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Abstract. Diagonalized Chebyshev rational spectral methods for solving second-order
elliptic problems on the half/whole line are proposed. Some Sobolev bi-orthogonal
rational basis functions are constructed which lead to the diagonalization of discrete
systems. Accordingly, both the exact solutions and the approximate solutions can be
represented as infinite and truncated Fourier-like Chebyshev rational series. Numerical
results demonstrate the effectiveness of the suggested approaches.
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1. Introduction

Many science and engineering problems are set on unbounded domains, such as fluid
flows in an infinite strip, nonlinear wave equations in quantum mechanics and so on. How
to accurately and efficiently solve such problems is a very important and difficult subject,
since the unboundedness of the domain causes considerable theoretical and practical chal-
lenges. A variety of numerical approaches have been proposed and investigated for deal-
ing with such problems. For spectral methods, we usually restrict calculations to some
bounded subdomains and impose certain artificial boundary conditions. It is easy to be
performed, but it lowers the accuracy sometimes. Alternatively, we may approximate the
problems on unbounded domains directly by using some orthogonal polynomials/functions
on unbounded domains, such as the Hermite spectral method and the Laguerre method,
see, e.g., [1,2,5,8,9,12,15,16,18-20,24]. However, since the Laguerre and Hermite Gauss
points are too concentrated near zero, the approximation results are usually not ideal, es-
pecially where the points are far away from zero. Another effective spectral method to
approximate differential equations on unbounded domains is to use algebraically mapped
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Legendre, Chebyshev or Jacobi functions, i.e., the so-called Legendre, Chebyshev or Jacobi
rational spectral methods [3,4, 6,10, 11,22,23]. Compared with the first two method-
s, we prefer the last one, since the distribution of the Gauss points is much reasonable.
Accordingly, the numerical results would be better, especially for slow decay solutions.

As is well known, the utilization of Chebyshev rational functions usually leads to a
sparse algebraic system (e.g., a nine-diagonal matrix for second-order problems on the w-
hole line), the condition numbers increase as @(N?) for second-order problems. However,
in many cases, people still want to get a set of Fourier-like basis functions (see [7,17]),
which are orthogonal or bi-orthogonal with respect to certain Sobolev inner product in-
volving derivatives, such that the corresponding algebraic system is diagonal (see [21]).

Recently, Liu et al. [13,14] constructed the Fourier-like Sobolev orthogonal basis func-
tions based on generalized Laguerre functions, and applied them to second and fourth
order elliptic equations on the half line. Motivated by [13,14,21], the main purpose of
this paper is to construct the Fourier-like Chebyshev rational basis functions, which are bi-
orthogonal with respect to certain Sobolev inner product. On this basis, we further propose
the diagonalized Chebyshev rational spectral methods for second-order elliptic problems
on the whole/half line.

The main advantages of the suggested algorithms include: (i). The exact solutions and
the approximate solutions can be represented as infinite and truncated Fourier-like Cheby-
shev rational series, respectively; (ii) The condition numbers for the resulting algebraic
systems are equal to 1.

This paper is organized as follows. In Section 2, we introduce the Chebyshev rational
functions on the whole/half line and their basic properties. In Section 3, we construct two
kinds of Sobolev bi-orthogonal Chebyshev rational functions corresponding to the second-
order elliptic equations on the whole/half line, and propose the diagonalized Chebyshev
rational spectral methods. Some numerical results are presented in Section 4 to demon-
strate the effectiveness and accuracy.

2. Notations and preliminaries

Let A be a certain interval and w(x) be a weight function in the usual sense. For
integer r > 0, we define the weighted Sobolev spaces H, (A) as usual, with the inner
product (u,v),,, the semi-norm |v|,,, and the norm ||v||,,, respectively. We omit the
subscript r or w(x) whenever r = 0 or w(x) = 1. For simplicity, we denote va =d*v/dxk,
v/ =d?v/dx? and v/ = dv/dx.

2.1. Chebyshev polynomials

We first recall the Chebyshev polynomials. Let I = (—1,1) and T;(y) be the Chebyshev
polynomial of degree k, which is the eigenfunction of the singular Strum-Liouville problem
(cf. [20]):

Vi-220, (V1-y28, 1)) +*Ti(y) =0. 21)
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The set of all Chebyshev polynomials forms a complete Li (I-orthogonal system with the

weight p(y) = \/11__}/2, namely,

1
dy = Zmck Ok 1> (2.2)

1
/1 _ _)’2 2
where &y ; is the Kronecker symbol, ¢y = 2 and ¢, = 1 for k > 1. By virtue of (2.1) and
(2.2), we have

ka(}’)Tz(J’)
1

1
J oy Ti ()0, Ty(y)V1—y*dy = zﬁckk25k,z~ (2.3)
I

Moreover, the following recurrence relations are satisfied with To(y) =1 and T;(y) = ¥

(cf. [20]),

Te1(y) =2y Ti(y) = Tr—a (), k>1, (2.4a)
1 1
2Ti(y) =177 TenO) = =79 Tk ), k=22, (2.4b)
k k

(1-y»o,Th(y) = ETk_l(y) - ETk+1(}’), k>1, (2.40)
1

OT(N=2k >, =T (2.4d)
i=0, itk odd i

Particularly, Te(~y) = (~D*Ty(y), To(#1) = (1)* and 3, Ty,(+1) = (F1)* k2.

2.2. Chebyshev rational functions on the whole line

We next recall the Chebyshev rational functions on the whole line. Let A} = (—00, +00).
The Chebyshev rational function of degree k on the whole line is defined by (cf. [22])

X

Vx2+1

For convenience, let Ri(x) = 0 for any integer k < 0. By (2.1), we know that Ry (x) is the
eigenfunction of the singular Sturm-Liouville problem:

(x*+ 1), ((x® + 1)8,R(x)) + k*Ri(x) =0, x € A;. (2.6)
Due to (2.4), the Chebyshev rational functions satisfy the following recurrence relations

with Ry(x) =1, Ry(x) = \/XZ_H (cf. [22]),

2x
Vx2+1

2R (x) = (x2+1)> (

Ri(x) =T ( ) , X€A;, k=0. (2.5)

Riy1(x)= Ri(x) —Ry_1(x), k>1, (2.7a)

1 1
maka+1(X) - Eaka_l(X)) , k> 1, (27]))

k k
(x2+1)20,R,(x) = S R-1(0) = SR (%), k> 1. (2.7¢)
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Next, let
S — X 2.8)
w(x)= s y= .
2+1 X2+1
Then, we have
dy 5 3 dx g3 dx
dx dy dy

The set of Chebyshev rational functions {Ri(x)}};2, forms an orthogonal system with the
weight function w(x) on the whole line, namely,

1
f Ri(x)R;(x)ew(x)dx = Enck5k,l. (2.10)
A
By (2.6) and (2.10), we further know that
1
f AR (x)3R;(x)(x*+1)dx = Enckkz(‘ik,l. (2.11)
A
Lemma 2.1. The following equalities hold:
52 3 9 3
07Ry(x)=— Rl(x) + Rg(x) Rs(x) (2.12a)
) 1 3 3 1
ax Rz(X) = —Ro(X) - ERz(X) + §R4(X) - —R6(X) (212]3)
5 2 27 15
9 R3(x) = Rl(x) Rg(x) + 3R5(x) — —R7(x) (2.120)

3
O2Ri(x) = —1—6k(k — 2)Ry_4(x) + Zk(k ~ DRe2(x) = 2k R ()

+ ik(k + DReya(x) — 1i6k(k F2)Resq(x), Yk > 4. (2.12d)
Moreover,

82 (Ry(x)ew(x)) = (Ry(x) = Ry(x) (), (2.13a)
3 21 15

02 (Ry (x)ew(x)) = (— SR1() + ToRs(x) - Rs(x)) w(x), (2.13b)
3 3

02 (Ry(x)eo(x)) = (— SRa(x) +3Ry(x) —RG(x)) w(x), (2.130)

9 27 35

02 (Ry(x)w(x)) = (1—6R1(x) ~ S Ra(x) +5Rs(x) - R7(x)) w(x), (2.13d)
1

22 (R0)0()) = (= 7tk = )k = DRy () + 5 (k= 2)(k = DR ()

- gszk(x) + %(k + 2)(k + 1)Rj42(x)

1
~ ekt )k + 2)Rk+4(x)) w(x), Vk>4. (2.13€)
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Proof. By (2.7a), (2.7b), (2.7c) and a direct computation, we can verify easily the
results of (2.12) and (2.13) for 0 < k < 3. Next, by (2.7c) and (2.7b), we deduce that for

k>4,

k _1
5ka(X) = E (Xz + 1) 2 (Rk—1(x) —Rk+1(x))

ko, 2 1 1
=7 (7 D | 20R(0) = 775 0uRie—a(3) = 575 OeRpea ()

ok ! -
=(x +1)( 20k = 2) S Re2) 5 ARx) = 777

Similarly, by using (2.7c), (2.7a) and (2.7b) successively, we get that for [ > 4,

8, (Ri(¥)w(x)) = (x2+1) ' 0,R;(x) — 2x (x2 +1) *Ry(x)
3 (1-2 [+2
=(x*+1)72 (TR1—1(X) - TRHl(x))
__1 L L
- Z le—Z(x) + E le(x) - Z xRH-Z(x)-

Next, assume that

OZR(X) =Y Ry (x),  FRL(x)w(x)) =Y diRy(x)w(x).
=0 =0

Then, by (2.10) and integration by parts, we obtain

P (aszk,Rl)co _ (aka,ax(le)) _
k1l — - -

2
_n_cl(aka’ O (Rw)),

(RLR), (Ri>R) e
(02(Rrw),R)) (Ox(Rrw), 9¢R;) 2
_ % __ = — 2 (0,(Ry), 3,R)).
kot (Rl’Rl)w (Rl’Rl)w TiC k :

Moreover, by (2.14), (2.15) and (2.11), we deduce readily that

3k =k
k-1 -
-Dr
——5 l=k-2,
k(k+1)x k4o
(ORe O R@) =4 ~ g =kt
k(k—2)m
N =k
k(k+2)n
_ =k
32 , + 4,
0, otherwise.

A combination of (2.16)-(2.18) leads to the results of (2.12) and (2.13) for k > 4.

aka-i-Z(x)) .

(2.14)

(2.15)

(2.16)

(2.17a)

(2.17b)

(2.18)

O
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2.3. Chebyshev rational functions on the half line

We now recall the Chebyshev rational functions on the half line. Let A, = (0, 400).
The Chebyshev rational function of degree k on the half line is defined by (cf. [11])

x—1

rk(x):=Tk(x+1), x€eAN,, k=>0. (2.19)

For convenience, let r(x) = 0 for any integer k < 0. By (2.1) we know that ri(x) is the
eigenfunction of the singular Sturm-Liouville problem:

(xx + DVx0,((x + DvVxd, 1 (X)) + k2ri(x) =0, x €A,. (2.20)

Due to (2.4), the Chebyshev rational functions on the half line satisfy the following recur-
rence relations with ro(x) =1, ry(x) = =1

x+1°
2(x—1)
e (x) = X—Hrk(x) — r—1(%), k>1, (2.21a)
1 1
(x+1)r(x) = mé’xrkﬂ(x) — Eé’xrk_l(x), k>2, (2.21b)
k k
2x0,r(x) = Erk_l(x) - Erkﬂ(x), k>1. (2.21¢)
Next, denote by
(0= —— it (2.22)
=Dy Y T x+ L '
Then, we have
dy 2 dx 2

dx
dx  (x+12 dy (1-y2 X(x)@ =pW). (2.23)

The set of Chebyshev rational functions {ri(x)};2, forms an orthogonal system with the
weight function y(x) on the half line, namely,

1
f re()r(x)y (x)dx = zﬂ'ck5k,l- (2.24)
A
Moreover, by (2.20) and (2.24), we find that
1
J A, 1. ()8, () y " H(x)dx = Enckkz(‘ik’l. (2.25)
Ay

In order to construct the diagonalized Chebyshev rational spectral methods for problems
defined on the half line, we need to consider the following two kinds of polynomials:

pi(x) := 1 (x) + (2 = Oy 1 )rie—1() + (), k>1, (2.26a)
qr(x) :=r(x) + 11 (X), k>1. (2.26b)

It is clear that p(0) = qx(0) =0 for any k > 1.
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Lemma 2.2. For any k > 1, we have

1 3 3
6)(2pk(x) = Rk(k + Drigo(x) — gk(k + Dreq + R(Sk2 + 7k — 2)ri(x)

1 1
- (5k? + 14k — Dr_1(x) + R(lskz + 111k — 96(8) 5 + 1))r_o(x)
k-1
1
~ % (3k® + 81k — 78)r_3(x) + E(k2 + 187k — 186 — 2885 4)ry_4(x)
k-3
y .
—1)
+12(k- 1)) (C ) re_i(). (2.27)
i=5 k-t

Moreover; for k,l > 1, the following results hold:

k(k+ 1=
—3(2 , [=k+3,
Sk(k+1)m
3(3k?+ 5k —2)m
32 ) l:k+1,
5(k?+ 7k — 6)1 .
) 32 5 —
(Ofpiq), =y 5(k*—11k+12)n 37r5 P (2.28)
- - T 2Y%,2 =Kk—1,
32 ’
3(k—4)(3k—5
LS Ll ks
5(k-2)(k-3)r =«
- 32 16 k4 [=k-3,
(k—=2)k—-3)=
N t=k-4,
0, otherwise.

Proof. We first verify the result (2.27). Clearly, by (2.21a) we know that

1 1 3 1 1
(x+1)_2rk(x) = Erk_z(x)—Zrk_l(x)-l—grk(x)—Zrk+1(x)+1—6rk+2(x), k > 2. (229)

Particularly,

B 3 1 1
(x+1)2ry(x) = g’”o(x) — Erl(x) + grz(x), (2.30a)

- _ 1 7 ! ! 2.30b
(x+1) T1(X)——Zro(x)+1—6r1(x)—Zrz(x)+ET3(X)- (2.30Db)
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Next, by (2.4), (2.29) and (2.30) we get

1 3
o, ro(x)=0, o, r1(x)= Zrz(x) —r(x)+ Zro(x), (2.31a)

k-1

8xrk(x)=(2k > L ))( oy

i=0, i1k odd ©i

) - k(o) + Tk 1) -2k 3

i=0 Ci

ri(x), k=>2. (2.31b)

From (2.31) we further deduce that

) 1 1 15
o ri(x) ZEk(k + Drigo(x) — Zk(zk + Drq () + Ek re(x)
9 129
- (—k(zk 1= ) a0+ G k(2k=2) =855z ) )

+ ZkZ M (0. (2.32)

i=3 Chk—i

Hence

02pi(x) = 021 (x) + 2921 (%) + 97 1o (x)

1 3 3
= Rk(k + Drigo(x) — gk(k + Dreq + R(Sk2 + 7k — 2)ri.(x)

1
- (5k% 4+ 14k — 9)r_1(x) + E(lskz + 111k — 96(8) 5 + 1))r_o(x)
k—1

1
- (3k? + 81k — 78)rr_s(x) + 1—6(k2 + 187k — 186 — 2885 4)ri_4(x)
k—3
. .
—1)t
+12(k-1)) ] 1)
i=5

- e—i (). (2.33)

This ends the proof of (2.27).
Next, by (2.24) and (2.33) we get that for [ < k — 4,

k
(-1)
(32piq), = (@2pri+11-1), =12(k = 1)) |

i=5 k=i

(rk—i> 11 +1121), =0.

Similarly, we have (3xzpk,ql)x = 0 for [ > k 4 3. Moreover, by (2.24) and (2.33), a direct
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calculation yields

k(k+1Dm S5k(k+1)x

(axzpk) qk+3)x = 39 P (axzpk: qk+2)){ = 39 P (2.34a)
3(3k?+ 5k —2)m 5(k?+ 7k — 6)n
(02Pr> ir1)y = = . (B, = - 3 . (2.34b)
5(k?-11k+12)nr 37
2 _
(05Pk>Qr-1)y = — ™ ~ T %k (2.34c)
3(k — 4)(3k — 5)m
(02Pk qk—2), = 3 , (2.34d)
5(k—2) k-3t =
2 _
(O Pisqr—3)y = — ™ + 1—65k,4, (2.34€)
(k—2)(k—3)r
(02Pk qk—4)y = — (2.34)
This leads to the result of (2.28). O

3. Diagonalized Chebyshev rational spectral methods

In this section, we propose diagonalized Chebyshev rational spectral methods for solv-
ing second-order elliptic equations on unbounded domains. The main idea is to find bi-
orthogonal rational functions with respect to the coercive bilinear form, such that both the
exact solution and the approximate solution can be expressed explicitly.

3.1. Diagonalized Chebyshev rational spectral method on the whole line

Consider the second-order elliptic equation on the whole line:

—u(x) 4 pu() = f(x), p=0, xeA,

lim x_%u(x) =0. 3.1
|x|]—00
A weak formulation of (3.1) isto findue H clo(Al) such that
A, v) = (Beut, O, (Vo)) + p(w, V) = (f, V), Vv EH(A). (3.2)

Next, let N be any positive integer, and Zy(A;) = span{Ry(x),R;(x), -+ ,Ry(x)}. The
Chebyshev rational spectral scheme for (3.2) is to find uy € Z5(A;) such that

Au(un, @) = (£, #)w, Vo € Ry(A1). (3.3)

To propose a diagonalized approximation scheme for (3.3), we need to construct two kinds
of basis functions {¢y}o<x<y and {Y;}o<x<n, which are bi-orthogonal with respect to the
bilinear operator A,, (-, -).
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Lemma 3.1. Let ¢, Y € Zi (A1) be the bi-orthogonal Chebyshev rational functions such
that o — Ry € Rj—1(A1), Y — Ry € RBy—1(A1) and

Au(p 1) =Mk, YV k,1=0. (3.4)

Then we have
@r(x) =R () + arpr_o(x) + brpr_s(x), (3.52)
Yi(x) = Rie(x) + P pe—a(x) + dipe—4(x), (3.5b)

where i (x) =Y (x)=0fork<0,n, =0fork<0,a,=c,=0fork <2, b,=d,=0
for k < 4, and

T 3k
Mo = UTT, M = E(M+ ?) — AxCkNik—2 — brdxNk—4, (3.6a)
T 21w 3n b T (3.6b)
ay = —, ay = , a,=—, =—— .
27 2m, 7 32m, *7 2m, T 2ng
—0 _on _3r d.=0 (3.60)
C =0, C3_32n13 C4_4n2, 4 — Y, .0C
k(k—1)n k(k—2)mc,_ k(k—2)r
a, = (k=Dm _ kk ~ 2)me 2 bk:—g, Vk >S5, (3.6d)
8MNk—2 3212 32My—4
k—2) k-1 k—4)(k—-2)ma;,_
Ck:( ) n ) )ay 2 (3.60)
8Mk—2 32Nk_2
k—4)k-2)r
g = KZHDE=2)m (3.60)
32M—4
Proof. Let

k-1 k-1
Pr(X) =R+ Y aipi(x), () =Re(x)+ e fi(x). (3.7
i=0 i=0

We first use mathematical induction to verify (3.5). By (3.7), (2.12), (2.13) and (2.10),
we deduce that

Au(e1,%0) =AuR1,P0) + a1 04, (0o, Yo) = — (5x2R1,Ro)w +a;1,0M0 = a1,0Mo>
Au(w0, Y1) =Au(90,R1) +¢1,0Au(00, Y0) = — (Ro, 3)(2(R1w)) +¢1,0M0 = €1,0Mo-

On the other hand, by (3.4) we know that A,(¢1,vy0) = A,(¢o,¥1) = 0. This means
a o =cyo=0and ¢;(x) =1;1(x) =R;(x). Similarly, by (3.4), (2.12), (2.13) and (2.10),



Diagonalized Chebyshev Rational Spectral Methods on Unbounded Domains 275

we have

Au(w2,%0) = AR, Y0) + ag 0A, (00, Yo) + az1A,(01,0)
= —(82R,R0)e + oMo = —g +az oMo =0,

Au(w2,91) = AR, Y1) + az0Au(00, Y1) + az14A,(v1,91)
= —(37R2,R1), + ap1m1 = az1711 =0,

Au(w0,¥2) = A, (00, R2) + €204, (00, P0) + ¢214, (00, Y1)
=- (Ro: 6)(2(R2w)) +¢2,0M0 = C20M0 =0,

Au(91,92) =A,(01,R) + ¢ 0A,(01,0) +c214, (01, Y1)
=- (Rh 3,?(R2w)) +¢1M1 =¢21M =0.

LO, ay1 = Cy = €y = 0. Accordingly,

Thereby, ay o = 2

@2(x) = Ry(x) + az gpo(x), Yo (x) =Ry(x).

In the same manner, we can verify the results of (3.5), as well as the corresponding coeffi-
cients in (3.6) for k = 3,4. Next, assume that forany 0 <! <k—1and k > 5,

@1(x) =Ry(x) + ay 1 —2p1-2(x) + g 1_4p1-4(x),
Yi(x) =Ry(x) + c1 12 1-2(x) + ¢ 1414 (x).

We shall prove that for k > 5,

¢r(x) =Ry(x) + ar k—2pi—2(X) + Qg g —ap—a(x), (3.8a)
Yi(x) = Ri(x) + cp 2P r—2() + g k4P r—a(x). (3.8b)

Clearly, by (3.4), (3.7) and (2.10), we get that for k > [ > 0,

k—1
A1) =A R, YD) + Zak,iAu(SOiﬂlJz) =— (2R, Y1), +axm =0, (3.92)
i=0
k—1
Al i) =Au (e, Re) + ch,iAu(%’zﬂlJi) =- (%’z, 3,?(Rkw)) +cm=0.  (3.9b)
i=0
Taking [ =0,1,--- ,k—5,l =k —3 and [ = k — 1 in (3.9) successively, and using (2.12),
(2.13), (2.10) and the induction assumption, we derive readily that for k > 5,

ak’l=ck’l=0, VO<I<k-5 orl=k—3,k—1.

This leads to (3.8). For simplicity of notations, we take ay := ay y—2, by := ax k-4, Ck :=
Cr k—2 and dy := ¢y x—4 in (3.8), then we obtain the result (3.5).
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It remains to confirm the coefficients ay, by, cx, di and m,. By using (3.9), (3.5),
(2.12), (2.13) and (2.10), we get that for k > 5,

1 (2R r_s) k(k — 1)(R R ) k(k —2)ci_s ResRe_)
a, = ) -2 = -4 - - - e
k P o Yk-2 A, k=2 8k—2)0 167, k—4>Ng—a
_k(k—1)mt k(k —2)7mcg
8Nk—2 32n_y
1
= - (‘Pk—z, 3,?(Rkw))
(k—2)(k-1) (k—4)(k — 2)a;_
= ———(Rg_2,Rk_2) — Z(Rk—4,Rk—4)co
N2 16mk_
_(k=2)k-1)n  (k—4)(k—2)ma;_,
8Nk-2 3212 ’
1 k(k—2) k(k—2)r
b= —— (2R, Yp_s) =— Ri—gyRk—a)oy = ——,
‘ 7)k—4( Rio Wi 4)“’ 167)k—4( k=i Ri-a)o 32My—4
1 (k—4)(k—2) (k-4 (k-2
dp, = —— _,32R =—————(Ry_4,Rs_ =— .
K= (6k-a 02 (Rr)) Tom (Ri—4>R—a) 3200

Next, by (3.2), (2.13) and (2.10), we derive that

Mo =Au(0,Y0) = (9,90, Fx(Pow)) + (P, Yoo
= (axRO’ ax(ROw)) + .U'(RO’RO)w = UT.

By using (3.4) and (3.5), we know that for k > 1,
AR, Ri) = Ap($r — a2 — ber—a, Vi — ki — dxPic—4)
= Ao ¥i) + Ay (Pr—2, Yi—2) + brdi Ay (Pr—s, Pi—a)
= Nk + QCrNi—2 + bidiNi—4-

On the other hand, by (2.12), (2.10) and the definition of A,(,-), we have
A (R, R) = — (82Ry,Ry) , + W(Ry, Ry,

= ReRp) + uRuROw = 7 (0 2
_8 k>N k U, kw_2 W ) .

Therefore

T 3k?
M= (Lt o | T WCkMk-2~ brdink—4, k>1.

This ends the proof. O

Obviously, Zy5(A1) = {pr(x) : 0 < k < N}. Thus the variational forms (3.2) and
(3.3) together with the biorthogonality of {¢;(x)} and {1, (x)} lead to the following main
theorem in this subsection.
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Theorem 3.1. Let u(x) and uy(x) be the solutions of (3.2) and (3.3), respectively. Then
both u(x) and uy(x) have the explicit representations in {p;(x)},

00 N
u() =Y p(x),  uy(x) =Y igpr(x),
k=0 k=0

1 1
Uy = _Apt(u: 1/)k) = _(f) wk)an k =>0.
Nk Nk
Remark 3.1. Wang and Guo [22] presented the convergence of scheme (3.3): if u > %
and r > 1, then
-

1/2
=yl < NPT (Z||(x2+ 1)f/2+’</2—1/26,5<u||§,) .
k=0

3.2. Diagonalized Chebyshev rational spectral method on the half line

Consider the second-order elliptic equation on the half line:

{ —u"(x)+pu(x)=f(x), p=0, x€Ay,
(3.10)

u(0) =0, lim x 4u(x)=0.

X—+00

Let Hé,x(/\z) ={v e H}{(Az) : v(0) = 0}. A weak formulation of (3.10) is to find u €
Hé,x (A,) such that

B,(u,v) :=(0,u, 0, (vy)) + ulw,v), =(f,v),, Vve H&X(Az)- (3.11)

Denote %](\),(Az) = span{ry(x),r1(x),- -+, ry(x)}N Héx(Az)- The Chebyshev rational spec-
tral scheme for (3.11) is to find uy € %1(\);(/\2) such that

B,u(uNqu)z(f:qb)X: v¢ E‘%](\)[(AZ) (312)

To propose a diagonalized approximation scheme for (3.12), we need to construct two
kinds of basis functions {®;(x)}1<x<y and {¥.(x)};<x<y, which are bi-orthogonal with
respect to the bilinear operator By, (:,").

Lemma 3.2. Let pi(x) = qi(x) =0 for any k <0, and
®1(x) :=p1(x) =r1(x)+ro(x) € %?(Az), Uy (x):=qi(x) =r1(x)+ro(x) € %?(Az)-

Assume that ®;, ¥, € %]?(Az) are the bi-orthogonal Chebyshev rational functions such that
@ —pr € &Y, (Ay), Vi —q € B)_,(A,) and

Bu(q)k:qjl) = pk5k,l: v k,l > 1. (3.13)
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Then for k > 2, we have

q)k(X) = pk(X) + ak_1<1>k_1(x) + bk—Z(I)k—Z(x) + Ck_3q>k_3(X) + dk_4q>k_4(X), (3.14a)
Wi (o) = qr(o0) + ey W1 (00) + Ry o Wie—o(x) + mye_3 Wye_3(x), (3.14b)

where @ (x) =V (x)=0fork <0, pr=ar=by=c,=dr =e,=h=m =0 for k <0,
and

8u—3)m
a = _M’ (3.15a)
4pq
5(k? — 11k + 12)7 + 48u~n
gy =X ) K (3.15b)
32pk—1
+ o (b—2€x—2Pk—2 + Ck—3hr_3px—3+ dx_amy_4pr—4), k=3, (3.15¢0)
-1
3(k—4)(8k —5)t — 16um
by =
32pk-2
+ o (ck—3ex—3Pk—3+ dx—shi—apr-4), k=3, (3.15d)
-2
Sk =3 1 s ——d k>4,  (3.15€)
Chon = — T —4Ch—aPl—a, >4, .15e
k—3 32013 16p1_3 k4 Ors k—4€k—4Pk—4
(k—2)(k—-3)r
dpg=—2 2 k>5, (3.150)
32Pk—4
3(3k2 —k —4)m — 16umn
€r-1= 39
Pr-1
+ o (ar—ohk—20k—2 + br_smy_3pr_3), k=2, (3.15g)
-1
sk—2(k—1r 1
hk—Z = — + Aje_3My_30k—3; k > 3, (31511)
32pk-2 Pr-2
k—3)k-2)m
My_3 = u, k>4, (3.151)
32pk-3
5(k? + 7k — 6)1 + 48un
P = 32 — dg—1€x-1Pk—1 ~ Dr—2hk—20Pk—2
— Cr—3Mp_3Pk—3; k > 1. (315])
Proof. Let
k-1 k-1

S(x) = pex) + D g @i(x), W) = q(x)+ Y by Wi(x), k=2 (3.16)
i=1 i=1

Then, by (3.16), (2.28), (2.26) and (2.24), we deduce that forany 1 <1 <k —5,

B, (P, ¥1) = (8P O (¥120)) + ulpr, 1), = —(02px, ¥1), + u(pr, ¥1), =0.  (3.17)
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On the other hand, by (3.16) and (3.13) we get that for 1 <[ <k —5,

k-1
B,(px,¥1) =B, (‘I’k - Zak,iq’i, ‘1’1) = —ay 1P1- (3.18)
i=1

Hence, a;; =0 for 1 <[ < k — 5. This means

(%) = pr(x) + ag k-1 Pre—1(x) + ap g—2Pr—2(X) + Qg k—3Ps—3(x) + Ay -4 Pr—a(x).

Similarly, we deduce that

Wy (x) = qp(x) + by k-1 ¥ k—1(x) + by g2 ¥g—2(x) + by g—3¥i—3(x).

For simplicity of the notations, we take ay_; := @y g1, bx—_2 := Ak k—2, Ck—3 := A k—3> dx—4
= Ay k—4> €k—1 = b1, hx—a := by k_2, My_3 := by r_3. Then we obtain the result
(3.14).

It remains to confirm the coefficients ay_1, by_s, cx_3, dx—4, €x—1, Rx—2, My_3 and py.
By (2.28), (2.26), (2.24) and (3.13) we know that

B, (®1,¥1) = (3,1, 0:(q12)) + (p1,41), = =7+ Sur,
B, (®,,¥1) = (0xP2, 0:(q12)) + (P2, q1), + @101 = _%” +2um +a;0, =0,
B, (®1,¥;) = (0xP1, 9 (q22)) + (p1,92), + €101 = —%ﬂ' + %!”f +ep1 =0.

Hence, we have

(5+24u)n 8u—3)x (9—-8u)rw
= —_ ai=—- 64 = —.
1 16 ) 1 4p1 ) 1 16p1

In the same manner, we can derive the coefficients a;_q, byx_», ck_3, dk_4, €x_1, Rx_o, My_3
and py for k <5 as shown in (3.15).

We next verify the results in (3.15) for k > 6. In fact, by (2.28), (2.26) and (2.24) we
obtain

1
Bu(pk, qk—4) = (axpk, ax(qk—4X)) + ,U(pk, qk—4))( = _i(k —2)(k—3)m. (3.19)

On the other hand, by (3.14) and (3.13) we get

B, (P> qk—4) = Bu(®r — @ 1®p—1 — br—2®r—2 — ck—3Px—3 — dx—4Pr—4, (3.20a)
Wi—g—ex—s¥r s —hp_ Wi — My ¥g_y) = —dx_4Px—4- (3.20b)
Therefore
k—2)k—-3)r
dk—4 = u (3.21)

32Pk-4
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Similarly, we have

5 1
Bu(Pr>qQk—3) = —Ck—3Pk—3 + dk—4€k—4Pk—4 = 3—2(k —2)(k—=3)m — 1—6”5k,4, (3.22a)

B,(Pr>qk—2) = —br_2Pk—2 + Ck—3ex—3Pk—3 + dk—ahi—aPi—4 (3.22b)
16um —3(k—4)(3k—5)n

- 32 ’

By (P> qk-1) = —ar—1Pk—1 + br—€x—20k—2 + Ck—3hk—30k—3 + dk—4Mi—_4Pk—4
2

_ 5k 11kz;2)n+48m . 1367[5](,2’ (3220

B,(Pr> k) = Pr + Ak—1€k-1Pk—1 + br—2hi—20k—2 + Ck_3My_3P1—3
_ 5(k* + 7k — 6)m +48urn

(3.220)

3.22
32 ’ (3.22¢)
B,(Pr>Qk+1) = —e€xPr + Ax—1hg—10x—1 + br_oMi_20k—2
16um — 3(3k%+ 5k — 2)
= = ( ) > (3.221)
32
S5k(k+1)x
B, (Pk>Qi+2) = —hipr + Qg—1Mi_10k—1 = 3y (3.22g)
k(k+ 1=
B, (Pk>Qi+3) = —MiPx = T35 (3.22h)

By using (3.22) and (3.21), a direct computation leads to the desired result (3.15). O

Theorem 3.2. Let u(x) and uy(x) be the solutions of (3.11) and (3.12), respectively. Then
both u(x) and uy(x) have the explicit representations in {®;(x)},

00 N
u(x) = Y @y (x), uy(x) = D @ (x),
k=1 k=1

1 1
ak = _B;,L(uz \Ijk) = _(f) \Ijk)x: k > 1.
Pk Pk

Remark 3.2. Wang and Guo [11] presented the convergence of scheme (3.12): if u > ;—‘7‘
and r > 1, then

- 1/2
= uylly,, <N (Z ICx + 1)r/2+’<—1/zafunj) :
k=1

4. Numerical results

In this section, we examine the effectiveness and accuracy of the diagonalized Cheby-
shev rational spectral method for solving second-order elliptic equations on the half/whole
line.
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Figure 1: u(x) = e sin(2x). Figure 2: u(x) = (Slli(fzx))z

We first examine the second-order elliptic problem on the whole line. We take u =1 in
(3.1) and consider the following four cases:

e u(x)= e’ sin(kx), which decays exponentially at infinity with oscillation. In Fig. 1,

we plot the log,, of the discrete L2 - and H - errors vs. N with k = 2. The two near
straight lines indicate an exponential convergence rate.

e u(x) = sin(kx)(1 + x2)~", which decays algebraicly at infinity with oscillation. In
Fig. 2, we plot the log;, of the discrete Li- and Hclu- errors vs. log;o N with k =h = 2.
The two near straight lines indicate an algebraic convergence rate.

e u(x)=In(1+x2)(1+ x2)~", which decays algebraicly at infinity without oscillation.
In Fig. 3, we plot the log, of the discrete L - and H - errors vs. log,o N with h = 3.
The two near straight lines also indicate an algebraic convergence rate.

e u(x) = arctan(kx), which does not decay at infinity. In Fig. 4, we plot the log;, of
the discrete L2 - and H_ - errors vs. log;o N with k = 1. The two near straight lines
indicate again an algebraic convergence rate.

We next examine the second-order elliptic problem on the half line. We take y =1 in
(3.10) and consider the following four cases:

o u(x)= e sin(kx), which decays exponentially at infinity with oscillation. In Fig. 5,

we plot the log;, of the discrete L)Z(- and H}(- errors vs. N with k = 2. They indicate
an exponential convergence rate.

e u(x) = sin(kx)(x2 + 1)", which decays algebraicly at infinity with oscillation. In
Fig. 6, we plot the log, of the discrete Li- and H}{- errors vs. log;o N with k =h = 2.
They indicate an algebraic convergence rate.

e u(x)=In(1+x2)(1+ x2)~", which decays algebraicly at infinity without oscillation.
In Fig. 7, we plot the log, of the discrete Li- and H}{- errors vs. log;o N with h = 2.
They also indicate an algebraic convergence rate.
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e u(x) = arctan(kx), which does not decay at infinity. In Fig. 8, we plot the log;,
of the discrete Li- and H}(- errors vs. log;, N with k = 1. They indicate again an
algebraic convergence rate.

To demonstrate the essential superiority of our diagonalized Chebyshev rational spec-
tral method to the classic Chebyshev rational spectral method, we examine the issue on
condition numbers for the resulting algebraic systems.

The diagonalized Chebyshev rational spectral method use the Sobolev bi-orthogonal

i) ix) }N and {ék(x) 2 (x) }N
Vi > YTk k=0 Vor Pk k=1
tions for (3.1) and (3.10), respectively. All the condition numbers of the corresponding

total stiff matrices are equal to 1. While in the classic Chebyshev rational spectral method,
the basis functions are chosen as {Rk(x)}lljzo and {rk(x)+rk_1(x)}’,:’:1 for (3.1) and (3.10),
respectively. The corresponding total stiff matrices have off-diagonal entries. In Table 4.1
below, we take y = 1 and list the condition numbers of the total stiff matrices of the clas-
sic Chebyshev rational spectral method for (3.1) and (3.10). We note that the condition
numbers of the resulting systems increase asymptotically as @(N?2).

Chebyshev rational functions { as the basis func-
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Table 1: Condition numbers of the classic Chebyshev rational spectral method.

N =40 N =280 N =120 N =160 N =200 N =240

Eq. (3.1) 1.1288e+03 | 5.1173e+03 | 1.2125e+04 | 2.2199e+04 | 3.5367e+04 | 5.1644e+04

Eq. (3.10) | 1.8147e+03 | 7.6508e+03 | 1.7578e+04 | 3.1615e+04 | 4.9769e+04 | 7.2045e+04
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