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Abstract. In this paper, we investigate a priori and a posteriori error estimates of fully
discrete H'-Galerkin mixed finite element methods for parabolic optimal control prob-
lems. The state variables and co-state variables are approximated by the lowest order
Raviart-Thomas mixed finite element and linear finite element, and the control vari-
able is approximated by piecewise constant functions. The time discretization of the
state and co-state are based on finite difference methods. First, we derive a priori error
estimates for the control variable, the state variables and the adjoint state variables.
Second, by use of energy approach, we derive a posteriori error estimates for optimal
control problems, assuming that only the underlying mesh is static. A numerical exam-
ple is presented to verify the theoretical results on a priori error estimates.
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1. Introduction

Finite element method is the most widely used numerical method in computing optimal
control problems, the literature on this topic is huge, it is impossible to even give a very
brief review here. For the studies about a priori error estimates, superconvergence and a
posteriori error estimates of finite element approximations for optimal control problems,
see [2,3,7,11,15,16,19,20,22,23,31, 32] for elliptic optimal control problems and [12,
14,18,21,24-26] for parabolic optimal control problems.

However, the mixed finite element method is much more important for a certain class
of optimal control problems, which contains the gradient of the state variable in the ob-
jective functional. For example, in the flow control problem, the gradient stands for Dracy
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velocity and it is an important physics variable, or, in the temperature control problem,
large temperature gradients during cooling or heating may lead to its destruction. Chen
et al. have done some works on a priori error estimates and superconvergence properties
of standard mixed finite element methods for optimal control problems, see, for exam-
ple, [5,6,8,13]. In [5,6], Chen used the postprocessing projection operator, which was
defined by Meyer and Résch (see [22]) to prove a quadratic superconvergence of the con-
trol by mixed finite element methods. In [8], Chen used the average L2 projection operator
and the superconvergence properties of mixed finite element methods for elliptic problems

to derive the superconvergence of the control. However, the convergence order is h> since
the analysis was restricted by the low regularity of the control. In [13], we developed a
mixed discontinuous finite element method for linear parabolic optimal control problems,
and derived a priori and a posteriori error estimates.

In this paper, we shall investigate a priori and a posteriori error estimates of H'!-
Galerkin mixed finite element method for parabolic optimal control problems. The pro-
posed method was first introduced to discuss a priori error estimates for linear parabolic
and parabolic integro-differential equations [27,28]. A notable advantage of this approach
is that the method not only overcomes the inf-sup condition but the approximating finite
element spaces are also allowed to be of different polynomial degree. Notice that using
this method, we can derive two approximations for the gradient of the primal state vari-
able y, one is the numerical approximation solution p;, the other is the derivative of the
approximation solution yy.

We consider the following linear parabolic optimal control problems for the state vari-
ables p, y, and the control u with control constraint:

. (7 2 2 2
u%]{gfo (1 =pal®+ 1y = yal? + )dt} (112
¥, ) +divp(x, t) + B(x) - Vy(x,t)+c(x)y(x,t)
=f(x,t)+u(x,t), xXEN, teJ, (1.1b)
plx,t)=—-A(x)Vy(x,t), x€Q, telJ, (1.10)
y(x,t)=0, x€oN, teld, (1.1d)
¥(x,0) = yo(x), x €, (1.1e)

where Q C R? is a polygonal domain, J = (0,T]. Let K be a closed convex set in U =
L*(J;L2(Q)), f,ya € L*(J;L(Q)), pg € L*(J;(L3(2))%), yo € H'(Q), B € (WH2(Q))
and 0 < ¢ € WH®(Q). We assume that the coefficient matrix A(x) = (a;j(x))2x2 €
Wh®(Q;R?*2) is a symmetric 2 x 2-matrix and there are constants c;,c, > 0 satisfying
for any vector X € R?, c1||X||2RZ < X'AX < c2||X||2R2. K is a set defined by

KZ{uEU: u(x,t) >0, a.e.ianJ}. (1.2)
We also assume that the following coercivity condition holds:

1
C—EV-ﬁZa0>O.
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So the well-posedness of the control problem (1.1a)-(1.1e) is guaranteed.
In this paper, we adopt the standard notation W™P(Q2) for Sobolev spaces on 2 with a

norm || - ||, , given by
MIE = D DL, ),

|a|<m

a semi-norm |- [,,, , given by

vE =D DL,

|lal=m
We set Wom’p(Q) ={veWm™P(Q):v|zq = 0}. For p =2, we denote

H™(Q)=W™(Q), H'(Q)=W,"*(),
Ml = 11+ llm,25 1= 1 llo,2-

We denote by L°(J; W™P(Q)) the Banach space of all L® integrable functions from J into
W™P(Q) with norm
1

T
IWllzscrsmecan = f [IVIEymaeydt ) fors € [1,00),
0

and the standard modification for s = oco. For simplicity of presentation, we denote
VIlLsawme )y BY [IVIILsqwmey. Similarly, one can define the spaces H'(J;W™P(Q)) and
Ck(J; W™P(£)). In addition C denotes a general positive constant independent of h and
At, where h is the spatial mesh-size and At is time step.

The plan of this paper is as follows. In Section 2, we construct H'-Galerkin mixed finite
element approximation scheme for the optimal control problem (1.1a)-(1.1e) and give its
equivalent optimality conditions. The main results of this paper are stated in Section 3
and Section 4. In Section 3, we derive a priori error estimates for the control variable, the
state variables and the adjoint state variables. In Section 4, we derive a posteriori error
estimates for optimal control problems. A numerical example is presented to verify our
main results in Section 5. In the last section, we briefly summarize the results obtained
and some possible future extensions.

2. Mixed methods for optimal control problems

In this section, we shall construct H'-Galerkin mixed finite element approximation
scheme of the control problem (1.1a)-(1.1e). To fix the idea, we shall take the state spaces
L=H'(J;V)and Q = L?(J; W), where V and W are defined as follows:

V =H(div;2) = {v € (1*(Q))>, diwv e L*(Q)}, W =H(Q). (2.1)

The Hilbert space V is equipped with the following norm:

9 . 9 1/2
Wl = (VI3 + divvli2 )
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A mixed weak form of (1.1b)-(1.1c) can be given by

(A7'p,v) = (y,div), Vvev, teJ, (2.2a)
(yow)+(divp+B-Vy+cy,w) =(f +u,w), Ywel*Q), teJ, (2.2b)

where (-, -) is the inner product of L2(£2).
As in [27], taking w = divv, V v €V in (2.2b), differentiating (2.2a) with respect to t,
and then substituting the two resulting equations, we derive

A p,v)+(divp+B-Vy+cy,divv) = (f +u,divv), VveV, tel. (2.3)
Using (1.1c) and (2.3), we get the following mixed variational form

(A 'p,,v)+ (divp + B - Vy + cy,divw) = (f +u,divw), VveV, tel, (2.4a)

(Vy,Vw) = —(A"1p, Vw), YVwew, tel. (2.4b)
Now, we recast (1.1a)-(1.1e) as the following weak form: find (p,y,u) € L x Q x K such
that

T
min {2 [ (o= pall®+ly - yall? + ul ) de (2.50)
uekcU | 2 0 d d )

(A p,, v)+(divp + B - Vy +cy,divv) = (f +u,divv), Vv eV, teJ, (2.5b)

p(x,0) = —AVyy(x), Vxeq, (2.50)

(Vy,Vw) = —(A"1p, Vw), Vwew, teld. (2.5d)

Since the objective functional is convex, it then follows from [17] that the optimal control
problem (2.5a)-(2.5d) has a unique solution (p,y,u), and that a triplet (p,y,u) is the
solution of (2.5a)-(2.5d) if and only if there is a co-state (q, %) € L xQ such that (p, y,q,z,u)
satisfies the following optimality conditions:

A p,v)+(divp+B-Vy +cy,divv) = (f +u,divv), VveV, teJ, (2.6a)

p(x,0) = —AVy,(x), Vxen, (2.6b)
(Vy,Vw) = —(A"1p, Vw), YVweW, tel, (2.60)
—(A1q,,v) + (divg,divv) = —(A"'Vz,v)+(p —py4,v), VVEV, telJ, (2.6d)
q(x,T)=0, YV xen, (2.6e)
(Vz,Vw) = —(divg, B - Vw) + (y — y4 — cdivq, w), Ywew, teld, (2.6f)
(u+divg,it —u) >0, Viek. (2.6g)

The inequality (2.6g) can be expressed as

u = max{0, —divq}. 2.7)
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Let &}, denote a regular rectangulation of the domain 2, h, denotes the diameter of T and
h = max h,. Let V} be a finite dimensional subspace of V consisting of the lowest order
Raviart-Thomas mixed finite element space [10,29], namely,

V= {vh ev:VreF,vl. € Ql,o(T) X QO,l(T)}: (2.8)

where Q,, ,(7) indicates the space of polynomials of degree no more than m and n in x
and y on 7, respectively.

Let W;, C W be the standard linear finite element space and V}, be the following piece-
wise constant space

V= {vh €L*(Q): VT ET, vl = constant}. (2.9)

Set Ky =V, N {v eL?(Q):v(x)>0,Vxe Q}
Before the mixed finite element scheme is given, we introduce three operators. Firstly,
we define the standard elliptic projection [9] Ry, : W — W}, which satisfies: for any ¢ € W
(V(R,p — ¢),Vwy) =0, VYw,eW, (2.10a)
¢ —Rpolls < CR* gl 5=0,1, ¥V ¢ € H(Q). (2.10b)

Next, recall the Fortin projection (see [4] and [10]) ITj, : V — V,, which satisfies: for any
qev

(le(th - q), leVh) =0, v v, EVy, (2.11a)
llg — Tirqllo,, < Chligll,p, 2<p<oo, ¥Vqe(WH(Q)? (2.11b)
ldiv(q — I,q)||_s < Ch*™*||divg|l;, s=0,1, V divg € H(). (2.11¢)

At last, we define the standard L2-orthogonal projection Pj, : L2(Q) — V},, which satisfies:
for any u € L2(Q2)

(Uu—Pu,¢)=0, V¢eV. (2.12)
We have the approximation property:
lu—Puull_, <Ch'[ul,,, s=0,1, YueW"(Q). (2.13)

We now consider the fully discrete mixed finite element approximation for the control
problem. Let At >0, N =T /At € Z, and t, = nAt, n € Z. Also, let

n__ ,n—1
Y= =), =T sy m gy,

We define for 1 <s < oo and s = oo the discrete time dependent norms

N

Atllll)”llin,p), I llLowmey == max (|97, p,

N-1
- 1-1<n<N-I

s swme ey := (

n=1-1



Fully discrete H'-Galerkin Mixed FEMs for Optimal Control Problems 139

where | = 0 for the control variable u and the state variables y,p, and [ = 1 for the
co-state variables z,q. For simplicity of presentation, we denote |||v|||rs;.wmr(q)) and
1111 oqrwmogayy BY 11411 zswmsy and [[13h]l|wms), respectively

Then the fully discrete approximation scheme is to find (p}, y;',up) € Vi X Wy XKy, n =
1, ---, N, such that

N
min {%;At(upz Pl + Iy = I + ||u,’;||2)} (2.142)
(A7'd,p},vy) + (divp! + B - V[ + cyy, divwy) = (f" +uf, divwy), Vv, €V, (2.14b)
pp(x) =TI;p(x,0), Vxeq, (2.140)
(Vy}, Vwy) = —(A7'p}, Vwy), Y wy, € Wi, (2.14d)

Again, it can be shown that the optimal control problem (2.14a)-(2.14d) has a unique
solution (p,,y,uy), n =1, ---, N, and that a triplet (p;, y;,u,) € Vi X Wy, X Ky, n =
1,---, N, is the solution of (2.14a)-(2.14d) if and only if there is a co-state (qﬁ_l,z}’;_l) €
Vi x W, such that (p}, y',q} ',z 1, ul) € (V,xW,,)?x K, satisfies the following optimality
conditions:

(A7'd,p},vy) + (divp} + B - Vy + cy), divvy) = (f" +uf, divwy), Vv, €Vy,,  (2.152)
pj(x) = TI;p(x,0), Vxeq,  (2.15b)
(Vyp, Vwy) = —(A7'p}, Vwy), Vw,eW,, (2.150)

—(A7d,q},vy) + (divg !, divwy) = (A7 V7L v) + (p) — PG va),
Vv, eV, (2.15d)

q) (x)=0, Vxe, (2.15¢)
(vz}rll—l’ vwh) = _(diqu_13ﬁ : vwh) + (}’;rll - yg - CddiZ_l, Wh)’ v wy € Wh’ (215f)
(uf +divg} ', i, —u}) >0, Vi, €Ky (2.158)

Similarly, employing the projection (2.7) the optimal condition (2.15g) can be rewritten
as follows:

uZ:max{O,—diqu_l}, n=1,---,N. (2.16)
Fori=1, ---, N, let
Vil o1 = (6 = Oy + (e = ti1)yf) /At
Znleey ey = (6= 027 + (6 —ti0)z)) /A,
Ph|(ti,1,ti] = ((ti - t)P;I_l +(t — ti—l)P;iI) /At,
Qulee, e = (6= g+ (c - ti-1)g}) /AL,

1
Uh|(fi—1,fi] = Up.
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For any function w € C(J; L2(£2)), let
W, Oleet, e =wOGE), WO Ol 6 = WX, Ei21)-
Then the optimality conditions (2.15a)-(2.15g) satisfying
(A Py, vi) + (divBy + B - VTV + cTy, divey) = (f + Uy, divey), Vv €Vy, (2.17a)

Pp(x,0) =1Ip(x,0), Vxe, (2.17b)
(V¥ Vwy) = —(A7 By, Vwy), Y wy, €W, (2.17¢)
— (A7 Que,vi) + (divQy, divvy) = — (A7 Z4,vy) + By = Das Vi), YV v € Vi, (2.17d)
Qu(x,T)=0, Vxen, (2.17e)
(VZy, Vwy) = —(divQp, B - Vwy) + (¥, — 74 — cdivQy, wy), YV w, €Wy, (2.17)
(U, + divQy, i, — Up,) >0, Vi, €Ky (2.17g)

In the rest of the paper, we shall use some intermediate variables. For any control function
Uy, € K3, we first define the state solution (p(Uy), y(Uy),q(Uy), 2(Uy)) satisfies

(A7, (U, v) + (divp(Uy) + B - Vy(Up) + cy(Uy), divv)

=(f + Uy, divv), VveV,teld, (2.18a)
p(Up)(x,0) = —AV y,(x), Vxeq, (2.18b)
(Vy(Uy), Vw) = — (A7'p(Up), Vw) VweW,teld, (2.18¢)
— (A7'q.(Uy), v) + (divq(Uy,), divw)

= (P(U) —pa —A'V2(Uy),v), VveV,teld, (2.18d)
q(Up)(x,T) =0, Vxeq, (2.18e)
(Vz(Up), Vw)

=—(divq(Up), B - Vw) + (¥(Uy) — y4 — cdivg(Uy),w), VweW, tel. (2.18f)

In the rest of the paper, we shall use some intermediate variables. For any control function
it € K, we define the discrete state solution (py,(ii), y,(i),qn(i), 2,(i1)) associated with i
which satisfies

(A d,pp(@),vy,) + (divp(@) + B - Vyj (@) + cyfi (@), divwy,)

=(f"+a", divvy), Vv,eV, (2.19a)
p()(x) = p(x,0), Vxe,  (2.19b)
(Vyp(@), Vwy) = — (A" pp(id), Vwy) » Vw, €W, (2.190)
— (A7 d,qj(@0), v4) + (divgy " (iD), divwy)

=— (A7'VE (@), vy) + (PR(E) — P, Vi), Vv,eV, (2.19d)
gy (@)(x) =0, Vxe,  (2.19%)

(Vz}'ll_l(ﬂ), th)
=— (divq,’ll_l(ﬂ),ﬁ -th) + (y,f(ﬁ) - yi— cdivq}':_l(ﬂ), Wh) , YwpeW, (2.19)
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3. A priori error estimates

In this section, we will derive a priori error estimates for the optimal control problems.

Lemma 3.1. Let (p, y,q,2) be the solution of (2.6a)-(2.6g) and (pZ(u),y}’:(u),qZ_l(u),
2" 1(u)) be the solution (2.19a)-(2.19f) with it = u respectively. Assume that y,,(y,), €

L}E(LZ)) J’,Z € LOO(HZ):P:Q € Loo((HZ)Z))thqt € LZ((Hl)Z)J ptt)qtti (pd)t € LZ((LZ)Z):then
we have

V(= ya@)lllze2) + 1P = Pa(lllpz2)

+ [[ldiv(p — pr(u)lll212) = €1 (h+ At), (3.1a)
V(2 = 2p (@)l L222) + 111g = gu(ll]o=z2)
+ [[ldiv(g — gn()lll1212) < Ga(h+ At), (3.1b)

where

6=C (”ptl|L2(H1): |y oo a2y, 1PNl ooy P12 g2y ||ptt”L°°(L2)) )
¢, =C (”Ptt”LZ(LZ), NG eellzcezys 1yelliacr2y 1Qradellpzcezys 1P el pagenys 1@ adell 22y
g el 2y, 1 ooy, 1P pooqerys 12 ey, g poogerny 1P 2oy a2y

are independent of h and At.

Proof. Let

e} =Mpp" —pp(w), €3 =Rpy"—y (), py=p"—Twp", p3=y"—R",
eg =I,q" — q}':(u), eZ =Ryz" — z,’;(u), pg =q" - q", pZ =2z" —Rpz"
for n=0,1,---,N.

From (2.6a)-(2.6f) and (2.19a)-(2.19f), by (2.10a) and (2.11a), we have the following
error equations:

(A7'd.el, vy) + (divell, divwy,)

=(el,ve) — (A7'dp],vi) — (B - V(e} + p3) +c(eh + p3), divwy), (3.2a)
(Vel, Vwy) = —(A e, Vwy) — (A pll, Vwy), (3.2b)
— (A_ldteg,vh) + (diveg_l, divvy)

=(ef v+ A d el v) — (AT T + o), )

+(p] +e] —8p" +6p,vh), (3.2¢0)
(Vez_l, Vwy,) = —(div(eg_1 + pg_l),ﬁ -Vwy) — (c(diveg_1 + divpg_l),wh)
+(p5+es =8y "+ 56y, wp) (3.2d)

for anyv, €V, and wy € Wy, n=1,--- ,N, and where

el=A"'dp"-p"), eil=A"'q"'-dq"), n=1,---,N. (3.3)
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By standard backward difference error analysis, we have

||€n||2<CAt||ptt”L2(t lt LZ(Q))J ”63 1||2<CAt”qtt”L2(t lt LZ(Q))' (3-4)
Choosing v, = e] in (3.2a) and using
1 1 -1 n2 -1 n-1)2
(a7 el e) = o (a2l = Jazel ),
we have
HA — ‘A_%e”_l : + ||dive™ ||
2At ! !
<(ef,e) = (A7'd,pT,e}) — (B - V(es + p3) +cles + pj), divel). (3.5)

Multiplying both sides of (3.5) by 2At and summing it over n from 1 to M (1 <M < N),
using Cauchy inequality, (3.4), (2.10b), (2.11b), Poincare’ inequality and e(l’ =0, we find
that

HA—zeQV’ +2Z Idive} [P At <CRIIYIRs g+ CH2IP N2 g + CCAL Pl
+ CZAt (lle 1> +11vesl*) - (3.6)
n=1

Setting wy, = e in (3.2b), using Cauchy inequality and (2.11b), we have
IVesll < Chllp"[l1 + Clle7l. (3.7)

Substituting (3.7) into (3.6), applying the discrete Gronwall’s lemma to the resulting in-
equality, and using the assumption on A, we find that

lexl2ye, + lldiver Il 2,
<Ch? (IIpI2, 0, + 1P el Zagypy ) + CCADIP el (3.8)

Then we estimate (3.2c) and (3.2d). For sufficiently smooth y, y,, p and p4, we arrive at

(6p",vi) < CAD2IIP Iz, e ez Vil (3.92)
(6p%vi) < CAD 1P llize, e sz2ay Vil (3.9b)
(6y™ wi) < CLADZ yllze, ez lwall (3.90)
(By2wy) < CAD Nz, ez lwall (3.9d)

Selecting v;, = eg_l in (3.2c) and wy, = eg_l in (3.2d), similar to (3.7) and (3.8), us-
ing (2.10b), (2.11b)-(2.11c¢), (3.4), (3.9a)-(3.9d), Cauchy inequality, Poincare’s inequality,
discrete Gronwall’s lemma and e’3V = 0, we conclude that
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eIy + 19l 2oy + lldivesll2, o
scmr)Z(nqanfzuzﬁ D elagey+ Y, ||vt||§2(m).
V=Y,Yd V=DP,Pd
+ G2 (131222 + 19y + 1210 ey + 1122 ) + P12 )

1lleallZaggz, + 11Ve 1252 (3.10)

Combining (2.10b), (2.11b)-(2.11c), (3.7)-(3.8), (3.10), and the triangle inequality, we
complete the proof of lemma. O

Using the stability analysis as in Lemma 3.1, we have

Lemma 3.2. Let (p}’:,y,’:,q,’;‘_l,z}’;_l) and (p,’;(u),y}’l‘(u),q}’:_l(u),z,f_l(u)) be the discrete
solutions of (2.19a)-(2.19f) with 4" = ui’ll and 1" = u", respectively. We have

11V = Yr @ w2 + 11pn = PRI w12y < Cllle = wyll12.2), (3.11a)
119 (i — 22022y + 11an = @n(l a2y < Clllu = uplll 22y, (3.11b)
1div(pn — PRI 202 + 11div(gh — qaC)ll 202y < Clllu— willl g2y (3.110)

Next, we derive the following inequality.

Lemma 3.3. Let u be the solution of (2.6a)-(2.6g) and u}’: be the solution of (2.15a)-(2.15g),
respectively. We have

N

D " —uf, divei DAL > 0. (3.12)
n=1
Proof. Let
r{l:p}r:(u)_p}r:’ rél:y}rll(u)_.y}rll, Tl:O,l,"',N, (3133)
rs =q,(w)—qy, 1=z -z, n=01,---,N. (3.13b)

From (2.19a)-(2.19f), we have

(A7l ] vy) + (dive + B - Vil + ey, divwy) = (W' —uf, divw,), Vv, €V, (3.14a)

r%(x)=0, VxeQ, (3.14b)
(Vri, Vwy) = = (A, Vwy), Y w, €Wy, (3.14¢)
— (A7, r,vy) + (divey t divey) = — (AR L v) + (71 vn), Y v eV, (3.14d)
rév(x) =0, VxeQ, (3.14e)
(Vri= L, vwy,) = = (divry ™, B - Vwy) + () —cdivry !, wy,), Y wyp €Wy, (3.140)

Choosing v, = ré‘_l in (3.14a), wy, = rZ‘l in (3.14c¢), v, = r{ in (3.14d) and w, = rJ in
(3.14f), respectively. Then multiplying the four resulting equations by At and summing it
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over n from 1 to N, we can find that

N
D =, divel A = [l 1y o) + Il 1252, (3.15)
n=1
which yields to (3.12). O

Now, the main result of this section is given in the following theorem.

Theorem 3.1. Let (p,y,q,%,u) and (p,’;,y,'ll,q;l‘_l,z”_l,u}’:) be the solution of (2.6a)-(2.6g)
and the solution of (2.15a)-(2.15g), respectively. Assume that all the conditions in Lemma
3.1 are valid and divq, € L?(L?). Then we have

1t — w1212 < G3(h + At), (3.162)
V(Y = yllleoe2y + 111 = Pallleoz2y + 11div(p — pudlll 22y < 63(h+ At),  (3.16b)
11V = 20l 22y + 1@ — qnlll L2y + [11diV(G — gp)lll 22y < G3(h+ At), (3.16¢)

where 63 = C(6,, ||divg,||;2(;2)) is independent of h and At.
Proof. 1t follows from (2.6g) , (2.12) and (2.15g) that

N
=gl = D " —uf,u" —uf)At
n=1
N N
= (u"+divg", u" —u)At+ Y (divg" ! —q"), u" —ul) At
n=1 n=1
N N
+ Z (div(qz_l(u) —q" 1), u" - u}’:) At + Z (div(qz_1 —q} (W), u" - u}’:) At
n=1 n=1

N N
- Z (uf + divg} ', u" — Puu") At — Z (uf + divg) ™!, Ppu™ — ul) At

n=1 n=1
N N
< Z (div(q”_1 —q"),u" - u,’;) At + Z (div(q}’:_l(u) —q" ), u" - u,’;) At
n=1 n=1
N 3
+ > (div(g ™ — g W), u" —uf) At =: Y I, (3.17)
n=1 i=1
Using Cauchy inequality and Lemma 3.3, we see that
Iy < CCAOdivg, 2, g2, + = llu— I (3.182)
1= vq ¢ L2(L2) 3 u—1up L2(L2)’ -loa
. 1
IZ =< C|||d1V(q - qh(u))”l%Z(LZ) + §|||u - uh”l%Z(LZ), (318b)
13 = _|||P _Ph(u)|||%z(Lz) - |||)’ _.yh(u)”l%Z(LZ) <0. (318C)

Then, (3.16a) can be proved by (3.17)-(3.18¢c) and Lemma 3.1. Combining Lemmas 3.1-
3.2, (3.16a) with the triangle inequality, we complete the proof of theorem. O



Fully discrete H'-Galerkin Mixed FEMs for Optimal Control Problems 145

4. A posteriori error estimates

In this section, we shall consider a posteriori error estimates for H'-Galerkin mixed
finite element approximation to parabolic optimal control problems.

Let (p,y,q,%,u) and (Py, Yy, Qn, Zy, Uy,) be the solutions of (2.6a)-(2.6g) and (2.17a)-
(2.17g), respectively. We decompose the errors as follows:

P—Py=p—pUp)+p(Up) = Py :=1p +&p,
Yy=-Y=y—-yWU)+yUp)—Y,:=r,+&,,
q4—Qy=9—q(Uy) +q(Up) —Qp:=rq+ &g,
z2—Zp=2—2(Uy)+2(Uy) —Z, =1, +&,.

Now, we are in the position to estimate the error between (y(Uy,), p(Uy),2(Ur),q(Uy), Uy)
and (Yy, P, Zn, Qn, Up).

Lemma 4.1. Let (Y3, Py, Zy,Qn, Uy) and (y(Uy),p(Us),2(Uy),q(Uy), Uy) be the solutions of
(2.17a)-(2.17g) and (2.18a)-(2.18f), respectively. Then we have

3
IV(y(Un) = Yidllpor2y + 1IP(Un) = Prllpoo(r2y + [[div(p(Us) — Pl 22y < C Z n;, (4.1)
i=1
where

. _ _ 2
= max Z B2\ div(A™" Py + VY)I2, . + max Z fhl [P+ VY n]”,
= led g, J1

N t
=3[ (5 (n ol s
i=1Jti

TET,
+ﬁ ' VYh + CYAvh _f - Uh”%Z(T))) )
7)% = ”f - f”%Z(LZ) + ”dlv(Ph - Ph)HEZ(LZ) + ”v(Yh - Yh)”%Z(LZ) + ”AvyO - Hh(AvyO)HZ:

where 1 is an edge of an element 7, [(A"'P, + VY;) -n] ; 1s the normal derivative jumps over
the interior edge 1, defined by

[(A'P,+ VY,)-n]; = [(A_lph + V)l — (AP + VYR) |¢12] ‘m,

where n is the unit normal vector on | = Tll N le outwards Tll, h; is the maximum diameter
of the edge L.

Proof. First, let y,? be the solution of the following equation

(Vy?, Vwp) =—(A7'pY, Vwy), VY w,eW,
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this together with (2.15c) yields to
(VY,, Vwy) = —(A71P, Vwy), Y w, €W,. (4.2)
It follows from (2.17c¢), (2.18c), Green’s formula and Cauchy inequality that
IVE, 1> = (VE,, Vy(Up)) + (A71E,, VT})

=~ (A7'p(UW), Vy(UL) = (VYV}, Vy(Up) + (A~ p(Up), VY3) = (A7' Py, V)

=— (AT, VE,)) — (AP, + VY, VE)

= (A_lgp: v&y) - (A_lph + VY, v(gy - ﬁhgy))

= (A_lgp, v&y) - Z f diV(A_lph + VYh)(gy - ﬁ:hgy)

T

TET,

+ Y | [P+ YY) - n](E, — 74E,)
€0 g, V1

<Clg,lI*+C > n? J (div(A™'P, + V)
T

TET,

1
+C Y. hzf[(A‘1Ph+VYh)-n]2+Ellvayn% (4.3)
led g, l

where we have also used the properties of the local averaging interpolation operator 7y,
please see [30] for detail.
Using (2.17a) and (2.18a), we find that

(A—lgpt,gp) + (divE,, divey)

—(AE,, P(UL) + (divE,, divp(Uy)) + ( F— f+div(P, — B,
+B-V(y(U) —Ti) +c(y(Uy) — T, divF, )

=(f + Uy = B - Vy(Up) = cy(Uy), divp(Up)) = (A" Py, p(Uy)) — (divPy, divp(Uy,))
+ (f = f +div(P, — B) + B - V(y(Uy) — ¥) + c(y(Uy) — 1), divPy)

=— (AP, p(U)) — (divBy, + B - VT, + ¥y — f — Uy, divp(Uy))
—(f = f +div(P, — B)) + B - V(y(Up) — ¥) + c(y(Uy) — V1), divE,)

=— (A"Py + VY, &p) — (f = f +div(P, — B+ B - V(Y — V), divE )
— (Y +divP, + B - VYV, + c¥y — f — Uy, divE,)

— (B-VE, +c(Yy— V) + &, dive,). 4.4)
Now, integrating (4.4) from O to t, using Cauchy inequality, the following equality
(VYhtJ gp) = _(Yhtz divép)) (45)

Poincare’s inequality, (4.3), and Gronwall’s lemma, we complete the proof of lemma. [
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Lemma 4.2. Let (Y}, Py, Zy,Qn, Uy) and (y(Uy),p(U),2(Uy),q(Uy), Uy) be the solutions of
(2.17a)-(2.17g) and (2.18a)-(2.18f), respectively. Then we have

IV (2(Ur) = Zill 22y + 11g(UR) = Qnlloz2) + ldiv(@(Un) — Qu)ll 212

8
<C Y 0+ V(W) = Wlli2az) + IP(UR) — Plli2r2), (4.6)
i=4
where
N rt 5
=Y DR |div(VZy+Bdiv@y) + ¥, — 7g — cdivQy| sy
i=1Jti 7€,
N ('ti )
=, ) > f hy [(VZ),+ BdivQy)-n]”,
i=1Jti11eag, J1
N ('ti
2= 3 (A7 Qu + Py = By — ATV 2+ T, + W — divdy ) )

i=1Jti1 1€,
n; = ”yd - yd”iZ(LZ) + ”le(Qh - Qh)”iZ(LZ) + ”v(Zh - Zh)”%z(Lz):
0% = 1Py = Pulaay + 1P = BallZa g
where Wj, € L>(W},) can be obtained by
(VWh, th) = - (A_lth +Ph _pd —A_lvzh, th) N A Wp S Wh'
Proof. Similar to (4.3)-(4.4), we have
IVEN? = (VE,, Va(U)) + (V(Zh — 21), VZ) + (y(Up) = Y+ Fa — Ya
+cdiv(Qy —q(Up)), Zy) — (divig(Uy) = Qu), B - VZ1)
= — (divq(Up), B - Vz(Up)) + (y(Uy) — yq — cdivq(Uy),2(Uy)) — (VZ, V2(Uy))
+ (V(Zh = 24),VZ4) + (y(Un) = Y+ 34 — yq + cdiv(Qy — q(UL)), Z1)
— (div(q(Up) — Qn). B - VZ4)
= — (V2 + BdivQy, V(E, — pE,)) + (T — g — cdivQy, &, — 14,
— (V(21= 21), VE,) + (&) + Yy = Y+ Ja — ya — cdivg + cdiv(Q, — Qp), €, )
— (divg, + div(Qy — Qn). B - VE,)
<C Z h? f (diV(VZh + BdivQ) + ¥y — 74 — cdinh)2
T

TET,

. = 2 ~ .
+C > by | [(VZ,+BdivQy) 0] +ClIV(Z, — Z)IP + € (1€, 112 + 11V, — FlI?
led T, l

: : « 1
+7a = yall* + ldivEg[*) + Clldiv(Qy — QI + EIIVEZIIZ, (4.7a)
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— (A8, &) + (divEy, divEy)
= (A7 Que + By = Pa — ATV I+ VW, Eg) + (W — divQy,, divEy)
+(div(Qy — Q). divEg) + (A7 V(Zy — 21), &)
+(Py—Py+cE, +Pg—pa+Ep+ATIVE, . (4.7b)
Now, integrating (4.7b) from t to T, using Cauchy inequality, Poincare’s inequality, Gron-
wall’ lemma, (4.7a) and £g(x, T) = 0, we complete the proof of lemma. O

From (2.6a)-(2.6g) and (2.18a)-(2.18f), we derive the error equations:

(A‘lrpt,v) + (divr, + B - Vr, +cry,divw) = (u— Uy, divw), VveV,telJ, (4.8a)

rp(x,0)=0, Vxeq, (4.8b)
(Vry, Vw)=—(A""r,, VW), VweWw, teld, (4.8¢)
— (AT rge,v) + (divrg, divw) = (A7 Vr,,v) + (rp,¥), VveV,ted, (4.8d)
rqe(x,T) =0, Vxen, (4.8¢)
(Vr,, Vw) = —(divrg, B - Vw) + (), — cdivrg, w), YVweW,telJ. (4.8f)

Using the stability analysis as in Lemmas 4.1-4.2, we have

Lemma 4.3. Let (y,p,2,q) and (y(Uy), p(Uy),2(Uy),q(Uy)) be the solutions of (2.6a)-(2.6g)
and (2.18a)-(2.18f), respectively. Then we have

IV(y = y(Udllge2y + 1P — P(URI o2y < Cllu = Upll2z2y, (4.92)
IV(z = 2(Up)l 212 + 11g = QU o2y < Cllu = Upll 212y, (4.9b)
ldiv(p — (Ul 2z2y + ldiv(q — qCULI 212y < Cllu — Upll 22y (4.9¢0)

In order to the following analysis, we divide the domain € into three parts:

Q_ = {x €Q:divQ,(x) <0},
Qo = {x €Q:divQ,(x) > 0, Uy(x) =0},
Q. = {x € Q:divQ,(x) > 0, Uy(x) > 0}.
It is easy to see that the partition of the above three subsets is dependent on t. For all ¢,

the three subsets are not intersected each other, and Q =Q_UQy U Q,.
Firstly, let us derive the a posteriori error estimates for the control u.

Lemma 4.4. Let (y,p,2,q,u) and (Yy, Py, Zy,Qy, Uy) be the solutions of (2.6a)-(2.6g) and
(2.17a)-(2.17g), respectively. Then we have

[ = Unll22) < Co + 1div(Qn — q(U12(12), (4.10)

where 1g = ||Uy + divQy |l 127:12(0_u0.,))-
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Proof. It follows from (2.6g) that
T
[ = UpllF o2y = f (u—Up,u—Uy)dt
T ’ T
:f (u+divg,u — Uy)dt + f (Uy + divQy, Uy, —u)dt
’ T ’ T
+f (div(Q, —q(Uy)),u—Uy) dt +f (div(q(Uy) — q),u—U,) dt
0 0
T

T
SJ (Uh + diVQh, Uh - U)dt +f (le(Qh —q(Uh)),u - Uh) dt
0 0

T
+ f (div(q(Uy) — @), u—Uy) dt
0
=ZIl +Iz+13 (411)

We first estimate I;. Note that
T
Il = f (Uh + diVQh, Uh - U)dt
0

T T
=J J (U, + divQ,) (U, — u)dxdt + f J (U, + divQ,) (U, —u)dxdt. (4.12)
0 Ja_un, 0 JQ

It follows from Cauchy inequality that

T
J f (Uy + divQ)(U, — u)dxdt
0 Ja_ua,

< divQy||? ~llu = Uy|?
=CllUn+ vah”LZ(J;LZ(Q_UQ+)) *3 l Uh”Lz(JiLZ(Q—UQQ)
2 1 2
=C'f)0 + g”u - Uh”LZ(LZ)' (413)

Furthermore, we have that
U, +divQ, > divQ, >0, U,—-u=0-u<0 on£,.
It yields that
T
f f (U, + divQ,)(Uy, — u)dxdt < 0. (4.14)
0 Jag
Then (4.12)-(4.14) imply that

1
Iy < O+ 3 llu = UplZz ) (4.15)
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Moreover, using Cauchy inequality, it is clear that

T
I, = f (div(Qy — q(Up)),u — Up)dt
0

- 1
< Clldiv( @ = QU2 + 5 I = Uil (4.16)

Now we turn to I5. Integrating (4.8a), (4.8¢)-(4.8d) and (4.8f) from 0 to T, using (4.8b)
and (4.8e), we have

T
Iy = J ((J’(Uh) -,y —y(U))+ (p(Uy) —p,p —P(Uh)))dt <0 4.17)
0

Thus, we obtain from (4.13) and (4.15)-(4.17) that
l[u = UpllZ22) < Cmg + 11div(Qn — (U 25 (4.18)

which completes the proof. O

Collecting Lemmas 4.1-4.4 and the triangle inequality, we can derive the following
main result.

Theorem 4.1. Let (p,y,q,z,u) and (Py, Yy, Qn, Zy, Uy) be the solutions of (2.6a)-(2.6g) and
(2.17a)-(2.17g), respectively. Then we have

lu = Unllp2r2y + IV = Ydllpooz2y + 1P — Phll o2y + Idiv(p — Pp)ll 22

8
+IV (= Zlloey + 11g — Qullimzy + I1div(g — Qullizuey SC Y iy (4.19)
i=0

where 1) is defined in Lemma 4.4, 11-13 are defined in Lemma 4.1, and 14-1g are defined in
Lemma 4.2.

5. Numerical experiments

In this section, we present below an example to illustrate the theoretical results on a
priori error estimates. The discretization was already described in previous sections: the
control function u was discretized by piecewise constant functions, whereas the state (y,p)
and the co-state (z,q) were approximated by the lowest order Raviart-Thomas mixed finite
element functions and standard piecewise linear finite element functions. In the following
example, we choose the domain Q = [0,1] x [0,1], 8=(1,1), T=1,c=1andAisa
unit matrix.



Fully discrete H'-Galerkin Mixed FEMs for Optimal Control Problems 151

Table 1: The numerical error for control variable and state variables on uniform mesh.

h=At 1/4 1/8 1/16 1/32
M —willl22) | 3.0597e-01 | 1.7542e-01 | 8.1834e-02 | 3.5567e-02
VG — ylllzezz) | 6.7731 2.9599 1.3987 | 6.8820e-01
1P — Palllze2y 5.7357 2.7834 1.3750 | 6.8524e-01
VG =22 | 10.1826 5.5310 2.8289 1.4266
llg —qulllz~2, | 2.0087e-01 | 1.0718 | 5.4695e-02 | 2.7921e-03

Table 2: Convergence orders of the numerical error for control variable and state variables.

h=At 1/4| 1/8 | 1/16 | 1/32
e = uplll22) ~ [0.7990 | 1.0976 | 1.2016
VG = yllliezzy | - | 1.1980 | 1.0840 | 1.0214
1P = Palllie2y -~ | 1.0426 | 1.0143 | 1.0071
V(& —2)lll~z2) | - | 0.8797 | 0.9708 | 0.9855
I1lq — qalllzoz2) - [ 0.9030 | 0.9708 | 0.9708

Example 5.1. The data under testing are as follows:

y = e'sin(27x;) sin(27x,),
2me’ cos(2mx;) sin(27mx,)
P=- (Zﬂet sin(2nx1)cos(27rx2)) ’
sin(7tt) cos(mx;) sin(7wx,)
- ( sin(7tt) sin(nxl)cos(nxz)) ’
z=divq, u=max{0,—diq}.

The source function f and the desired states y; and p, can be determined using the above
functions. In Table 1, the error

u—uplllz2zzy, MV = ylll 2y,
llp = Palllez2y, V(= 2l e(r2)
I1g = qnlllzooz2)
obtained on a sequence of uniformly refined meshes are shown. The convergence orders

of these errors can be found in Table 2. These results are consistent with the prediction of
Theorem 3.1.

6. Conclusions

In this paper, we discussed fully discrete H'-Galerkin mixed finite element methods for
linear parabolic optimal control problem (1.1a)-(1.1e), we used backward Euler method
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(6-method with 6 = 1) for time discretization. In the coming papers, we shall use Crank-
Nicolson method (6-method with 6 = %) and discontinuous Galerkin method with piece-
wise polynomials for time discretization, we can refer to [1,24,25] to construct the cor-
responding numerical schemes. Furthermore, we shall consider a priori and a posteriori
error estimates of H'-Galerkin mixed finite element methods for optimal control problems
governed by hyperbolic equations and parabolic integro-differential equations.
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