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Abstract. A novel streamline diffusion form of virtual element method for convection-
dominated diffusion problems is studied. The main feature of the method is that the test
function in the stabilised term has the adjoint operator-like form (—V - (K(x)Vv)—b(x)-
Vv). Unlike the standard VEM, the stabilisation scheme can efficiently avoid nonphysical
oscillations. The well-posedness of the problem is also proven and error estimates are
provided. Numerical examples show the stability of the method for very large Péclet
numbers and its applicability to boundary layer problem.
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1. Introduction

Diffusion problems play an important role in various applications, including river and
air pollution, fluid flow and fluid heat conduction. It is well known that for convection
fields, which are relatively large with respect to the diffusivity, the solutions of the corre-
sponding diffusion problems may have boundary and interior layers. Since standard numer-
ical methods do not work well in such situations, a variety of robust schemes for convection-
dominated problems, such as streamline upwind/Petrov-Galerkin formulation [15,18,27],
residual-free bubbles methods [12, 19], discontinuous Galerkin methods [20], finite vol-
ume method [25], characteristic finite difference method [26], and multiquadric RBF-FD
method [22] have been developed. Recently, Duan et al. [17] introduced a numerical
method with deterministic and explicit stabilisation parameter for the reaction-convection-
diffusion equations having a large reaction coefficient. For equations with arbitrary mag-
nitude of reaction and diffusion, Hsieh and Yang [21] proposed a new method with a test
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function in the stabilising term. We also note the virtual element method (VEM) in [1,3-5].
It can be viewed as the evolution of the mimetic finite difference (MFD) method [13, 23]
or as an extension of the traditional finite element method (FEM) to polygons or polyhe-
dron elements [28]. VEM was applied to various problems, such as plate bending [14],
elasticity [6], Stokes [2] and Navier-Stokes equations [7], simplified friction problem [29].
The method performs well in geometrically complex domains [8] and with badly shaped
polygonal elements [10]. Cangiani et al. [16] first discussed a non-consistent SUPG-VEM
formulation for the convection-dominated diffusion problem, Benedetto et al. [9] estab-
lished a consistent VEM-SUPG formulation, and Berrone et al. [11] developed a SUPG sta-
bilisation for the nonconforming VEM. The robustness of a priori error estimates for these
methods can be proved for high Péclet numbers. This shows the efficiency of the SUPG
stabilisation.

The present work is motivated by the ideas of [21] and aims to construct a new kind
of streamline diffusion VEM for convection-dominated diffusion problems. We use a test
function in the stabilisation term in the adjoint-operator-like form —V - (KVv) —b: Vv.
In contrast to others SUPG formulations, the stabilisation parameter 7 has a simple repre-
sentation and can be easily computed for each element. In order to comply to VEMs with
implicit basis functions, we compute the projections of the stabilisation terms onto poly-
nomial spaces. The well-posedness and optimal error estimates of the stabilisation scheme
are established by introducing an error norm. Numerical results show that the stabilisation
scheme can efficiently treat boundary layer problems and avoid nonphysical oscillations.

The paper is organised as follows. In Section 2, we introduce a model problem and con-
sider a streamline diffusion virtual element method. A priori error estimates are presented
by Theorem 3.2 in Section 3, whereas Section 4 contains some results of numerical tests to
support the theoretical findings. Finally, some conclusions are drawn in the last section.

2. Streamline Diffusion VEM for a Model Problem

We consider the streamline diffusion virtual element approximations for the following
Dirichlet boundary value convection-dominated diffusion problem:

—V - (KxX)Vu)+b(x) - Vu= f(x), inQ,
u(x)=0, on 29, (2.1
where Q ¢ R? is an open bounded convex polygonal domain with the boundary 8, u the
physical quantity of interest, K(x) € L°°(Q2) the symmetric diffusion tensor, b(x) € (C())?
the convection field such that V -b(x) = 0 in Q and f(x) a given source function.
Let (+,-) and || - || refer to L2(2) scalar products and norm, respectively, and if D is
a subdomain of Q, we write (-,-)p and || - ||, for the corresponding L?(D) scalar product
and the norm. Besides, || - ||, and |- |, are the H™(€2) norm and semi-norm and || - ||,,, , and
| - |m,p the H"(D) norm and semi-norm. Let P, (D) be the space of polynomials of degree
at most k on D. The dimension Np of P, (D) is (1/2)(k + 1)(k + 2).
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2.1. Virtual element method
Let {Z,}o<n<1 be a family of polygons such that Q= \J E, where E are non-overlap-

E€Z,
ping star-shaped polygonal elements and let h := max{hg, E € J},}, where h, is the diameter

of E. The number of edges of an element E is denoted by N¥. We always assume that the
family {7, }o<n<1 is shape regular [5], i.e. there is a constant p > 0 such that

o Ife € JE, then h, > phy for any E.
e If PQ are nodes of E, then ||P — Q|| = phg.

Besides, we also use the notations

Kg :=supK(x), Kg :=)i(r€1£K(x), bg :=sup||b(x)||ge.

XEE XEE

In this work, we deal with the lowest virtual function space — i.e. we assume that
k = 1. Following [3], for any E € &}, we consider the local space

Wi(E) :={w € H'(E) : wy| 35 € B(OE), Awy|z € P_1(E) :=0},

where
B(E) :={wy, € C°(OE) : wy|, € P,(E), Ve C FE}.

Let (xg, yg) be the barycenter of E and

xX—x —
M(E) = {ml(x,y) =1, my(x,y) = —=, ms(x,y) = M}
hg h

be the barycentric polynomials on E. The cardinality N, of this basis is 3, the same as the
dimension of the space P;(E).

Definition 2.1 (cf. Beirdo Da Veiga et al. [4]). The H!-Ritz operator IT1V : W,,(E) — P;(E)
is defined by

(v (17w, —Wh),Vp)OE =0 forall w,eW,(E), peP(E), IVw,=wy,
where
1 &
wy = — > wy(vy)
is the average value of wy, at the vertices of E.

The second condition in the above definition is needed for the uniqueness of the pro-
jection operator.
The local V;,(E) and the global V},(Q2) virtual element spaces can be defined by
Vi(E) = {v}, : vy € B(OE), Av}, € P,(E),(v, — 1V v,,q) = 0, Yq € Py (E) },
Vi(Q) = {v, € HX(Q) : vilp € (), YE € G }.
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Definition 2.2. The L2-Ritz operator I1° : V;,(E) — P;(E) is defined by
((Howh - Wh) )p)O,E = 0) th € Vh(E)) pE PI(E)

Remark 2.1. For linear VEMs, one has ITV =I1°, cf. [1, 4].

The degrees of freedom for V}, are the values of v, at all vertexes in the domain. Let
dof;: V,(E) - R,i=1,2,...,N¥ be the operator, which assign to any (v;) € V,,(E) the i-th
degree of freedom of v;,. Besides, let ¢; € V},(E) be the basis functions defined by

dofi(¢;):=6;, i,j=1,2,...,N".

ij>
NE

Thus we have v, = > dof;(v;)¢; for all v, € V;,(E).
i=1

2.2. Streamline diffusion VEM formulation

We now consider the following stabilised streamline diffusion VEM for the model prob-
lem (2.1): Find a function u € Hé (€2) such that

A,(u,v):=Ly(v) forall ve Hé(ﬂ),
where L, and A, are, respectively, linear and bilinear forms defined by

L(v):=(f,v)= Y 75(f,=V - (KVV) —b- V),

E€Z,

and

A(w,v) :=a(u,v)+ b(u,v) +d(u,v),

a(u,v) = (KVu-Yv)+ D th(b- Vb Vv)g— D wx(V - (KVu), V- (KVV))g,
E€T, E€T,

b(u,v)=(b-Vu,v),

d(w,v)= Y 75(b- Vi, V- (KV¥)); — > 74(V - (KV1),b- Vv)g.
E€T, E€T,
The stabilisation parameter 7 is given by
2
T = h—E
E™ 8Ky +2bghy

and satisfies the inequality 75 < (CEh?E)/ (8Kg), where Cy is the largest possible constant
in the inverse inequality

Ceh2||[V - (KVv)IIZ < IKVvll2 forall vy, € Vy(E) (2.2)
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noted in [9]. Moreover, Tz > 0 and 7y < h;/(2bg). We emphasize that the main difference
of our work from the stabilisation method in [9] is that the test function in the stabilisation
term has an adjoint-operator-like form, viz. —V - (KVv)—b - Vv.

Now we define the discrete bilinear form A, j, : Vj, x V, — R by

As’h(uh,vh) = ah(uh,vh) + bh(uh,vh) + dh(uh,vh) for all Up,Vp € Vh,
where

ap(up, vy) :Z(KV (Hvuh),V(vah))+ Z TE(b . V(Hvuh),b . V(vah) )E
E€g,

=3 (V- (&9 (17). V- (kY (1)),

E€g,

+ > (Ke+7gb2)SE((1-11) uy, (1117 wy),

E€Z,
b (up, vi) 1=(b -V (Vuy), Hovh),

di(uy,vy) = Z TE(b . V(Hvuh),v . (KV (vah)) )E
E€Z,

— > w(V (K (M7w)),b- v (7))

E€Z,

and SE((I —IV)uy,, (I —IV)wy,) is the stabilised term approximating the inner product
(V(u, —1Vuy), V(v, — IV vy)). Following [9], we impose the condition

Sf(vh,vh) ~ ||Vvh||]25 forall v, €kerIl", (2.3)
which guarantees the stability in the space V;,(E)/P;(E). Consequently,
SE((1—11%)up, (1 —11%)w3) < |V (= TV | |V (= T1%) |- (24)

The operator Sf is chosen as in [4,9] — i.e.

SE( (1-1%) ¢, (1—117) qa)) Zdof ( (1-mv) qbi)dofi((l —1Y) qb]-),
and L, is discretised as follows:

L p(vy) = (f, Hovh) — Z TE(f,—V . (KV (vah)) —b- V(vah) )E forall v, €V,.
E€Z,

Thus an approximate solution u;, € V;,(2) of the problem (2.1) is determined from the
following equation:

As,h(uh,vh) = Ls,h(vh) for all S Vh(Q) (2.5)
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3. Error Analysis

We first consider the discretisation errors.
Lemma 3.1 (cf. Beirdo Da Veiga et al. [5]). IfE € J, and w € H*(E), then
lw—T"W|lp < ChS "Wl g, mseEN, m<s<2, (3.1)
lw—1Vwll, g < Chi ™wlg g, mseN, m<s<2, s>1, (3.2)
where ITVw and T1°w € P,(E) are the projections of w to the projection space.

Here and in what follows C is a positive constant, which may depend on the mesh
regularity and take different values in different situations.

Lemma 3.2. If K; < hg, then for any sufficiently regular function ¢ and for any E in J, the
following inequality holds:

KE + TEbi
a,(p,v4) < C max ———— VKVl VKT l. (3.3)
h

Kg

Moreover, if K € W;o (Q)andb e [W;o (D7, then
IKllw, +1bllyy +1/bg
VKg

Proof. We start with the estimate (3.3). Relations (2.2),(2.4), the Cauchy-Schwarz
inequality and the continuity of the projectors yield

la(e, vi) —an(p, vp)l < Cmax hllolloll VE V]l (3.4)

af (o, v) =(kV (%), v (1%,) ) _+7e(b- V(1) ,b- v (1%,) ),
—75(V- (kv (17%)), V- (kv (1w,)) ),
+ (Kg +7b2)SE((1-11%) o, (1—11) )
< e (%) |9 (17, + 7 o9 (1), o9 (17,
+ 75 [V (&Y (7))l [V - (kv (0¥v)
+ (Kg + 7£b}) ||V(I —1v) ‘10||E ||V(I _Hv)vh”E
<(ke+ 702 )([|V (17 0) | [V (0¥w)|[, + v (1 =117

x [V (1-17)w|, ) + CZZ% Ik (¥ ) | v (%)
2
sc&;—?bEnﬁwnEnﬁw}lnE forall E €3
E

It follows from the definition of the operators I1° and ITV that

(kve, v (11%v,) )E = (m(kvy), v (vah))E,
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(HO(KV(,O), v (1%v,) )E - (HO(Kw), vVh)E,
and since [TV =I1°, then

(KVLp, v (V) )E - (HV(KVLp), vVh)E,

(bb" v, v (11%,) ) = (117 (bb" Vo), Vv ) .

Concerning (3.4), we add and subtract (KV, V(IT1Vv,))g and (bb? Vo, V(ITVv,))g
and using the triangle inequality, for any E € 9, we obtain

|a* (0, vi) — af (i, v1))|
<[(&kVe KV (17 ¢4), v (IT7v)) |
+| (Ve —TIV(KV ), Vv, |

+ TE( |(bb" Vo —bb" v (117 ¢), v (ITVv3)) |
+|(bb" v —11¥ (bbTVSO),VVh)EO
ve{ |(V- (K (Vo -9 (179))). 7 (evw),

+|(7 (<9 (179)), 7K (T = ¥ (170, ))) )

+(Kg +7b2) [SE((1-11Y) o, (1—11V) w)

where the identities
(kVe,V(TVv)), = (TY(KVe), Vi),
(bb" Ve,V (TVv)), = (1V (bb" V), V),

are used. Every row in the right-hand side will be estimated separately. The Cauchy-
Schwarz inequality and (3.1) imply

k(7% —9 (176)). 7 (1), | + [ (0~ 175702, 7.,
<c(ke |79~ (), 9], + K50 - 17w, 7w

1
<O~ (Kshelola VRl + V0l VR 1)
E

Kl
<c Rell @l gl VE Vvl
Ky

Next we use the Cauchy-Schwarz inequality, the inequality (3.1) and the continuity of ITV,
so that

5(|(bbT v —bbT v (117¢), v (1T7;)) | + | (bbT Voo — 17 (b7 Vp), V), |)



Streamline Diffusion VEM for Convection-Dominated Diffusion Problems 165

<e( [[bb7 v —bb"V (17) | |7 (1170, + [[bb" Vo — 17 (66T o) | 7|

o)llz
<Cri(b} ]|V =V (07 [l + b7 Vo], g 90l )

1bllwz,

<C hEIILPIIzEH«/_VVhIIE

E

On the next step, we recall (2.2) to obtain
w6 ([(V- (K (Vo - v (179))), V- (KVw)),|

+|(v- (kv (1Y), VK (Vv — v (17 vh)))E|)
TelIKI2 .

se—m— (Ve = (@) [Vl + [ (1) [|9%: =¥ (07 )
oK1, .

se—z— (Ivellellvslle + 19 (@)l [7]l:)
IKIZ, /b

||<P||2E||‘/_VVh||E <C—— hE”SO”zE”‘/_VVh”E

Finally, the continuity of ITV and (3.2) yields

K [V (o = 19) | [V (=17 = €=l VR e,

JKY

t5b2 ||V (0 —11V9) ||, ||V (va = T17W)||, < C-LE 12 oL, £ VRl

VKL

and consequently (3.4). O

Lemma 3.3. For any E € 9, and any sufficiently regular function ¢ we have

bu(p,vh) < CmaX ||1/_V<p||||vh|| (3.5)
Moreover, if b(x) € [W;O(Q)]z, then
[b(¢,v) — b, vip)l < Cgz_lfgg}fIIbIIW;O(E)hZ||<,0||2||vh||1- (3.6)

Proof The Cauchy-Schwarz inequality and the continuity of 1V and I1° lead to the
estimate (3.5) — viz.

bE(p,v) = (b- v (V). 1%, )
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<b([|v (V)| [IMOw]| ) < € Vlls.

On the other hand, for any p € P;(E) we have

o e ap) (8_s0 3_P)
(VH go,Vp)—(V%Vp)_(ax axl + 3X2,8x2

Z(Hva_cp,@)+(nv8_cp’3_p)=((n vy Hva(’o),vp),
axl axl 3)(2 aXZ axl 3)(2

Vchpz(Hva—(’o,Hv 9‘10)
axl 3)(2

so that

Considering the difference b*(¢,v4) — b (i, v4), for any E € J;, we have

|65 (0, vi) — bf (0, )|
—| (b- ch,vh)E (b-v(¥e),m%;),|
S V(p V Hvap)) ) (b~V(chp),(vh—H0vh))E|
S| V(p V Hv(p) ,vh |+|(b-V(Hv<p),(vh—H0vh))E|

2 ) 3
=Z ( —v <l p, vh) (biHV LA —Hovh) . (3.7)
p ox;’ d x; E
It follows from Definition 2.1 that

¢ vo% v )
—1II I
(ax ox;’ (Bivn)

Hence, for both i = 1 and i = 2 we can evaluate the first residue in the sum in the right-hand
side of (3.7) as follows

(a—(p - Hv aLp ,bivh) + (biHva—(’o,vh - Hovh)

dx ox; dx; E
(890 1929 by, — (b, vh)) (binva(’o Hv(b Hva(’o) vh—l'[ovh)

dx ox;’ ax; ax; E
¢ v v vy v vy 0
s‘a—xi—n a—XiHE”bivh—H R (T [ |
0 0
SChE(hE|‘:0|2,E'|bi"h|1,15"‘ binva_‘/’_nv(binv (,0) ”Vh“l,E)

Xi axi E

dyp dyp
b, 1V —— —11V (b nv—- )
Jx;: Jx

i i

<Chg (”b lwy eyheleloelvalie +

”Vh“l,E) .
E
Taking into account the inequality (3.1), we obtain

binvai—nv(binvai) <c binvai—nv(biai)
axi axi axi axi

E E
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) )
<C —b 22| +||b; “p—nv(bi “p)
3 X 8 Xi 3 X E

) X
SC”bi||W;<,(E)hE|‘P|2,E,
which yields the estimate (3.6). O

b1V

E

Lemma 3.4. If E € &, Kz < hp and ¢ is a sufficiently regular function, then

K
dp(p, ) < Cmax == [ VKV || VEV|l. (3.8)
EeF, KE

Moreover, if K € W;o (Q)andb e [W;o (D7, then

1Bl oKl sy Ke
1d( @, vi) — di (9, vp)] < C max ——eE__Hee®)

EcT, /KV
E

Proof. If V-(KV ) = 0, the inequality (3.8) is trivial, so we assume that V-(KV¢) # 0.
It follows from (2.2), the Cauchy-Schwarz inequality and the continuity of the projection
IV that

hllellIVEVWll. (3.9

di (v =v((b- v (170), V- (KV (117w,))),
—(v- (kv (17¢)),b- v (17v,)), )
<ts([[b- v (17| |V - (k9 (T7))],
+[v- ®9n7)| [Ib- v (17| )

Krb
<CTEh—§E ”v(nv“/’)”E ||V(vah)||E

Kg
SCK—V VKV ollgllVKVvylg,
E

and (3.8) is easily obtained.
We now show the inequality (3.9). Indeed, we have

|d® (0, vi) = d (@, vp)| = 7| (b Vo, V- (KVY)) = (V- (KV ), b V)

—((b-9(11%¢). ¥ - (k¥ (1))~ (7 - (K9 (1)), b- ¥ (17,))) |
<1g|(V-(KV@),b-Vv), — (V- (KV(IIV¢)),b- V(ITVv)), |

+1g|(b- Ve, V- (KV))—(b-V(11V), V- (KV(ITVW))) |- (3.10)

Both moduli in the right hand-side of (3.10) are estimated analogously, so we only consider
the first one — i.e.

T5[(V-(KV@),b- V), — (V- (KV(ITV¢)),b- V(ITVv,)), |
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<tg|(V:(kVe—KV(11V¢)),b- Vv), |
+15| (V- (KV(11Y9)),b- (Vv — V (ITVv))) |- (3.11)

Assuming that V-(KV¢—KV/(IIV )) # 0, we employ the Cauchy-Schwarz inequality, (3.1)
and (2.2) to obtain

te|(V- (KVe =KV (11V9)),b- Vv, | < 7 ||V - (KVe =KV (11V9)) ||z IIb - Vville
) K]l b
_ﬁ||KVso—Kv(HVso)IIE||Vvh||E_ e ﬁhE||Vw v (179)||, IV vl
bg 9
<C———h2|pl g IVK V. (3.12)
\/C_EJK—;‘/ E 2,E hllE
Considering the second term in the right-hand side of (3.11), we have
w4 (9 (K9 (176)).b- (T3 — 9 (7)),
2
o) 22 (3)
_TE;(blv (kv (m c,o)),aXi (5 )., (3.13)

and the summands of (3.13) are estimated by the Cauchy-Schwarz inequality — viz.

v ov
s (biv.(Kv(nw)),a—;—nv(a—)g))E

1

—r, (v (v (V) 22— v(%))
_rE(v (b;xv (11 cp)),ax. | = .

1

_ b, v,)) 9% V(%))
’L'E(V b; (kv (11 Lp)),aXi | 5= .

i

e, (v (b vV (11V¢))—v - (¥ (b; (kv (1Y p)))), Z_Z —Y (Z_ZDE

+rE(HV(Vb (kv (1Y) = Vb, (k¥ (V) 5 th - (Zih))E

e (5) E(nv-(biw(nw—v-(nV(bi(Kv(nw»||E

+||mY (vb; - (kv (TV ¢))) — Vb, (KV (HV‘P))”E)

<TE

<\/—_||VthIE( IV - (b v (11% ) 117 (b (K (117 0)) |

+|m (VR Vb, - (k¥ (11 9))) = Vb, (K (1179))| . )- (3.14)

Since ITV is the best L?(E)-approximation in P(E), we can use the inequalities (3.1),(2.2)
to obtain

we |V (bik v (7)) =17 (b; (K (17 ¢)))
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< CEh% |V - (kv (TV ) —11¥ (b; (KV (1Y )))

le

f o (1) -1 (5 (5 (%))
‘/C_EhE oKV (IT¥ ) =117 (b; (KV ) )|,
Czh
S\/K_z E(”biKV (HVLP_LP)”E"— ”biKv‘P_Hv(bi(Kvw))”E)

v Cehg

<C X (hEbEKE|<P|2,E+hE|biKV<P|1,E)
E

<Cvy CEbEh]%;(|‘P|2,E+ ||<P||2,E) (3.15)
and

TE”HV(Vbi‘(Kv(HV ))) Vb, KV )”E

sTEHHV(vbi-(KW))—Vbi(KV(HV ||E

h
<55 U7 (b (k¥ 9)) = Vbik V]| +[| VK Vg = vy (k¥ (117 )
2

h Kgh
<o (Rel VDKVl g+ heKpbglpla ) < ——= (I@llag +19l) - (3.16)
E

Combining estimates in (3.11)-(3.16) leads to the inequality

> (TE(V-(KW),vah)E— 2 rE(V-(KV(HVsO)),b-V(HVvh)))

E€T, E€T, E‘

bl (5 IKllwr ) (Kg + bg)
<C max —2=BVelB) K2\l IVEVv,l| forany E€Z,.  (3.17)
E€T, KE

Analogous considerations show that

i |(b- Ve, V- (KV)) = (b- v (I¥¢), V- (KV (T7,)))[

Ibllwy () Ke
<Cmax —VhlltszIIVvhll forany E €7, (3.18)
S
h /KE
and estimate (3.9) follows from (3.10),(3.17) and (3.18). O

3.1. Well-posedness of discrete problem

We now show that the problem (2.5) is well-posed.
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Lemma 3.5. There exists a constant a > 0 such that for any vy, € V() the inequality
ay (v, Vi) = al| Vv | (3.19)
holds.
Proof. If v, € V;(Q2) and E € &, then
af o) = VRV (70 [ + 7 [ ¥ (0,)|[f = =2 [ (k¥ (07w,
+(Kg+7eb2)SE((1—11V) v, (1—11V) vy).

The relation (2.3) and the properties of the orthogonal projection show that there is
c* > 0 such that for any E € &, the inequality

st ((1=1")w, (1= ) 2 |V (o = 11|

holds. It follows from the definition of T and the inverse inequality that

CK
TE ”v ’ (KV (vah))”i‘ < bEhEE ”\/K_Ev (vah)“?E :

Setting

CKp }

a = min { min{c*, 1} —
Eegh{ { ; bghg

we obtain
afn) > VRV ()2 5 o 0 (1) =55 |9 - (e ()
+c (VR (Vi =179 [ + 2 [b- (Tv =17V w)| 1)
> min{c*, 1} (||VEY (17,5 + | VK (Vv — 1V V3|

+ Tg ||b -V (vah)HE + 1715 ||b . (Vvh — HvVvh)”E)

CK 2
— 3 VKV ()
brhg
> (minge*, 1} — <X (11 VR, |12 b- V|2
> (min{c’, 1} = =5 (VKO + 7lib- 9v,3)
ENE
which completes the proof. O

Remark 3.1. If E € &, then K < hg, and one has

CK
a =: min {min{c*, 1} — —E} > 0.
E€T, bghg

We now consider the set of functions vy, € Hé (£2) and equip it with the norm

1/2
vl := {nﬁwhn% >, TEnb-whn%} :

E€g,
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Lemma 3.6. Ifg € Hé(ﬂ), then there is q;, € V;,(Q) such that
an(qn, vy) = alq,vy) forany v, € V().

Moreover,

1
llgwll < Il (3:20)
llg — qnll < Ch ||| qlll, (3.21)
where a is the coercivity constant in (3.19).

Proof. The proof follows the pattern of the proof of [5, Lemma 5.6)]. O

Lemma 3.7. For any v, € V;,(Q) the inequality
7 2
AL ) 2 2 [l

holds.

Proof. The homogeneous Dirichlet boundary conditions and the equation V-b = 0 yield

1
(b-Vvh,vh)z—E (Vb,vf) =0, ‘v’vh GVh(Q)

Therefore, one can use the estimate (2.2) and the Cauchy-Schwarz and Young inequalities
to obtain

A v) =IVEVIR + 7 wpllb- w2 = D w5(V - (KV0,), V- (K9w),

E€Z, E€g,
2[VET2+ Dl Vll2 = >l V- (Kl
E€g, E€g,
1
VRV + D, wllb- Vvl = > SIVEVwi
E€T, E€T,
7
2L IVEVwIP + 3 illb- Vvl
E€T,
7 7
2L (IIVEO2 + > wgllb- Owili2) = 2 | v
8 £ 8
€T
as stated. O

Theorem 3.1. If K € L°°(Q) and b € [WZ (Q)]?, then for any sufficiently small h and any
vy € V4,(Q), the inequality
Ag 1 (Vi i)

= C |l valll (3.22)
wrEV, llwh Il

holds.
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Proof. Assume that for any wy, € V;,(Q2), the elements v, € V,(Q2) and v; € V;,(Q) satisfy
the equation
ap(vy, wy) = a(vp, wp).

The symmetry of a; implies that

A (v, Vi) = ap(vy, vi) + bp(vi, vi) + dp (Vi vy)
= a(vy, v) + bp(vi, vi) + dp(vp, vy)
= A (v, viy) + 1 (v, vp),

where
(v, Vi) = bp(vi, vi) — b, vi) + b (v, vy — vi) + dp (v, viy) — d (v, vip) + d (v, vy, — ).

By Lemmas 3.3 and 3.4, the forms b and d are continuous and it follows from (3.20), (3.21)
that

Ir (v, vl < CRIVEVVIIVEVYL < Coh || vy I Vi < Coh vl (3.23)

where C, > 0 depends on [|K|| e (q), ”b”|1/v @ and on the approximation constant in (3.1).

If h < (7a)/(8C,), the inequalities (3.20) and (3.23) yield

7 7
AshOnsv) Z g I vm 1P +r G, vi) 2 (ga—Crh) [ ve I vzl

and the estimate (3.22) follows. O

3.2. A priori error estimate

Theorem 3.2. Ifu € H*(Q), K € W;o (Q)andb e [Wgo (Q)1?, then for all sufficiently small
h, one has
[lu —upll < Ch(llully + 11£111)- (3.24)

Proof. Considering a VEM interpolator u; of u, we write
= unll® < =g 12+ un = I
By [5, Lemma 5.1], for any E € &, and any w € H?, the inequality
llw—wplly g < hglwlyg (3.25)
holds. Therefore,

lu—ufi?= " (IVEV(—upl| +7lb- V(u—u)|2)
E€g,

< > (K + 7502 IV@—u)ll2 < D (K +75b2) h2[ul2 .
E€g, E€g,
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Let us first estimate the element ey, := up, —u; € V4,(Q). By Theorem 3.1, there is wy, € V;,(Q)
such that

C [l ex Il lIlwhlll < Asp(up —up,wy) = Ly p(wy) — Ay (ug, wp)
= L y(wp) — Ly(wp) + A(u, wp) — A (uy, wy)
= L y(wp) — Ly(wp) + As p(u —up, wy) + Ag(u, wy) — Ag p(u, wy). (3.26)

The first difference in the right-hand side of (3.26) is estimated as follows:

L) —Lw) = > (f,(17 = 1) wy+b- v (¥ = 1) wy, + 7 - (K11 = 1) wy, )

= 3 (517 =)y (509 (07 =), + (79K (17 1)), )
- 33 (@) =)+ 33 (07 -1) 07, 52,

+((I—Hv)f,V-K(HV—I)wh)E)

d
<2, (lr- HVfIIEIIWh—HVWhIIE+ZII (¥ —1) (bif IIEH -

E€g,

g ||f =1 [ |V (07 =1) WhIIE)

2
1
< Z C (|f|1,EhE”vwh”E + \/——VhEZ|bif|1,E”‘/EVWh”E +KEhE|f|1,E||VWh”E)

E€g, E i=1

2
<ZC( \/_hEnfnlEnf Vgl + \/;_VhEZwifh,EnﬁthnE)
E

E€, i=1

>, ( Il w |l Pl Il wlll
< C hE”f“lE wh ||l +——=—=hellfllie || wnlle (3.27)
EET, VK \/K}‘E/

Using the inequalities (3.3),(3.5),(3.8) and (3.25), we obtain
Agp(u—up,wp) < Cllu—ullyllwglly < Chllully [[wy | - (3.28)
The last difference in (3.26) is estimated by employing (3.4),(3.6) and (3.9), so that

|Ah(us Wh) _As,h(u5 Wh)| S|a(u, Wh) - ah(u5 Wh)| + |b(u5 Wh) - bh(us Wh)l
+1d(u, wp) — dy(u, wp)l < Chllully [[[ walll, (3.29)

and (3.24) now follows from (3.26)-(3.29). O
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4. Numerical Experiments

We consider approximate solutions of the problem (2.1) constructed by employing vari-
ous meshes. In particular, Fig. 1 demonstrates the triangle, quadrangle and distorted quad-
rangle meshes in the domain [0, 1]?.

Mesh 1 Mesh 2 Mesh 3
Figure 1. Triangle, quadrangle and distorted quadrangle meshes (left to right).

Example 4.1. Consider the first example from [9], where the solution u of the problem
(2.1), the diffusion K and the convection b are given by

65536 4 3 ( )
=—x’(1—x 1—y), K=»v, b=| = 1= |.
729 (1-x)y’(1-y) >
The right-hand side f(x) is determined by substituting u into the Eq. (2.1).

We carry out two sets of simulations for two different values of K for » = 10~ and
107°. The errors corresponding to the degrees of freedom are shown in Tables 1-2. Note
that the method maintains the optimal rate of convergence for both L2- and H! errors.

1 V3

Table 1: Example 4.1: v=1073.

Mesh | DOF Péclet llu—uyll] order |lu—uylly, order |lu—uyll; order
Mesh 1 81 1.08e+02 | 2.6137e-01 - 6.8355e-03 - 2.6137e-01 -
289 5.41e+01 | 1.2403e-01 1.08 1.4332e-03 2.25 1.2396e-01 1.07
1089 2.71e+01 | 5.9553e-02 1.06 3.2650e-04 2.13 5.9523e-02 1.06
4225 1.36e+01 | 2.9477e-02 1.01 7.7903e-05 2.06 2.9462e-02 1.01
16641 6.80e+00 | 1.4703e-02 1.00 1.9712e-05 1.98 1.4693e-02 1.00
Mesh 2 81 1.08e+02 | 4.7368e-01 - 2.6204e-02 - 4.7344e-01 -
289 5.41e+01 | 2.4801e-01 0.93 4.8396e-03 2.43 2.4788e-01 0.93
1089 2.71e+01 | 1.2107e-01 1.03 9.1985e-04 2.40 1.2101e-01 1.03
4225 1.36e+01 | 5.6082e-02 1.11 2.0337e-04 2.18 5.6054e-02 1.11
16641 6.80e+00 | 2.6993e-02 1.05 4.7849e-05 2.08 2.6959e-02 1.06
Mesh 3 81 1.08e+02 | 6.7412e-01 - 5.0924e-02 - 6.7378e-01 -
289 5.41e+01 | 2.8577e-01 1.24 1.4581e-02 1.80 2.8563e-01 1.24
1089 2.71e+01 | 1.4148e-01 1.01 3.6129e-03 2.01 1.4141e-01 1.01
4225 1.36e+01 | 6.9578e-02 1.02 7.8590e-04 2.20 6.9543e-02 1.02
16641 6.80e+00 | 3.4568e-02 1.01 1.7442e-04 2.17 3.4585e-02 1.01
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Table 2: Example 4.1: v=107°.

Mesh | DOF Péclet llu—uyl] order |lu—uylly, order |lu—uyll; order
Mesh 1 81 1.08e+08 | 2.6363e-01 - 8.2778e-03 - 2.6363e-01 -
289 5.41e+07 | 1.2433e-01 1.08 2.0521e-03 2.01 1.2433e-01 1.08
1089 2.71e+07 | 5.9720e-02 1.06 4.8622e-04 2.08 5.9720e-02 1.06
4225 1.36e+07 | 2.9665e-02 1.01 1.1432e-04 2.09 2.9665e-02 1.01
16641 6.80e+06 | 1.4105e-02 1.07 2.8190e-05 2.02 1.4105e-02 1.07
Mesh 2 81 1.08e+08 | 4.7481e-01 - 2.6481e-02 - 4.7481e-01 -
289 5.41e+07 | 2.4843e-01 0.93 4.9354e-03 2.42 2.4843e-01 0.93
1089 2.71e+07 | 1.2145e-01 1.03 9.318%9e-04 2.41 1.2145e-01 1.03
4225 1.36e+07 | 5.6633e-02 1.10 2.2624e-04 2.04 5.6633e-02 1.10
16641 6.80e+06 | 2.7451e-02 1.04 5.3728e-05 2.07 2.7451e-02 1.04
Mesh 3 81 1.08e+08 | 6.7567e-01 - 5.1494e-02 - 6.7567e-01 -
289 5.41e+07 | 2.8741e-01 1.23 1.4971e-02 1.78 2.8741le-01 1.23
1089 2.71e+07 | 1.4203e-01 1.01 3.7823e-03 1.98 1.4203e-01 1.01
4225 1.36e+07 | 6.9663e-02 1.03 8.4736e-04 2.16 6.9663e-02 1.03
16641 6.80e+06 | 3.4586e-02 1.01 1.9476e-04 2.12 3.4586e-02 1.01

Example 4.2. In the second example from [9], we consider the problem (2.1) with variable
coefficients, using the meshes presented in Fig. 1 in the case

u= 600xy(1—x)(1—y)(x—%) (y—%)(y—g),

K =10~ 1+x%  xy
xy l+y* )’

B :( %+1Oy(x+y2)4,—%—5(x+y2)4 )

The right-hand side f (x) is again determined by substituting u into the Eq. (2.1).
The numerical results are presented in Table 3. The H!- and L2?-errors are optimal.
Thus the stabilisation method is efficient for variable coefficient problems as well.

Example 4.3. Here we consider the VEM for the benchmark problem in [24]. The solution,
the velocity field and the isotropic diffusion tensor are defined by

u= (x - ez(x_l)/”) (yz — 63(3’_1)”) , K=, b=(2,3).

The right-hand side f(x) is again determined by substituting u into the Eq. (2.1). The
term v characterises thickness of the boundary layer in the top-right corner of the mesh.
Here we choose v = 10~% and solve the problem by using the meshes mentioned. The aim of
these tests is to demonstrate that the stabilised VEM converges fast and has no oscillation
outside of the boundary layer. The errors are computed in the domain [0,0.8]% and the
convergence curves shown in Fig. 2, demonstrate the accuracy of the method. In Figs. 3-5
we display exact, stabilised and unstabilised solutions of the problem and note that for this
convection-dominated problem, the stabilised VEM avoids numerical oscillations.
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Table 3: Example 4.2.

Mesh | DOF Péclet llu—up|ll order |lu—uylly, order |lu—uyll;  order
Mesh 1 81 2.08e+06 | 1.7392e+00 - 1.3543e-01 - 1.7392e+00 -
289 1.04e+06 | 8.7148e-01 1.00 3.1276e-02 2.11 8.7148e-01 1.00
1089 5.20e+05 | 4.2169e-01 1.05 2.9110e-03 3.43 4.2169e-01 1.05
4225 2.60e+05 [ 2.1464e-01 0.97 6.4068e-04 2.18 2.1464e-01 0.97
16641 1.30e+05 | 1.0210e-01 1.07 1.5712e-04 2.03 1.0210e-01 1.07
Mesh 2 81 2.08e+06 | 1.7041e+00 - 1.0505e-01 - 1.7041e+00 -
289 1.04e+06 | 9.4071e-01 0.86 3.4088e-02 1.62 9.4071e-01 0.86
1089 5.20e+05 | 4.6378e-01 1.02 6.4644e-03 2.40 4.6378e-01 1.02
4225 2.60e+05 [ 2.2970e-01 1.01 1.2847e-03 2.33 2.2970e-01 1.01
16641 1.30e+05 | 1.1542e-01 0.99 3.0172e-04 2.09 1.1542e-01 0.99
Mesh 3 81 2.08e+06 | 1.5814e+00 - 2.1597e-01 - 1.5814e+00 -
289  1.04e+06 | 1.0120e+00 0.64 8.2123e-02 1.40 1.0120e+00 0.64
1089 5.20e+05 | 4.8154e-01 1.07 2.1496e-02 1.93 4.8154e-01 1.07
4225 2.60e+05 [ 2.2346e-01 1.11 4.1554e-03 2.37 2.2346e-01 1.11
16641 1.30e+05 | 1.0950e-01 1.02 7.0241e-04 2.56 1.0950e-01 1.02

Example 4.4. We consider the stabilised VEM for a problem with exponential boundary
layers for the benchmark problem in [21]. The convection field b = (1/2,+/3/2)". The
exact solution and diffusion field are given by

x?  vx 1 v )e @/ —emu/v(1—x)
u=—+—=+|—+—=
2a; a? 2a;  a? 1—ea/”

2 —ay/v _ ,—ax/v(1 _
v 1 e 2 e /(1
X y—+—}2/+ —+l2 1-y) ,
2(12 a2 2(12 Cl2 1— €_a2/v

The term v characterises the thickness of the boundary layer in the top-right corner of
the mesh. We choose v = 1077 and compute the errors in the domain [0,0.8]2. The
numerical convergence rate shown in Fig. 6 is consistent with the theoretical results. Figs. 7-
9 show that for this convection-dominated problem the stabilised method avoids numerical
oscillation.

5. Conclusions

We study a novel streamline diffusion form of virtual element method for convection-
dominated diffusion problems. Unlike the standard VEM, the stabilisation scheme can ef-
ficiently avoid nonphysical oscillations. We also prove the well-posedness of the problem
and provide error estimates for the stabilisation scheme. Numerical examples show the
stability of the method for very large Péclet numbers and its applicability to boundary layer
problem.
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