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Abstract: This article mainly discusses the direct sum decomposition of type Ga
Lie algebra, which, under such decomposition, is decomposed into a type A; simple
Lie algebra and one of its modules. Four theorems are given to describe this module,
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1 Introduction and Main Results

The classification of Lie algebra is one of traditional fields of research in [1]-[3]. However,
the detailed description of structures of basic 9 types of simple Lie algebra is not easy to
achieve in [1]. This article tries to analysis the structure of type Go Lie algebra with the
help of direct sum decomposition. This method involves the simple type A; Lie algebra, the
irreducible modules, the trivial modules, the weight modules and the highest weight module.
Generally, it is difficult to analysis the structure of type G5 Lie algebra precisely only by
definitions, properties and theorems of Lie algebra. But using the direct sum decomposition
enables us to get the detailed description of the structure of type Gy Lie algebra. The main
result is given by the following theorem.
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Theorem 1.1  The simple type Go Lie algebra can be direct sum decomposed as Go =
Ay ® M. There are four possibilities for M:

(1) M is the direct sum of four two-dimensional weight modules and three trivial modules;
(2) M is the highest weight module and the highest weight is 10;
(3) M is the direct sum of two irreducible modules;
(4)

4) M s the direct sum of three irreducible modules.

This article begins with the discussion of the background in [1], [4]-[6] and detailed
information of type Go Lie algebra in [7]-[11], which could help to understand our work.

2 Basic Description

We begin this section by giving some useful result from [1].

Assume that the standard orthogonal basis of R? is €1, €2, €3, and E is the plane in R?
which goes through the origin and is orthogonal to the vector €; + €2 + €3. Note [ as the
glen Z-span by €1, €3, €3, where I’ = I E, and root system

d=+{ael, (o, ) =2 or 6}.
Then the irreducible root system of a simple type G2 Lie algebras is
@ =+{e; — €9, €0 —€3,€61 — €3, 261 — €3 — €3, 260 — €1 — €3, 3€3 — €1 — E2}.

The simple root for simple type G2 Lie algebra can be chosen for a1 = €1 — €3, ag =
—2e1 + €3 + €3. The highest root is 3a; 4+ 2o, and the shortest root is 2a; + as.

If the base is fix to be A = {a, @z}, then the strongly dominant is: A; = 2a1 + e,
Ao = 3a; + 2as. This has a 1-1 irreducible representation of a 7 x 7 matrix. And dim G, =
14, d; = ej11i+1 — €iya44 (1 = 1,2,3). The Cartan Subalgebra (CSA for short) of Gy is
H,H={hy, ho | hy =dy — dy, ho = dy — d3}, dim H = 2.

The six long roots about H is g; _; (i # j, 4,5 = 1,2,3),

91,—2 = 92,—1 = €23 — €65,

91,-3 = 93,—1 = €24 — €75,

9o, 3 =932 = €34 — €76.
The six short roots about H is g1, (i =1,2,3),

t

91=—"9 1= Vel — es1 —vesr — e,
t

gy =—9 9= Veis — eg1 —vear — eys,
t

g3 = —9 3= Ve —ern — ey — ess.

The 12 roots of the above are the common feature vectors of adH.
The operations between the bases of the Gs

(9i,—j+ G,—1) = ik Gi—1 — it Gi—;>
l9;, 9_;] = 3d; — (d1 + d2 + d3),

(9 —j» 9] = —0jk9_,
[9i,—;» 9K| = —dirg;,
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l9;» 9_;1 =39, (i#]),
(9, 9;1 =*2g9_, (i #],i#k k#1),
(9, 9_;1 =+2g,  (i#4,j#Fk k#1).

3 Decomposition

3.1 Decomposition One

Let simple root of G be {a1, a2}, a; be long root, ag be short root. Then the integrality
properties is

Go=H+ [] La,
acd

where dim H = 2, & = {1, aa, a1 + a3, 201 + @z, 30 + g, 31 + 2as, }
In the matrix representation of G5, there are
[P1, 91,2l =291, 5, [P, 92 1] =295 1, [91,-2 o _1] =2M1.
So span{hi, g; _o, go 1} is isomorphic to sl(2, F). Let
Ay = span{hy, 91,-2> 92,71}*
So A; is subalgebra of G5. By dim Go = 14, let the complement space of A; on G5 be M.
Then M is adjoint action by Ay,

adgl,—2(91,—3) =0, adhl(gl,—3) =01,-3 adg, _1(g1,_3) = 92,3,
ad.‘h,fz(g:s,q) = —9g3 2, adhi(gs 1) = —g;5 1, adgy _1(g3.-1) =0,
adgl,—z(QQ,—:s) =91,-3» adhl(QQ,—3) = =923, adg, _1(g2,_3) =0,
adg1,72(93,72) =0, adhyi(gs o) = —9g3,-2, adgy _1(g3,2) =0,
adg; _5(91) = —9_o, adhi(g1) = — g1, adg, _1(g1) =0,
adgy _,(g9_1) =0, adhi(g_1) = g1, adg, _1(9-1) = g_,
adg; _5(g9,) =0, adhi(g;) = — 9. adg, _1(9:) = —91,
adgy _(9-2) = —9_1, adhi(g9_y) = —9,, adg, _1(g9_5) =0,
adg; _5(g93) =0, adhi(g3) =0, adg, _1(g93) =0,
ad91,72(973) =0 adhi(g_3) =0, adgy _1(g9_3) =0,
adgl7_2(h2) =01,-2 adhy (hy) =0, adg27_1(h2) =921
Then relational formulas (g—ﬂ> is adjoint action)
92,3 L2 gy 0,
921 92,1
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91,2 91,2
g_o—9_, —0,

92,1 92,1
g1 ——>9,—0.

We can select a corresponding

91,—2 = Loy, 92,1~ L_qa,,
91,-3 — L3a1+2a23 93,1 — L73a172a27
923 = Laoi+as, 93,2 = L_30,—cs>
91 = La,, 91 = Loq,
9 = Laj+as, 92—~ Loci—a,
g3 — L20¢1+0¢2’ g3 — L*2041*0¢27
hy — Hg,,
hay = H3a,toss
where
hi — Ha, as [g1,_2: 9o,—1] = M1 € [La,, La_,] = Has,,
hy — H3a1+a2 as [92,737 93,72] =hy € [L3a1+a2a L73a717a2] = H3a1+az-

Theorem 3.1  The simple type Go Lie algebra can be direct sum decomposed as Go =
Ay ® M, where M is the direct sum of four two-dimensional weight modules and three trivial

modules.

Proof. As mentioned above A; and eleven-dimensional space M, if m € M, then from A
adjoint action m: A;.m = M.
The three weight spaces are
Weight 1: Vi =span{g; _3, 932 9_1, 9o}
Weight 0:  Vj = span{gs, g_3, ha},
Weight —1: V_; =span{g; _1, 9> _3, g1, 9_2}-
The four two-dimensional weight modules are
My = span{g; _3, 9o 3} = L3a,+205 + Laa,+ass
My =span{gs _5, g5 _1} = L—3a;,-a» + L—301 202
M; = span{g;, g,} = La, + Lay+as,
My=span{g_1, 9 5} =L_a, + Looi—cs-
The three trivial modules are
M5 = span{gs} = Loa,tas
Mg = span{g_3} = L—2a,-a,
M7 = span{ha} = Lo, +as-
Corollary 3.1  G3 can be normal decomposed as Go = Ay x4, M, where M is the direct
sum of four two-dimensional weight modules and three trivial modules.

Proof. Obviously, M is normal subgroup, so the corollary is proved.
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3.2 Decomposition Two

Lemma 3.1 If0# o, € Lo, and 0 # xo, € Lq,, let o, + 2o, = X, then there exists
aYeL o +L_q, suchthat X, Y, H=[X, Y] span a three dimensional simple subalgebra

of Gy isomorphic to sl(2, F) via
0 1 00 1 0
X , Y— , Hw— .
0 0 1 0 0 -1
Proof.  From the literature (see [1]), for e € @, if €y € La, o # 0 such that z, y,,
ho = [®o, Y] span a three dimensional simple subalgebra of G5 isomorphic to sl(2, F) via

0 1 0 0 1 0
To — , Yo — , ho — .
0 0 1 0 0 -1
So, if aj, ap € @ and 0 # xo, € La,, 0 # Ta, € La,, then there exist y, € L_q,,
Yo, € La, such that o, Yy, hay = [Tars Ys,] a0d ZTa,, Ya,> Pas = [Tas, Ya,] SPan

respectively a three dimensional simple subalgebra of G5 isomorphic to sl(2, F).
Let X = zo; + Yu,, Y = 6y,, +10y,,, H=6hy, + 10hy,. Then
[H, X] = [6ha, + 10ha,, To, + Yo
= 6[hoy Tay | + 6[Poy Tay] + 10[Ray, Ta, | + 10[ha, Ta,]
= 12xo, + 6{(02, O1)Tq, + 10{av1, O2) T, + 2024,
= 12xq, — 18%q, — 10Ty, + 20,
= 2(Toy + Tay)
=2X.
In the same way, we can get
[H, Y] = 12y, +20y,, =2Y.
So,
(X, Y] = [%a, + Ta,, 6Yy, +10Y,,]
= 6[To, Yo, | + 6[Ta; Yor,] + 10[Zar, Yoy, ] + 10[T v, Yo, |
= 6hq, + 10hq,
= H.
So X, Y, H span a three dimensional simple subalgebra of L isomorphic to sl(2, F'). The
proof is completed.
From Lemma 3.1, chosen A; = sl(2, F), X = 2o, + Y,,, Y = 6y,, +10y,,, H =
6ha, + 10hg,, where X € Lo, + Lo,, YEL_o, + L_q,, HE Hy, + Hq,.
By dim Gy = 14, let the complement space of A; on Gy be M. Then the direct sum
decomposition
M= HEB H La@(Lay — Lay,) B(L-a; — L-a,),
acd’
where H is complementary spaie of Ha, + Hq, on CSA,

?' = +{a; + ag, 21 + @z, 3a; + ag, 3 + 2ai}.
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Lemma 3.2 M in Theorem 3.2 is weight module.
Proof.  As mentioned above A; and eleven-dimensional space M, we have
adH (Lo, +20,) = [6hey + 10ha,, Lo, +2a,)
= (6(3a1 4 22, 1) + 103y + 202, @2)) L3a, +2a
=10L3a, 12025
adH (L3 +os) = [6hoy + 10ha,, Lo, +as)
= (6(3a1 + a2, 1) + 1031 + a2, @2))L3a, +as
= 8L3a; +as;
adH (Lo, +on) = [6ha, + 10ha,, Laa, +as)
= (6(2a1 + a2, 1) + 1021 + @2, 1)) Loa, +as
= 6L20,+ass
adH (Lo +as) = [6hoy + 10ha,, Loy +as)
= (6{a1 + a2, 1) + 10{ax1 + @2, @1)) Loy +as

=4Lo,+as,
adH (Loy — La,) = [6ha, + 10hay,, Lo, — La,)
=2(Loy, — L),
adH (H) = [6ha, + 10hq,, H]
=0,

adH(L_q, — L—oy) = [6ha, + 10ha,, L_a, — L_ay)
=—2L_a, — L_0,),
adH (L—oy—oy) = [6ha, + 10hay, Lo, —as)
= (6(—a1 —ag, o) + 10{—a1 — a2, a2))L_q, —a,
=—4L_o,—a,,
adH (L0, —ay) = [6ha, + 10hay,, L_20, -]
= (6(—2a1 — a2, 1) + 10(—21 — a2, a2)) L 20, —ay

- _6L72a17a27
adH(L_gal_a2) = [6ha1 + 10ha2, L_3a1_a2]
= (6<—3CX1 — 2, a1> =+ 10(—3(11 — O, a2>)L,3a1,a2

=—8L_30,—cus>
adH (L_30,—205) = [6ha, + 10hay, L_30,—2as]
= (6(—3a1 — 2a2, 1) + 10(—31 — 22, a2))L_30,, —2cx»
= —10L_30, 205 -
From the base of H adjoint action M, we obtain that the weight module M is A;.

Lemma 3.3 M in Theorem 3.2 is irreducible module.
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Proof.  From Lemma 3.2, M is weight module.
Base of M is adjoint action by X, by o, B € &, oo + 8 # 0, then 0 # [Lo, Lg] C Loy
such that
[X, Lsai+2as] C [Lay + Lasz, Lia;+2a.] =0,
# [X, Lsay+as] C [Lay + Lass Lzay+as] € Lia;+2a0,
0 # [X, Loa,+as] C [Lay + Las, Loai+as) € L3a,+as,
# [X, Lay+as) C [Lay + Laz, Lai+az] C L2as+as,
0# [X, Loy — Las) C [Lay + Lays Loy, — La,) C Lay,
# [X, HY] C [Lay + Lay, H] C Loy tass
0#[X, Lo, — L0, C[Loy + Loy, Loy — L—ay] C H,
#[X, Leoy—as] C [Lay + Lags L—ay—as] € Loy — L—ay,s
0# [X, L-2a,-as] C [La; + Lass L-20q—as] C Loa,—as:
# [X, L-3a,-as] C [Lay + Laz, L-3a1-as] C L-2a;-as;
0# [X, L_301—20) C [Loy + Lass L—301—200) € L—30; —an-
Base of M is adjoint action by Y, by a, 8 € &, a+ 3 # 0, then 0 # [Lo, Lg] C Layg such
that

Y, Lo, +205) C [L—a; + Loy Lai+20s] C Lo +ass
Y, Lo tas) C[L—a; + Lo, Loy +as] C Loag+ass
Y, Loa,tas) C[L—a; + Loy, L2ai+as] C Lag+ass
Y, Lojtas] C[L—a; + L—ow, Laytas] € La; — Las,
Y, Loy — Lay]) C Loy + L-ay; La, — La,] C H,
] [L_o, + L, H] CL o —L_q,,
Y,L o, L 0, C[Lea; + Loy Loy = Lay) € Loy —ass
Y, L o,-as) Clloa; + Loty Leay—on) € Looa;—ass
Y, L 20, —as] C [Lea, + L—ay: Lsay—au] C L_3as—ass
Y, L 30,-as] Clloa; + Lass Lo3a1—o0w] € L_3a; 205

[K L—3a1—2a2] - [L—al + L—a27 L—3a1—2a2] = 0.
If me M, from A; adjoint action m we know A;.m = M. So M is irreducible module.

#
#
#
#
#
# Y,
#
#
#
#

Theorem 3.2  The simple type Go Lie algebra can be direct sum decomposed as Go =
Ay ® M, where M is the highest weight module and the highest weight is 10.

Proof.  From Lemma 3.3, M is irreducible module. From Lemma 3.2, base of M is adjoint
action by H, then M is a highest weight module with the highest power of 10.

Corollary 3.2 G4 can be normal decomposed as Go = Ay x4, M, where M is the highest
weight module and the highest weight is 10.

Proof.  Obviously, M is normal subgroup, so the corollary is proved.
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3.3 Decomposition Three

From Lemma 3.1, chosen Ay 2 sl(2, F), X € L_qa, + Lsay+200, Y € Loy + L3020
He Hy, + H3ay +20,- By dim G = 14, let the complement space of A; on Gy be M. Then
the direct sum decomposition

M = Ef@ H La @(L301+20¢2 - L—al) @(L—?)Otl—?az - La1)7

ac P’

where H is complementary space of Hq, + H3oy+2a, o0 CSA,

Lemma 3.4

o' = ﬂ:{ag, ay + oo, 2001 + o, 3y + ag}.

M in Theorem 3.3 is the direct sum of two irreducible module.

Proof. As mentioned above A; and eleven-dimensional space M.
Base of M is adjoint action by X = y,, + T3a;+2a,, by @, B € &, a + 3 # 0, then
0 # [La, Lg] C Lo+ such that

[
#
#
#
#
#
#
#
[
# X

X, Lo,] C [L3ay+200 + L—ays Las] =0,

X, Loy tas) C [L3ay+20: + L—ays Lay+as] C Las,

X, Lo, +as) C [L3a +2a0 + L—ayy L2ay+az] € Loy +ass

X, Lsa,+an) C [L3ay+20s + L—ays Loy +as] C Loag+oss

X, L_a,] C [Lsar+20as + Loy L—as] C Laay+as + L—ay—as»

X, L o, —an) C[L3ay 1200 + Loy Doy —a] € Locy+as + D20 —cuns

X, L s0y-as] C Laj+as + L—30—ass

X, L_30,-as) C [L3a, 420 + L—as L_3a;1—as] C La,,

X, Lsoy+200 — L—ay] C [L3ay+2as + Loy L3ag+2as — L—ay] =0,
H) C [L3a, 4200 + Loy H) C L3a, 42000 — L—cuys

0 7é [X, L—3a1—2a2 - Lal] C [L3a1+2a2 + L—ala L—3a1—2a2 - Lal] C H

Base of M is adjoint action by Y, by o, B € &, a+ 3 # 0, then 0 # [Lq, Lg] C La+g such

that

# Y, Lay] C [L—301—200 + Lays Lay) € L-30q—as + Loy +ass

# 1Y, Loy +as) € [L-301—200 + Las Loy tos] € L 20— + Locy +ans
# 1Y, Loas+as] C [L-3a,-2a + Loy L2ai+as] € Loay—as + Lioy +auss
# 1Y, L3a, +o] C [L—30,-2a3 + Lays Loy +as] € Loy,

1Y, L o, o) C[L-30;-20a5 + Lays Loy —as] C Loa,,

# 1Y, L_oo,—as] C[L-3a1-2000 + Loys L2, —as) € Looy—ans
# Y, L_30q—0s] C [L-3a;-2as + Lays L—3a1—-as] C L2014 —oes)
Y, L_q,] C [L3ay+2a0 + Layy L—ay] =0,

# 1Y, L3ay+205 — L—a,] C [L-301-205 + Loy L3ay+200 — L—ay] C H,
# 1Y, H C [L_ 30,200 + Lays H) C L 30, —200s — Laxy s
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[Y, L—3a1—2a2 - Lal] C [L—3a1—2a2 + LOL17 L—3a1—2a2 - La1] =0.
Let

My= [ La (with & = +{as, o1 + @z, 201 + @z, 3oy + a2 }),

a€¢//
M2 = Span{L3a1+2a2 - Lfala H7 L730¢172a2 - L7a1}~
If m € My, from A; adjoint action m we know that A;.m = M;. So M; is irreducible
module.

In the same way, we can know that M5 is irreducible module.

Theorem 3.3  The simple type G2 Lie algebra can be direct sum decomposed as Go =
A1 & M, where M is the direct sum of two irreducible modules.

Proof. From Lemma 3.4, M in Theorem 3.3 is the direct sum of two irreducible module.

Corollary 3.3 G can be normal decomposed as Go = Ay xa, M, where M is the direct
sum of two irreducible modules.

Proof. Obviously, M is normal subgroup, so the corollary is proved.

3.4 Decomposition Four

From Lemma 3.1, chosen A; = sl(2, F), X € L_q, + Lsoy+2ass Y € La, + L_30,—20s,
He Hy, + H3oy120,-

By dim Gy = 14, let the complement space of A; on Gy be M. Then the direct sum
decomposition

M= H@ H Lo ®(Lsay+2a = L—ay) D(L-30:-20; — Las),

ae @///
where H is complementary space of Hq, + H3oy+2a, o0 CSA,

@/N = :I:{al, o1 + O, 2(11 + Qo, 3&1 + ag}.
Lemma 3.5 M in Theorem 3.4 is the direct sum of three irreducible module.

Proof.  As mentioned above A; and eleven-dimensional space M.
Base of M is adjoint action by X = ®3a,42a, + Ya,, Y @, B8 € &, a + B # 0, then
0 # [La, Lg] C Lo+ such that
[X, Lo,) C [Laoy+200 + L—ags Lay] =0,
0# [X, Las+as) C [Lsay+2as T L-asy Lay+as] C Lay,
0# [X, L 2o, -as] C [L3ay+2as + Lass L2a;—as] C Laytas,
(X, Loa;+as) C [L3ay+2a + L—ass L2a;+as] = 0,

0# [X, L_a,—as) C [L3ai+2as + L—asy Leai—as) € Loa,+as,
0+# [X, Leoy] C [L3ay+200 T L—ans o) € Ly —ans
[

Xa L3a1+a2] C [L3a1+2a2 + L—aga L3a1+a2] - 0,
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# [ X, Lsay+200 — L—as] C [L3ay+2as + L—oss L3ay+2as — L—as] € Loy +oos
# [X, H] C [L3ay 4200 + Ly, H] C Laa, 120, + Ly

# [ X, L-30, 205 — Lawy] C [L3ay 1200 + L—avny L300, —200s — Laxy) C H,

# [ X, L 30y —as) C [L3on+20s + L—ans L—3a;—as] € L—301—200 — Lo -

Base of M is adjoint action by Y, by a, B € &, a+ 3 # 0, then 0 # [Lo, Lg] C Layg such
that

Y LC!J [L 3 —2as T LQQ, Lal] C La1+a2,
Y, La1+042] [L73a172a2 + La27 La1+a2] C L,QC,LI,OL27
Y L_ 2001 — QQ] [L—3a1—2a2 + La27 L—QQl_az] =0,

0 7’é Y L2a1+a2] [L73a172a2 + La27 L2a1+a2] C Lfalfaw
0 7é Y L—Cn az] [L—3Oz1—202 + La2’ L—a1—az] - L_al7
7é Y L3a1+a2] [L—3a1—2a2 + Lay L3a1+a2] C L3a1+2a2 - L—aza
0 7& Y L3a1+2a2 L*Qz] C [L73a172a2 + La27 L3a1+2a2 - L*Qz] C H7
0 7£ Y H] [L 3o —202 + LOL27 H] - L—3a1—2a2 + La27

0 7é Y L_ 31 —2an + Laz] [L73a172a2 + LOL27 L73a172a2 + Lag] C L73a17a27

#

# [

[

[

[

[Y, L_a,] C [L-3a,~20 + Lavss Loa,] =0,
[

[

[

[

0# Y, L_3a,-as] C [L-3a; 202 + Las, L—3a,—as] = 0.

Let
Ml = Span{La17 LOL1+O¢2; L—2a1—a2}7
M,y = Span{L?al-szv Lal_a2’ L—al}7

M3 = span{Lsa, oy L3ay+20ms Hy L300 —20 — L300, s }-
If m € My, from A; adjoint action m we know that A;.m = M;. So M is irreducible
module.
In the same way, we can know that Ms and M3 are irreducible modules.

Theorem 3.4  The simple type Go Lie algebra can be direct sum decomposed as Go =
A1 @& M, where M is the direct sum of three irreducible modules.

Proof. From Lemma 3.5, M in Theorem 3.4 is the direct sum of three irreducible module.

Corollary 3.4 G4 can be normal decomposed as Go = Ay xa, M, where M is the direct
sum of three irreducible modules.

Proof. M obviously is normal subgroup, so the corollary is proved.
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