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Abstract. This paper is concerned with numerical computations of a class of biologi-
cal models on unbounded spatial domains. To overcome the unboundedness of spatial
domain, we first construct efficient local absorbing boundary conditions (LABCs) to re-
formulate the Cauchy problem into an initial-boundary value (IBV) problem. After that,
we construct a linearized finite difference scheme for the reduced IVB problem, and
provide the corresponding error estimates and stability analysis. The delay-dependent
dynamical properties on the Nicholson’s blowflies equation and the Mackey-Glass equa-
tion are numerically investigated. Finally, numerical examples are given to demonstrate
the efficiency of our LABCs and theoretical results of the numerical scheme.
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1. Introduction

We consider the numerical computation of model equations with delay term on the
unbounded spatial domain given as

Uy = Uy —du+ f(u(x,t —7)), xR, t€(0,T], (1.1)
where the initial value is supposed to be compactly supported
u(x:v t) = uO(x) t): (X, t) eR X [_T)O]'
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Model (1.1) was first proposed to demonstrate the distribution of the Australian blowflies,
where u(x, t) represents the mature population of the blowflies, d > 0 denotes the death
rate of the mature population, the delay term 7 represents the time required for a newborn
to become matured, the diffusion is used to describe the spatial movement of substances
from high to low concentration, and f (u) is the birth-rate function. Two typical birth-rate
functions are given as

f(u) =pue™™, (1.2a)
pu
fw= 112 (1.2b)

where p is the impact of the birth on the immature population. Model (1.1) with the birth-
rate function (1.2a) is usually called Nicholson’s blowflies equation, and with the function
(1.2b) called the Mackey-Glass equation. It is remarkable that this kind of delay equations
(1.1) are also considered as models in many other applied scientific fields. One can refer
to [1,3,31] for details.

PDEs with delay have been extensively studied. Most results in the literature indicate
that a delay term has an important impact on the dynamic properties of a system such as
stability, dissipativity, chaos etc. For example, Lin et al. [19] showed that the traveling wave
changes with the delay term by using the weighted energy method. Huang and Vandewalle
[9] studied the delay-dependent stability of continuous and discrete systems. Strogatz [25]
considered the nonlinear dynamic behaviors which is related to the delay term. Zou et
al. [45] studied the relation between the delay term and oscillatory behaviors in diffusively
coupled dynamical networks. Generally, the investigation on delay-dependent dynamic
properties of a system is believed to be one of the most challengeable work. One important
reason is that the exact solutions of these PDEs with delay are difficult to obtain.

For the bounded domain case, there are many studies on the numerical simulation
of linear and nonlinear PDEs with delay. Jackiewicz and Zubik-Kowal [11] investigated
Chebyshev spectral collocation and waveform relaxation methods. Sun [27] applied the
linearized compact difference scheme. Zhang and Zhang [38] solved the parabolic prob-
lems with delay by combining the compact finite difference method with different time
discretization (see also [15,18,37,39]). Li and Zhang [16,17] introduced the discontinu-
ous Galerkin methods. Zhang and Xiao [37] proposed the implicit-explicit finite difference
methods.

For the unbounded domain case, although the theory of problem (1.1) has been well
studied (see [5,19,23]), the numerical analysis for the problem (1.1) has so far received
little attention because the unboundedness of the definition domain usually presents a
great numerical difficulty. To deal with the unboundedness, one of the powerful tools is
to employ artificial boundary methods (ABMs), see the monograph by [8]. The main idea
of ABMs is to limit a bounded computational domain of interest by introducing artificial
boundary, then impose suitable absorbing boundary conditions (ABCs) on the artificial
boundaries, and finally reformulate the unbounded problem into a bounded problem. As
repeatedly shown by different authors both theoretically and experimentally, the overall
accuracy and performance of numerical schemes strongly depend on the choice of ABCs
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(see papers, [4,6,7,29,42]). Up to now, there has been some new progress on designing
suitable ABCs for nonlinear time-dependent problems, such as the linearized or reduced
method ( [2,12,13,32,35]), the perfectly matched layer method ( [22,28,34]), the inverse
scattering method ( [43,44]) and the unified approach [20,40,41]. The other widely used
method to deal with the unboundedness is to numerically solve the problem in a sufficiently
large domain (see, [5,19,23]).

In this paper, we consider the derivation of appropriate nonlinear ABCs for problem
(1.1). First, the original problem (1.1) is transformed to a special reaction-diffusion equa-
tion with two different terms. After that, the ABCs are obtained by using the unified
approach. Thanks to these ABCs, the problem (1.1) is reduced to an initial-boundary-
value (IBV) problem. After that, we construct a linearized finite difference method for the
reduced IBV problem, and give the corresponding stability analysis and error estimate of
the numerical scheme. Numerical examples on the Nicholson’s blowflies equation and the
Mackey-Glass equation are presented to verify the efficiency of the ABCs and theoretical
results of our numerical scheme. We also numerically report that the delay term plays
an important role on numerical solutions of the models. As we will see from numerical
results, the solutions of Eq. (1.1) behave like a monotone traveling wave when the time
delay is small; and the numerical solutions are demonstrated to be chaotically oscillatory
when the time delay becomes bigger. These numerical results further demonstrate some of
the theoretical findings or conjectures in the references [5,19,23].

The outline of this paper is as follows. In Section 2, we focus on the construction of
LABCs. In Section 3, we construct a linearized finite difference scheme for the reduced
problem, and establish the stability and convergence of the numerical scheme. In Sec-
tion 4, numerical examples are given to verify the effectiveness of the theoretical results.
Conclusions and discussions are summarized in Section 5.

2. Construction of nonlinear absorbing boundary conditions

To derive the efficient ABCs for (1.1), we first recall the general principle of unified
approach proposed in [40,41] for the study of the nonlinear Schrodinger equations.

We select two artificial boundaries I' = {x|x = x;, x,.} such that the initial value u is
compactly supported in the bounded computational domain Q; := {x|x; < x < x,}. The
unbounded exterior domain is defined by Q, = Q_ UQ, with Q_ := {x|—00 < x <
x1}, and Q, = {x|x, < x < +o0}.

2.1. Unified approach: general principle

The philosophy of unified approach is given for general equation as follows. Taking
v =ue’, Eq. (1.1) on the exterior domain £, can be equivalently written into

v =v., +edlg(v(x,t — 1)), te(0,T]. (2.1)
We further rewrite (2.1) in the operator form as

Vi=Zv+ AN, (2.2)
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where ¢ and A& respectively denote the linear differential operator and the nonlinear
operator by
Lv=v,, Nv=ellgW(x,t—1)). (2.3)

In analogy to the widely used Strang splitting [24],
V(x, t 4+ At) s eZ B2 N ALELAL2), (5 1)
and the first-order approximation (see Baker-Campbell-Hausdroff theorem, [14])
v(x,t + At) ~ eZ AN Ay (x) 1),
in a small time interval from t to t + At with At > 0, we use the approximation as
v(x,t + At) ~ eI (x 1), (2.4)

We first find one-way operator £™ to approximate £ by making the wave outgoing. After
that, we replace £ by £ in (2.4), then take the limit At — 0 of the resulting, finally
arrive at the one-way equation

Ve =My 4+ Ny, (2.5)

The one-way equation (2.5) will be taken as our nonlinear ABCs at artificial boundaries.

Comparing with the well-known time-splitting method (or split-step method), the above
procedure is called unified approach. In unified approach, how to obtain a good approxi-
mation %™ plays an important role. The derivation of the one-way approximate operator
£ is considered as follows.

2.2. Nonlinear absorbing boundary conditions
To obtain 2™, we now consider the heat problem on the exterior domain €2,, namely,
Vi— Ve =0, x€€,

v(x,0)=0, xeQ,, (2.6)
v—0, as |x|— oo.

Applying Laplace transformation to (2.6) with respect to t, we arrive at
s — 7., =0. 2.7)
Eq. (2.7) is homogeneous and has the general solution in the form
7(x,s) = Ay (s)e™ V™ + Ay(s)eV™, (2.8)

where the coefficients A;(s) and A,(s) are arbitrary analytic functions. Using boundary
conditions v(x,s) — 0 when |x| — oo in problem (2.6), and taking derivative with respect
to x for (2.8), we arrive at

ov

— + /s =0. (2.9)

dx
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The plus sign in “ £ ” corresponds to the right boundary, and the minus sign corresponds
to the left one. In formula (2.9), we use the Padé approximation to expand the irrational
function /s (see [33])

X by (1 _5/50)
—1—a (1-s/s0) ’

Vs~ /50— V5o (2.10)

where the parameter s, is the Padé expansion point, and

9 km 2 5 km
a; = cos , b= sin , k=1,2,---,N.
2N +1 2N +1 2N +1

The higher-order local ABCs and the stability analysis of the resulting boundary conditions
are discussed in [33]. Now we consider a simple case N = 1, namely,

3sgVy + sV, £504/50V £ 354/59V = 0. (2.11)
Applying the inverse Laplace transformation, we have
3sgVy + Vier £Sg4/SoV £ 34/59v, =0. (2.12)

We can rewrite (2.12) in form of (9, £ 3,/5¢)3,v = —(3500, £ 50+/50)v, which implies that
the linear operator ¢ can be approximated by one-directional operators

L~ 2B = (8, £35) " (3500x £504/5) - (2.13)

Substituting (2.13) into the one-way equation (2.5) with simple calculation, we have the
third-order nonlinear local ABCs

:t3\/'%vt + 35va + Vxt :l:SO \/%V = (ax + 3\/%) edtg(v(x: t— T)) (2-14)

dt

Using the definition v = ue®’, we can rewrite (2.14) as

:l:B\/%(ut + du) + 350ux + Ut + dux :l:SO \/%u = (ax = 3\/%) f(u(x: t— T)) (2-15)

Thus, the problem (1.1) on the real line is reduced to an IBV problem on a bounded
computational domain, given by

Uy = Uy —du+ f(ulx, t — 1)), (x,t) € (x,x,) x RT, (2.16a)
u(x,t) =up(x, t), (x,t) € [x7,x,] x [—7,0], (2.16Db)
Uy — 34/SouH(Bsotd u,—+/50(3d+sJu=(0,—3+/50)f (u(x, t—7)), x=x;, (2.16¢)
Uyp + 35Ut (BsotdIu, +/50(3d+sg u= (0, +3+/50) f (u(x, t—17)), x=x,. (2.16d)

We remark that the parameter s is a given positive constant and its choice is not sensitive
to the effectiveness of LABCs in this paper. For more discussions, one refers to [36].
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3. The fully discrete finite difference method

In this section, we construct a linearized finite difference scheme for the reduced prob-
lem (2.16a)-(2.16d), and give the corresponding stability and convergence analysis.

3.1. Construction of a finite difference scheme

Noting that there exist mixed derivatives in the ABCs (2.16c¢) and (2.16d), it is gener-
ally hard to establish their stability analysis. To overcome this difficulty, we introduce two
auxiliary variables ¢(t) = u,(x;,t) — 3/Sou(x;, t), and Y (t) = u,(x,,t) + 3 /soulx,, t).
Thus, the reduced problem (2.16a)-(2.16d) can be equivalently rewritten as

Uy = Uy, —du+ f(u(x,t — 1)), xe(x,x.), 0<t<T, (3.1a)
u, = ¢(t)+3/50u, x=x;, 0<t<T, (3.1b)
¢ = (0,=34/50)f (u(x, t—7)) — (3sg+d)p —8sg/Sou, x=x;, 0<t<T, (3.10)
u, =Y (t) — 3/s0u, x=x, 0<t<T, (3.1d)
Y = (0 +350)f (ulx,t—7)) — (3sg + d)p +8sg/Sou, x=x,, 0<t<T, (3.1e)
u(x,t) =up(x,t), t<0, x€Q,. (3.1)

Next, we construct the finite difference scheme for the reduced problem (3.1a)—(3.1f).

Let k =71/N_; and h = (x, — x;)/M be the temporal and spatial step sizes, respectively,
where N and M are given positive integers. Denote t, =nk (0 <n<N),x; =jh(0<j <
M), @y ={xjlx;=x;+jh,0<j<M}and Q. ={t,|—T=t_y <t_y 41 <--<ty=T}
(Without loss of generality, here we assume that there exists a constant N such that T =
Nk). Let Vv = {v}lIO <j<M,0<n <N} be grid function space defined on Q;, x Q.. For
any grid function v € ¥, we will use the following notations

n n
yt—yn 6xvi+1 _5xvi—l

5 Vn _ i i—1 52Vn: 2 2

x i—% h 5 x Vi h 5

n+1 n n n+1

5 n-‘r% _ Vl' Vl' n+2 _ Vl' +Vi

tVi - > v -

k 2

Besides, define the grid functions
ul =u(x;, ty), "=¢(t,), Y"=Y(t,), 0<i<M, —N.<n<N.
Noting that the left boundary point x holds the equation
Upr (X0, t 1) =1y (xo, tn+1) +du (xo, t”+%) —f (u(xo, thyl — ’L')) ,
2 2 2

and using the Taylor expansion, we have
1 h 9
U (xo, tn+l) =7 (u(xl, tn+l) - u(XO’ tn+l)) — ~ Uy (X0, tn+l) + 0(h%)
2 h 2 2 2 2
n+i-N;

n 1 h n 1 n 1
T (S kdug T =f (g T 7))+ 0, (3.2)

=0,u, *—=
X% 2
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Similarly, at the right boundary point x,,;, we have

n+l R n+l n+l -
(g, b)) =80t % 4o (St iy = (y * ) )+ 0D, (33)

Applying the Taylor expansion, (3.2) and (3.3), we have: for1 <n <N

Sl =52 ™ Y T, 1<i<M -1, (3.42)
R st =6 ';i o™—aysourt ] (duo —fuy )) + 77, (3.4b)
6t¢)"+% =g (ung%_NT) —3./sof (ug%_NT) —(350+d)¢)"+% —830\/%u8+% +R,  (3.40)
g5tu1”ﬁ = —5xu”+§% Lyt gy (dul”ﬁ —f (u;;%_NT)) +T, (3.4d)
St =g (u,”ﬁ‘Nf) +3./55f (u;%_NT) (Bso+ Y™ 4850 VU AR, (3.4¢)
ul = u(x;, tj), i=0,1,---,M, j=-N;,-N;+1,---,0, (3.4H)

where g(u) = % f(u) and there is a constant C; such that

ITH < C(k*+h%), 0<j<M, 1<n<N, (3.52)
IR§l < C; K2, R} <Gk, 1<n<N. (3.5b)

Omitting the truncation errors, we obtain the finite difference scheme of the problem
(3.1a)-(3.1f), for1<n<N

1 1
5.U P =52U""2—du;" 2+f( e N), 1<i<M-1, (3.6a)
h n+1 nHe oyl h n+l 1N
501U * =5, U% —e™i-3/5U, *—5(dUy * —f  Ug , (3.6b)

5,65 = ) 3/50f ( ) —(350+d)c1>"—8sm/%Ug+%, (3.60)

-l

N,

5 2 -5, U 2+\p"+z—3¢_U g(dU;\ﬁ—f(UMz )) (3.6d)

1_ 1
5,0 = )+3¢§f (UM 2 Nf) —(350+d) U™ +8501/55U 2, (3.6€)

u(xlz j i=051)“'JMJ jz_NTJ_NT_I_]-)“')O (3'6f)
where U, o CI>"+2 and U™ are numerical approximations of u(x;, n+1) o(t,, 1) and

gb(tn% ), respectively.
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3.2. Convergence and stability analysis

For any u,v € ©;, we also denote

1 = 1
(wv)=h(Fuovo+ 3 uvit g ), llull = /().
i=1

M
— 2 —
vh=y DI Vllo = max |vi].
1=

First, we introduce some lemmas, which will assist in the proof of our main result.

Lemma 3.1. ([26]) For any mesh function v, the following inequality holds

1
) IvII*.
X — X

Lemma 3.2. ([10]) Let k,B and a;, b;, y; be nonnegative numbers for all i > 0. It holds that

1
IvI% <elv[>+ (; +

n n
a,+kY b <k ya;+B. 3.7)
i=0 i=0
Suppose that ky; < 1 for all i and set o = (1 — ky;)~!. Then,
n n
a,+ Z by, <B exp(kaioi).
i=0 i=0
Lemma 3.3. ([30]) Let {wm}ﬁzo be a sequence of functions in . Then
Y -1 0 Y -1 012} /2
Ko™l <2k Y ™32, + Kkl < zﬁ(kz ™ 2|2 + ke |1) . (3.8)
m=1 m=1

Define the error grid functions

e?zu;‘—u;.‘, 0<j<M, 0<n<N,

$n=¢n_q>n’ {/;n:wn_\pn,
K= max {lu" oo + 19" + 1"} +1.
Theorem 3.1. Suppose that the problem (3.1a)-(3.1f) has unique and smooth solutions
{u(x;, t,),Y(t,), ¢(t,)}. Then, there exists a constant C*, independent of h and k, such that
foralln
Ul + @7+ |¥" <K, (3.92)
lle™[| +14"] + [9"| < C*(k* +h?), (3.9b)

when k,h and k™ h? are sufficiently small.
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Proof. Subtracting (3.6a)-(3.6f) from (3.4a)-(3.4f), we obtain the error equations: for

1<n<N

1

~ l_Nfr l_Nr l_Nr l_Nfr
t¢n+% =G (u;H_Z , U(r)H_Z ) _3\/%1_7 (u;H_Z , U(T)H_z )

Tn+i ”+% n
—(3sp+d)9" "2 —8s+/50e, > + Ry,

mlo o~ nel R nyl

§5teM 2= —6xeM_2% +y"T2 =3 /50e,, ~3 (deM 2

mioN, i,

—F(uM2 Uy 2 ))—I—Tlﬁ,

~ny 1 N, mHi-N, N, N,
5t¢n+2:G(uM2 Uy’ )-"BN (uMz Uy * )

~ 1 el
—(330+d)¢n+2+850\/%6M2 +RK/I,
j=—Np,—N.+1,--,0,

l_NT l_Nr l_Nr l_NT
) () 7).

n—+—l—NT n—+—l—NT n-i-l—NT n—+—l—NT
() o) ()

i=0,1,---,M,

where

+1-N, _n+i )
A 2+F(u:.l AN 2)+Tl~n, 1<i<M-1,

o

h ntl o~ 1 ntl h ntl nti-N,  ntl-N,

§5teo €1 =" 2=3/50e, 2_5(‘160 *—F (uo 200, )) + T, (3.10b)
2

o

(3.10a)

(3.100)

(3.10d)

(3.10e)
(3.100)

1
Multiplying (3.10a) by he? +2, and summing up for i from 1 to M — 1, we have

L A L A 1 1

Tnti n+i

= nH nl n+i ekl n+l-N,  n+lon) bl
=h2 (6)%@1. 2e. 2—de, 2e. *+F (u. 2yt T) e. >+ Tle

1
]
; .

1 ~
Multiplying eg+2, $""2, e, * and 1,[1"+% on both sides of (3.10b)-(3.10e), respectively,
adding the results with the above formula, then using the following summation formula

by parts

M-1 1
_ 2 T35 2 _
h Z (6xei ) e €y

j=1
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we have

1 ~ ~ ~ ~ 12
_(||en+1”2_+_|¢n+1|2_|_|,l’bn+1|2_”en”2_|¢n|2_|,l’bn|2)+|en+2|1
+1 n+i n+i-nN.  n+l 1ol 2
412( e, e, 2+F( N z)ei 2 4 Tle; ) —¢™ieg —3m|e0 2|

h( nl A AN it N, N\~
—E(deo —F(u, * "0, ° ))eo 2+ Tl 2+G(u0 27U, 2 )¢”+2
1_N'r l_Nr ~ 1 ~ 1 L. 1 ~ 1
~3/5F (uZ*Z urs )¢"+i—(3so+d)|¢“+i|2—SsO&eZ“qu +RIG

1

1 1 1 1
+'l,l)n+_ —3\/_|€ | __( —F (u:;_z Nr,U]r;'z Nr)) eE‘z +Tlﬁen+2
LN, LN\ ~ 1 LN, LN\ ~ 1
e (7; RO )wuw (7; RO )wé
- 1. -
—(3so+d)|B™2 | +850/Soen; 2B + R (3.11)
By (3.5a), (3.5b) and Cauchy-Schwarz inequality, we have
—¢"+ 2+T"eg+_ —850+/50€, 2¢”+2 —3\/_|e0 |

< 1 2| +_|T |2+1682\/S_|¢n+§| +3\/S_|€ ;|2_3\/S_|en+%|2
450 4./50 0V=0 0[% o[

1 ~ 1 ~
2 12 2 2
< (4\/% +1650«/So) |¢ |+ (4\/%+16501/50‘) |¢n| +

+h%), (3.12a)

1 1 1 1

~ l nJ’__ nJ’__ nJ’__ n+_ 2
n+ 2 n 2 2 2
P ae, ? + Tye, * +8sg4/50e), —31/50|6M |

1 ~ 1 1
L G R Ve e N o Ve Pl

1 ~ c*
< (4—m+1esgm) |91+ (4\/_+16so\/_) [P + e +h*). (3.12b)

Substituting (3.12a) and (3.12b) into (3.11), we have
(eI + 1G4 1~ eI~ 17— W) + 16
ShlfF (u;&%_NT,U;& %_NT) e +ZF( ERAT %_N’) i +§F( RN %_NT) e
i=1
+G (u?%_NT,Ug%_NT) ¢ —3 . /55F ( e ,U(TL%_NT) ¢
+G( ntl N, ntl N)1,ZJ”+2+3\/_OF(uX,I+ N, ntl N)wn_,__

+ P + G + Cylp ™ + Gy @12 + Cy (K2 + h2), (3.13)
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where C; is a constant, which is dependent on sy, C* and d but independent on k and h.
Now, we prove the main results (3.9a) and (3.9b) by mathematical induction. Since
that ef =0fori=0,1,---,M, j = —-N,,—N_.+1,---,0, it is easy to check (3.9a) and
(3.9b) hold for n = 0. Suppose that (3.9a) and (3.9b) hold for n = 0,1,--- ,m, we will
show the main results hold for n = m+1. First, by mean value theorem, fori =0,1,:-- ,M,

miN,  nloN; n+—N; n+
F(uiz’Uiz )'—f(g) ,

-N, 1_nN, ) .
where &' € (unJr ,Ul.nJr2 ). Noting that (3.9a) holds for n < m — 1, there exists a

constant C[* such that f'(£') < C'. This implies that

T B N T SN O} LR S VT S e
F(ui SRR )ei P oo T 4 e (3.14)
Similarly, there exist constants C [ and E? such that

1 C" il cn
(”lm T ) 9™ < e+ L pm (3.152)

—n —n

1N, —N, C. 1N, C.
(ufz T ) Y™ < ?l|e?+2 s 7‘|w”+% . (3.15b)

Let n = m in (3.13). Substituting (3.14), (3.15a) and (3.15b) into (3.13), we have there
exists a constant C, (independent of h and k) such that

1 T 7 T ~ 1
= (e 12 4+ 1@ 12 4 [ 12 [l | = |7 — |2 ) + [ 2
<Gy (Nle™ 12 + lle™ |2 + ™12 + [ + | g2 + 172 + (k2 + 12 ),
Summing up the above inequality for m from 1 to m and using Lemma 3.2 yields
m
~ ~ 1
Hem+1H2+ |¢m+1|2+ |wm+1|2+k2|el+5|5 < C3(k2+h2)2,

i=0

where C; is a constant independent of h and k. Moreover, by Lemma 3.3, we have
il <k VT (R R) " < TG e k),
i=0
Together with Lemma 3.1, we obtain
lo™ oo+ ool 1 |+ o™ oo [ @7 [+ [
Jjum | o™+ [0+ € (k2 + h? + k+ kT'R?) <K,

when k, h and k~'h? are sufficiently small. Hence, (3.9a) and (3.9b) hold for n = m + 1.
The proof is complete. O

Moreover, the following stability result is imitatively obtained from the boundedness
of the numerical approximations.
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Theorem 3.2. Let {U", ®", ¥"} be the numerical approximations of {u(x;, t,), ¢ (t,), P (t,)}.
Then, the proposed numerical schemes are stable when k, h and k™*h? are sufficiently small.

4. Numerical experiments

In this section, we will illustrate the efficiency of LABCs and, confirm theoretical results
of our numerical scheme, and also test the influence of the delay on the traveling wave.

4.1. Effectiveness of the proposed method

Example 4.1. We show an accuracy test for the Nicholson’s blowflies equation

u, — Du,, = —du(x, t)+ bu(x,t — t)exp(—au(x,t — 7)), (x,t)eRX R “4.1)
with the initial condition
(x,t) = — ), xoerx (-0 4.2)
u(x,t)= exp| —— |, X, x [—7,0]. .
V21T P 2

We take the parameters by D =1,d =2, b =1, s, =5 and 7 = 1. We set stepsize h =k,
and solve the problem on the domain [—6,6] x [0,4] with LABCs (2.16¢) and (2.16d).
Since that the exact solutions of the problem are unknown, the reference solutions are
computed by using stepsizes h = k = 10™* on the computational domain [—10,10]. In
Table 1, we list the errors and the convergence order. As we can see, these numerical
results confirm the effectiveness of our LABCs and numerical scheme.

Example 4.2. We further show an accuracy test for the Mackey-Glass equation

bu(x,t — 1) +
ut—Duxxz—du(x,t)+m, (x,t) ERxR 4.3)
with the initial value
u(x,t) =exp(—=x?), (x,t)€Rx[-7,0]. 4.4)

Table 1: The errors at different time and corresponding orders for Eq. (4.1)

t=1 t=2 t=3 t=4
k error order error order error order error order
0.2 1.00E-3 - 3.44E-4 - 1.23E-4 - 7.82E-5 -
0.1 2.50E-4 2.00 | 8.52E-4 2.01 | 3.10E-5 1.99 | 1.95E-5 2.00
0.05 | 6.23E-5 2.00 | 2.12E-5 2.01 | 7.74E-6 2.00 | 4.84E-6 2.01
0.025 | 1.54E-5 2.02 | 5.23E-5 2.01 | 1.91E-5 2.01 | 1.19E-6 2.01




Numerical Investigations of Biological Models on Unbounded Domain

Table 2: The errors at different time and corresponding orders for Eq. (4.3).

t=1 t=2 t=3 t=4
k error order error order error order error order
0.2 1.55E-3 - 8.03E-4 - 5.37E-4 - 4.45E-5 -
0.1 3.82E-4 2.02 | 1.95E-4 2.04 | 1.28E-4 2.06 | 1.08E-4 2.04
0.05 | 9.56E-5 2.00 | 4.82E-5 2.02 | 3.17E-5 2.01 | 2.67E-5 2.02
0.025 | 2.36E-5 2.01 | 1.19E-5 2.02 | 7.80E-6 2.02 | 6.57E-6 2.02
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We take the parametersby D =1,d =2, b =2, m =2, s, = 10 and 7 = 1. Again, we set
stepsize h = k and solve the problem on the domain [—6, 6] % [0, 4] with our LABCs (2.16c¢)
and (2.16d). The reference solutions are obtained by taking stepsizes h = k = 1074,
The errors at different time and convergence orders are shown in Table 2. Again, the
convergence order is consistent with the theoretical analysis.

4.2. Application of the ABCs and the numerical schemes

In this subsection, we investigate the influence of the delay on the the traveling wave.

Example 4.3. Consider the Nicholson’s blowflies equation (4.1) with the initial condition

Inp —Ind
o= aresy oo eRxEnol (4.5)
where p > d. Clearly,
— -0 = i _11p 6
u_:= lim u(x,0)=0, u, '_x—lﬂrloou(x’t)_a nt. 4.6)

These are two equilibria of the problem (4.1). Next, we are interested in investigating
the influence of the delay on the traveling wave. We set the parameter D = 1, d = 1,
a=1,sy,=6and p = 10, and then solve the problem on the computational domain
[—20,10] x [0, T] with the proposed nonlinear ABCs. The numerical results, which are
obtained by taking stepsizes k = h = 0.1, are shown in Figs. 1-6. Fig. 1 and Fig. 2 indicate
that the numerical solutions behave like some certain monotone traveling waves, when
the delay is small (for example, T = 0.1). Fig. 3 and Fig. 4 indicate that the numerical
solutions behave like some oscillatory traveling waves, when the delay is big (for example,
T = 1). Fig. 5 and Fig. 6 indicate that the numerical solutions behave like some chaotic
oscillations, when the delay becomes lager (for example, T = 5). These numerical results
not only suggest that the delay term has an important impact on the dynamical behaviors
of the model, but also numerically illustrate some theoretical results or conjectures on the
traveling wave.
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Figure 5: Numerical solutions at different time levels. Figure 6: Numerical solutions with 7 =5.

Example 4.4. Consider the Mackey-Glass equation (4.3) with the initial condition

pP/d—-1
u(x, t):m, (x,t) eR x [-7,0], 4.7)
where p > d. Clearly,
u_:= lim u(x,t)=0, wuy:= lim u(x,t)=+/P/d—-1. (4.8)
X——00 X—+00

These two limitations are equilibria of problem (4.3). Next, we are concerned with the
influence of the delay on the traveling wave. We still set the parameter D = 1, d = 1,
so = 6 and p = 10, and then solve the problem on the computational domain [—20, 10] X
[0, T] with the proposed nonlinear ABCs. We also plot the numerical results in Figs. 7-
12, where the numerical results are obtained by taking stepsizes k = h = 0.1. It can be
seen clearly from these figures that when the delay term becomes larger and larger, the
numerical solutions become more and more complicated. In these figures, they behave
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els.

like certain monotone traveling waves, oscillatory traveling waves and chaotic oscillations,
respectively. These illustrate that the delay term have an important impact on the traveling
wave. To the best of our knowledge, these interesting dynamical behaviors for problem

(4.3) have never been well investigated. In the present paper, we give some numerical

findings on these dynamical behaviors.

5. Conclusions and discussions

In this study, we first constructed efficient local absorbing boundary conditions to re-
formulate the reaction-diffusion equations with time delay on unbounded domain into a
reduced problem on a bounded domain. After that, we proposed a linearized finite d-
ifference method to solve the reduced problem. Numerical experiments on two typical
biological models are given to demonstrate the efficiency of our LABCs and numerical
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scheme. Most importantly, we investigated the influence of the delay term on the dy-
namical behaviors of traveling waves, and found that the traveling wave can behave like
a certain monotone traveling wave, oscillatory traveling wave and an chaotic oscillation,
respectively, under different time delay. A direct extension of this work is to consider the
multi-dimensional case and some time-fractional models [18,21] in the future.
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