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Abstract. The propagation estimate for the usual free Schrodinger operator established
by Enss in 1983, was successfully used by Enss and Weder in inverse scattering in 1995.
This approach has been called the Enss-Weder time-dependent method. We derive the
same type of estimate but for fractional powers of the negative Laplacian and apply it
in inverse scattering. It is found that the high-velocity limit of the scattering operator

uniquely determines the short-range interactions.

AMS subject classifications: 81Q10, 81U05, 81U40

Key words: Scattering theory, inverse problem, fractional Laplacian.

1. Introduction

Let D, denote the differential operator —iV, = —i(0y,,...,d, ). The fractional power

of the negative Laplacian acting on the space L?(R") is the operator

HO,p = wp(Dx); < P < 1,

defined by the Fourier multiplier with the symbol

2p
op(&) =L

More precisely, Hy ,, is the Fourier integral operator

1
(2m)"

Ho ¢ (x) = (F 0, (E)F ¢)(x) =
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J e, (E)¢(y)dydE,
R2n
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where ¢ belongs to the Sobolev space H?°(R"). In particular, H,, is the free Schrodinger
operator

N
wi(Dy) = 5 = _Ezlzaxf’
]:

and H; ;/, the massless relativistic Schrédinger operator w;/5(D,) = /—A,.
Let F(X) refer to the usual characteristic function of the set X and let y € C°°(R") be
a function such that
L x|
xX)=
x(x) { 0. Il

In Section 2, we prove the following Enss-type propagation estimate for e ~'tHo.,

Theorem 1.1. Let f € C;°(R") and supp f C {£ € R": |E| < n} for a given 1) > 0. Choose
v € R" such that |v| > 1 and

1
16n(1—p)(v|—n)*n <™, -<p<1,

N

(1.1)
8n<p|, p=1

For t e Rand N € N, the inequality

X Wewp)OI) iy, lv|2P=1]¢|
Hx( [vI2e=1]el/4 )e ’f(D"‘V)F('X'<1—6)

<Cy (142 e)™

(1.2)
holds, where || - || is the operator norm on L2(R™) and constant Cy > O depends on n, N and
the shape of f.

Let us recall that Enss [5] established the following estimate for the free Schrodinger
operator Hy q:

VIl _iep2 [v]l¢l
F(|x—vt|>T e 21D, —V)F | |x| < 6

<Cy@+lIeh™,  .3)

and this estimate is valid not only for spheres, but also for general measurable subsets of
R"™ — cf. [5, Proposition 2.10]. Let us briefly discuss the substance of the estimate (1.3).
In classical mechanics, D, represents the momentum or, equivalently, the velocity of the
particle of unit mass. In the left-hand side of (1.3), D, is localised to the neighborhood of
v by a cut-off function f. Therefore, during the time evolution of the propagator it/ 2
the position of the particle changes as

x ~D,t~vt.

Since the points on the sphere behave similarly, the center of the sphere moves toward vt

from the origin
V||t
x €R" |x|<| el ~4{xeR"
16

t
Ix —vt| < |V1”6|}. (1.4)
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We extract the interpretation of the estimate (1.3) from this observation. The behaviour of
the sphere (1.4) makes the characteristic functions on both sides of (1.3) disjoint, so that the
decay depends on time and velocity. Theorem 1.1 represents a fractional Laplacian version
of (1.3). Since (Vzw,)(v) = [v|?¢~2v, the case p = 1 in (1.2) is essentially equivalent to
the estimate (1.3). On the other hand, if p = 1/2, the right-hand side of (1.2) does not
depend on v, which is consistent with its physical meaning because for p = 1/2 the system
is relativistic. In such systems, particles are massless, and their velocity is the speed of light
normalised to 1. Therefore, the decay function does not contain velocity v.

Spectral analysis of the relativistic Schrodinger operator was initiated by Weder [24]
and followed by Umeda [19, 20], who studied resolvent estimates and mappings associ-
ated with the Sobolev spaces. Wei [27] investigated generalised eigenfunctions, Weder [25]
analysed the spectral properties of the fractional Laplacian for the massive case, and Watan-
abe [22] studied the Kato-smoothness. Giere [7] worked on scattering theory and estab-
lished the asymptotic completeness of the wave operators for short-range perturbations,
Kitada [13, 14] constructed a long-range theory and, recently, Ishida [10, 11] showed the
absence of standard (non-modified) wave operators for long-range potentials, thus clarify-
ing the borderline between the short- and long-range behaviour.

In Section 3, we assume that the dimension n of the space is greater than or equal to
2. As an application of Theorem 1.1, we consider a multidimensional inverse scattering.
The high-velocity limit of the scattering operator uniquely determines interaction poten-
tials, which satisfy the short-range condition below, by the Enss-Weder time-dependent
method [6].

Assumption 1.1. V € C}(R") is real-valued function such that

[9PV(0)| < Cplx) 7P, IpI<1, (1.5)

where y > 1 and (x) = /1 +|x|2.

If V belongs to the above class and H, = H , + V is a full Hamiltonian, the existence
of the wave operators

itH,

o e—ltHO’p

W* = slim e
P t—+o0

and their asymptotic completeness have already been proved [13, 14]. Therefore, we can
define a scattering operator S, =S,(V) by

— Yk —
Sp=WIyw:.

Theorem 1.2. Let n 2 2 and the interaction potentials V; and V, satisfy Assumption 1.1. If
1/2 <p < 1and Sp(Vl) = Sp(Vz), then Vl = V2.

We emphasise that the case p = 1/2 is not considered here. As already mentioned, in
this case the system becomes relativistic and the speed of light |v| is always equal to 1 and
the approach we use does not mix well with relativistic phenomena. On the other hand,
for p =1/2, Theorem 1.2 was proven by Jung [12], who established uniqueness by direct
use of a non-stationary phase estimate — cf. [18].
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Estimate (1.3) plays an important role in inverse scattering and the Enss-Weder time-
dependent method. The uniqueness of the interaction potentials for various quantum sys-
tems has been vigorously studied and this work is motivated by the results [2-4,9,12,15-
17,21, 26]. In particular, Enss and Weder [6] first proved the uniqueness of the poten-
tials for p = 1 and Jung [12] treated the case p = 1/2. Thus, Theorem 1.2 represents an
interpolation between the results of [6] and [12].

2. Propagation Property

This section is devoted to the proof of Theorem 1.1. As far as the estimate (1.3) is con-
cerned, the idea of [5] is very simple and understandable. The Galilean transformation in
the direction of v enables reduction to a static system. The iterations of the integration by
parts, which use the points of stationary phase, lead to the estimate (1.3). However, this ap-
proach does not work well in our case because of the presence of fractional powers. Instead,
we use an asymptotic expansion arising in the symbolic calculus of pseudo-differential op-
erators.

Let us first recall several basic facts from the calculus of pseudo-differential operators.
For m € R, let 5'17,10 be the Hérmander symbol class — i.e. the set of p € C*° (R x Rg) such
that

|3ﬁ Pp(x, &) < Cppr(E)™ P!

for any multi-indices  and . The pseudo-differential operator p(x, D, ) with the symbol
p € 87, is defined on the Schwartz functional space #(R") by

1 ix-
p(x, D) (x) = CISIE J e™Cp(x, E)F $)(E)dE.
Rn
Ifpe 51 o» the semi-norm |p|,, , is defined by

Plue= sup > (&)™Paf 8l p(x, ).
XEERY 611167 <k

If p; € S1 and p, € S;2, then the symbol of the product p;p, = q € Smler2 has the

asymptotic expansion

10’

a8 = 3, 5o pi0 8 X (8 pale )+ Ru(x, D), 2.1
IBI<N—-1 """

m1+m2

where the remainder Ry, belongs to Sy and satisfies the inequality

3F 8l Ry (x, &) < Cpp Y, |07P1,n, (g)m+ma=N-IP]

la|=N

a
119% p2|m2,M+|ﬁ|+|ﬁ’|
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for an M € N — cf. [23, Chapter 8]. Moreover, if m; + my, — N < 0, then according
to [1, Theorem 3.36, Lemmas 3.37-3.39 and Remark 3.40], there is K € N such that the
norm of the operator Ry can be estimated as

IRy (x, D)l < Cy |RN|m1+m2—N,K S Cy sup Z <§>_m1_m2+N+|ﬁ||3f agﬂRN(X, §)|
XSS B 1pr|<K

a
< Cy SUPH E: |a§ p1|m1—N,M+|/5|+|/3’|
XEER" 14 1B/ <K
la|=N

2.2)

a
O p2|mz,M+|/5|+|/5'|'

Proof of Theorem 1.1. The left-hand side of (1.2) is uniformly bounded with respect to
t and v. Therefore, it suffices to show that

X WVe0 JNO) o, lv|2P~)¢]
HX( lv|2p=1]t|/4 )e 2 f Dy =VIF (x| S ==

< Cy (v e)™

for |[v|?°~!|¢t| > 1. Using unitary translations, we write
elv~xDxe—1v~x — Dx —v, (23)
elt@p(Dxtv) y p=itw,(Dxtv) — 4o 4 (vgwp)(Dx +v)t. (2.4)
Choosing a function f; € C5°(R") such that f = f; f, we obtain

(x —(Vew,)(v)t
lv[2p—1[t]/4

) e or f(Dy —v)

_ (x=(Vew, )t ittty

- ( |V|2p_1|t|/4 fl(Dx_v)e ’ f(Dx_v)

__,lvx X _(véwp)(v)t —itw,(Dytv) —iv-x

=€ ( |V|2p_1|t|/4 fl(Dx)e f(DX)e

=t lter B, (x, D) (Dy)e ™™ (2.5)

with the function ¢v,t defined by
x+(Vew +v)t— (Ve V)t

lvI2p=1(t]/4

¢,e(x,8) = X(

The idea of the proof is as follows. The momentum operator D, can move inside the com-
pact region only because f is compactly supported. Therefore, for sufficiently large |v|, the
difference (V:w,)(D, +v)—(Vw,)(v) is close to zero and for the function y in (2.5) we
have

lv2e=1]tl/4 lv?e=1]tl/4

Let us write this more precisely. Since |£| < 1 on the support of f;, we have

(x+(V§cop)(Dx+v)t—(V5cop)(v)t) ( x )
~x .

&+ v|=[v|=|E]=[v[=n>0.
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This inequality yields

$r.e(x,E) € C(R] X RY).

Moreover, if 1/2 < p < 1, then

1
|(Vew, )(E+v) = (Vew,)(v)| < f [(VEw,)(v+68)|do|¢| (2.6)
0

and for |&| < 7, the Hessian matrix Véco
inequality

o of w, in the right-hand side of (2.6) satisfies the

n

(Vi )(v +68)| = fé‘?é‘n; |(8z, 0, @, )(v + 08)| < 2n(1—p)(v|—=m)* 2. (27)

It is also clear that if p =1, then

[(Vew )€ +v)— (Ve = (€] (2.8)
Assuming that v satisfies (1.1) and 1/2 < p < 1, we obtain

v 2o~

((Vewp) (€ +v) = (Vewy)WII S —o— (2.9)

On the supports of f and y, the inequality (2.9) yields
x| =[x+ (Vew, )(E +v)t = (Vew, )Wt = [(Vew, ) (E +v) = (Vew,)(W)t]

O i 4 O 1 e T Y e
> — =
4 8 8

s (2.10)
which means that

0o, O (E) = by (6, N (E)x ( 211)

mESIT)
[v|2p=1]t|/16
because y(x/(|v|**~!|t|/16)) =1 by (2.10). However, in pseudo-differential calculus, the
product of symbols is not equal to the symbol of the product. Thus by the formula (2.1),
the symbol of (2.11) is given by

> sl or©) x iox

B e )+Rv,t,N(X:€)
BISN—1 """

X
lv[?—c|/16

for any N € N. If || < N — 1, the corresponding terms disappear due to the other charac-

teristic function
X [P~ el
oP (—) Fl|x|<«— |=0.
{“‘ veeeyie) fF S T e
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Consider now the remainder term R, ; y. Since f; is compactly supported, the derivatives
of (Vew,)(€ +v) of ¢, ((x, &) do not have any singularities at & and

b (0, OF () eST = (] ST
—oo<m<o
holds. It is clear that y (x/(|v|?°~}|t]|/16)) € 5?,0- In particular,
B x+(Vew, )€ +v)t—(Vew,))t
9 X
¢ [v2p=1|tl/4

AN Cplv PPV < ¢

for all || > 1 and constant Cg > 0 does not depend on t and v. Therefore, one can only
consider the derivatives in x. By the estimate (2.2), there is N’ € N such that

IR, nCeDOl<Cy D (WP He) 7 < DT (weYe))”

0<j<N’ N<j<N+N’
1,.\-N
< Cy (vI*P1t) (2.12)
because |v|??~!|t| = 1. This completes the proof. O

3. Uniqueness of Interactions

In order to employ the Enss-Weder time-dependent method, from now on we assume
that n 2 2 and p > 1/2. The Radon transformation-type reconstruction formula below
leads to the proof of Theorem 1.2. In this section we focus on Theorem 3.1. Unlike the
approach [6], our proof is based on a pseudo-differential asymptotic expansion similar to
Theorem 1.1.

Let (-, ) refer to the scalar product of the space L?(R").

Theorem 3.1. Let ¥ € R", |9| = 1 be given and v = |v|9. Suppose that n > 0, &,, ¥, € L*(R")
and consider the functions ®, = eV ®, and ¥, = eV V,. If F&,, FY, € Cy°(R™) and
supp Z®,,supp ZY, C {£ e R" | |E] < n}, then
oo
|v|2‘°_1(i(8p -1)®,,¥,)= J (V(x +9t)®y,¥y)dt +0(1), |v|— oo
—0Q

for any V satisfying Assumption 1.1.

We start with the propagation estimate of the following integral form. Theorem 1.1
plays an important role in the proof of the proposition below. The notation || - || is also used
for the norm in the space L2(R"), but we do not distinguish between usual and operator
L?-norms.

Proposition 3.1. Let v and ®, be as in Theorem 3.1. For any V satisfying Assumption 1.1,
the relation

o0
f [V(x)e e || de = o (lv]'72), |v]|— oo (3.1)
o0

holds.
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Proof. Following the approach of [6, Lemma 2.2], we extend it to the fractional powers
of negative Laplacian. Choose f € C;°(R") such that &, = f#®, and suppf C {£ €
R" | |£| < n}. Then

d, = eV X F f(E)F Dy = eV f (D) = f (D, —V)®,.
We compute
[V(x)eHord, || = ||V (x)e Hor £ (D, —v)&, || < TI) + 1,

where

3

—(Vew,)(v)t A
oo (25 oo

x—(Vew,)V)E\ _ 0
IZ — HV(X)X( |v|2p—1|t|/4 e O’pf(Dx_v)(tv .
Assuming that |x — (Vzw,)()t| < [v[*P7[t|/2, we have
vt
lx[ 2 |(Vew, )W)t =[x = (Vew, )(v)E| = a— (3.2)

Since y > 1, the condition (1.5) and the inequality (3.2) yield

oo o oo
f Ldt < cf (v>P=1e) Tde = c|v|1—2pf () Tdr =0 (]v|'"?). (3.3)
0

—oo 0

In order to estimate I,, we implant the identity

2p—1 t 2p—1 t
P < M) (s 0
16 16

between f (D, —v) and ®,. The triangle inequality gives I, < I,; + I, ;, where

Iy =C Hx (x_(vgwp)(V)t)e_“Ho,pf(Dx —V)F (le < —sz_llt')

B

lv[2—c|/4 16

L,=C|F |x|>|v|2p_1|t| o
2,2 — 16 0

Setting N = 2 and applying Theorem 1.1, we estimate I, ; as

o0 oo oo
J I,dt < CJ <|v|2p—1t)_2dt = c|v|1—2PJ (t)y2dr=0(v|"%). 34
—00 0 0

The term I, , has the same behaviour. Indeed, since &, € #(R"), it can be estimated as

2p—1
v t
I, <C HF (lxl S PP l) (x)2

— [ (x)2@,|| < c{v>~1e) 3.5)
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so that
oo
J I,dt =0 ([v[*=%). (3.6)
—0o0
The estimate (3.1) now follows from (3.3), (3.4), and (3.6). O

Corollary 3.1. Under notation of Theorem 3.1, the relation
||(w; — e e || =0 (Iv|'*), |v|— o0
holds uniformly for t € R.
Proof. The proof is similar to that of [6, Corollary 2.3] and only sketched here. Consid-
ering W; —1, we write

+oo
(W; _ 1)e—itH0’p — J aTeiTHp e_iTHO’Pd’L'e_itHO’P
0

+o0 +o0
= if e ™oy (x)e T+ o, g ¢ = iJ el(7'=0H, V(X)e_iT/HO’PdT/,
0 t

and Proposition 3.1 yields
oo

| W — e s | < J V(e Ho0s, a7 = o (jvI=2)
(oe)

as claimed. O

We are ready to prove the reconstruction theorem.
Proof of Theorem 3.1. Similar to the proof of Corollary 3.1, we represent the difference
W; — W, in the form

oo oo
Wr—w; = J d,eitHpemitHop gt = if elHoy (x)e tHordt,

—0Q —0Q0

Taking into account the intertwining property e~‘He W; = W;e_itHO’P , We write

i(S, —1)®, = i(Wp+ W)W e,

o o
= f eitHO’PV(x)e_“HPWP_CI)vdt: f eitHO’PV(x)Wp_e_“HO’PCDvdt,
—00 —00
and, consequently,
o0
VIPPLG(S, — 1)y, W) = [v[2P! f (Veow; e itHor, e itHory, ) dt
—0Q

o0
= |v|29—1J I,(t)dt +R,, (3.7)

—0Q
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where

L,(t) = (V(x)e tHorp, e itHory ),
o
R, = [v|?! f (W —D)eHore,, V(x)e Hory, ) dt.
—o0

It follows from Proposition 3.1 and Corollary 3.1 that
R, =0(v['"%). (3.8)

The previous steps in the proof are roughly analogous to the corresponding result in [6]
but the principal part of (3.7) requires a special consideration. First, we split the integral
into two ones — viz.

|v|2p—1J I,(0)de = v~ U +J )Iv(t)dt, (3.9)
—oo [t]<|v|-e [t[=]v]~o

where ¢ > 2p — 1 does not depend on t and v and an upper bound for ¢ will be provided
later on. Noting that I, (t) is uniformly bounded in t and v, we have

|v|2P—1J II,(t)|dt < Clv|?P~179, (3.10)
ltl<v|-o

Considering the second integral in the right-hand side of (3.9), we write

|v|2p—1J I,(t)dt
[t|=]v|=e

=|v|2p—1J (V(x + (Vew, )@, Ty ) dt
|t[>[v|-o

+ |v|2p—1J {L(O)—(V(x + (Vew,)(v)), ¥y ) } dt. (3.11)
[t[=|v]=o

Since (Vew,)(v) = |v|??~2v, in the first integral on the right-hand side of (3.11) we make
the variable change 7 = |v|?~'t, thus obtaining

|v|2P—1J (V(x + (Vew,)(v)t)®o, W) dt
|t[=[v-o

o0
:J (V(x+1“/T)<I>0,\IIO)dT—>f (V(x+1“/T)<I>0,\IIO)dT
|T|Z|v[2p—1=0 —00

as |[v| — oo because 2p—1—0 < 0. This and the uniform boundedness of (V(x+Vt)®,, ¥y)
show that

|v|2P—1J (V(x + (Vew,)(V)t)®o, ¥g)dt
le|=v]-o

=f (V(x +96)®g, ¥g)dt + 0 (Jv[>P~179). (3.12)

—0Q0
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On the other hand, (2.3) and (2.4) yield
L(t) = (V(x + (Vew, Dy +v))0, ¥p).

Therefore, similar to the proof of Theorem 1.1, we would like to use the almost cancellation
of (Vzw,)(& +v) and (Vsw,)(v) on the support of Z &, in order to establish the decay
order of the second term on the right-hand side of (3.11). Although V € C!(R"), by the
pseudo-differential symbolic calculus, we have

V(x +(Vew, )&+ v)t) —V(x + (ngp)(v)t)

1
=f (VV)(x + (Vew, )0t + 0{(Vew, )(E +v) — (Vew,)(v)} )
0
{(Vew ) E+V) = (Vew,)v)}td6. (3.13)

Let us point out that (Vew,)(§ +v) —(Vzw,)(v) does not depend on x. Therefore, the
right-hand side of (3.13) does not contain the second- and higher-order derivatives of V.
Let f1, fo € Cy°(R™) are so that F &, = f1F P, and f; = fof1. Then &g = f,(D,)f1(D,)®,.
For any 1 < j < n, we define g; , by

85,(8) = {8z, 0, )(E +V)— (B, 0,)(V)} i (&)
and we show analogously to (2.6), (2.7) and (2.8) that for any 3 the estimate
187 ¢;,(E)| < Cylv [~ (3.14)
holds. We also introduce a vector-valued function ¢, , by
£0i(6,E) =x+(Vew, )Mt + 0{(Vew,)E +v)— (Vew, )W)}t
In order to estimate the second term in (3.11), we only have to consider the following norm
J = [t[l1(8x, V(& (x, Dx)) f2(Dy) g, (D)ol

containing the integrand of the j-th term on the right-hand side of (3.13). It follows that
J < J; +J,, where

Jy = |t] , (3.15)

CRO TR

X
wE1e/4 )8 iv(Dx)®o

J, = |t (3.16)

X
(@ V) (D0 {17 (e )i

The terms J; and J, can be estimated as follows

|v|2p_1J Jydt = 0(|v|(v—2){0'—(2p—1)}+1—2p) +0 (|v|(N—2){a—(2p—1)}—1)’ lv| > oo,
[tl>[v]e

(3.17)
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|v|2p_1J Jydt = ﬁ(|v|(y+1){o‘—(2p—1)}—1)+ﬁ(|v|(1\7[—2){0'_(2p_1)}_1)’ [v] = oo
[t|=|v]—e
(3.18)

for any v € R, which satisfies v > 2 and some N, M € N satisfy N, M > 3. The proof of these
inequalities involves cumbersome computations and is moved to Appendix — cf. Lemma A.1
below.

Combining now (3.8), (3.10), (3.12), (3.17), and (3.18), we obtain

oo

lvI?7(i(s, — D)@, ¥, ) = J (V(x +96)®, ¥p)dt
+0 (|v|1—2p) +0 (|v|2p—1:z'o) +0 (|V|(v—2){a—(2p—1)}+1—2p)
+ o(|v|8-Dlo—@p=11-1) 4 g (|y|r+Dio=Ce-D}-1)
+ ﬁ(lvl(M_Z){U—(ZP—l)}—l), Iv| = oo.

We evaluate these error exponents. It is clear that 20 —1—co <0and 1—2p < (v—2){oc—
(2p—1)}+1—2p <0, since v—2 > 0 can be chosen sufficiently small independent of the
size of o. In order to finish the proof, we have to be sure that for c > 2p —1 the inequalities

(N=2){c—-(2p—-1)}—-1<0,
(r+D{oc—-(2p—-1}-1<0, (3.19)
(M—2){c—(2p—1)}—1<0

hold. For y > 1, N > 3 and M > 3, the exponent o can be chosen so that

1 1 1
2p—1<0'<2p—1+min{ e , == },
(1+y) (N—-2) (M—2)

then these the inequalities (3.19) are true. This completes the proof. O

By using the Plancherel formula associated with the Radon transformation — cf. [8],
the proof of Theorem 1.2 can be carried out similar to [6, Theorem 1.1] and is omitted
here.

Appendix A

Lemma A.1. Let J; and J, be defined by (3.15) and (3.16), respectively. For any v € R
satisfies v > 2 and some N, M € N satisfy N,M > 3, (3.17) and (3.18) hold.

Proof. By substituting the identity

2p—1 t 2p—1 t
P> M) e (g < 0
4 4
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between g;,(D,) and @, and the triangle inequality, we obtain J; < J; ; +J; 5, where

vt
Fllxl> 22— |,
4

x v~ e
—— g ,(D,)F S —— || -

The term J; ; can be estimated analogously to (3.5) but v € R is now chosen so that

HEaTAV.
(1> M )

Therefore, if v > 2, then

J11=Clt|

B

J1o=Clt|

Ji1 < Clt [1{x) @0l < Clel{[v I~ e) ™.

|v|2p‘1f Jpqdt < C|v|2p—1f [t|{lv|>P~1e)~"dt
[t|=|v|=0 [t=|v]=

oo

< C|v|—(2p—1)(v—1) J t—v+1dt =0 (|v|—(2p—1)(v—1)+a(v—2)) ) (A.1)

[v|—o
Although this estimate is valid for any v > 2, the exponent is better if v is close to 2 because
—2p—1)(v—-1)+oc(v=2)=(v—-2){c—Q2p—1)}+1—-2p (A.2)

and o0 > 2p — 1. In order to estimate the term J; ,, we employ the pseudo-differential
product formula (2.1) and compute the following commutator:

() 009

- > Lalgu©x i)

1<|BI<N-1

)+ Ruen(0)

X
lv|2P=1]t|/4

for any N € N. Similar to the proof of Theorem 1.1, the disjointness of two characteristic
functions means that, for 0 < || < N — 1, we have

Ry
o (o ) P (< 2 ) =0
et (i) (<55

Therefore, J; , contains the term R, , y only. To evaluate R, , iy, we write

|v|2P—1J Jypdt =|v[?71 U +J )Jl’zdt.
le|>|vI-o vo<lel<vli=2e  Jiel>lv[-2

Since for |t| = |v|'™2° we have |v|??7!|t| > 1, the estimate (2.2) implies

[Ry,e G, DO < Culv P2 (1P el) ™,
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where |v|??~2 comes from (3.14). Therefore, if N > 3, then

2p—1 2p—1
e f Jyadt = Clyf2e f [elRy e (e, DA
[t|=]v]1=2e [t|=]v]|1=2p

oo

< CN|V|2(2p—1)—1—(2p—1)NJ t_N+1dt =0 (lvl—l) . (AB)
=2
On the other hand, if [v|™ < |t] < |v|'727, then |v|?’~!|t| < 1. Hence, there exists N > N
such that )
< 2p—2 20—11, N
[Ry,e.n Ce, D[ < Cy v 1?72 (v 2P el )

and, consequently,

2p—1 2p—1
v|™ Ji2dt =Clv[* EllIRy, (o, Di)lld
[vl=o <lel<lvl'-2 IvI=o <lel<lvl'-2e

v

< CN|V|2(2p—1)—1—(2p—1)NJ t_NHdt _ 0’(|v|_1) + 0;(|v|2(2p—1)—1—(2p—1)N+U(N—2)).
[v[-e

(A4)

This estimate is valid for any number greater than or equal to N (= N > 3). Nevertheless,
the best possible exponent is N because

22p—1)—1—-2p—1N+0o(N—-2)=((N—-2){c—2p—-1)}—1. (A.5)

The estimate (3.17) is now follows from (A.1), (A.2), (A.3), (A.4), and (A.5).
In order to evaluate J,, we consider ¢, .(x, &) for large |v| on the supports of f, and
1—y. Using (2.9), we obtain

125,00, )1 = PP el = x| = (Ve )(E +v) = (Vew, )]t
2p—1 2p-1 2p—1 2p—1
S e 4 1 (4 14 i L B L i 1
2 8 8 4
Note that there is a function f3 € C;°(R") such that f, = f3f, and it follows from (A.6)
that x (g, ¢ (x, &)/([v[*~"]t|/8)) = 1 and

po1-r (s e on@ - (s )} @

(A.6)

where C e E)
v,t X,
Py (6, 8) =y (W)J‘s(ﬁ)

We observe that v, ,(x, &) € S];°, because f3 is compactly supported. Using the asymptotic

product formula (2.1) once again, we write the associated symbol with (A.7) as

> gletvaalxpeciar {1-x( )+ Rue 0

_x
oo B! vI2e1]el/4
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for any M € N. Since

{06, 8)
[6} v,t
‘aﬁ "(|v|2p—1|t|/8)

for any || = 1 and Cj is independent of ¢, for 0 < |3| < M — 1 it suffices to only consider
the product

£ < CplvIPP Y < ¢

Yol 50 <P {11 (m)} . a8

Taking into account the condition (1.5) and inequality (3.14), we estimate the term con-
taining (A.8) as

|t|||(axjv)(gv,t(x,Dx))¢v,t(x5Dx)|| af {1_X(W H ||g) v( x)”
< C|t|<|v|2p—1t>—1—}’ (lvlzp—1|t|)—|/5| v|2°2,

We have

— — o — - —
[v ¢ 1f el(Jv2e2e) ™ (e ) 22
[t|=[v|=o

)
< C|v|2(2P—1)—1—(2p—1)(1+y)—(2p—1)|ﬂ|J t_Y_lﬂldt

[v[=e
=0 (lv|2(2P—1)—1—(2p—1)(1+y)—(2p—1)|ﬂ|+O-(Y+|/5|_1)) (A9)

because y > 1. Since
22p-1)—-1-2p-DA+7)=2p—-DIBl+o(y +1B]-1)
= +IBl=Dioc-2p-1}-1, (A.10)

o >2p—1and 0 < || < M —1, the largest possible value for the exponent (A.10) is
achieved for |3| = M — 1. To estimate the term with R, , y;, we have to divide the domain
of integration into |v|™% < |t| < |v|'™2° and |t| = |v|' " once more. The arguments similar
to (2.12) show that there exists M’ € N such that

IRyemGe DI <Cu D0 (WP Hel) 7% DT (i e))”

o<j<M’ M<jsM+M’

Note that when summing in j from 0 to M’, we again used the inequality

[6} Cv,t(x’ g) )
‘85 * (|v|2p—1|r|/8

which is valid for any 3. Hence, if |t| = |[v|'™2P, then

1£2(E)] < Cp,

IRy, e.0(x, D) < o (V17 1|t|) ) (A.11)
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On the other hand, if |[v|™7 < [t| < |v|'™2P, then
_ —M
[Ry.e.n G, D] < Cog (VPP Hel) ™ (A.12)

where M = M + 2M’. Tt follows from (A.11), (A.12), and (3.14) that for M = 3 the
inequality

vt U +J )|t||IRv,t,M(x’Dx)””gj,v(Dx)”dt
o <lel<pvi=2e - Jiezvp-2
=0 (|V|(M—2){a—(2p—1)}—1) (A.13)

holds. The calculations in (A.13) are similar to (A.3), (A.4), and (A.5). The estimate (3.18)
is now follows from (A.9), (A.10), and (A.13) with || = 2 since we can set M = 3 in (A.9)
and (A.10). O
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