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1 Introduction and Preliminaries

Gahler Bl introduced the definition of 2-metric spaces and discussed the existence problems
of fixed points. From then on, many authors discussed and obtained the existence problems
of coincidence points and (common) fixed points with a variety of different forms. Especially,
there have appeared a lot of useful results in recent years, see the references [4]-[16] and
the related papers. All these results generalize and improve the corresponding fixed point
theorem in metric spaces.

Definition 1.1MB A 2-metric space (X, d) consists of a nonempty set X and a function
d: X x X x X — [0, +00) such that

(i) for distant elements x,y € X, there exists a u € X such that d(x, y, u) # 0;

(ii) d(z, y, z) =0 if and only if at least two elements in {z, y, 2} are equal;

(iii) d(z, y, z) = d(u, v, w), where {u, v, w} is any permutation of {x, y, z};

(iv) d(z, y, z) < d(z, y, u) + d(z, u, z) + d(u, y, z) for all x,y,z,u € X.
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Definition 1.21Bl A sequence {z,}nen, in 2-metric space (X, d) is said to be a
Cauchy sequence if for each € > 0 there exists a positive integer N € Ny such that
d(Zn, Tm, a) < € for all a € X and n,m > N. A sequence {Ty}nen, is said to be con-
vergent to x € X if for each a € X, nHI—PDO d(xp, x, a) = 0. And we write that x,, — x and
call x the limit of {xn}nen, . A 2-metric space (X, d) is said to be complete if every Cauchy

sequence in X s convergent.
Choudhury!'™ introduced the next definition in a real metric space:

Definition 1.3'71  Let (X, d) be a metric space and T: X — X be a map. T is said to
be weak C-contraction if there exists a continuous function ¢: [0, +o00)? = [0, +00) with
p(s,t) =0<= s=1t=0 such that

A(Te, Ty) < Jld(z, Ty) + d(y, To)] ~ old(z, Ty), dly, T2), .y € X.

Choudhury!'” also proved that any map satisfying the weak C-contraction has a unique
fixed point on a complete metric space (see [17], Theorem 2.1). Later, the above result was
extended to the case in a complete ordered metric spaces (see [18], Theorems 2.1, 2.3 and
3.1).

In 2013, Definition 1.3 was extended to the case in a 2-metric space by Dung and Hang!'0!

as follows:

Definition 1.41%  Let (X, <, d) be a ordered 2-metric space, T: X — X a map. T is
said to be weak C-contraction if there exists a continuous function p: [0, +00)% — [0, +00)
with ¢(s, t) =0 <= s =t =0 such that for any z,y,a € X with x <y ory 3 x,

A(Tw, Ty, a) < L[d(z. Ty, a) +d(y, T, a)] ~ p(d(z, Ty, a), d(y, T, a)

Dung and Hang!'”! proved that any weakly C-contractive map has fixed points on com-
plete ordered 2-metric spaces (see [10], Theorems 2.3, 2.4 and 2.5). The results generalized
and improved the corresponding conclusions in [17]-[18].

Definition 1.5  Let (X, <, d) be a ordered 2-metric space and S, T: X — X be two
maps. S, T are said to be weakly C*-contractive maps if there exists a continuous function
¢: [0, +00)? — [0, +00) with p(s, t) = 0 < s =t = 0 such that for any z,y,a € X with
ryory=uw,

d(Sz, Ty, a) < kd(x, y, a) + l[d(z, Ty, a) + d(y, Sz, a)] — p(d(z, Ty, a), d(y, Sz, a)),
where k and [ are two real numbers satisfyingl >0 and 0 < k+1<1—1.

1
Obviously, if S =T and k=0 and | = 2’ then Definition 1.5 becomes Definition 1.3.

Definition 1.6 1% Let (X, d) be a 2-metric space and a,b € X, r > 0. The set
B(a, b;r)={x € X:d(a, b, ) <r}
is said to be a 2-ball with centers a and b and radius r. Fach 2-metric d on X generalizes a

topology 7 on X whose base is the family of 2-balls. T is said to be a 2-metric topology.
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Lemma 1.1 1314 f ¢ sequence {z,}nen, in a 2-metric space (X, d) is convergent to
x, then
lim d(x,, b, ¢) =d(x, b, ¢), b,ce X.
n——+oo
(19]

Lemma 1.2 Let {xn}nen, be a sequence in (X, d) satisfying lim d(z,, Tpi1, a) =0
n—oo

for any a € X. If {x,,} is not Cauchy, then there exists an a € X and an € > 0 such that for
any i € Ny, there exist m(i), n(i) € Ny with m(i) > n(i) > i such that d(2p, ), Tn), a) >
€, but d(Tpm(i)—1, Tng), a) < €

Lemma 1.3 [0 lim x, = x in 2-metric space (X, d) if and only if lim x, = x in 2-
n—00 n—0o0

metric topology space X.

Lemma 1.4 Let X and Y be two 2-metric spaces and T: X — Y be a map. If T is

continuous, then lim x, = x implies lim Tx, = Tx.
n—oo n—oo

Lemma 1.5 Each 2-metric space is Ty-space.

The purpose of this paper is to use the method in [10] to discuss and study the existence
problems of common fixed points for two maps satisfying weakly C*-contractive condition
on ordered 2-metric spaces and give a sufficient condition under which there exists a unique

common fixed point.

2 Unique Common Fixed Points

Let ¢: [0, +00) x [0, +00) — [0, +00) be a continuous function with ¢(z, y) =0 & © =
x+y max{z, y}

> for any x,y € [0, co) satisfy the above

y=0. oy = and p(z, y) =

conditions.
Now, we discuss the existence problems of unique common fixed point for two maps on

non-complete 2-metric spaces without ordered relation.

Theorem 2.1  Let (X, d) be a 2-metric space and S, T: X — X be two maps. Suppose
that
d(Sz, Ty, a) < kd(z, y, a) + l[d(z, Ty, a) + d(y, Sz, a)]
— p(d(z, Ty, a), d(y, Sz, a)), z,y,a € X, (2.1)
where k, I are two real numbers such thatl >0 and 0 < k+1<1—1. If S(X) or T(X) is

complete, then S and T have a unique common fixed point.

Proof. Take any element 2y € X and construct a sequence {x,} satisfying
Tont1 = STon, Tont2 = TTonq1, n=0,1,2,--
For any n =0,1,2,--- and a € X, by (2.1), we can get

d($2n+1, Ton+42, a)
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= d(Sz2n, Tropy1, a)
< kd(xan, Tont1, @) + d(Ton, Tonte, a) + d(Tont1, Tont1, a))
— @(d(w2n, Tany2, a), d(Tant1, T2nt1, a))

= kd(xan, Tant1, a) +1d(Ton, Tont2, @) — @(d(z2n, Tont2, a),0)

S kd(I2na Ton+1, Cl) + ld($2n; T2n+2, a)~ (22)
Take a = g, in (2.2), we obtain
d(Z2n, Tant1, Tany2) =0, n=0,1,2,--- (2.3)

By using (2.3) and Definition 1.1(iv), we obtain from (2.2) that
d(ont1, Tont2, @) < kd(zan, Tant1, @) + Ud(Xon, Tant1, @) + d(Tont1, Tant2, @),
which implies
d(Tan+1, Tant2, a) < ]f—ijd(xgm Tont1, @)
< d(xan, Tant1, a), n=0,1,2---, ac X. (2.4)
Similarly, for any n =0,1,2,--- and a € X, by (2.1), we have
d(T2n+3, T2nt2, @)
= d(Szont2, TTont1, a)
< kd(zant2, Tont1, @) + d(Tan+2, Tonte, a) + d(Tant1, Tonts, a)]
— p(d(z2n+2, Tant2, @), d(Tont1, T2nts, )
= kd(x2n+2, Tont1, @) +1d(Tont1, Tonts, a) — (0, d(Tont1, Tonts, a))
< kd(zon+t2, Tont1, a) + ld(Tony1, Tonts, a). (2.5)
Take a = x9,41 in (2.5), we obtain
d(xan+1, Tont2, Tants) =0, n=20,1,2,--- (2.6)
By using (2.6) and Definition 1.1(iv), we obtain from (2.5) that

d(Tant3, Tont2, @) < kd(Ton+t2, Tont1, @) + Ud(Tont1, Tant2, a) + d(Tont2, Tants, a)l,

which implies

ol

+1

d(z2n+43, Tant2, @) d(z2n+1, Tont2, @)

o~

1
d(Tan+1, Tanto, a), n=0,1,2,---, a € X. (2.7)
Combining (2.3), (2.4), (2.6) and (2.7), we have
d(xnv Tn41, xn+2) =0,
d(@n+1, Tny2, @) < d(Tn, T, ),
For any fixed a € X, let ¢,(a) = d(zn, Tpy1,a), n = 0,1,2,--- Then, by (2.8),
{en(a)}22, is a non-increasing non-negative real sequence. Hence there is a real number
&(a) > 0 such that

<
<

n=20,1,2,---, a € X. (2.8)

lim ¢, (a) = &(a).

n—oo

It is easy to obtain

£(a) < c2n41(a)
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= d($2n+1, Ton+2, CL)

= d(Szan, Txont1, @)

< kd(xan, Tant1, @) + ld(x2n, Tonta, a) — @ld(X2n, Tant2, a), 0]

< kd(x2n, Tant1, @) + ld(x2n, Tant2, @)

< kd(xan, Tant1, a) + d(22n, Tont1, @) + d(Tont1, Tanie, a)l. (2.9)
Let n — oo. Then from the first to third line, fifth line, sixth line in (2.9), we obtain

(k+20)§(a) < &(a) < k&(a) + lnhjgo d(T2n, T2n+2, a) < k€(a) + 21&(a).
Hence
lim d(xon, Tant2,a) = 2&(a).

n—00
Let n — oo again. Then from (2.9), we obtain
(k4 20)¢(a) < &(a) < k&(a) + 215(a) — p(28(a), 0) < k&(a) + 21¢(a).
Hence we have
©(2¢(a), 0) = 0.
So &(a) = 0 by the property of ¢, that is,
nhﬁngo d(xp, Tni1, a) =0, acX. (2.10)
By Definition 1.1(ii),
d(xo, x1, x9) =0,
which implies that
d(z1, x2, ©9) =0
by (2.8). Hence, by the mathematical induction,
d(xpn, Tnt1, To) =0, n=0,1,2,--- (2.11)
And for any fixed point m > 1,
d(Tm—1, T, Tm) = 0.

Hence, by (2.8) and the mathematical induction, we have

A(Xp, Tnt1, Tm) =0, n>m— 1. (2.12)
For 0 <n <m—1, since m —1 > n+ 1, using (2.12), we obtain
d(Tm—1, Tm, Tnt+1) = A(Tm—1, Tm, Tn) = 0. (2.13)

Hence
d(xn7xn+1axm) S d({En, Tn+1, xmfl) + d(xru Ty xmfl) + d(anrh LTy xmfl)

= d(il?n, LTn+1, JUm—l)~

So, by the mathematical induction, we have
d(l’n, Tn+1, xm) S d($n, Tn41, xmfl)

S d(l‘n, Tn+1, mm—?)

IN

IN

d(l‘n, Tn+1, mn-&-l)
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that is,
A(Xny Tnt1, Tm) =0, 0<n<m-1 (2.14)
Combining (2.11), (2.12) and (2.14), we obtain
d(xpn, Tnt1, Tm) =0, n,m=0,1,2,--- (2.15)
For any 4,5,k =0,1,2,--- (we can assume i < j), by (2.8) and (2.15), we have
d(z;, xj, vr) < d(zg, x5, vj1) + d(xj_1, x5, ) + d(z5, Tj-1, Tk)

= d(x;, vj_1, T1)

IN A

(%4, Tiyo, 1)

IN

d
A, Tig1, xp) + d(Tig1, Tigo, xk) + d(Ts, Tig1, Tivo)
0.

Hence
d(]}i,l‘j,ﬂ?k)zo, i7jak:O71a2a"' (216)

Suppose that {z,,} is not Cauchy, then by Lemma 1.2, there exists a b € X and an € > 0
such that for any natural number k, there exist two natural numbers m(k), n(k) satisfying
m(k) > n(k) > k such that the following holds

d(xm(k)7 Tn(k) b) > e, d(xm(k)_h Tn(k) b) <e. (2.17)
By (2.16) and (2.17), we have
€ < d(Tpy(ky, Tr(k), D)
< ATy Tmk)—1> 0) + A(@m(k)—15 Tk, )
< d(@(r)s Tm(ky—1, b) + €.
Let k — co. Then by (2.10) and from the above, we obtain
li =l =e. 2.1
0 d(@m k), Tngry, ) = UM d(@m )1, Ta(r), b) = € (2.18)
By Definition 1.1(iv) and (2.16), we have
d(Zn(k)> Tm(k)—1, b)
< d(Tp(r), Tpiky—15 0) + d(@me)—1, Trk)—1, b)
< d(Tp(r)s Tnky—15 0) + d(@mk)=1, Tmk)s 0) + A(Tm(k)s Tnk)—1, b) (2.19)
and
AT (ky=1) Tm(k)s 0) < d(@m(k)s Tn(r)s b) + A Tnr)y=1, Tnk)s b)- (2.20)
Letting k — oo in (2.19) and (2.20), and using (2.10) and (2.18), we have
kli—>120 d(xm(k), Tn(k)s b) = kli_)nolo d(l‘m(k),l, Tn(k)s b) = kh—>nolo d(l‘m(k), Tn(k)—15 b) =e. (2.21)
On the other hand, it is easy to know that
A(Zrm (k)15 Tnk)—15 0) < A(Tpe)—1, Tm(r)s 0) + A(Tp(r)s Tnk)—1, b)
and

A(Zr(k)—15 Tnk), 0) < d(@n@), Trk)—1, 0) + d(Zm@E)—15 Tnk)—1, b)-



NO. 1 PIAO Y. J. PARTIALLY ORDERED 2-METRIC SPACES 83

Letting k — oo in the above two inequalities, and using (2.10) and (2.21), we obtain
klingo d(Zm(k)=1, Tn(k)—1, b) = €. (2.22)

Using (2.10), we can assume that the parity of m(k) and n(k) is different. Let m(k) be

odd and n(k) be even. We obtain
e< d(l‘m(k)7 Tn(k)s b)
= d(STm)—1, TZnk)—1, b)
< kd(Zmk) -1, Tnk)—1, 0) HUd(Tmk)—1, Tn(k), 0) + A(Tnk)—15 Tm(k), )]
= P(d(Tm(k)—1> Tn(k)s 0)y ATnk)y—15 Tm(k) D))

< kd(Zmk) -1, Tngk)—1, 0) +Ud(Tmk) -1, Tn(k), 0) + A(Tnk)—15 Tm(k), 0)]-

Let k — oo in the above inequality. Then by (2.21) and (2.22), we have
(k+2D)e<e<(k+20)e— (e €) < (k+2)e,

which implies that (e, €) = 0, i.e., ¢ = 0. This is a contradiction. Hence {z,} is a Cauchy
sequence.

Suppose that SX is complete. Since xap41 = Sxe, € SX for all n = 0,1,2,---, there
exists a u € SX such that z9,11 — u as n — co. And since {z,} is a Cauchy sequence and
the following holds

d(xonto, u, a)
< d(zant1, Tante, a) + d(Tant1, u, @) + d(Tont1, Tont2, U, n=0,1,2,---, a € X,
SO Topto —> U as N — 00.
By Lemma 1.1 and (2.1), for any a € X, one has
d(u, Tu, a) = lim d(zopt1, Tu, a)

n—oo
= lim d(Szon, Tu, a)
n—oo
lim {kd(xon, u, a) + l[d(x2n, Tu, a) + d(u, Sxay,, a)]
n—oo

- Qﬁ[d(JTQn, TU, a)7 d(u7 Sxan CL)}}

= ld(u, Tu, a) — ¢[d(u, Tu, a), 0]
< ld(u, Tu, a).

IN

Hence
d(“’ T’U;’ a) = 07 a e X7

so Tu = u.
Similarly, we have
d(Su, u, a) = lim d(Su, xa,t2, a)

n— oo

= lim d(Su, Txont1, a)

n— oo

IN

lim {kd(u, Ton41, a) + [d(u, Txopt1, a) + d(x2n+41, Su, a)]

n— oo

- <P[d(U, Tm2n+17 a)a d(x2n+1a S’LL, a)]}
= ld(u, Su, a) — ¢[0, d(u, Su, a)]
< ld(u, Su, a).
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Hence
d(u, Su, a) =0, a€X.

Therefore Su = u. So we have Tu = Su = u, that is, u is a common fixed point of S and T'.
If v is also a common fixed point of S and T" and u # v, then there exists an a* € X
such that d(u, v, a*) > 0. By (2.1), we have

d(u, v, a*) = d(Su, Tv, a*)
< kd(u, v, a*) + l[d(u, Tv, a*) + d(v, Su, a*)] — ¢[d(u, Tv, a*), d(v, Su, a*)]
= (k+20)d(u, v, a*) — ¢[d(u, v, a*), d(u, v, a™)]
< d(u, v, a*) — pld(u, v, a*), d(u, v, a*)]
< d(u, v, a*).
Hence

eld(u, v, a*), d(u, v, a*)] =0,

which implies that
d(u, v,a*) =0

by the property of ¢. This is a contradiction to the choice of a*. So u is the unique common
fixed point of S and T.

Similarly, we can prove the same result for TX being complete. The proof is completed.

Remark 2.1 Ifl =0 and ¢(z, y) =0 for any z,y € [0, +00), then Theorem 2.1 becomes
Banach type common fixed point theorem; if £k = 0 and ¢(x,y) = 0 for any =,y € [0, +00),

then Theorem 2.1 is Kannan type common fixed point theorem; if £ = 0 and [ = o
then Theorem 2.1 is the variant result of Theorem 2.3 in [10]. Hence Theorem 2.1 greatly
generalizes and improves some (common) fixed point theorems.

From now, we discuss the existence problems of common fixed points for two mappings
on non-complete ordered 2-metric spaces.

Theorem 2.2 Let (X, =<, d) be an ordered 2-metric space and S, T: X — X be two
maps. Suppose that for each comparable elements x,y € X,
d(Sz, Ty, a) < kd(z, y, a) + l[d(z, Ty, a) + d(y, Sz, a)]
—pld(z, Ty, a), d(y, Sz, a)], a€X, (2.23)
where k, | are two real numbers satisfying I > 0 and 0 < k+1<1—1. If S and T satisfy
the following conditions:
(i) for eachz € X, x = Sx and x <X Tx;
(ii) S and T are both continuous;
(ili) S(X) or T(X) is complete,

then S and T have a common fixed point.
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Proof. Take an element xoy € X. Using (i), we have
To X Sxg =121, 1 XTx1 =:2T9, To X Sxo=:1x3, T3 =XTx3=: 14,
Hence we obtain a sequence {x,} satisfying
Ton+1 = STan, Tont2 = TTont+1, Tn = Tptl, n=0,1,2,--- (2.24)

For each m,n = 0,1,2,---, z, and z,, are comparable by (2.24), hence modifying the
derivation process of Theorem 2.1, we can prove that {z,} is a Cauchy sequence.

Suppose that SX is complete. Since xg,4+1 = Sz, € SX for all n = 0,1,2,---, there
exists a u € SX such that x9,1 — u as n — co. And since {z,} is Cauchy and

d(z2n+2, u, a)
S d($2n+17 Ton+2, (l) + d(m2n+17 u, (l) + d(m2n+17 Ton+2, ’U,), n= 0> 17 27 e, a€C X7
SO Tont2 — u as n — oo. Hence, by (ii), we have

uw= lim xop41 = lim Szo, =S5 lim x5, = Su,
n— 00 n— 00 n— oo

u= lim zopyo = lim Twxopy1 =T lim zop1 = Tu.
n—oo n—oo n—oo
Therefore, u is a common fixed point of S and 7.
Similarly, we can prove the same result for T X being complete. The proof is completed.

The following result is the non-continuous version of Theorem 2.2.

Theorem 2.3  Let (X, <, d) be a ordered 2-metric space and S, T: X — X be two maps.
Suppose that (2.23) holds. If S and T satisfy:

(i) for eachz € X, x <X Sx and x X Tx;

(ii) if {xn} is non-decreasing sequence and lim x, = x, then for each n, x, < x;

n—oo
(iii) S(X) or T(X) is complete,

then S and T have a common fized point.

Proof. By the derivation process of Theorem 2.2, we can construct a non-decreasing se-
quence {z,} satisfying (2.24). Suppose that SX is complete. Then there exists a u € SX
such that za,+1 — u as n — oo and Ta,42 — u as n — oo (see the proof of Theorem 2.2),

hence lim z, = u. Therefore, x,, < u for all n = 0,1,2,--- by (ii). Since zs, and u are
n—o0

comparable, by (2.23), for any a € X,
d(u, Tu, a) = lim d(x2p+1, Tu, a)

n—oo

= lim d(Szan, Tu, a)
n—0o0

IA

nli_)ngo{kd(x%, u, a) + l[d(x2n, Tu, a) + d(u, Sxa,, a))
— ¢ld(zan, Tu, a), d(u, Szap, a)]}

ld(u, Tu, a) — pld(u, Tu, a), 0]

< ld(u, Tu, a).

Hence
d(u, Tu, a) =0, a€ X.

So Tu = u.



86 COMM. MATH. RES. VOL. 34

Similarly, Since u and x9,+1 are comparable, we have

d(Su, u, a) = lim d(Su, xo,i2, a)

n— oo

lim d(Su, Txont1, @)

n— oo

lim {kd(u, Tont1, a) + [d(u, Txopt1, a) + d(x2n+41, Su, a)]

n— oo

IN

— ld(u, Txont1, a), d(xont1, Su, a)]}
= ld(u, Su, a) — ¢[0, d(u, Su, a)]
< ld(u, Su, a).
Hence
d(u, Su, a) =0, a€X.

So Su = u. Therefore Tu = Su = u, i.e., u is a common fixed point of S and T'. The proof
is completed.
Now, we give a sufficient condition under which there exists a unique common fixed point

for two mappings in Theorems 2.2 and 2.3.

Theorem 2.4  Suppose that all of the conditions in Theorem 2.2 or Theorem 2.3 hold.
Furthermore, if

(I) for each x,y € X, there exists a z € X such that z and x are comparable, z and y
are comparable;

(I1) uw < v implies that S™u < v and T"u < v for alln =1,2,-- |

then S and T have a unique common fixed point.

Proof. From Theorems 2.2 and 2.3 we know that S and 7" have a common fixed point w.
Suppose that v is another common fixed point of S. Then u # v.
Case 1. u and v are comparable.
Since u # v, there exists an a* € X such that d(u, v, a*) > 0. By (2.23), we have
d(u, v, a*) = d(Su, Tv, a*)
< kd(u, v, a*) + l[d(u, Tv, a*) + d(v, Su, a)]
- (p[d(ua T, a*)v d(’l), Su» a*)}
= (k+20)d(u, v, a*) — ¢[d(u, v, a*), d(u, v, a*)]

Hence
eld(u, v, a*), d(u, v, a*)] =0,

which implies d(u, v, a*) = 0 by the property of ¢. This is a contradiction to the choice of
a*. Therefore, u is the unique common fixed point of S and T

Case 2. u and v are not comparable.

By (I), there exists a w € X such that w and w are comparable and w and v are also
comparable. Hence w # u and w # v. Assume that « < w. Then by (II) and the condition
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(i) in Theorem 2.2 or Theorem 2.3, we obtain that for each n =1,2,-- -,
S"u<w < Tw < T?*w = - < T w,
which means that S™u and T"™w are comparable. By (2.23), for each fixed a € X, we have
d(u, T"w, a)
=d(SS" tu, TT" w, a)
< kd(S™tu, T w, a) +1[d(S™ u, TT" tw, a) + d(SS™ tu, T" w, a)]
— [d(S™ tu, TT" 'w, a), d(SS™ 'u, T" w, a)]
= kd(u, T" 'w, a) + l[d(u, T"w, a) + d(u, T" 'w, a)]
— pld(u, T"w, a), d(u, T" 'w, a)]

< kd(u, T" 'w, a) + l[d(u, T"w, a) + d(u, T" 'w, a)]. (2.25)
Hence
n k+1 n—1 n—1
d(u, T w,a)gl—ld(u,T w, a) <d(u, T" w, a), n=12,---,a€X.

This shows that {d(u, T"w, a)}7%, is a non-increasing non-negative real number sequence.
Hence there exists M (a) > 0 such that

lim d(u, T"w, a) = M(a). (2.26)
n— oo

Letting n — oo in (2.25) and using (2.26), we obtain
M(a) < (k+20)M(a) = p(M(a), M(a)) < M(a) = p(M(a), M(a)) < M(a).

Hence

which implies M (a) =0, i.e.,
lim d(u, T"w, a) =0, a€X.

n—oo
Therefore,

lim T"w = u.
n— o0

If w in the above derivation process is replaced by v, then we similarly obtain

lim T"w = v.
n— oo
Hence v = v by Lemma 1.5, which is a contradiction. So u is the unique common fixed

point of S and T.

References

[1] Géhler V S. 2-metrische Rdume und ihre topolodische struktur. Math Nachr., 1963/1964, 26:
115-118.

[2] Géhler V S. Linera 2-normierte Ridume. Math Nachr., 1965, 28: 1-43.

[3] Gahler V S. Uber die uniformisierbarkeit 2-metrischer Réume. Math Nachr., 1965, 28: 235
244.

[4] Aliouche A, Simpson C. Fixe points and lines in 2-metric spaces. Adv. Math., 2012, 229:
668-690.

[5] Deshpande B, Chouhan X. Common fxie point theorems for hybird pairs of mappings with
some weaker conditions in 2-metric spaces. Fasc. Math., 2011, 46: 37-55.



88

COMM. MATH. RES. VOL. 34

(6]

Lahiri B K, Das P, Dey L. K. Cantor’s theorem in 2-metric spaces ad its applications to fixed
point problems. Taiwanese J. Math., 2011, 15: 337-352.

Singh S L, Mishra S N, Stofile S. Suzuki contraction theorem on a 2-metric space. J. Adv.
Math. Stud., 2012, 5(1): 71-76.

Liu Z Q, Zhang F R. Characterizations of common fixed point in 2-metric spaces. Rostock.
Math. Kollog., 2001, 55: 49-64.

Singh S L, Mishra S N, Stofile S. Erratum to “Suzuki contraction theorem on a 2-metric space “.
J. Adv. Math. Stud., 2012, 5(2): 138.

Dung N V, Hang V T L. Fixed point theorems for weak c-contractions in partial ordered
2-metric spaces. Fized Point Theory Appl., Doi: 1186/1687-1812-2013-161.

Nguyen V Dung, Nguyen T Hieu, Nguyen T Thanh Ly, Vo D thinh. Remarks on fixed point
problems of 2-metric spaces. Fized Point Theory Appl., Doi: 1186/1687-1812-2013-167.

Piao Y J, Jin Y F. New unique common fixed point results for four mappings with @-contractive
type in 2-metric spaces. Appl. Math., 2012, 3(7): 734-737.

Piao Y J. Uniqueness of common gixed points for a family of maps with ¢;-quasi contractive
type in 2-metric spaces (in Chinese). Acta Math. Sci., 2012, A32(6): 1079-1085.

Jin H L, Piao Y J. Four mappings satisfying ¥-contractive type condition and having unique
common fixed point on 2-metric spaces. Adv. Pure Math., 2013, 3: 277-281.

Piao Y J. Common fixed point for two mappings satisfying some expansive conditions on
2-metric spaces (in Chinese). J. Systems Sci. Math. Sci., 2013, 33(11): 1370-1379.

Piao Y J. Fixed point theorems for contractive and expansive mappings of Geraghty type on
2-metric spaces. Adv. Fized Point Theory, 2016, 6(2): 123-135.

Choudhury B S. Unique fixed point theoem for weakly C-contractive mappings. Kathmandu
Univ J. Sci. Engi. Tech., 2009, 5: 6-13.

Harjani J, Lépez B, Sadarangani K. Fixed point theorems for weakly C-contractive mappings
in ordered metric spaces. Comput. Math. Appl., 2011, 61: 790-796.

Zhang D, Gu F. The common fixed point theorems for a class of @-contraction conditions
mappings in 2-metric spaces (in Chinese). J. Jiangzi Norm. Univ. Nat. Sci. Ed., 2011, 35(6):
595-600.



