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Abstract. An STPG spectral method for TFFP equations with nonsmooth solutions is
developed. The numerical scheme is based on generalised Jacobi functions in time
and Legendre polynomials in space. The generalised Jacobi functions match the lead-
ing singularity of the corresponding problem. Therefore, the method performs better
than methods with polynomial bases. The stability and convergence of the method are
proved. Numerical experiments confirm the theoretical error estimates.
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1. Introduction
We consider the time fractional Fokker-Planck (TFFP) equation [22,23]

Su = D~ [p()ulx, )] + Ky drul(x, t) + f (x, 1)},

(1.1)
(x,t) € (a,b) x(0,T]
with the initial and boundary conditions

u(x,0) =ug(x), xe<(a,b),
u(a,t) =uy(t), u(b,t)=uy(t), tel:=[0,T],
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where u(x, t) is a probability density function, p(x) a nonpositive and monotonically de-
creasing function in the interval [a, b], K, > 0 a diffusion constant and thl_a, 0<ac<l
the left Riemann-Liouville fractional derivative defined by

_ 1 d (°F u(s)
D u(t) = ———| —=—d I.
oD ult) F(a)dtJO =o' '€

If a =1, the Eq. (1.1) becomes the classical Fokker-Planck (FP) equation. However, clas-
sical FP equations do not properly describe anomalous diffusion processes in highly non-
homogeneous medium spaces [3, 24]. Instead, fractional Fokker-Planck (FFP) equations
should be used. For example, space fractional Fokker-Planck equations are adopted to
describe Lévy flights, TFFP equations to characterise the traps, and the space and time frac-
tional Fokker-Planck (STFFP) equations handle competition between Lévy flights and traps
—1[1,2,9,11,15,16,19, 24, 25].

Lately, numerical methods for the Eq. (1.1) attracted considerable attention. Thus finite
difference methods are discussed in [4,5,7,13,31,32] and finite element methods and fi-
nite volume methods in [8,14,17,18,36]. Recently Zheng et al. [35] proposed a space-time
spectral method based on Jacobi polynomials for temporal discretisation and on Fourier-
like basis functions for spatial discretisation, whereas Yang et al. [33] suggested a spectral
collocation method based on both temporal and spatial discretisations with a spectral ex-
pansion of Jacobi interpolation polynomials. For the STFFP equation, Zhang et al. [34]
employed a time-space spectral method with Jacobi polynomials for temporal discretisa-
tion and Legendre polynomials for spatial discretisation. A pseudospectral method was
discussed in [12,30].

It is worth noting that polynomial approximations are not efficient in the case of Caputo
or Riemann-Liouville fractional differential equations because of initial or endpoint singu-
larities in the solutions. As is shown in [33-35], the methods using Jacobi polynomials
in the discretisation of time fractional derivatives, may not be of the highest accuracy —
viz. these methods fail to achieve spectral accuracy when solutions are not smooth. Nev-
ertheless, Chen et al. [6] showed that the Petrov-Galerkin method using generalised Jacobi
functions (GJFs) is efficient for a class of prototypical fractional initial value problems and
fractional boundary value problems of general order.

The aim of this work is to study a space-time Petrov-Galerkin (STPG) spectral method
for TFFP equations with nonsmooth solutions. In order to match the singularities in the
corresponding solutions, time fractional derivatives can be approximated by suitable GJFs
[6,28,29], while Legendre polynomials are employed for space approximations [26]. More-
over, we also analyse the errors of the method proposed.

The remainder of this paper is organised as follows. In Section 2, equivalent equations
for the Eq. (1.1) are provided and some functional spaces as well as projection operators
are defined. In Section 3, we consider a Petrov-Galerkin method for the TFFP equation.
Section 4 deals with error estimates for the STPG spectral scheme. Numerical results, pre-
sented in Section 5, support theoretical findings and show the effectiveness of the scheme.
Our conclusions are in the last section.
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2. Preliminaries

In this section we introduce necessary operators and spaces and rewrite the Eq. (1.1)
in different forms. Besides, we recall properties of shifted GJFs and shifted Legendre poly-
nomials. Note that in what follows, the notation A < B means that A < ¢B with a positive
constant ¢ independent of functions and discretisation parameters.

2.1. Equivalent Equations

According to [35], the Eq. (1.1) can be represented in the form

ng‘u(x, t) = O, [p(x)u(x, t)]+ K, O, ulx, t) + f (x, t). 2.1)
Noting that
Rpayu(t) = CD%u(t) + ﬂt‘“ tel
0t 0t F(l _ a) 4

and using the representation u(x,t) = u"(x,t) + uy(x) with u(x,0) := 0, we write the
Eq. (2.1) as

gD?uh(x) t) = ax[p(x)uh(x’ t)] +Kaaxxuh(x) t)+g(x’ t)) (xa t) EQ) (2-2)
where
8(x, t) = f (o, t) + Ky Oy tig(x) + O, [p(x)ug(x)].
In what follows, we consider the Eq. (2.2) and, for simplicity, we set A :=(a,b) = (—1,1),
so that the homogeneous initial and boundary conditions are
u'(x,0)=0, xeA, (2.3)
W(£1,0)=0, tel. (2.4)

2.2. Functional spaces and their properties

For the bounded domain I, we define the space
H(I) ={v € L*(I)|3 ¥ € H'(R) such that #|; = v}

with the norm:

v = inf v .
Wl =, o 19l

Let C;°(I) be the set of smooth functions with compact support in I. Following [20], we
denote by H{(I) the closure of C5°(I) in the norm || - ||;;. Moreover, we consider the
following spaces

oC°() = {vlv € C°°(I) with compact support in (0, 1]},

oCU) = {vlv € C°°(I) with compact support in [0, 1)}.
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By (H*(I) we denote the closure of (C°°(I) in the norm |||, ;. If X is a Sobolev space with
the norm || - ||, then we consider the set

H(I;X) = {vlv(, Ollx e B (D}, oH(I:X) := {vllIv(, Dllx € oH* (D)},
and equip it with the norm

VIl == v Olixlls,  s=0.
We also consider the set
B*(Q) := H (I, L*(A)) N L*(I,Hy(A))

and equip it with the norm

/
— 2 2
9 1= (VB sy *+ Ve ) -

It is easily seen that B*(Q2) is a Banach space.

We recall some definitions from [20]. Let s > 0. By H;(I) we denote the closure of
oC°(I) with respect to the semi-norm |V|H;(1) = ||§D‘:V||L2(1) and the norm ||V||H;(I) =
Uvllzzqy + |v|H;U))1/2. And by H:(I) the closure of {;C°°(I) with respect to the semi-norm

|v|HiU) = ”}ED;"VHLZ(I) and the norm ”v”HiU) = (”V”LZ(I) + |V|H§(I))1/2' Besides, if s 7é
n+1/2, then H(I) refers to the closure of C;°(I) with respect to the semi-norm |v| H(1) ©=

|(§D§v’§D§"V)I|1/2 and the norm ||V||Hg(1) = (||V||L2(1) + |V|Hg(1))1/2~
Lemma 2.1 (cf. Refs. [20,21,29]). Fors > 0ands # n+1/2, the spaces H;(I), H}(I), H.(I)

and H{(I) are equal in the sense that their seminorms and also the norms are equivalent. In
particular, if s = a/2, 0 < a < 1, then

HY2(I) = HY(I) = (HY/(1),

In addition, if v € Hj(I), then ||v|| 2y S |V|Hf(1)’ ifve H (), then ||v|| 2y S |V|H§(1); and if
w€ H () andv e OH“/Z(I), then

(D2, w), = (501, 5D %) .

2.3. Trial and test functions in time

Leta,3 > —1 and x(a’ﬁ)(x) :=(1—x)%(1+x)P. We consider the set of standard Jacobi
polynomials P,Ea’ﬁ )(x),x € A of degree n. This is a complete L)ZC (wp(A)-orthogonal set —
ie.

1
f PP PP )7 P x)dx = 15, 25)

-1
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where 6, ,,, is the Kronecker function and

@p 2P T+ a+ )T+ +1)
TSy ar Bl T +a+p+1)

The shifted Jacobi polynomials of degree n are defined by

- 2t—T
pen=pe (221, cer, nzo (2.6)

It is easily seen that the polynomials ﬁ,Sa’ﬁ )(t) form a complete Li (ap) (I)-orthogonal system

with respect to the weight function w(®P)(t) = (T —t)*tP. It follows from (2.5) and (2.6)
that

S (0B) TP (p)
JPz : (t)p;a’ﬁ>(t)w(a’ﬁ)(t)dt=(E) 7,778 .
1

For any a, 3 > —1, the shifted generalised Jacobi functions J,Eo"/3 ) and the corresponding
approximation space SJ(\?)(I ) are defined by

J@P()=tPp*P(r), tel, n>0, 2.7)
SV = {t*p(1) 1 (t) € Py(D)} = span {JT () = *PT*(0)}. (2.8)

In particular, the shifted Legendre polynomials L,(t), t € I have the form
2t
L,(t) =pg’0(?—1), (2.9)

and the set of all polynomials L,(t), n = 0,1,... is a complete L?(I)-orthogonal system
with

T
Li(t)L, (t)dt = =——=0| ;- 2.10
le()m() 0L (2.10)
The relations (2.7)-(2.9) and straightforward calculations in [6] show that
_ n+a+1
A OE %Ln(t)- (2.11)

2.4. Projection operators

Let us consider two projection operators needed in what follows.
The operator I1;; : HY(A) — Vj is defined by

(v =Y, ¢'), =0 forall ¢ €Vy. (2.12)

In order to characterise the regularity of a function u in time variable t, we consider a non-
uniformly weighted space — viz.

B (1) i={v el hDF Vel ., (D), 0< T <5, s €No}.
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(~a,a) . .12

w(—aa

(TEI(V “@y V,W)w(ia’a) =0 forall vy € S(a)(I)

The other projection operator 7y, ,(I) = §% (1) is defined by

We recall [6] that
(RDa(n( @ay, _ v),p) =0 forall pe2y(I). (2.13)

We also need the approximation results below.

Lemma 2.2 (cf. Refs. [10,27]). If v € H}(A) and 8%v € L)Z(H (A) forany 1 <k <r, then
Jeraitv—mll, s o], w=r w=0.1

Lemma 2.3 (cf. Refs. [10,27]). If a € (0,1) and v € %S_a’a(l) for an integer 0 < s < N,

then

(—a,a)

(a+s) ||Rya+s
"_V||w< a) SN oDr V|| 0

||RDa (- aa) v)”[ <N ||RDa+SV||w(s,s) .

(e

3. STPG Spectral Method for TFFP Equation

Let Sy :=span{Ly(x),L,(x),..., Ly (x)} be the set of Legendre polynomials. We con-
sider the standard polynomial space

Vi :={ue Sy, (A):u(£1) =0}

and the fractional polynomial space S(a)(l ) defined in (2.8). In the STPG spectral method
for the Eq. (2.2), we are looking for an element u}i (x,t):= u’]},[N eVy® {Eg\?), such that

(gD“uL,v)Q-i-K (8 uL,a v) —(8x(pu}£),v)9=(g,v)g forall veV,®%y. (3.1)

The next task is to construct an appropriate basis using the functions from V;; and S(a)(l )
in order to efficiently solve the Eq. (3.1).

Lemma 3.1 (cf. Shen [26]). If

o = Jﬁ 100) = (L) — Lisa()),

aje = (B Pr(x), x@j(x)),  bjx = (Pr(x), (), cjie = (G Pr(x), (),

2 2 .
kCj (— to— ), k=j,
2j+1 7 2j+5

1, k=j, b~
Aj = .o D=0 = 0. —2— k=i+2
0, k#J, Kiok+1 Jrs

0, otherwise,

then
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2¢ckcj, k=j+1,
Cik = —Ckj = .
0, otherwise,

and

Vi = span{¢(x), $1(x), ..., py—2(x)}.

Note that in what follows we use the notation
B:=(bjido<jr<m—2, C :=(Cjrdo<ji<m—2-

Moreover, let JT(I_“’“)(t) be the functions defined in (2.7). As a test space, we use the space
of scaled Legendre polynomials

Py(D) =span {L(t) 1= C, 4L () : 0<n <N}, (3.2)

where C, , = (n!(2n +1))/(T - T(n + a + 1)), and we consider the Eq. (3.1) with the set of
basis functions above. Thus the numerical solution is sought in the form

M—-2 N

w(x,t) = D0 > il (A1), (3.3)

m=0 n=0
Substituting (3.3) into (3.1) and using the functions v; = qﬁp(x)LEla)(t) yields
M—2 N

33 {(bm) B0 4) Ko (5,9, (0149

m=0 n=
~(0pgm) ) (15, 10)} = (8,6, 1(7) -

o

Set
m= (g, ¢m(X)L,(1a)(t))Q , F = (&nm)o<n<n,0<m<M—2,
= (p(x)0x P> ¢p)A ) ¢t = (C;m)OSpSM—Z,OSmSM—Z ’
b;m = (axp(x)d)m’ ¢p)/\ > B* = (b;m)ogng—z,ogmgM—z ’ (3.4)
St =JISD?J,S_“’“)(t)Lg“)(t)dt, ml, = J JEPOOLO (D,
I I
s' = (S;n)osq,nsN 2 = (mctzn)osq,nsN , U= (ﬁﬁm)OSnSN,OSmSM—Z'

It follows from (2.10), (2.11) and (3.2) that S* = I, where I is an identity matrix. Al-
though matrix M is not sparse, Sheng and Shen [29] show that it can be accurately
computed by Jacobi-Gauss quadrature with (0, a). The scalar products (p(x)3y @ m, Pp)as
(0xp(x)Pm, Pp)a and (g,v)q are computed by the Legendre-Gauss quadrature.
Lemma 3.1 and the representations (3.4) yield that the Eq. (3.1) is equivalent to the
linear system
S‘UB+ KM UI-M'UC* —M'UB* =F. (3.5)
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In particular, for p(x) = p = constant, the system (3.5) takes the form
S‘UB+ K ,M'UI—pM'UC =F.

Finally, the numerical solution of (2.2) is obtained by u; = u}Ll +ug.

4. Stability and Convergence of STPG Method
We start with the stability analysis.
Lemma 4.1. Assume that uy € Hé (A). If u? is the solution of (3.1), then
e+ o 5 02+ a2 ol + vl + I e
Proof. Substituting v = u? +u, into the Eq. (3.1), using Lemma 2.1 and the relation
(ax (u}LI + uo),u}z + uo)Q =0,
we obtain

(RDauL uL) +K, (8 u? ) u?)Q

= (RD“uL uo)Q (8 uL 0 uo)g+p(8 uL uy +u0)
(f + K, Auy + po, ug, uL+u0)
=— (RD“uL uo) (8 uL 0 uo)Q (f +KaAu0,u}L1 +u0)Q

<= (6PF"ul, {07 w0 ) + Ko [0t 02t
[l s + ol + Ko 2utto| (1ot llg + T 12t )
<[l6Dr" 1 [ 1P uollg + 2K et ol 0ctt

+ KT ||2ctolly + 1l + Tl )

~1g0e 2l | ol + 2ol
I

+K Tlla ol + 1f a1 llo + T ol )

T
: oc/2|| p¢’? h” ||u0||A+2K ”a U}LIH ||8 u0||A

+ KT [[2suo 3 + 1 ol o+ 7 loll )

1 2 r
s§||§Df‘/2u?||g+ 2(1—a/2)2

+ KT |cuolf + [1F (el + Tlwoll,.)

o5 + 2Kl [l 2o
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Moreover, Lemma 2.1 and the Young’s inequality yield

3D} [l + Kal| Bttt
=(8p 2l fDful )+ Ka|acud g
Ta
2(1—a/2)?
+ 2+ DKol ooy + [If ([l [l + T lluoll )
«
2(1 _Ta/2)2

1 K
L Juolls + 5 l2wus g

1 K
<5150l + Jutolls + 52 122l

1 2
+ @4 TR0ty + 1+ 145 + 5 ol

Thus

1 K, T® T2

vt 2+ St < (g + ) ol

1
+ @+ TKJ|2uolf +[1F]lg + 5 1 I

and using Lemma 2.1 once more, we arrive at the estimate (4.1). O

In order to study the convergence of the method, we introduce suitable functional
spaces for the space-time approximation.

Assumption 4.1. The solution u" of the Eq. (2.2) belongs to the space H*(I ;Hé(A)) N
E"(Q)NK*(Q2), where E"(Q2), r > 2 and K*(Q2), s > 0 are the spaces of measurable functions
such that

1/2
lullgr @) = (||3xru||iirl(/\,mu)) + ||8xr_1 (ISD;IH)”i;r_Z(A,LZ(I))) < 09,

1/2
lullgscy = (||axgpf‘“u||i2(A,Li(s}s)(,)) + 8¢ (}SD;H_SU)||j2(A,Li(S)S)(I))) =

Theorem 4.1. Assume that the solution u" of the Eq. (2.2) satisfies Assumption 4.1. If u}i is
the solution of the Eq. (3.1), then

" =16} | ey = 6D =D + |2 =)l
S Ml_r””h”Er(Q) +N_(a+s)||uh”1<s(n)' (4.2)
Proof. Setting
ﬁ}LI = ngv_a’a)l'[}v’louh = Hllv’lonl(v_a’a)uh, e 1= ﬁ}LI — u}Ll,
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we obtain from (3.1) that
waf/'(eL,v)=(1§D°‘eL, ) (8 er, 0y v)
=(§D“(uL —uM, v)Q+K (8 (uL—uh) 8xv)Q
— (8. (puf) — 2, (pii}),v), — (B (pil}) — B, (pu"),v), forall veVy ®Py.
The Egs. (2.12), (2.13) yield
(e, v) = (EDEMG " =), v) |+ Ky (Am Pt — i), 8v)
— (8. (puf) — 2, (pii}),v),— (B (pil}) — B, (pu"),v), forall veVy ®Py,
and for v =ED%; we obtain
(ng‘eL,ng‘eL)g+K (8 e;,0 (RDf‘eL))
= (B Out —u), EDge; ) +Kq (8,(r “Put —uM), 8, (EDfe,))
- (ax(pu}]i) - ax(PuL),ng ) - (3x(PuL) - 3x(Puh),§Df‘eL)g .
The inequality (4.11a) from [29] shows that
50z g + [l 2ves g SIS Vut —u)|g[[§D5es |,

+[|a2tmy O —uh|g oD
+lloc —acilolloDfer o +[|oxd — e lloDF

and recalling the definition of the norm || - ||5s(q), we arrive at the estimate

et ey S [[6DE ;=g + (|2 Cmy " =)
+ |l — k|2 + ||t — ol - (4.3)

The terms in the right-hand side of (4.3) can be estimated by Lemmas 2.2-2.3, viz.

Jsppa O~ o Gopun @

(A LA(D))

o2t N S2EDE ey

ot =aulo o =+ ot -,
S e =, + o - )

<N~ (a+s)||a (RDa+s h)||L2(AL2 o)

+ M ||oru" ”LfCH (AL2(D)"
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The estimates (4.3) and (4.4) yield
1— —1(R h —(a+ 2(R +s. . h
lleslla(a) SM rHaxr (oDr'u )”Lir_z(A,Lz(I))_i_N “ S)”ax (oDf "u )”LZ(A’LZ(ss)(I))
—(a+s) Rpya+s,,h 1— h
+N~)||3,(Ep**+su )|}L2(A’L2(S,S)U))+M "lloru ”L;A(A,LZ(U)' (4.5)

h h

Since u"—u; = u—ﬁlz +e;, the estimate (4.5) and the triangle inequality leads to (4.2). O

5. Numerical Experiments

We want to demonstrate by numerical experiments that the STPG spectral method for
TFFP equation is spectrally accurate.

Example 5.1. Consider the TFFP equation

du="RD!"*{3, [p(x)ulx, )] + Bexulx, t) + f(x, )}, (x,8) €(—1,1) x (0,2],
f(x,t) =T(a+ 1)sin(mx) + w2 sin(mx)t* + meos(mx)(x + 1)t* + sin(mx)t?,
p(x)=—x-—1

(5.1)

with the initial and boundary conditions (2.3)-(2.4).

The Eq. (5.1) has the solution u(x, t) = sin(7tx)t*. Table 1 shows that numerical errors
in time reach machine accuracy very fast — viz. for N = 4,6, 8. This happens because the
GJFs basis almost matches the singularities of the solution. Besides, the numerical error in
space decays exponentially as M grows — cf. Fig. 1.

Table 1: L°°- and L2-errors versus N, M = 30.

a=0.1 a=0.5 a=0.9
I I e e e WA
4 | 1.2879e-14 | 3.9747e-14 | 1.6875e-14 | 5.1282e-14 | 2.2204e-14 | 6.6004e-14
6 | 1.2879e-14 | 3.9562e-14 | 1.7319e-14 | 5.2605e-14 | 2.2649e-14 | 6.8144e-14
8 | 1.3101e-14 | 3.9188e-14 | 1.6875e-14 | 5.0652e-14 | 2.2649e-14 | 6.6528e-14

Example 5.2. Consider the TFFP equation (5.1) with p =—1 and

r'7+9/1
flx,t)= F(7(—|7- 9/91/7 7) ) sin(7x) 0917 4 12 5in(7x) 0% + 7 cos(mx )17,
—a
It has the solution is u(x,t) = sin(mx)t®**/17 and Figs. 2-3 show that numerical errors

decay exponentially as M or N increase — i.e. the method is spectrally accurate in both
time and space.
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Figure 1: Example 5.1. L°°- and L2-errors in semi-log scale versus M and different a, N = 30.
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Figure 2. Example 5.2. L*- and L?-errors in semi-log scale versus M and different a, N = 30.
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Figure 3: Example 5.2. L*°- and L?-errors in semi-log scale versus N and different o, M = 30.

Example 5.3. Consider the TFFP equation (5.1) with the source function
f(x,t) =sin(7x)sin(7t)

and homogeneous initial conditions. The exact solution is not known but it is expected to
have singularity at t = 0.

First, we determine the numerical solution for M = 40, N = 80 and set it as the refer-
ence solution. Fig. 4 shows the exponential decay of L2- and L°°-errors in space in semi-log
scale for different a. For time errors, the error accuracy is not as high as in Example 5.1-5.2,
and higher degree polynomial functions are needed to achieve better accuracy in Fig. 5. But
the accuracy improves for a close to 1.

Example 5.4. Consider the TFFP equation (5.1) with p =—1 and
fx,t) =T(a+ 2)sin(rmx)t + n? sin(mx)t 1% + 7 cos(mx)t11e.

It has solution u(x, t) = sin(mx)t' ™.

Table 2 provides L2- and L°°-errors of the STPG spectral method and Zheng’s method
forN =4,6,8,a = 0.5 and M = 30. The numerical errors of the method reach the machine
accuracy for N = 4,6, 8. On the other hand, the accuracy of Zheng’s method is low. Even for
N =90, the L2- and L°°-errors still do not approach 4 as Fig. 6 shows. Thus for equations
with nonsmooth solutions, the method above is superior to Zheng’s method.
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Figure 4: Example 5.3. L°°- and L2-errors in semi-log scale versus M and different a, N = 80.
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Figure 5. Example 5.3. L*°- and L?-errors in semi-log scale versus N and different a, M = 40.
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Figure 6: Example 5.4. L*°- and L?-errors in semi-log scale versus N, a =0.5,M = 100.

Table 2: L°°- and L2-errors of STPG spectral method and Zheng's method, a = 0.5, M = 30.

STPG spectral method Zheng’s method
N | =l [ =y | " = ulllye | [l =ufly
4 | 3.5527e-14 | 1.1400e-13 | 3.9668e-02 | 1.3304e-01
6 | 5.7732e-14 | 1.8958e-13 | 2.9136e-02 | 9.8337e-02
8 | 1.9096e-14 | 5.6652e-14 | 1.9432e-02 | 6.5405e-02

6. Conclusions

We developed an STPG spectral method for TFFP equations with nonsmooth solutions.
The numerical scheme is based on GJFs in time and Legendre polynomials in space. The
GJFs match the leading singularity of the corresponding problem. Therefore, the method
performs better than ones with polynomial bases. Moreover, the employment of GJFs pro-
duces the identity stiffness matrix in calculation. We also discuss the errors of the method,
and numerical results are consistent with theoretical error estimates.

However, if the singularity is complicated or unknown, the method does not achieve
the spectral accuracy.
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