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Abstract. The propagation estimate for the usual free Schrödinger operator established

by Enss in 1983, was successfully used by Enss and Weder in inverse scattering in 1995.

This approach has been called the Enss-Weder time-dependent method. We derive the

same type of estimate but for fractional powers of the negative Laplacian and apply it

in inverse scattering. It is found that the high-velocity limit of the scattering operator

uniquely determines the short-range interactions.
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1. Introduction

Let Dx denote the differential operator −i∇x = −i(∂x1
, . . . ,∂xn

). The fractional power

of the negative Laplacian acting on the space L2(Rn) is the operator

H0,ρ =ωρ(Dx),
1

2
¶ ρ ¶ 1,

defined by the Fourier multiplier with the symbol

ωρ(ξ) =
|ξ|2ρ
2ρ

.

More precisely, H0,ρ is the Fourier integral operator

H0,ρφ(x) = (F ∗ωρ(ξ)Fφ)(x) =
1

(2π)n

∫

R2n

ei(x−y)·ξωρ(ξ)φ(y)d ydξ,
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where φ belongs to the Sobolev space H2ρ(Rn). In particular, H0,1 is the free Schrödinger

operator

ω1(Dx) = −
∆x

2
= −1

2

n∑

j=1

∂ 2
x j

,

and H0,1/2 the massless relativistic Schrödinger operator ω1/2(Dx) =
p−∆x .

Let F(X ) refer to the usual characteristic function of the set X and let χ ∈ C∞(Rn) be

a function such that

χ(x) =

¨
1, |x |¾ 2,

0, |x |¶ 1.

In Section 2, we prove the following Enss-type propagation estimate for e−i tH0,ρ .

Theorem 1.1. Let f ∈ C∞0 (R
n) and supp f ⊂ {ξ ∈ Rn : |ξ| ¶ η} for a given η > 0. Choose

v ∈ Rn such that |v|> η and

16n(1−ρ)(|v| −η)2ρ−2η ¶ |v|2ρ−1,
1

2
¶ ρ < 1,

8η¶ |v|, ρ = 1.

(1.1)

For t ∈ R and N ∈ N, the inequality




χ
�

x − (∇ξωρ)(v)t
|v|2ρ−1|t|/4

�
e−i tH0,ρ f (Dx − v)F

�
|x |¶ |v|

2ρ−1|t|
16

�



¶ CN

�
1+ |v|2ρ−1|t|�−N

(1.2)

holds, where ‖ · ‖ is the operator norm on L2(Rn) and constant CN > 0 depends on n, N and

the shape of f .

Let us recall that Enss [5] established the following estimate for the free Schrödinger

operator H0,1:





F
�
|x − v t| ¾ |v||t|

4

�
e−i tD2

x/2 f (Dx − v)F

�
|x |¶ |v||t|

16

�



¶ CN (1+ |v||t|)−N , (1.3)

and this estimate is valid not only for spheres, but also for general measurable subsets of

R
n — cf. [5, Proposition 2.10]. Let us briefly discuss the substance of the estimate (1.3).

In classical mechanics, Dx represents the momentum or, equivalently, the velocity of the

particle of unit mass. In the left-hand side of (1.3), Dx is localised to the neighborhood of

v by a cut-off function f . Therefore, during the time evolution of the propagator e−i tD2
x
/2,

the position of the particle changes as

x ∼ Dx t ∼ v t.

Since the points on the sphere behave similarly, the center of the sphere moves toward v t

from the origin
�

x ∈ Rn

���� |x |¶
|v||t|
16

�
∼
�

x ∈ Rn

���� |x − v t| ¶ |v||t|
16

�
. (1.4)
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We extract the interpretation of the estimate (1.3) from this observation. The behaviour of

the sphere (1.4) makes the characteristic functions on both sides of (1.3) disjoint, so that the

decay depends on time and velocity. Theorem 1.1 represents a fractional Laplacian version

of (1.3). Since (∇ξωρ)(v) = |v|2ρ−2v, the case ρ = 1 in (1.2) is essentially equivalent to

the estimate (1.3). On the other hand, if ρ = 1/2, the right-hand side of (1.2) does not

depend on v, which is consistent with its physical meaning because for ρ = 1/2 the system

is relativistic. In such systems, particles are massless, and their velocity is the speed of light

normalised to 1. Therefore, the decay function does not contain velocity v.

Spectral analysis of the relativistic Schrödinger operator was initiated by Weder [24]

and followed by Umeda [19, 20], who studied resolvent estimates and mappings associ-

ated with the Sobolev spaces. Wei [27] investigated generalised eigenfunctions, Weder [25]

analysed the spectral properties of the fractional Laplacian for the massive case, and Watan-

abe [22] studied the Kato-smoothness. Giere [7] worked on scattering theory and estab-

lished the asymptotic completeness of the wave operators for short-range perturbations,

Kitada [13, 14] constructed a long-range theory and, recently, Ishida [10, 11] showed the

absence of standard (non-modified) wave operators for long-range potentials, thus clarify-

ing the borderline between the short- and long-range behaviour.

In Section 3, we assume that the dimension n of the space is greater than or equal to

2. As an application of Theorem 1.1, we consider a multidimensional inverse scattering.

The high-velocity limit of the scattering operator uniquely determines interaction poten-

tials, which satisfy the short-range condition below, by the Enss-Weder time-dependent

method [6].

Assumption 1.1. V ∈ C1(Rn) is real-valued function such that

��∂ βx V (x)
��¶ Cβ〈x〉−γ−|β |, |β |¶ 1, (1.5)

where γ > 1 and 〈x〉=p1+ |x |2.

If V belongs to the above class and Hρ = H0,ρ + V is a full Hamiltonian, the existence

of the wave operators

W±ρ = s-lim
t→±∞ ei tHρ e−i tH0,ρ

and their asymptotic completeness have already been proved [13, 14]. Therefore, we can

define a scattering operator Sρ = Sρ(V ) by

Sρ = (W
+
ρ )
∗W−ρ .

Theorem 1.2. Let n ¾ 2 and the interaction potentials V1 and V2 satisfy Assumption 1.1. If

1/2< ρ ¶ 1 and Sρ(V1) = Sρ(V2), then V1 = V2.

We emphasise that the case ρ = 1/2 is not considered here. As already mentioned, in

this case the system becomes relativistic and the speed of light |v| is always equal to 1 and

the approach we use does not mix well with relativistic phenomena. On the other hand,

for ρ = 1/2, Theorem 1.2 was proven by Jung [12], who established uniqueness by direct

use of a non-stationary phase estimate — cf. [18].
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Estimate (1.3) plays an important role in inverse scattering and the Enss-Weder time-

dependent method. The uniqueness of the interaction potentials for various quantum sys-

tems has been vigorously studied and this work is motivated by the results [2–4,9,12,15–

17, 21, 26]. In particular, Enss and Weder [6] first proved the uniqueness of the poten-

tials for ρ = 1 and Jung [12] treated the case ρ = 1/2. Thus, Theorem 1.2 represents an

interpolation between the results of [6] and [12].

2. Propagation Property

This section is devoted to the proof of Theorem 1.1. As far as the estimate (1.3) is con-

cerned, the idea of [5] is very simple and understandable. The Galilean transformation in

the direction of v enables reduction to a static system. The iterations of the integration by

parts, which use the points of stationary phase, lead to the estimate (1.3). However, this ap-

proach does not work well in our case because of the presence of fractional powers. Instead,

we use an asymptotic expansion arising in the symbolic calculus of pseudo-differential op-

erators.

Let us first recall several basic facts from the calculus of pseudo-differential operators.

For m ∈ R, let Sm
1,0 be the Hörmander symbol class — i.e. the set of p ∈ C∞(Rn

x ×Rn
ξ
) such

that ��∂ β ′
x
∂
β

ξ
p(x ,ξ)
�� ¶ Cββ ′〈ξ〉m−|β |

for any multi-indices β and β ′. The pseudo-differential operator p(x , Dx) with the symbol

p ∈ Sm
1,0

is defined on the Schwartz functional space S (Rn) by

p(x , Dx)φ(x) =
1

(2π)n/2

∫

Rn

ei x ·ξp(x ,ξ)(Fφ)(ξ)dξ.

If p ∈ Sm
1,0

, the semi-norm |p|m,k is defined by

|p|m,k = sup
x ,ξ∈Rn

∑

|β |+|β ′|¶k

〈ξ〉−m+|β |��∂ β ′x ∂
β

ξ
p(x ,ξ)
��.

If p1 ∈ S
m1

1,0
and p2 ∈ S

m2

1,0
, then the symbol of the product p1p2 = q ∈ S

m1+m2

1,0
has the

asymptotic expansion

q(x ,ξ) =
∑

|β |¶N−1

1

β!
∂
β

ξ
p1(x ,ξ)× (−i∂x )

β p2(x ,ξ) + RN (x ,ξ), (2.1)

where the remainder RN belongs to S
m1+m2−N

1,0
and satisfies the inequality

��∂ β ′
x
∂
β

ξ
RN (x ,ξ)
�� ¶ Cββ ′N

∑

|α|=N

��∂ αξ p1

��
m1−N ,M+|β |+|β ′|
��∂ α

x
p2

��
m2,M+|β |+|β ′|〈ξ〉m1+m2−N−|β |
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for an M ∈ N — cf. [23, Chapter 8]. Moreover, if m1 + m2 − N ¶ 0, then according

to [1, Theorem 3.36, Lemmas 3.37–3.39 and Remark 3.40], there is K ∈ N such that the

norm of the operator RN can be estimated as

‖RN (x , Dx)‖ ¶ CN |RN |m1+m2−N ,K ¶ CN sup
x ,ξ∈Rn

∑

|β |+|β ′|¶K

〈ξ〉−m1−m2+N+|β |��∂ β ′x ∂
β

ξ
RN (x ,ξ)
��

¶ CN sup
x ,ξ∈Rn

∑

|β |+|β ′|¶K
|α|=N

��∂ αξ p1

��
m1−N ,M+|β |+|β ′|
��∂ αx p2

��
m2,M+|β |+|β ′|. (2.2)

Proof of Theorem 1.1. The left-hand side of (1.2) is uniformly bounded with respect to

t and v. Therefore, it suffices to show that




χ
�

x − (∇ξωρ)(v)t
|v|2ρ−1|t|/4

�
e−i tH0,ρ f (Dx − v)F

�
|x |¶ |v|

2ρ−1|t|
16

�



¶ CN

�|v|2ρ−1|t|�−N

for |v|2ρ−1|t| ¾ 1. Using unitary translations, we write

eiv·x Dx e−iv·x = Dx − v, (2.3)

ei tωρ(Dx+v)xe−i tωρ(Dx+v) = x + (∇ξωρ)(Dx + v)t. (2.4)

Choosing a function f1 ∈ C∞0 (R
n) such that f = f1 f , we obtain

χ

�
x − (∇ξωρ)(v)t
|v|2ρ−1|t|/4

�
e−i tH0,ρ f (Dx − v)

=χ

�
x − (∇ξωρ)(v)t
|v|2ρ−1|t|/4

�
f1(Dx − v)e−i tH0,ρ f (Dx − v)

=eiv·xχ
�

x − (∇ξωρ)(v)t
|v|2ρ−1|t|/4

�
f1(Dx)e

−i tωρ(Dx+v) f (Dx)e
−iv·x

=eiv·x e−i tωρ(Dx+v)φv,t(x , Dx) f (Dx)e
−iv·x (2.5)

with the function φv,t defined by

φv,t(x ,ξ) = χ

�
x + (∇ξωρ)(ξ+ v)t − (∇ξωρ)(v)t

|v|2ρ−1|t|/4

�
f1(ξ).

The idea of the proof is as follows. The momentum operator Dx can move inside the com-

pact region only because f is compactly supported. Therefore, for sufficiently large |v|, the

difference (∇ξωρ)(Dx + v)− (∇ξωρ)(v) is close to zero and for the function χ in (2.5) we

have

χ

�
x + (∇ξωρ)(Dx + v)t − (∇ξωρ)(v)t

|v|2ρ−1|t|/4

�
∼ χ
�

x

|v|2ρ−1|t|/4
�

.

Let us write this more precisely. Since |ξ| ¶ η on the support of f1, we have

|ξ+ v|¾ |v| − |ξ| ¾ |v| −η > 0.
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This inequality yields

φv,t(x ,ξ) ∈ C∞(Rn
x ×Rn

ξ
).

Moreover, if 1/2¶ ρ < 1, then

��(∇ξωρ)(ξ+ v)− (∇ξωρ)(v)
�� ¶
∫ 1

0

��(∇2
ξωρ)(v + θξ)
��dθ
��ξ
�� (2.6)

and for |ξ| ¶ η, the Hessian matrix ∇2
ξ
ωρ ofωρ in the right-hand side of (2.6) satisfies the

inequality

��(∇2
ξωρ)(v + θξ)
�� = max

1¶ j¶n

n∑

k=1

��(∂ξ j
∂ξk
ωρ)(v + θξ)
�� ¶ 2n(1−ρ)(|v| −η)2ρ−2. (2.7)

It is also clear that if ρ = 1, then

|(∇ξω1)(ξ+ v)− (∇ξω1)(v)| = |ξ|. (2.8)

Assuming that v satisfies (1.1) and 1/2¶ ρ ¶ 1, we obtain

|(∇ξωρ)(ξ+ v)− (∇ξωρ)(v)| ¶
|v|2ρ−1

8
. (2.9)

On the supports of f and χ, the inequality (2.9) yields

|x |¾ |x + (∇ξωρ)(ξ+ v)t − (∇ξωρ)(v)t| − |(∇ξωρ)(ξ+ v)− (∇ξωρ)(v)||t|

¾
|v|2ρ−1|t|

4
− |v|

2ρ−1|t|
8

=
|v|2ρ−1|t|

8
, (2.10)

which means that

φv,t(x ,ξ) f (ξ) = φv,t(x ,ξ) f (ξ)χ

�
x

|v|2ρ−1|t|/16

�
(2.11)

because χ(x/(|v|2ρ−1|t|/16)) = 1 by (2.10). However, in pseudo-differential calculus, the

product of symbols is not equal to the symbol of the product. Thus by the formula (2.1),

the symbol of (2.11) is given by

∑

|β |¶N−1

1

β!
∂
β

ξ

¦
φv,t(x ,ξ) f (ξ)
©
× (−i∂x )

βχ

�
x

|v|2ρ−1|t|/16

�
+ Rv,t,N (x ,ξ)

for any N ∈ N. If |β | ¶ N − 1, the corresponding terms disappear due to the other charac-

teristic function

�
∂ βx χ

�
x

|v|2ρ−1|t|/16

��
F

�
|x |¶ |v|

2ρ−1|t|
16

�
= 0.
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Consider now the remainder term Rv,t,N . Since f1 is compactly supported, the derivatives

of (∇ξωρ)(ξ+ v) of φv,t(x ,ξ) do not have any singularities at ξ and

φv,t(x ,ξ) f (ξ) ∈ S−∞1,0 =
⋂

−∞<m<∞
Sm

1,0

holds. It is clear that χ(x/(|v|2ρ−1|t|/16)) ∈ S0
1,0. In particular,

����∂
β

ξ
χ

�
x + (∇ξωρ)(ξ+ v)t − (∇ξωρ)(v)t

|v|2ρ−1|t|/4

����� | f1(ξ)| ¶ Cβ |v|−(2ρ−1)
¶ Cβ

for all |β | ¾ 1 and constant Cβ > 0 does not depend on t and v. Therefore, one can only

consider the derivatives in x . By the estimate (2.2), there is N ′ ∈ N such that

‖Rv,t,N (x , Dx)‖ ¶ CN

∑

0¶ j¶N ′

�|v|2ρ−1|t|�− j ×
∑

N¶ j¶N+N ′

�|v|2ρ−1|t|�− j

¶ CN

�|v|2ρ−1|t|�−N
(2.12)

because |v|2ρ−1|t| ¾ 1. This completes the proof.

3. Uniqueness of Interactions

In order to employ the Enss-Weder time-dependent method, from now on we assume

that n ¾ 2 and ρ > 1/2. The Radon transformation-type reconstruction formula below

leads to the proof of Theorem 1.2. In this section we focus on Theorem 3.1. Unlike the

approach [6], our proof is based on a pseudo-differential asymptotic expansion similar to

Theorem 1.1.

Let (·, ·) refer to the scalar product of the space L2(Rn).

Theorem 3.1. Let v̂ ∈ Rn, |v̂| = 1 be given and v = |v|v̂. Suppose that η > 0, Φ0,Ψ0 ∈ L2(Rn)

and consider the functions Φv = eiv·x
Φ0 and Ψv = eiv·x

Ψ0. If FΦ0,FΨ0 ∈ C∞0 (R
n) and

suppFΦ0, suppFΨ0 ⊂ {ξ ∈ Rn
�� |ξ| ¶ η}, then

|v|2ρ−1(i(Sρ − 1)Φv,Ψv) =

∫ ∞

−∞
(V (x + v̂ t)Φ0,Ψ0)d t + O (1), |v| →∞

for any V satisfying Assumption 1.1.

We start with the propagation estimate of the following integral form. Theorem 1.1

plays an important role in the proof of the proposition below. The notation ‖·‖ is also used

for the norm in the space L2(Rn), but we do not distinguish between usual and operator

L2-norms.

Proposition 3.1. Let v and Φv be as in Theorem 3.1. For any V satisfying Assumption 1.1,

the relation ∫ ∞

−∞



V (x)e−i tH0,ρΦv



 d t = O �|v|1−2ρ
�

, |v| →∞ (3.1)

holds.
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Proof. Following the approach of [6, Lemma 2.2], we extend it to the fractional powers

of negative Laplacian. Choose f ∈ C∞0 (R
n) such that FΦ0 = fFΦ0 and supp f ⊂ {ξ ∈

R
n
�� |ξ|¶ η}. Then

Φv = eiv·xF ∗ f (ξ)FΦ0 = eiv·x f (Dx)Φ0 = f (Dx − v)Φv.

We compute



V (x)e−i tH0,ρΦv



=


V (x)e−i tH0,ρ f (Dx − v)Φv



¶ I1 + I2,

where

I1 =





V (x)
�

1−χ
�

x − (∇ξωρ)(v)t
|v|2ρ−1|t|/4

��
e−i tH0,ρ f (Dx − v)Φv





 ,

I2 =





V (x)χ
�

x − (∇ξωρ)(v)t
|v|2ρ−1|t|/4

�
e−i tH0,ρ f (Dx − v)Φv





 .

Assuming that |x − (∇ξωρ)(v)t| ¶ |v|2ρ−1|t|/2 , we have

|x |¾ |(∇ξωρ)(v)t| − |x − (∇ξωρ)(v)t| ¾
|v|2ρ−1|t|

2
. (3.2)

Since γ > 1, the condition (1.5) and the inequality (3.2) yield

∫ ∞

−∞
I1d t ¶ C

∫ ∞

0


|v|2ρ−1t
�−γ

d t = C |v|1−2ρ

∫ ∞

0

〈τ〉−γdτ= O �|v|1−2ρ
�

. (3.3)

In order to estimate I2, we implant the identity

F

�
|x |¶ |v|

2ρ−1|t|
16

�
+ F

�
|x |> |v|

2ρ−1|t|
16

�
= 1

between f (Dx − v) and Φv. The triangle inequality gives I2 ¶ I2,1 + I2,2, where

I2,1 = C





χ
�

x − (∇ξωρ)(v)t
|v|2ρ−1|t|/4

�
e−i tH0,ρ f (Dx − v)F

�
|x |¶ |v|

2ρ−1|t|
16

�



 ,

I2,2 = C





F
�
|x |> |v|

2ρ−1|t|
16

�
Φ0





 .

Setting N = 2 and applying Theorem 1.1, we estimate I2.1 as

∫ ∞

−∞
I2.1d t ¶ C

∫ ∞

0


|v|2ρ−1t
�−2

d t = C |v|1−2ρ

∫ ∞

0

〈τ〉−2dτ= O �|v|1−2ρ
�

. (3.4)

The term I2,2 has the same behaviour. Indeed, since Φ0 ∈ S (Rn), it can be estimated as

I2,2 ¶ C





F
�
|x |> |v|

2ρ−1|t|
16

�
〈x〉−2








〈x〉2Φ0



 ¶ C

|v|2ρ−1t
�−2

, (3.5)
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so that ∫ ∞

−∞
I2.2d t = O �|v|1−2ρ

�
. (3.6)

The estimate (3.1) now follows from (3.3), (3.4), and (3.6).

Corollary 3.1. Under notation of Theorem 3.1, the relation



(W±ρ − 1)e−i tH0,ρΦv



= O �|v|1−2ρ
�

, |v| →∞
holds uniformly for t ∈ R.

Proof. The proof is similar to that of [6, Corollary 2.3] and only sketched here. Consid-

ering W±ρ − 1, we write

(W±ρ − 1)e−i tH0,ρ =

∫ ±∞

0

∂τeiτHρ e−iτH0,ρdτe−i tH0,ρ

= i

∫ ±∞

0

eiτHρV (x)e−i(τ+t)H0,ρdτ= i

∫ ±∞

t

ei(τ′−t)HρV (x)e−iτ′H0,ρdτ′,

and Proposition 3.1 yields



(W±ρ − 1)e−i tH0,ρΦv



 ¶
∫ ∞

−∞



V (x)e−iτ′H0,ρΦv



dτ′ = O �|v|1−2ρ
�

as claimed.

We are ready to prove the reconstruction theorem.

Proof of Theorem 3.1. Similar to the proof of Corollary 3.1, we represent the difference

W+
ρ −W−ρ in the form

W+
ρ −W−ρ =
∫ ∞

−∞
∂t e

i tHρ e−i tH0,ρd t = i

∫ ∞

−∞
ei tHρV (x)e−i tH0,ρd t.

Taking into account the intertwining property e−i tHρW±ρ =W±ρ e−i tH0,ρ , we write

i(Sρ − 1)Φv = i(W+
ρ −W−ρ )

∗W−ρ Φv

=

∫ ∞

−∞
ei tH0,ρV (x)e−i tHρW−ρ Φvd t =

∫ ∞

−∞
ei tH0,ρV (x)W−ρ e−i tH0,ρΦvd t,

and, consequently,

|v|2ρ−1(i(Sρ − 1)Φv,Ψv) = |v|2ρ−1

∫ ∞

−∞

�
V (x)W−ρ e−i tH0,ρΦv, e−i tH0,ρΨv

�
d t

= |v|2ρ−1

∫ ∞

−∞
Iv(t)d t + Rv, (3.7)
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where

Iv(t) =
�
V (x)e−i tH0,ρΦv, e−i tH0,ρΨv

�
,

Rv = |v|2ρ−1

∫ ∞

−∞

�
(W−ρ − 1)e−i tH0,ρΦv, V (x)e−i tH0,ρΨv

�
d t.

It follows from Proposition 3.1 and Corollary 3.1 that

Rv = O
�|v|1−2ρ
�

. (3.8)

The previous steps in the proof are roughly analogous to the corresponding result in [6]

but the principal part of (3.7) requires a special consideration. First, we split the integral

into two ones — viz.

|v|2ρ−1

∫ ∞

−∞
Iv(t)d t = |v|2ρ−1

�∫

|t|<|v|−σ
+

∫

|t|¾|v|−σ

�
Iv(t)d t, (3.9)

where σ > 2ρ− 1 does not depend on t and v and an upper bound for σ will be provided

later on. Noting that Iv(t) is uniformly bounded in t and v, we have

|v|2ρ−1

∫

|t|<|v|−σ
|Iv(t)|d t ¶ C |v|2ρ−1−σ. (3.10)

Considering the second integral in the right-hand side of (3.9), we write

|v|2ρ−1

∫

|t|¾|v|−σ
Iv(t)d t

=|v|2ρ−1

∫

|t|¾|v|−σ

�
V (x + (∇ξωρ)(v)t)Φ0,Ψ0

�
d t

+ |v|2ρ−1

∫

|t|¾|v|−σ

�
Iv(t)−
�
V (x + (∇ξωρ)(v)t)Φ0,Ψ0

�	
d t. (3.11)

Since (∇ξωρ)(v) = |v|2ρ−2v, in the first integral on the right-hand side of (3.11) we make

the variable change τ= |v|2ρ−1t, thus obtaining

|v|2ρ−1

∫

|t|¾|v|−σ

�
V (x + (∇ξωρ)(v)t)Φ0,Ψ0

�
d t

=

∫

|τ|¾|v|2ρ−1−σ

�
V (x + v̂τ)Φ0,Ψ0

�
dτ −→
∫ ∞

−∞

�
V (x + v̂τ)Φ0,Ψ0

�
dτ

as |v| →∞ because 2ρ−1−σ < 0. This and the uniform boundedness of (V (x+ v̂ t)Φ0,Ψ0)

show that

|v|2ρ−1

∫

|t|¾|v|−σ

�
V (x + (∇ξωρ)(v)t)Φ0,Ψ0

�
d t

=

∫ ∞

−∞

�
V (x + v̂ t)Φ0,Ψ0

�
d t + O �|v|2ρ−1−σ� . (3.12)
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On the other hand, (2.3) and (2.4) yield

Iv(t) =
�
V (x + (∇ξωρ)(Dx + v)t)Φ0,Ψ0

�
.

Therefore, similar to the proof of Theorem 1.1, we would like to use the almost cancellation

of (∇ξωρ)(ξ+ v) and (∇ξωρ)(v) on the support of FΦ0, in order to establish the decay

order of the second term on the right-hand side of (3.11). Although V ∈ C1(Rn), by the

pseudo-differential symbolic calculus, we have

V
�
x + (∇ξωρ)(ξ+ v)t

�− V
�
x + (∇ξωρ)(v)t

�

=

∫ 1

0

�∇x V
��

x + (∇ξωρ)(v)t + θ{(∇ξωρ)(ξ+ v)− (∇ξωρ)(v)}t
�

·�(∇ξωρ)(ξ+ v)− (∇ξωρ)(v)
	

tdθ . (3.13)

Let us point out that (∇ξωρ)(ξ + v)− (∇ξωρ)(v) does not depend on x . Therefore, the

right-hand side of (3.13) does not contain the second- and higher-order derivatives of V .

Let f1, f2 ∈ C∞0 (R
n) are so that FΦ0 = f1FΦ0 and f1 = f2 f1. Then Φ0 = f2(Dx) f1(Dx)Φ0.

For any 1¶ j ¶ n, we define g j,v by

g j,v(ξ) =
�
(∂ξ j

ωρ)(ξ+ v)− (∂ξ j
ωρ)(v)
	

f1(ξ)

and we show analogously to (2.6), (2.7) and (2.8) that for any β the estimate

|∂ β
ξ

g j,v(ξ)| ¶ Cβ |v|2ρ−2 (3.14)

holds. We also introduce a vector-valued function ζv,t by

ζv,t(x ,ξ) = x + (∇ξωρ)(v)t + θ
�
(∇ξωρ)(ξ+ v)− (∇ξωρ)(v)

	
t.

In order to estimate the second term in (3.11), we only have to consider the following norm

J = |t|‖(∂x j
V )(ζv,t(x , Dx)) f2(Dx)g j,v(Dx)Φ0‖,

containing the integrand of the j-th term on the right-hand side of (3.13). It follows that

J ¶ J1 + J2, where

J1 = |t|




(∂x j

V )(ζv,t(x , Dx)) f2(Dx)χ

�
x

|v|2ρ−1|t|/4
�

g j,v(Dx )Φ0





 , (3.15)

J2 = |t|




(∂x j

V )(ζv,t(x , Dx)) f2(Dx)

§
1−χ
�

x

|v|2ρ−1|t|/4
�ª

g j,v(Dx)Φ0





 . (3.16)

The terms J1 and J2 can be estimated as follows

|v|2ρ−1

∫

|t|¾|v|σ
J1d t = O �|v|(ν−2){σ−(2ρ−1)}+1−2ρ

�
+ O
�
|v|(Ñ−2){σ−(2ρ−1)}−1

�
, |v| →∞,

(3.17)
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|v|2ρ−1

∫

|t|¾|v|−σ
J2d t = O �|v|(γ+1){σ−(2ρ−1)}−1

�
+ O
�
|v|(M̃−2){σ−(2ρ−1)}−1

�
, |v| →∞

(3.18)

for any ν ∈ R, which satisfies ν > 2 and some Ñ , M̃ ∈ N satisfy Ñ , M̃ ¾ 3. The proof of these

inequalities involves cumbersome computations and is moved to Appendix — cf. Lemma A.1

below.

Combining now (3.8), (3.10), (3.12), (3.17), and (3.18), we obtain

|v|2ρ−1
�
i(Sρ − 1)Φv,Ψv

�
=

∫ ∞

−∞

�
V (x + v̂ t)Φ0,Ψ0

�
d t

+ O �|v|1−2ρ
�
+ O �|v|2ρ−1−σ�+ O �|v|(ν−2){σ−(2ρ−1)}+1−2ρ

�

+ O �|v|(Ñ−2){σ−(2ρ−1)}−1
�
+ O �|v|(γ+1){σ−(2ρ−1)}−1

�

+ O �|v|(M̃−2){σ−(2ρ−1)}−1
�
, |v| →∞.

We evaluate these error exponents. It is clear that 2ρ−1−σ< 0 and 1−2ρ < (ν−2){σ−
(2ρ−1)}+1−2ρ < 0, since ν−2> 0 can be chosen sufficiently small independent of the

size ofσ. In order to finish the proof, we have to be sure that for σ > 2ρ−1 the inequalities

(Ñ − 2){σ− (2ρ− 1)} − 1< 0,

(γ+ 1){σ− (2ρ − 1)} − 1< 0,

(M̃ − 2){σ− (2ρ− 1)} − 1< 0

(3.19)

hold. For γ > 1, Ñ ¾ 3 and M̃ ¾ 3, the exponent σ can be chosen so that

2ρ − 1< σ < 2ρ − 1+min

�
1

(1+ γ)
,

1

(Ñ − 2)
,

1

(M̃ − 2)

�
,

then these the inequalities (3.19) are true. This completes the proof.

By using the Plancherel formula associated with the Radon transformation — cf. [8],

the proof of Theorem 1.2 can be carried out similar to [6, Theorem 1.1] and is omitted

here.

Appendix A

Lemma A.1. Let J1 and J2 be defined by (3.15) and (3.16), respectively. For any ν ∈ R
satisfies ν > 2 and some Ñ , M̃ ∈ N satisfy Ñ , M̃ ¾ 3, (3.17) and (3.18) hold.

Proof. By substituting the identity

F

�
|x |> |v|

2ρ−1|t|
4

�
+ F

�
|x |¶ |v|

2ρ−1|t|
4

�
= 1
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between g j,v(Dx) and Φ0, and the triangle inequality, we obtain J1 ¶ J1,1 + J1,2, where

J1,1 = C |t|




F
�
|x |> |v|

2ρ−1|t|
4

�
Φ0





 ,

J1,2 = C |t|




χ
�

x

|v|2ρ−1|t|/4

�
g j,v(Dx)F

�
|x |¶ |v|

2ρ−1|t|
4

�
Φ0





 .

The term J1,1 can be estimated analogously to (3.5) but ν ∈ R is now chosen so that

J1,1 ¶ C |t|




F
�
|x |> |v|

2ρ−1|t|
4

�
〈x〉−ν




‖〈x〉νΦ0‖ ¶ C |t|〈|v|2ρ−1t〉−ν.

Therefore, if ν > 2, then

|v|2ρ−1

∫

|t|¾|v|−σ
J1,1d t ¶ C |v|2ρ−1

∫

|t|¾|v|−σ
|t|〈|v|2ρ−1t〉−νd t

¶ C |v|−(2ρ−1)(ν−1)

∫ ∞

|v|−σ
t−ν+1d t = O �|v|−(2ρ−1)(ν−1)+σ(ν−2)

�
. (A.1)

Although this estimate is valid for any ν > 2, the exponent is better if ν is close to 2 because

−(2ρ− 1)(ν− 1) +σ(ν− 2) = (ν− 2){σ− (2ρ − 1)}+ 1− 2ρ (A.2)

and σ > 2ρ − 1. In order to estimate the term J1,2, we employ the pseudo-differential

product formula (2.1) and compute the following commutator:

�
χ

�
x

|v|2ρ−1|t|/4
�

, g j,v(ξ)

�

= −
∑

1¶|β |¶N−1

1

β!
∂
β

ξ
g j,v(ξ)× (−i∂x )

βχ

�
x

|v|2ρ−1|t|/4
�
+ Rv,t,N (x ,ξ)

for any N ∈ N. Similar to the proof of Theorem 1.1, the disjointness of two characteristic

functions means that, for 0¶ |β |¶ N − 1, we have

�
∂ βx χ

�
x

|v|2ρ−1|t|/4
��

F

�
|x |¶ |v|

2ρ−1|t|
4

�
= 0.

Therefore, J1,2 contains the term Rv,t,N only. To evaluate Rv,t,N , we write

|v|2ρ−1

∫

|t|¾|v|−σ
J1,2d t = |v|2ρ−1

�∫

|v|−σ¶|t|<|v|1−2ρ

+

∫

|t|¾|v|1−2ρ

�
J1,2d t.

Since for |t| ¾ |v|1−2ρ we have |v|2ρ−1|t| ¾ 1, the estimate (2.2) implies



Rv,t,N (x , Dx)


 ¶ CN |v|2ρ−2
�|v|2ρ−1|t|�−N

,
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where |v|2ρ−2 comes from (3.14). Therefore, if N ¾ 3, then

|v|2ρ−1

∫

|t|¾|v|1−2ρ

J1,2d t = C |v|2ρ−1

∫

|t|¾|v|1−2ρ

|t|‖Rv,t,N (x , Dx)‖d t

¶ CN |v|2(2ρ−1)−1−(2ρ−1)N

∫ ∞

|v|1−2ρ

t−N+1d t = O �|v|−1
�

. (A.3)

On the other hand, if |v|−σ ¶ |t| < |v|1−2ρ, then |v|2ρ−1|t| < 1. Hence, there exists Ñ ¾ N

such that 

Rv,t,N (x , Dx)


 ¶ CN |v|2ρ−2
�|v|2ρ−1|t|�−Ñ

and, consequently,

|v|2ρ−1

∫

|v|−σ¶|t|<|v|1−2ρ

J1,2d t = C |v|2ρ−1

∫

|v|−σ¶|t|<|v|1−2ρ

|t|‖Rv,t,N (x , Dx)‖d t

¶ CN |v|2(2ρ−1)−1−(2ρ−1)Ñ

∫ |v|1−2ρ

|v|−σ
t−Ñ+1d t = O
�
|v|−1
�
+ O
�
|v|2(2ρ−1)−1−(2ρ−1)Ñ+σ(Ñ−2)

�
.

(A.4)

This estimate is valid for any number greater than or equal to Ñ (¾ N ¾ 3). Nevertheless,

the best possible exponent is Ñ because

2(2ρ− 1)− 1− (2ρ − 1)Ñ +σ(Ñ − 2) = (Ñ − 2){σ− (2ρ − 1)} − 1. (A.5)

The estimate (3.17) is now follows from (A.1), (A.2), (A.3), (A.4), and (A.5).

In order to evaluate J2, we consider ζv,t(x ,ξ) for large |v| on the supports of f2 and

1−χ. Using (2.9), we obtain

|ζv,t(x ,ξ)| ¾ |v|2ρ−1|t| − |x | − |(∇ξωρ)(ξ+ v)− (∇ξωρ)(v)||t|

¾
|v|2ρ−1|t|

2
− |v|

2ρ−1|t|
8

=
3|v|2ρ−1|t|

8
¾
|v|2ρ−1|t|

4
. (A.6)

Note that there is a function f3 ∈ C∞0 (R
n) such that f2 = f3 f2 and it follows from (A.6)

that χ(ζv,t(x ,ξ)/(|v|2ρ−1|t|/8)) = 1 and

f2(ξ)

§
1−χ
�

x

|v|2ρ−1|t|/4
�ª
=ψv,t(x ,ξ) f2(ξ)

§
1−χ
�

x

|v|2ρ−1|t|/4
�ª

, (A.7)

where

ψv,t(x ,ξ) = χ

�
ζv,t(x ,ξ)

|v|2ρ−1|t|/8

�
f3(ξ).

We observe thatψv,t(x ,ξ) ∈ S−∞
1,0

, because f3 is compactly supported. Using the asymptotic

product formula (2.1) once again, we write the associated symbol with (A.7) as

∑

|β |¶M−1

1

β!

¦
∂
β

ξ
ψv,t(x ,ξ)
©
× f2(ξ)(−i∂x )

β

§
1−χ
�

x

|v|2ρ−1|t|/4
�ª
+ Rv,t,M (x ,ξ)
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for any M ∈ N. Since

����∂
β

ξ
χ

�
ζv,t(x ,ξ)

|v|2ρ−1|t|/8

����� | f3(ξ)| ¶ Cβ |v|−(2ρ−1)
¶ Cβ

for any |β | ¾ 1 and Cβ is independent of t, for 0¶ |β |¶ M − 1 it suffices to only consider

the product

ψv,t(x ,ξ) f2(ξ)× ∂ βx
§

1−χ
�

x

|v|2ρ−1|t|/4
�ª

. (A.8)

Taking into account the condition (1.5) and inequality (3.14), we estimate the term con-

taining (A.8) as

|t|


(∂x j

V )(ζv,t(x , Dx))ψv,t(x , Dx)







∂

β
x

§
1−χ
�

x

|v|2ρ−1|t|/4
�ª






g j,v(Dx)




¶ C |t|
|v|2ρ−1t
�−1−γ �|v|2ρ−1|t|�−|β | |v|2ρ−2.

We have

|v|2ρ−1

∫

|t|¾|v|−σ
|t|
|v|2ρ−1t
�−1−γ �|v|2ρ−1|t|�−|β | |v|2ρ−2d t

¶ C |v|2(2ρ−1)−1−(2ρ−1)(1+γ)−(2ρ−1)|β |
∫ ∞

|v|−σ
t−γ−|β |d t

= O �|v|2(2ρ−1)−1−(2ρ−1)(1+γ)−(2ρ−1)|β |+σ(γ+|β |−1)
�

(A.9)

because γ > 1. Since

2(2ρ − 1)− 1− (2ρ − 1)(1+ γ)− (2ρ − 1)|β |+σ(γ+ |β | − 1)

= (γ+ |β | − 1){σ− (2ρ − 1)} − 1, (A.10)

σ > 2ρ − 1 and 0 ¶ |β | ¶ M − 1, the largest possible value for the exponent (A.10) is

achieved for |β | = M − 1. To estimate the term with Rv,t,M , we have to divide the domain

of integration into |v|−σ ¶ |t| < |v|1−2ρ and |t| ¾ |v|1−2ρ once more. The arguments similar

to (2.12) show that there exists M ′ ∈ N such that



Rv,t,M (x , Dx)


 ¶ CM

∑

0¶ j¶M ′

�|v|2ρ−1|t|�− j ×
∑

M¶ j¶M+M ′

�|v|2ρ−1|t|�− j
.

Note that when summing in j from 0 to M ′, we again used the inequality

����∂
β

ξ
χ

�
ζv,t(x ,ξ)

|v|2ρ−1|t|/8

����� | f2(ξ)| ¶ Cβ ,

which is valid for any β . Hence, if |t| ¾ |v|1−2ρ, then



Rv,t,M (x , Dx)


 ¶ CM

�|v|2ρ−1|t|�−M
. (A.11)
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On the other hand, if |v|−σ ¶ |t| < |v|1−2ρ, then



Rv,t,M (x , Dx))


 ¶ CM

�|v|2ρ−1|t|�− eM , (A.12)

where eM = M + 2M ′. It follows from (A.11), (A.12), and (3.14) that for M ¾ 3 the

inequality

|v|2ρ−1

�∫

|v|−σ¶|t|<|v|1−2ρ

+

∫

|t|¾|v|1−2ρ

�
|t|‖Rv,t,M (x , Dx)‖‖g j,v(Dx )‖d t

= O
�
|v|(M̃−2){σ−(2ρ−1)}−1

�
(A.13)

holds. The calculations in (A.13) are similar to (A.3), (A.4), and (A.5). The estimate (3.18)

is now follows from (A.9), (A.10), and (A.13) with |β | = 2 since we can set M = 3 in (A.9)

and (A.10).
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