, and T,
and the permittivity € and the permeability p.

For simplicity, we denote m, =1, ¢,y =1 and 7. = 7; = T, then we obtain the following
systems:

orny +div(ngu,) =0, (1.6)

Ot (nyuy) +div(ngu, @uy ) +Vp(ng) =gang(E4uy X B) — @, (1.7)
n

0tE—V xB=n.u,—nu;, divE=n;—n,, (1.8)

3B+VxE=0, divB=0. (1.9)

Furthermore, we make the time scaling by replacing t by £ and define the enthalpy
function (n,) by
Ny !
h(ng) = flgfzds. (1.10)
1

So the system we considered is rewritten the following reduced two-fluid Euler-
Maxwell systems:

1
Btn,x-l—;div(nau,x) =0, (1.11)
1 1 E B
Bttt 2 (- Yty 2 V() = LU ET e X B) e, (1.12)
T T T T
1 —
WE— -V x B=elle 7 Mli - 4i0F —n;—n,, (1.13)
T T
1
UB+_VxE=0, divB=0, (1.14)
with initial data:
(na,u“,E,B) ’t:O = <n;,0/uZIO/EE)[/Bg)' (115)

The study of compressible Euler-Maxwell equations began in 2000, Chen, Jerome and
Wang [1] prove the existence of global weak solutions of the simplified Euler-Maxwell
equations by using the method of step by step Godunov scheme combined with compen-
sated compactness; in 2007 and 2008, Peng and Wang [2,3] study the non relativistic limit
convergence problem for compressible Euler-Maxwell equations to compressible Euler-
Poisson equations and the composite limits of the quasi neutral limit and the non rela-
tivistic limit for compressible Euler-Maxwell equations; Peng, Wang and Gu [4] discuss
the relaxation limit of compressible Euler-Maxwell equations and the existence of global
smooth solution in 2011; in the same year, Wang, Yang and Zhao [5] research the relax-
ation limit of the plasma two-fluid Euler-Maxwell equations with the help of Maxwell
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iteration and energy method for the well-prepared initial data; Mohamed-Lasmer Hajjej
and Peng [6] study the relaxation limits of the one-fluid Euler-Maxwell equation with
initial layer by the method of asymptotic expansion.

For later use in this paper, we recall some inequalities in Sobolev spaces [7,8] and the
local existence of smooth solutions for symmetrizablle hyperbolic equation. For any s>0,
we denote by || - ||s the norm of the usual Sobolev space H*(T), and by || -|| and || - ||« the
norms of L?(T) and L*(T), respectively.

Lemma 1.1. (See [9,10]) Let s > 3 be an integer and (nZ,O'uZ,O'EE'B(D € H*(T) with nyo>k
for some given constant k > 0, independent of T. Then there exist T >0 and a unique smooth
solution (nl,ul,EY,B") to the periodic problem (1.6)-(1.9) defined in the time interval [0,Ty],
with (nf,ul,E7,BY) € CL([0,T{; H*~1(T))NC([0,T{; H¥(T)).

The main result is as follows:

Theorem 1.1. For any integer s > 3, under the Proposition 1.1 and the following conditions:

divE;: =n;:—1e,, divB,; =0, (1.16)
sup ||(1a,c,E<,Bc)(t,-)]ls <C, sup || (ua,(t,")|ls<C, (1.17)

0<t<Ty 0<t<Ty

| <”;,0 —na,r(O,-),u;,o —,r(0,7),E§ —E-(0,),By —B(0,-) [|s < Ct?, (1.18)

here (N, Ua,Ex,Br)(t,x) is the approximate solutions of (1.11)-(1.14), such that as T — 0 we
have T{ > Ty and the solution (n},uj,ET,B") satisfies:

H (nZ/uZ/ET/BT) - (n(X,Tlu(X,TIET/BT) Hs < CTZ, (1.19)

HMZ_MW,THLZ(O,TT;HS) <Ct. (1.20)
orany t€ [0, T"|, here T* <T;.
f yte]

Our main purpose in this paper is to study the relaxation limits of the two-fluid Euler-
Maxwell systems (1.11)-(1.14) with initial data (1.15). We consider the problem with
initial layer. In order to establish our result, we make an asymptotic expansion including
initial layer. In Section 2, we will take the approximate expression into systems (1.11)-
(1.14) such that we get the error estimates of the remainders. In Section 3, we prove the
main result about the convergence.

2 Asymptotic expansion

In this section, we make an asymptotic expansion with initial layer functions and take it
into the systems, then we can get the expression of the first-order initial layer functions
and second-order initial layer functions. Furthermore, we obtain the estimates of the
remainders which produced by approximate solutions and extra solutions.
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We know that

(nzx,'nuuz,TIET/Br) = (ﬂﬂé,T/ﬁtX,’(/ETIBT) + (na,I/ua,I/EI/BI)/

where (141,14 1, E¢,Br) is the approximate solution, (74 1,4, E+,B7) the inner function,
and (ny 1,1, 1,E1,Br) is the initial layer function.
Firstly, we make the following ansatz for inner function

(ﬁﬂ,Tlﬁﬂ,TIET/BT) (t,X) — ZTZJ (TZZX,TM{X,E],TB]), (2.1)
>0

and take it into systems (1.11) —(1.14), we obtain

9 +div(ndul) =0, (2.2)

Vh(nd)=g,E®—u?, (2.3)
05,0 _ 170,,0

9E°—V x B = % divE? =10 —n?, 2.4)

VxE’=0, divB’=0, (2.5)

there V x E? = 0 implies the existence of a potential ¢° such that E® = —V¢°. Then n?
solves a classical system drift-diffusion equations:

Oy —div(nd(Vh(n) +4.V¢°)) =0,
—A¢?=n?—n)

e’

with initial condition:
ng (0,x) =1n40.

Then we can get the first order companbility condition:
Ugo=—Vh(ne)—qg.Voo, Eo=—Veo, Bo=B’,

where ¢ is determined by —A¢g=n;¢—1,,. It is similar to [6].
Secondly, let the initial data of an approximate solution (1, 1, 1, Ex,B7)(t,x) have an
asymptotic expansion of the form:

(n(X,Tlu(X,TIET/BT) <t/x) ‘t:OZ (n(x,O/Tu(x,O/EO/TBO) +O<TZ)/ (26)

where (n,,0,Tt4,0,E0, TBo) are the given smooth functions solutions; moreover the asymp-
totic expansion including initial layer correction is

(Mo e tar Ex, Be) (t,x) =(n, Tud, E°+T2EL, TB%) (t,x) + ((nl , Tul 1, E}, TBY) (2,%)

—I-Tz(nill,rui,I,E},TB}))(z,x)—i—O(Tz), (2.7)
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where z=1/7? is the fast variable, the subscript I stands for the initial layer variable and
E!l is the correction term defined by:

V xE"l=_9,B", divE"t1=0, (2.8)

where m=0,1,2,....
Obviously, (n%u° E% BP) satisfies the systems (2.2)-(2.5). Putting expression (2.7)
into (1.11) and (1.13), we obtain azngll = O,BZE? =0 which imply

ny | =E{=0. (2.9)

Putting expression (2.7) into (1.14) and using (2.5) and (2.9), we have

9B} =0, (2.10)
which imply
BY=0. (2.11)
Putting expression (2.7) into (1.12) and using (2.2), we get
-1l ;+uy ;=0. (2.12)
From (2.6)-(2.7), we have
ug (0,) 4 1(0,x) =1140(x), (2.13)

together with (2.12), we get the solution about first order initial layers for variable u

gl(z x)—u 1(0,0)e7 = (g 0(x) —u(0,x))e 2. (2.14)

Using the similar way, we can obtain the second order initial layers

uy 1(z,x) =0, (2.15)
0, nl [(z,x)+div (ng(O,x)ugl(z x))=0, (2.16)
9:E} (z,x) =ng(0,x)uf ;(z,x) —nf (0,x)u, (2,x), (2.17)
0B} (z,x) +V x E}(z,x) =0. (2.18)

Suppose that (1,,1,E1,B1) is smooth function, and let
(ny 1,E1,B1)(0,x) = (n141,E1,B1) (). (2.19)
Together with (2.13), (2.14) and (2.16), we have
ni/l(z,x) =11,1(x) —div[n®(0,x) (1a0(x) — 10 (0,x))](1—e 7). (2.20)
Similarly, together with (2.14), (2.17) and (2.19), we obtain

E} (2,2) = E1+[10(0,) (tte0(x) =12 (0,2)) =1 (0,) (s (x) =17 (0,2))] (1—€7%).  (2.21)
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There we take

Ex(x) = —17(0,x) (ue0(x) = 19 (0,x) ) =1 (0,x) (150 (x) — 17 (0,)),
divE;(x)=mn;1(x)—ne1(x), divB;(x)=0.

Then we have
leE} :Tlgll—i’l}ll.
From a series of calculations, we get
Ej(z,x) = —[19(0,x) (0 (x) =g (0,x)) — 1 (0,x) (wio(x) — 7 (0,x))]e 7,
B (2,%) = B1(x) + V x [11(0,) (a0 (x) =1 (0,x))] (1—e 7).
Then we have
divB} =0.
According to the asymptotic expansions above, set
M1 (8x) =n) (tx)+ 770y 1(2,%),
e (1) = T (1) 2,1 (2,%)),
E.1(t,x)=E°(t,x)+1*(EL(t,x)+E}(z,x)),
B 1(t,x) =7B%(t,x) +T°B}(z,x).

Then we have

(nlx,T,I/uac,T,I/ET,I/BT,I) |f:0 = (ntX,O/TuDL,O/EO/TBO) +T2(7’l“,1,0,E] + Eg (O/X)ITBl)'

Moreover, equations (2.4), (2.8) and (2.24) imply that
divEr 1 =njqr,1—MNe,1,
and equations (2.5) and (2.27) imply that
divB,,; =0.
Define the remainders R/, Ry, RZ" and RY' by

1
: _pt,l
at”a,r,l + ;dlv(nzx,'(,lua,r,l) = Rn,x ’

_ qﬂc(ET,I+ua,T,I X BT,I)

1 1 Ug,T,]
atua,T,I + ; (uac,T,I . v)ulx,r,l + +;Vh(nac,r,1) — - 0;,;, +R5;I/

T

1 Ne,t,1Ue,r,] — Wi IUiT,]
T, T, LML T, 7,1
atET,I—;VxBﬂ: p +R ,

1
0B +—V X E.;=RY".

(2.22)
(2.23)

(2.24)

(2.25)
(2.26)

(2.27)

(2.28
(2.29
(2.30
(2.31

~ ~— ~— ~—~—~

(2.32)

(2.33)

(2.34)

(2.35)
(2.36)
(2.37)

(2.38)
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Because that there is 17 € [0,¢] C [0,T;], such that
nd(t,x) —n2(0,x) =t9;nd (17,x) = t220:m2(,x), (2.39)

then we have
(ng(t,x) —ng(O,x))ugJ :O<T2). (2.40)

After a simple calculation, we get
RY'=0(%), RY'=0(1), RY'=0(?), Ry'=0. (2.41)
Lemma 2.1. Let s > 3 be an integer. For given smooth data, the remainders RZ;I , RE;I , RE’I and
RY' satify
sup || (RERE)(t:)s<CT%  sup [|RY/(4)[si<CT,  RF'=0,  (242)
0<t<Ty 0<t<Ty

where C >0 is a constant independent of T.

3 Proof of the convergence result

In this section we prove the main convergence result from approximate periodic solu-
tion to exact solution to two-fluid Euler-Maxwell equations. Let (n%,uj,E7,B7) be the
exact solution to (1.11)-(1.14) with initial data <”§,0/“;,0/E5/B(§) and (1, 1,Uy7,Ec,Br) be
an approximate periodic solution defined on [0, T;], with

(Ma,0,Ua v, Ec,B) €C([0,T1],HH(T))NC ([0, 1], H*(T)).

By Lemma 1.1, the exact solution (nj,uf,E?,B7) is defined in a time interval [0, T]
with T{ >0. Since nf € C([0,T{],H*(T) and the embedding from H*(T) to C(T) is contin-
uous, we have n; € C([0,T{] xT). From (1.17) and (1.18) and assumption n] ;> k>0, we
deduce that there exist T; € (0,T{] and a constant Cy >0, independent of 7, such that

ggn;gco, V(t,x) €[0,TF] x T.

Similarly, the function t — || (n%(t,-),u%(t,-),E™(t,-),B*(t,-)) ||s is continuous in C([0,T;]).
From (1.17), the sequence (|| (n%(0,-),u%(0,-),E*(0,-),B™(0,-)) ||s)r>0 is bounded. Then
there exist T; € (0,T;] and a constant, still denoted by Cy, such that

| (ng(t,),ug(t,),E*(t,-),B7(t,)) [s<Co,  Vte(0,T3].
Then we define T* =min(T;,T; ) >0, such that the exact solution and the approximate are
both defined on [0,T7], and the exact solution satisfy:

k

Egnzgcz H (nZ/uZ/ET/BT) HSS CI (31)
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where C >0 is a constant independent of 7. Obviously it is valid from the paper [6].
Let

(NS, UL FY,GY) = (ng —nyr,uy—ugr,E*—E,B"—Bq), (3.2)
obviously the error function (N;, U, FT,G") satisfies:
N+ = (UT+ it ) VINT+ L (N + 10 )liv
—%(N(,fdivum—i— (UT-V)itr)—RE, (33)
AU + 2 (US it )V )US+ 2 (NF 4120 UN

== % (U V) tae (B (NF +110,0) +H (4,))]

1 1
_ﬁu;_;%c[FT‘i'(u;‘i_ua,r)XGT"“UZXBT]_RE,X/ (34)
atPT—EVXGT
T
1
= [(NGUZ = NFUF) + (e e Us =i UF) +(Np e — Nittio)] = R, (3.5)
atGT—I-%VXFT:O, divF* =N/ —Nj. (3.6)
Set
Ny
NT PT WT uT
WT: o ’ WT = y WT: I ): u ’
() w=(6 ) we(wd )| F
GT
+—Ntdivu
H WT — ( ) lx o ®,T )
1(Wr) ( —(Ug-V)thgr— ( o (NG +10,0) —hy (10,7)) Vg«
0 0
TY T
HZ(WI)_( —ur ) Hs (W) ( Gu[FT4+ (UL + 1ty ) X GTHUL x By >

RT u T t
T_ I .
R ( RT >,A](na,u )= ( h ) - I3 > j=1,2,3,

where a =e¢,i, (e1,e3,€3) is the canonical basis of R3, y; denotes the ith component of y € R3
and I3 is the 3 x3 unit matrix. Then systems (3.3) and (3.4) for unknown W[ can be
rewritten as

13 1 1
ath-i—;ZAf(n;,u;)axin: —(Fh (W) +Hs(W"))+ — Ha(Wf)—R".  (37)
i=1



Relaxation Limits of the Two-Fluid Compressible Euler-Maxwell Equations 25

It is symmetrizable hyperbolic with symmetrizer

(D0
Aé(””‘( " D) >

which is a positive definite matrix when 0< % <ni=N]+n,.:<C, where a=e¢,i. Moreover
Al (nguy) = Ag(ng) Al (nf,ug) =uf ;Aj(ng)+D; (3.8)

is symmetric for all 1<j <3, where each D; is a constant matrix

In order to prove Theorem 1.1, it suffices to establish uniform estimates of W* with
respect to 7. In what follows, we denote by C > 0 various constants independent of T
and for B€ N3, (W} s Wi, ﬁ) B4 (W[, W};), etc. The main estimates are contained in the
following two lemmas for Wi and Wy, respectively. We first consider the estimate for
WY.

Lemma 3.1. Under the assumptions of Theorem 1.1, for all t € (0,T7], as T — 0 we have

W (1) |2+ / |uz(e sza<c/ (W@ [2+ | W (@) [Hde+CT. (3.9)

Proof. Differentiating equation (3.7) with respect to x yields and then multiplying by
Ab(n?) and taking the inner product of the resulting equation with Wi, we obtain

d 2
(AN WES, WE ) — = (AL (nE)af Ha (WF), W )
2
== ((Ab(ng)BFH (WF)+3E Ha (W™)]- Wig), Wi )
2
+;(]g,wgﬁ)+(divAi(n;,u;)wgﬁ,wgﬁ)—2(A{,(n;)a§Rf,wgﬁ), (3.10)
where
5= - Ab(ng) [0 (Al (ng,uD)ax WF) — Al (nFu5)ak0, Wi |, (3.11)
divAg(n;,u;:atA{J(nﬁ;Zaxjﬁz.f(n;,u;). (3.12)
j=1

From estimating each term of equation (3.10), for V| B|<s, we have

d

dt arl
Integrating this equation over (0,t) w1th t€(0,T7) and summing up over all | |<s, taking
£>0 sufficiently small that the term including % | U ||? can be controlled by the left-hand
side, together with condition (1.18) for the initial data, we get (3.9). O

k _
Ap (Wi Wig)+— HUTH2+C (IWTIZ+IWT ) +Cet™. (3.13)
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The estimate for Wy is similar to the paper [6], so we give the simple steps. Now we
establish the estimate for Wy, it will be complicated because there exist both electron and
ion.

Lemma 3.2. Under the assumptions of Theorem 1.1, for all t € (0,T7], as T — 0 we have
T 2 fr1 T 2 T 2 T 4 4
Wi @) | S/O S IUcO[E+HIWA IS +IWHE) 5 Jde+C™ (3.14)

Proof. For a multi-index B € N® with | 8|<s, differentiating the equations (3.5) and (3.6)
with respect to x, we have

1 1
dFg — =V x GZ;:;BQ [(NJUE—N,TU,T)+(ne,rug—ni,rul?)
+ (Ng tte,r— Nf ui,T)} —RE, (3.15)
and .
9tGp+ =V x F5=0. 1
G+ —V xFj =0 (3.16)

Taking the inner product of equation (3.15) with Fg and taking the inner product of equa-
tion (3.16) with G, then we have

1 1
/jr > [Bu(F+01(Gp)? dx—— /jr O [(NFUZ = NFUT) + (11 Ug — 32U
+ (Ngue,T—Nfui,T)} F§—9%RE-Fidx, (3.17)
there because
EVXGT-FT—EVXFT-GT dx—1 div(F§ x G5)dx=0 (3.18)
T\ T BB ¢ [ T T BB T :
Then we have
d
S I Wia ()12 [ 18 [(NFUZE = NFUF) + (e UZ =i U)
+ (NFtige—NT i) | Ff | de+ / 0P RE-FF |dx. (3.19)
T
Using energy estimate, (1.21) and Lemma 2.1, we obtain

[Whg(t) [IP<

d 1
1 < IUEO F+CIWT @) R+CI W@ i+t 3.20)

Integrating (3.20) over (0,t), summing up over f satisfying | f|<s and using (1.18), we
obtain the lemma. O
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Proof of Theorem 1.1. Let T — 0 and & > 0 be sufficiently small. By Lemma 3.1 and
Lemma 3.2, for t € (0,T7] we have

t t
W@+ [uzo Bde<c [(w @ B +Iwi@ hde+cet. G2y

Let
y()=C [ W (@) 2+ | W7(@) | d-+ . 622)
Then it follows from (3.21) that
WO Ry, 5 [ IO RdEsyw,  vie©r), G2
Y (O =CW @) 2+ W) ) <Cly(+y*(1)), (3.24)
with
y(0)=Ct*. (3.25)

From Gronwall inequality, we get
y(t) <Cttet <Ctteh,  vte[o,T7). (3.26)

Therefore, from (3.23) we obtain

W lsyyn<ce,  [ui@Rdstymscd. 62

By a standard argument on the time extension of smooth solutions, we obtain T5 > Ty, i.e.
T*=T,. This finishes the proof of Theorem 1.1.

Acknowledgement

The authors thank the referee for various comments which allow to improve the presen-
tation of the paper.

References

[1] Chen G.Q., Jerome J.W. and Wang D.H., Compressible Euler-Maxwell equations. Transport
Theory and Statist. Phys. 29 (2000), 311-331.

[2] Peng Y.J., Wang S., Convergence of compressible Euler-Maxwell equations to compressible
Euler-Poisson equations. Chinese Ann. Math. Ser. B 28 (2007), 583-602.

[3] PengY.]., Wang S., Rigorous derivation of incompressible e-MHD equations from compress-
ible Euler-Maxwell equations. SIAM ]. Math. Anal. 40 (2008), 540-565.

[4] Peng Y.J., Wang S. and Gu Q. L., Relaxation limit and global existence of smooth solutions
of compressible Euler-Maxwell equations. SIAM |. Math. Anal. 43 (2011), 944-970.



28 S. Wang and L. Zheng / J. Partial Diff. Eq., 31 (2018), pp. 17-28

[5] Yang J.W., Wang S. and Zhao ]., The relaxation limit in the compressible Euler-Maxwell
equations. Nonlinear Anal. 74 (2011), 7005-7011.

[6] Hajjej M.L., Peng Y.J., Initial layers and zero-relaxation limits of Euler-Maxwell equations. J.
Differential Equations 52 (2012), 1441-1465.

[7] Admas R.A., Sobolev Spaces. Academic Press, American, 1975.

[8] Wang S., Sobolev Space and Introduction to Partial Differential Equations. Science Press,
China, 2009.

[9] Kao T., The cauchy problem for quasi-linear symmetric hyperbolic systems. Arch. Ration.
Mech. Anal. 58(1975), 181-205.

[10] Majda A., Compressible Fluid Flow and Systems of Conservation Laws in Several Space

Variable. Springer-Verlag, NewYork, 1984.



