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Abstract. For the Schrodinger system

k
—AMJ—F/\]L{]:Z‘B”MZZMJ in ]RN,
i=1
uj(x)—=0 as |x[—oo, j=1,---k,

where k>2 and N =2,3, we prove that for any A; >0 and g;; >0 and any positive
integers p;, j=1,2,---,k, there exists b >0 such that if §;;=p;; <b for all i # j then there
exists a radial solution (uq,uy,---,u;) with U having exactly pj—1 zeroes. Moreover,
there exists a positive constant Cy such that if B;; = B;; <b (i # j) then any solution

obtained satisfies )
). |,3ij|/ uu? <Cy.
ij=1 RN

Therefore, the solutions exhibit a trend of phase separations as f;; — —oo for i # .
Key Words: Vector solution, prescribed component-wise nodes, Schrodinger system, variational
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1 Introduction

We consider the coupled Schrodinger system

k
—Buj+Ajuj=) Biuiu; in RY, (1.1)
i=1 '
ui(x) =0 as |x|—=oo, j=1,..,k,
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where k>2 and N =2,3. We assume A; >0, B;; >0, and B;;=B;; (j #1) are constants.
This type of systems arises when one considers standing wave solutions of time-
dependent k-coupled Schrodinger systems of the form

.0 k :
_lﬁq’f:M’j—Vj(X)CDjJer!®jlzq’j+q’ji:§#ﬁﬁ|¢i\2 in RY,

®;=P;(x,t)eC t>0, j=1,--,k

(1.2)

These systems of equations, also known as coupled Gross-Pitaevskii equations, have ap-
plications in many physical problems (see [1,27]) in particular in Bose-Einstein conden-
sates theory for multispecies Bose-Einstein condensates (see [10, 14,32, 40]) which have
been studied intensively in the last twenty years. Physically, B;; and B;; (i #j) are the
intraspecies and interspecies scattering lengths respectively. The sign of the scattering
length determines whether the interactions of states are repulsive or attractive. In the
attractive case (B;; > 0 for i # j) the components of a vector solution tend to go along
with each other leading to synchronization. And in the repulsive case (B;; <0 for i # )
the components tend to segregate component-wisely, leading to phase separations and
much more complicated behaviors of solutions.

Mathematical properties of systems of nonlinear Schrédinger equations have been
studied extensively in recent years; see, e.g., [2-6,8,10-13,15-23,25,26,28,30,33-39,41-43]
and references therein. Phase separation has been proved in several cases with constant
potentials such as in the work [4,10-12,30, 38,42,43] as the coupling constant § tends to
negative infinity in the repulsive case. It is quite natural to assert that due to segregation
in the repulsive case the structures of vector solutions are much richer and more complex.
In particular, in the repulsive case, multiplicity of positive solutions has been established
in [12, 38,39, 42], multiple non-trivial vector solutions were constructed in [25,26], and
multiple sign-changing solutions have been given in [22,23,35]. There has been progress
for the mixed coupling cases and, due to the repulsive effects, there exist many distinct
types of solutions exhibiting partial synchronization and partial segregation phenomena
(see, e.g., [8,31,33,34,37]). Due to the above existing work, we remark that there are new
difficulties in dealing with the existence of multiple sign-changing solutions. First, there
are many semi-trivial solutions due to systems collapsing, i.e., there are solutions of the
form in which one or more components are zero so they are solutions of systems of fewer
number of equations. Second, there can exist (infinitely) many positive solutions. For the
totally symmetric case (Aj=A >0 and y;=p >0 for all j, and B;; =B for all i # ), in [38]
radial solutions with domain separations are constructed using variational methods and
perturbation methods for k-systems, and in [12,43] minimax method is used to give in-
finitely many radial positive solutions for 2-systems (see also [39] for generalizations to
the k-systems). These radial solutions demonstrate segregation nature. Segregated ra-
dial solutions were obtained in repulsive case in [4] by global bifurcation methods for
systems (1.1) with k =2 establishing the existence of infinitely many branches of radial
solutions with the property that a weighted difference between the two components of
solutions along the m-th branch has exactly m nodal domains. While these results are all
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for positive solutions there has been steady progress in constructing sign-changing solu-
tions. In [25,26], we proved the existence of many solutions of non-trivial, sign-changing
nature (though the sign-changing property was not established). This was done by con-
structing invariant sets of the associated negative gradient flow in such a way that neigh-
borhoods of coordinates planes are invariant sets and solutions are constructed outside
these neighborhoods. In [22,23], by constructing invariant sets of the gradient flow con-
taining positive or negative cones the existence of multiple sign-changing solutions are
established. More precisely, for any positive integer m with 1 <m <k, there exist infinitely
many solutions such that the first m components are sign-changing and the last k—m
components are one-sign functions.

Motivated by these works, one natural question arises. The question is whether we
can provide more accurately existence and quantitative information for these vector sign-
changing solutions. One special case is to establish existence of solutions with prescribed
component-wise number of nodal domains, at least in the radially symmetric case. In
this paper we consider radial solutions in a case in which the coupling constants f;; (i #
j) are slightly less constrained than repulsiveness and our question is more specifically
formulated as follows: Given k positive integers p1,---,pk, does there exist a solution
(u1,---,uy) such that u; has exactly p;—1 zeroes, for i=1,---,k? We will give a positive
answer to this problem.

Theorem 1.1. Assume k>2, N=2,3, A; >0and B;; >0 for j=1,--- k. Let p1,---,px be any
positive integers. Then there exists a constant b> 0 depending only on A;, Bj;, and p; such that
for any B;; satisfying Bi; < b (i # j) (1.1) has a radially symmetric solution (uy,---,uy) such
that the i component u; has exactly p;—1 simple zeroes. Moreover, there exists a constant Cy
independent of B;j (i# j) such that the solutions obtained satisfy

K
)3 |ﬁij|/]RN”12”]2§CO

ij=1

forall B;; <b (i #j).

We remark here that the uniform energy bound should lead these solutions to exhibit
a trend of phase separations as f;;— —oo (i #]), though we do not pursuit this further.

As elaborated above, in the repulsive case, since there exist a variety of different
types of solutions with very distinct qualitative properties, it is important to know more
about the properties of the solutions constructed. Our result gives component-wisely
prescribed nodal information. In addition, our result covers the case where the coupling
constants are slightly less constrained than repulsiveness and besides nodal information
the solutions obtained exhibit a trend of phase separations as f8;j— —co (i#). The proofs
in Section 2 show that b has an expression in terms of B=max;fjj, v=minjA;, p=}pj,
x, T, and o, where x and T are constants from Sobolev imbeddings and depend only on
v, and pp is a constant which can be chosen such that it depends only on B, v, and p. In
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this way, b depends only on B, v, and p. The constant Cy has an expression in terms of B,
x, and po, and therefore it also depends only on B, v, and p.

We make use of an idea based on the Nehari manifold technique, gluing pieces of so-
lutions together to form sing-changing solutions with prescribed component-wise nodal
domains. This idea was initiated in Nehari [29] in proving existence of infinitely many
sign-changing solutions for a class of ordinary differential equations, and was used in-
dependently by Bartsch-Willem in [7] and Cao-Zhu in [9] to study sign-changing solu-
tions of elliptic partial differential equations with radial symmetry. The argument and
result in [7] were refined in our own work [24]. For systems of elliptic equations, there
are many different variants of the Nehari manifold depending on how the equations are
grouped (and/or how the domain is partitioned) to form the constraints in defining the
manifold (see [8,15,26,36]). If a Nehari manifold has to be defined by more than one
constraints then there will be more than one Lagrangian multipliers and, in many cases,
these Lagrangian multipliers can not be shown to be zero and accordingly such a Nehari
manifold does not produce a solution. The Nehari manifold defined below consists of
p1+p2+- -+ pk constraints and it is the repulsive nature among components of the sys-
tem in question which makes it possible for all the Lagrangian multipliers to be zero. In
fact, this repulsive nature is the main cause in each key step of the approach.

The idea used in this paper can be easily adapted to prove the same result for the
more general system

k

—Auj+Ajup=) Bijlui||uj| " ?u; in RV,
i=1

uj(x)—0 as |x|—oo, j=1,- .k,

where k>2, N>2, /\]'>0, ,3]‘]‘>0, ,31']‘:,3]',‘ (]751), and 1<q<% if N>2and 1<g<ocoif N=2.
Furthermore, the arguments of this paper can be generalized to prove similar results
for even more general quasilinear systems including k-coupled systems of m-Laplacian
equations.

The proof of the main result is contained in Section 2.

2 The proof of the main result

Denote
B=max{Bj;|j=1,2,---,k}. (2.1)

Let H!(RN) be the subspace of the Sobolev space H!(IRY) consisting of all the radially
symmetric functions. We shall use the following equivalent norms

1/2
H”Hi:</RN|V”|2+/\i”2) , i=1,--k,
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in H} (RY). Choose a positive number x >0 depending only on the number v defined as
v=min{A;[j=1,2,--- k}, (2.2)

such that, foralli=1,---,k and all u € H!(R"),

4 4
[t <xlullt 2.3)

It is known that radially symmetric solutions of (1.1) correspond to critical points of the
functional

1 k
O o) =3 Y il Xy [
i=1

1]1

defined for (uy,---,ux) € (H} (RN))*. However, this functional & is not the right functional
to be used to obtain the desired solution.
Fori=1,---,k, we divide the positive half axis [0,+0c0) into p; subintervals and let

P;: 0<7’1',1 < <Tipi—1 < 00,

be the (p;—1) points of division. Set IP = (Py,---,P) and we shall say that P is a k-time
partition of [0,+c0) with respect to (p1,---,pk), or just a k-time partition for short. We use
the notations r;0 =0 and r; ,, = +00, and set, for [=1,---,p;and i=1,--- k,
Q;(P) =int{x € RN [r;; 1 < |x[ <7y }.

Denote

Eij=E;(P)={u€H; (RY) [supp(u) C ()}
and

E=E(P)=Ey1 X - xEyp X+ X Egg X+ X Egp,,

and we shall make use of the functional [p: E — R defined as

]]P(ullr"' ulpll"' ukl/"' ukpk)
k
l

k pj
fzznuzznz—fzzzm} [
z 1= 1 1l=1j=1m=
Then E is a subspace of (H}(RY))?, where
p=p1t+p2t+-+px (2.4)

The functional Jp will play the key role in the approach for finding the desired solution.
Clearly, for (uy,1,--,u1,p,, -, Uk1, ,uk,pk) € E, we have

Pk
]]P(ul,ll'“Iul,pll'“lukzll . l/lkpk (th 1" Zuk’l>.
=1
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Choose u* =u*(P) = (uj,---,uj o S 4, ui ) € E(IP) such that u?, #0 for each sub-
’ P1 , Pk L,

script index (7,1) and supp(u};) Nsupp(u;,,) =@ if (i,1) # (j,m). Multiplying u;, with a

positive number if necessary, we may assume that for each (i,1),

oy I2=Bs [ (ui)*
Then clearly

k
luiil2= Y 251, [ w2070,

j=1m=1

Define the Nehari type set

No(IP) Z{(ul L U py s Uk 1 ) ‘ uil €E;p, ui) #0,

|ulle 2251]/ zl” }

j=1m=1

Then Ny (IP) is nonempty since u* € Ny(IP). Define the minimization problem

C(H’):infh’\wo(uv)= mf ZZH“qu

ENo(P z 1=

We shall make use of the following Nehari type set modified from Ny (IP):

N(]P):{(ull,...,ul b it )

g1 ||2 = 2251]/ llu]m, Zzlluzzlll<2c }

j=1m=1 zll

uj€E;j;, u;#0,

Now the above minimization problem can be written as

C(IP) = inf]]p |N(1P)

Since

1 ko * |12

1 ZZ 43117

i=11=1
and since the choice of u* is independent of B;; (i), c(IP) has an upper bound indepen-
dent of B;; (i 7).
Note that

/R 212, =0 forall ue E(P), all i, andall Lme{1,--,p;} with [£m.

This fact will be repeatedly used in what follows.
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Lemma 2.1. Let IP be fixed and let x be the number from (2.3). Define

1
32¢(IP)x

and assume B;; <byp for all i # j. Then N(IP) is a smooth submanifold of E.

bip =

Proof. For any subscript index (i,1), define G;;: E— R as

k
Gi,l(ul,li”'/ul,plr"'/uk,]/"'/ukpk ‘ulel Z Zﬁl]/

j=1lm=
Then all the G; ;s are smooth functionals and N(IP) is an open subset of

k pi

ﬂm zl \{O}

i=11=1

To see that N(IP) is a smooth submanifold of E, it suffices to show that if u € N(IP)
then the p gradient vectors VG;;(u)’s are linearly independent. Assume «;,’s are p real

numbers such that
k p

Z Z"‘i,lVGi,l (1/[) =0.

i=11=1
Letu=(u1,1, - ,U1,p,, U1, ,uk,pk). For any subscriptindex (j,m), taking inner product
of this equation with the vector of which all the components are 0 except the (j,m)h

component which is assumed to be equal to u;,,, we have a linear system of p equations
for a;;’s

ZE< ”zm>”‘ff’:0' m=1py, j=1k (25)
1
From u € N(IP) it can be seen that, for all the indices (i,1),
9 2
G, o) =2 [ =25 Y By [ o
il j#im=1
Z—Zﬁii/RN”?z

On the other hand, for all the indices (i,/) and (j,m) with (j,m) # (i,1),

0
<auiji,l( u), “]m> 2/31]/ 121”2

Thus the coefficient matrix of the linear system (2.5) can be expressed as

(o0 i)

pxp
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_ o 2.2
= (:BZJ/RN ”i,l”j,m) ’

pxp
where we regard (i,/) as the row index and (j,m) as the column index. Since, for any
(i,1)™ row, the entry on the diagonal minus the sum of the absolute values of the entries
off the diagonal can be expressed as

/ i ZZ 51}/ i,lujz',m =

jFEim=1

if B;; <bp for all i #j we have

4
,31‘1‘/]RN“1‘,1— )3

(jomm) 7 (iJ )

Consider the matrix

D m}/ ek,

j#i, Bij>0m=1

2 2
511/ UiiUim

zl ],

]':1m 1

il
j=1m=

> (1 — 16b11PC(]P>K) ‘

This implies that A is a diagonally dominant matrix and thus is positively definite by the
Gershgorin circle theorem. As a consequence, the coefficient matrix of the linear system
(2.5) is negatively definite. Therefore, all the a;,’s are 0 and the VG;;(u)’s are linearly
independent. O

= EH”LZHZ >0.

To prove that the minimization problem
c(IP) =infJp|n(p)
is achieved, we introduce an auxiliary minimization problem defined as
&(P) =infp|5p)

where

k Ppi

j]P(ul,l/'"/ul,pll"'/uk,l/ : ukpk 2
1 1=

and

N(]P>:{(ul,lr"‘;ul,p]/'"1uk,1r"'/uk,pk) ‘ uj €E;;, ui #0,
K pi

||uzzr|ls22ﬁq/ B L

j=1m=1 zlll

(P}
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Clearly,
Jo(u) =] (1),
if u= (w1, - u1p, - g1, Ukp,) €N(IP), and that implies &(IP) <c(IP).
We shall see that both the infima ¢(IP) and ¢(IP) are achieved, that any minimizer of
¢(IP) is in N(IP), and that ¢(IP) = c(IP). The strategy is that we first prove that ¢(IP) is
achieved and then show that any minimizer of Jp |5(p) is indeed in N(IP).

Lemma 2.2. Let IP be fixed and let byp be the number defined in Lemma 2.1 and assume B;; <byp
for all i #j. Then the infimum ¢&(IP) is achieved. That is, there exists u € N(IP) such that

Jp(u)=¢(IP).

Proof. For any u= (11,1, =+, U,p, ** , Uk1, " Ukp) € N(IP), we have

Hul;nlgzzﬁu/

j=1m=1

S,Bii/ ,1+b1]PZZ /N(“i,l)2<“j,m)2

jFEim=1
4 2 4 2
<Br[luig|[F +brprcluip 7Y Y jmll?
jFim=1

1
SBKHW,I||?+851PC(]P)KHW,1||1‘2:BK||“1',1||?+1||”1‘,1||12-

Therefore,

k
<lusilF <) 2[31] | 26

j=1m=1

for all u = (ul,l,m,ul,pl,---,ukll,---,uk,pk) €N(IP) and all (i,1).

Let {un}(io - jif(]P>l Up = ((un>1,1/' : '/(un)l,py' : 'i(ui’l)k,ll' ' ‘/(un)k,pk)/ be a mlnlleIHg
sequence for ¢(IP). Then

£(P) = Jim (10,
Passing to a subsequence if necessary, we may assume that, for each (i,1),
(Un)ij—u;; as n—»o0
weakly in E;;, strongly in L*(RY), and a.e. in RY. Set
= (U, gy, g1, i, )-
Then the weak convergence implies that

k pi

&(P) = lim Jp (uy) = lim - ZZH Un) leZ_ Z i | = Tie (1)

1 1= izllzl
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The L*(IRYN) strong convergence together with (2.6) implies that
3
ZZ:BZJ/ zl” —7}1_{2}022511/ ”nzl”n)]mzﬁf
j=1m= j=lm=
and, as a consequence u;; #0 for all (i,). In addition, we have

zm/ zlu]m—,;gr;ozzfsq/ (0 s )

j=1lm= j=1lm=
> limin|(1,)1{17 > || 2.

Since u, is a minimizing sequence,
*ZZHuullkhm ZZII n);|[f <2¢(P).
1 1= 1 1l=

Then u€N(P) and &(IP) < Jp(u). Therefore, ¢(IP)=Jp(u) and the infimum &(IP) is achieved
at u. O

Lemma 2.3. Let IP be fixed and let B, x be the numbers from (2.1) and (2.3) respectively. Define

3
32¢(IP)x[64Bc(IP)x+3]

bop =

If Bij < bop for all i #j then any minimizer of Jp 5P 15 in N(IP). As a consequence,
c(P)=¢(IP)
and c(IP) is achieved.

Proof. Letu=(u1,1, -, U1,p,, **,Ug1," - Uk p, ) EN(IP) be any minimizer of Jp |5(p)- Suppose,
for a contradiction, u  N(IP). Then for some (i,) the strict inequality

Hulle<ZZﬁ1]/ 1lu
j=1lm=

holds. For convenience, we denote by T; the set of indices (i,
ity holds and by 7> the set of remaining indices. Then for (i

s 7= ZZﬁz;/

j=1m=1

) for which the last inequal-

l
,1) € T, we have

If T, =@ then u lies in the interior of N(IP) and, for small € >0, (1—€)u € N(IP) and
Jp((1—€)u) <Jp(u).
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In this way we come to a contradiction.

Now assume T» # @ and thus u lies on the boundary of N(IP). It is quite interesting
that even though the point u lies on the boundary of N(IP) it can be shifted inward to a
point 0= (011, *+,01,p,,**, V1,V p, ) €INt(N(P)) such that

Jp(v) <Jp(u).
This v can be defined as
(1_6)1/2141',[, if (l/l) 6‘Tl/
i1 = 3

1/2
<1+ €> ui, if (i,1)€T,

64Bc(IP)x
where € >0 is a number small enough such that
(e <Z Z,BU/ 2, for (i) €Ty, 2.7)
j=1lm=
Clearly, v;; #0. Now we show that, for (i,/) € T, the inequality
HUZZHZ <ZZ,BZ]/ (28)
j=1lm=

is also valid. This inequality can be rewritten as

3
12 (- 2,2 3
sl <(1=¢) % By /. Nul,zu],m+(1+64Bc(P)Ke)(]2 Bi [ ik @9)
Note that (7,/) € T, implies
lugl2= 5 By [ it X By [ 1
(jm)eT (j;m) €T

Inserting the lase equation into (2.9), we see that (2.8) is equivalent to

64Bc(P)x
(1+f> )3 ﬁij/RN”?,l”]Z,m<Hui,le‘2-

(],m) 671

(2.8) then follows since the left side of the above inequality does not exceed

64Bc(IP)x 1
(1+ BN g () 2= | 2
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The definition of v implies

- 1 1 3
p()==(1—€) Y luylli+5(1+—mae) Y lupllf
4 (L))o, ! 4< 64BC(IP)K )(i,l)E‘Iz !
- € 3e
=lp(u)—= Y Nuili+sea—s Y luill?.
4 (i])eT ! 256BC(]P)K (i)eT !

In view of (2.6), we have

~ 3e 3e

]]p(v) < T]P(u) " 16Bx + 32Bx

3e ~

ZT]P(M)_?;ZBK <Jp(u),

and as a Consequence
1 k pi 5 1 k pi )
1 oD loll2 <5 o) gl <2¢(P),
i=11=1 i=11=1

which together with (2.7) and (2.8) implies v = (v1,1,*+,01,p,," ", Uk 1, Uk p,) € N(IP). We
have arrived at a contradiction since v € N(IP), Jp(v) < Jp(u), and u is a minimizer of
]]P‘N(IP)' _
Therefore, any minimizer u of Jp |5 p) is in N(IP). For such a u we have
c(IP) <Jp(u) =]Jp(u) =&(IP) <c(IP).
Therefore, ¢(IP) =¢(IP) and ¢(IP) is achieved. O

Lemma 2.4. Let IP be fixed and let bop be the number defined in Lemma 2.3 and assume B;; <byp
for all i #j. Let u be any minimizer of Jp constrained on N(IP). Then

V]]p(u) =0.

Proof. Since, by Lemma 2.1, N(IP) is a smooth manifold and since the assumption that u
is a minimizer of Jp constrained on N(IP) implies

V(Jplnew)) (1) =0,

there are p real numbers «;,’s acting as Lagrangian multipliers such that

k pi
Vie(w)+Y Y a;VGii(u)=0,

i=11=1

where G;’s are the functionals defined in Lemma 2.1. Taking inner product of this equa-
tion with the vector of which all the components are 0 except the (j,m)™ component
which is taken to be u;,,, we arrive at the same linear system as (2.5). According to the
proof of Lemma 2.1, we have «;; =0 for all (,/). Then the conclusion follows. ]
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Now we consider the minimization problem

c:lﬁfc(ll’).

The infimum is taken over all the k-time partitions IP = (P, --,P) with P; having (p;—1)

points of division. By (2.6), we see that ¢(IP) > 125 ~ for any IP and, as a consequence,

c> 3]7_
— 16Bxk

We will show that c is achieved by a k-time partition IP.

Fix a k-time partition IPy and a point 1y € E(IPy) having the same properties as 1* men-
tioned above. That is, ug = ((u0)1,1,-**,(40)1,p,,+,(40)k1,, (4o )k p, ) Delongs to N(IPo)
and satisfies

(10)i) #0 for all (i,1),
supp((u0)i) Nsupp ((10)jm) =@, if (i,1) #(j,m),
[ (140) 1117 = Bii Jgn ((10)ip)* forall (i,1).
Then fix a number j such that
1k P )
1 0 2 (o) 17 < o (2.10)
i=1I=1

This provides an upper bound y independent of g;; (i #j) for ¢ since
c<c(IPy) < uo.
Let B and « be the numbers from (2.1) and (2.3) respectively, and define

3
 32Kpo(64Brpg+3)

bo (2.11)

Lemma 2.5. Assume fB;j <bg for all i# j. Then there exists a k-time partition P and a u € N(IP)
such that

c=c(P)=]p(u).
Proof. Let {IP,} be a sequence of k-time partitions such that

c= lim c(IP,).

n—00
We may assume that ¢(IP,,) < po for all n since ¢ < pg. Then for all n

3 3
b =
2Pr = 350 (P )k [64Be(Py )k 3]~ 32xpio(64Brjio 1 3)

=by.
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Since B;; <by for all i # j, by Lemma 2.3 there exists up, € N(IP,) such that
c(Py)=Jp, (up,)-

For simplicity, we write u, = up,. Suppose
Py = (Pa1,++, Pux)

and
P,i: 0< (Vn)i,l << (rn)i,pﬁl < Ho0.

We claim that, for all i, the sequence {(74);p,—1}5-; is bounded above and the se-
quence {(74)i1—(n)ii—1}5—; is bounded below by a positive number if / < p; —1. Since
Jp, (un) =c(Py) < o, we have

zzn )il = zzzm}/ )31 (1) < 0.
i=1l= i=1l=1j=1m=
Then, for any index (i,1),

It )ia 2= [ (1 11+225U [,

j#Fim=1

<B [ (1) +borl| lznzzz |0

jAim=1
1
Using the Strauss inequality
lu(x)| <Clx|~ " |Jul;, ueHY(RYN),
we estimate as
H(un)i,pI'HizSZB/]RN(un);%piSCH(un)i’piH%/IRN|x|—(N—1)(un)i2,pi
<ClI(utn)ip 117 )ipy—a]~ 1.

Here and in the sequel, we use C to denote a positive constant whose exact value is irrel-
evant. Since (uy);p, 70 and the sequence {||(u4);p, |} is bounded, the above inequality
implies that {(7,);,—1}5-; is bounded. If | <p;—1 then by the Holder inequality and the
Sobolev inequality

2/3
Il <28 [ Gunlty<2b( [ 0)6) 0@

<Cll ()i IF ()™ = ()N
<Cll )it [(rn)ipe—a] NV [ = (ra)iga]'.
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Since we have already seen that {(7,); -1} is bounded above, we have

1ot IF < Cll )il )i = (i)',

which together with the boundedness of {|| (1, );;|;} implies that {(r,,);;—(rn)ii—1}5q is
bounded below by a positive number.
Passing to subsequences if necessary, we may assume that as n — oo, for each (i,1),

(Tn)ig =il

and
(Mn)i,z — Ui

weakly in H} (RYN), strongly in L*(RY), and a.e. in RN. The above discussions show that
P;: 0<7’l‘,1 <L <7’l‘,pi,1 <+o0

is a partition with (p;—1) points of division of [0,4o0) and P = (P;,---,P%) is a k-time
partition. Clearly,

uj; € E;(IP).
Using the same argument as in the proof of Lemma 2.2, we see that
; 3
jzlmz“ﬁl]/ Jm—;}l_f&zzﬁq/ un zl u”)]mzﬁ,
and
k . 2

ZZﬁ’f/ Wi = i 7

j=1lm=
Moreover,

ZZHuzsz<hmmf ZZH n )i, I}

z 1= 1 1=
:11g1orgf]ﬁ>n(un):]igi(gf]]pn(un):J%C(PH)ICSC(P).

Therefore, u € N(IP). Since
c<c(P)=¢(P)<Jp(u)<c,

by Lemma 2.3 we have u € N(IP) and c=c¢(IP) = Jp(u). O

Lemma 2.6. Let by be the number defined above and assume B;; < by for all i # j. For any
u= (U1, Utp, - Uk 1, ,uk,pk) € N(IP), define a function F:RP — R as

Pk
F(Sl,lf",51,p1,“',5k,1, : Skpk (Zsllul Iy Zsk,l”k,l>~
=1

Then (1,---,1,---,1,---,1) is a strict local maximizer of F.
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Proof. From the definitions of F and & we have

F(Sll/"' Slplr"' Skl/'” Skpk)

i kP
*EZS”HL{”HZ ZEZZSIIS]M‘BZ]/ zlu
1 1= z 1i=1j=1m=

The first and second partial derivatives of F are given by

oF

gzsi,lnui,lnzz_s?,lﬁii/ ZZS”SW'BZ]/ llulm’
il jFim=1

0°F

QZH”Z‘JH%_?’S?,Iﬁii/ ZZSW'BU/ W
il jFim=1

and
PF o[ 2o o .
BsigdsoimPi /RN”ill”f,m or (j,m) # (i,D).

Since u = (u1,1," ", U1,p,, " Ug1," " Uk, ) EN(IP), it follows that

JoF
081 1(1, 1,4, 1,-,1) orall (i,l)
and .
F ) | |
asuas}m‘(lll 2'81]/ Wim forall (i,I) and (j,m).

According to the proof of Lemma 2.1, the matrix

(e s
051108 | (1,++,1,+1,-1) pxp

is negatively definite. Therefore, (1,---,1,---,1,---,1) is a strict local maximizer of F.
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O

Let T be a positive number depending only on the number v in (2.2) such that for all

i=1,---,kand all u € H} (RV),
1/3
([u) " <tlul

B*=max{B, by},

Set

(2.12)

(2.13)

where B and by are the numbers in (2.1) and (2.11) respectively. With the constants v, p,
to, bo, T, and B* from (2.2), (2.4), (2.10), (2.11), (2.12), and (2.13) respectively, we define

. v
b= mm{bo, 72883*;721'3;4% }
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Proof of Theorem 1.1. We first assume that B;; <by for all i #j. By Lemma 2.5 we choose a
k-time partition P = (Py,---,P;) with

P;: O<1’i,1<"'<7’1‘,pi_1<—|—00

and u € N(IP) such that
c=c(P)=Jp(u) =D (us,--,ux),

where
Pi
u;= ZM,‘,Z, i=12,--- k.
1=1

Replacing u;; with (—1)"~!u;,| if necessary, we may assume that (—1)""1u;; > 0.
Then, since VJp(u) =0 by Lemma 24, u = (um,---,ullpl,---,ukll,---,uk,pk) is a solution
of the system

( kP
—Aujp+ A=Y Y ,Bijui,lujz',m in Q;(IP),
j=1m=1
Ujp 750 in Qi,l(lp)/ (214)
(=1)"u;; >0 in Q;(IP),
Ui =0 in ]RN\QZ',I (]P

For any 1, multiplying the above equation with (u;;)®" and taking integral yields

1 n "
*/ \V(Mi,l)32+1 ’2“")\1'/ () > 1

3n
2
b ([ um%)”zz(/ ) 4) 7,
j=1lm=
which implies
(ot )" el [} L E ([ ™)™
RN il >~ RN il == RN jm .

Summing up with respect to (i,/) and then taking the (3" +1)™ root, we see that

pi

1
1
X:/]W(Ltl‘,z)3n+3>3 o

i=1l=1

=

1
+1 T 1
/ '/ 3;1 +3 31 +3§(3”B*p'l’)3n+](
1 1l 1/RN

Then an iteration process can be used to deduce that

( /}RN i) 3n+1+3> 3n+11+3<3rn( B pr) (ii/ﬂw(ui,z)6)tn,

i=11=1 i=11=1
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where
n 3(n—1) 3*(n-2) 31
rn: +_|_ ,
31+1 3n4-1 31+1 31+1
Sy = ! + 3 + i +-- +3n71
"Bl 3n41 0 3n41 341’
and
3n—1
g1

Since r,, <1 we arrive at

3r1+1+3 3n+1+3 < 3 S /
. T n u
3 /RN . b 22 i)

i=11=1

In view of lim, 08 = 5 Land limy_seotn = % letting n — oo yields

)1/2 1/3
max max ||u;|ry) <3(B*pT) /ZZ</ uir) )

1<i<k1<I<p; =

33(3*19)1/273/222||”i,l||12§12(B*P)1/2T3/2]/10- (2.15)
i=11=1

Write the equation in (2.14) in the form
P
—Auj + (Ai—z Y Bii(ujm)® | uip=Bii(uir)°.
jAim=1
We now assume that B;; <b for all i #j. Using (2.15) we see that
Pi
Ai=Y_ N Bii(ujm)* > v—144bp* B* O >v/2>0.
jF#Eim=1

Then the elliptic regularity theory implies that u;; is smooth in Q; ;(IP), and by the maxi-
mum principle

(1)t (r) >0 for re(ry_1,rip), (2.16)
and 5 )
_1)\I-1 Uil -1 Ui
( 1) r—>71,',171+ or (1’)>0, ( 1) rl}m— or (7’)<0. (2.17)

Here we have written u;;(|x|) =u;;(x). Then u; has exactly p;—1 nodes

Yi1, Yi2, =0, ri,pi—l
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We show that (u1,--,uy) is a solution of (1.1). If this is not the case, then @' (uq,---,uy) #0
and there exists (¢1,--,¢x) € [C§°,(IRN)]¥ such that

<(D/(M1," 4)1, , >— (218)

where C§°(RY) is the subspace of C§° (]RN ) consisting of all the radially symmetric func-
tions. In view of (2.16), (2.17), and (2.18), we can choose a number ¢ € (0,1) such that if
0<e<dandifs=(s1,1, - ,51,p,, " ,Sk1," " ,sk,pk) € R satisfies |s;; —1| <4 for all (7,/) then

P1 Pk
<q>’ <ZS1,1M1,1+€471,- -, Zsk,l“k,l+€4’k> (1, ”,47k)> <-
1=1 =1

and the function 2;11 s; ju;j 1 +€@p; has exactly p; —1 zeros, denoted by,
0<ri1(s,€) <---<rip,—1(s,€) <+oo,

which depend continuously on s and e.
Set

Q={s=(s1,1,""/51,p1, " /Sk1,"** Sk p, ) ERP]s;; —1| <6}

and let F be the function defined in Lemma 2.6. Decreasing ¢ if necessary, we may
assume that (1,---,1,---,1---,1) is a strict global maximizer of F|p. Choose a function
h e C®(Q) such that 0 <h(s) <1 for all s€ Q, h(s) =0 in a neighborhood of 9Q, and
h(1,---,1,,1---,1)=1.

Now, the functions Zf;lsillui,ﬁ—csh(s)gbi, i=1,2,---,k, have the following properties:
forany scQ,

P1
<q>’ <251,1M1,1+5h( P1, - Zsklukl+5h( )¢k> , (¢1/"'/¢k)> <-1, (2.19)
I=1 I=
the function Y_}" ; s;u;, +6h(s)¢; has exactly p;—1 zeros, denoted by,
Pi(s): 0<ri1(s) <--<rip,—1(s) <00,

and r;;(s) is a continuous function for any (i,I). Let P(s) = (Pi(s), -+, Px(s)) be the k-time
partition formed by all the r;,(s). Define the map H:Q —R? as

H(s)= (Hua(5),++ Hp, (), Hia (5), - Hip, 5)),
where ;
Hig(s) = [1Uss ()17~ ZZ&;/ SUZ, (5
j=1lm=
and

Ui (s <Zsl iy +0h(s )4’i> Xy (P(s))-

l/
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Here, for [=1,---,p;and i=1,---,k,
Q1 (IP(s)) =int{x € RN|r;; 1 (s) < |x[ <r;1(s)},

X0, (p(s)) (x)=1for x€Qy 1 (P(s)), xq,,(p(s)) (x) =0 for xRN\ );;(IP(s)), and we use again
the conventions ;(s) =0 and 7; ,, (s) = +c0. Since the r;,’s are continuous functions, H is
a continuous map.

We want to prove that there exists s € Q such that H(s) =0. For this we need to study
the images of H on the boundary of Q. Suppose s€dQ. Then h(s)=0and U, (s)=5; mtjm
for all j and m. For s;; =1—4, we have

Hi(s)
(1= 8)2 P~ (1- szﬁw/ i,
j=1m=1
> (=02 gl - (1=0)*gi [ (i)' —(1-8)" T Zﬁu Jo
R j#i, Bi<Om=1
—(1-62(146) Y Zﬁz]/
j#i, Bij>0m=1
=5(1-0)2(2=0) uy |} —4(1-0) ¥ Zﬁg [
j#i, Bi>0m=1
Since
D Zﬁz;/ i, <bxuuizuzzzHu,mu]<4bmuuzzm_4Huzlu (220)
j#i, Bij>0m=1 j=1m=1
we see that

Hi;(s) > 6(1—=6)%|uj |7 >0.
In the same way, if 5;; =1+ then

Hi(s)

k
(148 P~ (14012 ) Zﬁz; 2 [

j=1m=1
—~3(1+0)(2+) [P +46(1+67 Y Zﬁq [

j#i, Bij>0m=1

which together with (2.20) yields

Hi(s) < —6(1+48)*(2+46) |y |7 +8(146)|uy |7 = =5 (146)||u;, |7 <O.
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Using a degree theory argument (or by the Miranda theorem), we see that there exists
s € Q such that H;(s) =0 for all (7,/). That s,

U(s):=(Upi(s), U p, (s), -, Ug1(8), -+ U p (8)) EN(IP(8)).

Fix such an s in what follows. Then the definition of ¢ implies

=1 I=

c<c(IP(s)) <Jps)(U(s)) =P (pzlsl,lul,l+5h( s)pr, - Zsklukl+5h( )Pk )

On the other hand, in view of (2.19), the Taylor expansion yields
P1
N Zsl,lul,l+5h( ¢1, -+ Zskl”kl+5h( )Pk
I=1

P1
=0 (Zsl,lul,l/ P Zsk,luk,l>
=1 =1

1 P1
+(Sh(s)/0 <®’(Zs1,zu1,l+9(5h( P1, - Zskzukl+95h( )4’k):(¢1r“‘f¢k)>d9
=1

P1 Pk
<® (ZSLWLI, T Zsk,luk,l> —0h(s).
i=1

Combining the last two inequalities, we have
P1 Pk
<P Y syury, oo, Y Skikg | —0h(s).
1=1 1=1
If s;;=1 for all (i,]) then we have a contradiction as
P1 Pk
ng) Zul,l/'“/ Zuk,l _51/1(1/“'/1/"'/1/“'/1):C_é-
1=1 I=1

If s;; #1 for some (i,1), then using the fact that (1,---,1,---,1---,1) is a strict global maxi-
mizer of F|o we have

p1 Pk P1 Pk
c<o <ZS1,1M1,1, Ty Esk,luk,l) <P (2”1,1, Ty E%l) =c
1=1 1=1 1=1

=1

which is also a contradiction. Therefore, (u1,---,ux) is such a solution of (1.1) that u; has
exactly p;—1 simple zeroes

Yi1, ¥Yi2, o0, ri,pi—l-
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At last, we estimate the quantity

|.Bz]|/ ”
ij=1

Using the equality
k
Y lul= Y- py [ uin
i=1 i,j=1
we have
W22 ‘ 2
Z‘ﬁl}’/ “ —22,311/ iU ZH“ZH
i,j=1 i=1
Therefore,

2
k

Y 18] [ w3 <28 Y- =25 (Druiu%),
i,j=1 ij=1 i=1

which together with the fact that

NG
M»

7 < po
i=1
implies
Z |Bijl / Fus <32B*kuf.
ij=1
The proof is completed. O
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