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THE PROPERTY OF THE BRANCH OF NONSINGULAR
FINITE ELEMENT/FINITE VOLUME SOLUTIONS TO THE
STATIONARY NAVIER-STOKES EQUATIONS AND ITS
APPLICATION

JIAN LI AND YINNIAN HE

Abstract. In this paper, a branch of nonsingular solutions of the stationary Navier-Stokes
equations are investigated, which are unique on a neighborhood, and mostly isolated without
relying on very stringent requirement on the small data. We summarize and develop an equivalent
definition of nonsingular solutions of finite element/finite volume methods in the same framework.
Furthermore, we establish the equivalent definition of a branch of singular solutions of finite
element methods for the coupled Navier-Stokes/Darcy equations.
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1. Introduction

The Navier-Stokes equations usually have more than one solution unless the da-
ta satisfy the stringent requirement of uniqueness condition of the solutions, which
required that the data be small enough in certain norms [17, 33]. However, this
uniqueness condition is rarely satisfied in the real world. In many practical exam-
ples, the solutions are mostly isolated, and depend continuously on the viscosity. As
the viscosity varies along an interval, each solution of the Navier-Stokes equation-
s describes an isolated branch, which means the bifurcation phenomenon is rare.
This situation is expressed mathematically by the notion of branches of nonsingular
solutions.

Finite element approximations of nonsingular solutions have been investigated in
[4, 17, 18], where optimal order error estimates have been obtained for the stationary
Navier-Stokes equations with large data. Also, an analysis of the nonsingular finite
volume solutions to the Navier-Stokes equations is not direct to establish where the
whole system lacks symmetry in the context of a petrov-Galerkin method [2, 6, 7,
8, 14, 15, 16, 19, 25, 34].

For both finite element/finite volume approximations of the stationary Navier-
Stokes equations, the original definition of nonsingular solutions is difficult to be
applied and developed for the further research in this field. Here, we apply the
definition of an isomorphism between two spaces to obtain the equivalent definition
of discrete nonsingular solutions to the stationary Navier-Stokes equations and its
coupled system.

This paper is organized as follows: In the next section, we introduce notations of
a branch of nonsingular solutions to the stationary Navier-Stokes equations. Then,
in the third section, the property of a branch of nonsingular finite element solu-
tions to the stationary Navier-Stokes equations is derived. Also, the corresponding
property of nonsingular finite volume solutions is investigated in the fourth sec-
tion. Finally, we investigate the property of a branch of nonsingular finite element
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solutions to the coupled Navier-Stokes/Darcy model with heterogeneous porous
medium.

2. A branch of nonsingular solutions to the stationary Navier-Stokes
equations

Let  be a bounded domain in R?, d = 2, 3, assumed that I' is of C? or if Q is a
two-dimensional convex polygon. The stationary Navier-Stokes equations are

(1) —Au+AVp = A = A(u-V)u+ %(divu)u), in Q,
(2) divy = 0, in Q,
(3) ulp = 0, on T,

where u = u(z) represents the velocity vector, p = p(x) the pressure, f = f(x) the
prescribed body force, A = p~!, and p > 0 the viscosity.
For simplicity, some useful Sobolev spaces can be defined by:

X = [HYQ), M = 13(©) = {q € I2(Q) /Q gdi = o} 2= PP,

X=XxMY=[H?Y) V={veX:divv=0},
H={ve[L>(Q)]":divo =0}, D(A) = [H* ()] NV,

where the Stokes operator A : D(A)—H is defined by A = —PA and P : [L?(2)]¢
— H is the standard L2-orthogonal projection. The spaces [L*(Q)]™, m = 1,2,
or 4, are endowed with the L2-scalar product (-,-) and the L?norm | - |12, as
appropriate. In addition, ||+ ||z, 1 < r < oo, denotes the norm of the space L™ ().
The space X is equipped with the usual scalar product (Vu, Vv) and the norm
|lull g2 (or equivalently ||Vu| r2), u,v € X. In particular, define the norm on X:

(o, )l = (IV0ll72 + Nllgliz2)"2, (v,q) € X.

In this paper standard definitions are used for the Sobolev spaces W™ " () [1], with
the norm || - [[wm.» and the seminorm | - |yym.~, m,r > 0. We will write H™ () for
Wm2(Q) and |- [ for | - [lwms (-

First, we consider the linear Stokes equations in order to introduce some math-
ematical theory of the nonsingular solutions of the stationary Navier-Stokes equa-
tions. A linear operator T : Y — X is defined as follows: Given g € Y, the solution
of the Stokes problem

—Av+ AVq =g, in Q,
dive =0, in €,
(4) vlp =0, on I,
is denoted by #(\) = (v, A\q) = T'g € X. Furthermore, a C?-mapping G : Rt x X —
Y is defined by

G o(N) = A ((v -V)v + %(divv)v — f)
since the term divu = 0. Finally, we define
F\5(N) =9\ + TG\, 5(\), AeRT, 5(\) € X.

In this section, a branch of nonsingular solutions of the stationary Navier-Stokes
equations, as introduced in [4, 17, 18, 22, 23], are studied.
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Definition 2.1. Let A be a compact interval in RT; {(\,a(\))}, with a(\) =
(u, Ap), is a branch of nonsingular solutions to the equation
() F(Aa(N) =0,

if D, F(\,@()\)) is an isomorphism from X onto Y for all A € A.

Remark. As mentioned above, the further results on 2 can be obtained for the
unique solution (\) = (v,A\q) = Tg € X of the stationary Stokes problem for a
prescribed g € [L7(Q)]? exists and satisfies

(6) [vllw2r + Algllwrr < Cllgllzr,
where C' > 0 is a constant depending on . As usual, the letter C represents any
constants independent of h and of all the functions appearing in a given inequali-
ty. Here and later, Cy, Cq,... are positive constants depending only on the data
N f).

Using integration by parts, the weak formulation of the stationary Navier-Stokes
equations (1)-(3) is: Find (u,p) € X such that
where the bilinear forms a(-,-) and d(-,-) are defined as follows:

a(u,v) = u(Vu, Vo) Vu,v € X, d(v,q) = (dive,q) V(v,q) € X.

Obviously, the bilinear form a(-,-) is continuous and coercive on the space pair

X x X; the bilinear form d(-,-) is continuous and satisfies the inf-sup condition:
There exists a positive constant 5; > 0 such that, for all ¢ € M,

d(v,q)
8 sup
(®) S Vol

> Billqllzz-

Moreover, the trilinear form b(-, -, ) is continuous on the space triplet X x X x X
blu,v,w) = (B(u,v),w)

[y

= ((u-V)v,w)+ = ((divu)v,w)

2
= %((u Vv, w) — %((u -V)w,v) Yu,v,w € X,
and satisfies
(9) b(u,v,w) = — b(u,w,v), Yu, v, we X,
(10) [b(u, v, w)| <Col|Vul| 2| Vol L2[| Vw12, Vu, v, w e X.

Furthermore, the existence and uniqueness results of (5) can be referred in [17,
18, 22, 23].
Lemma 2.1. ([17, 18, 22, 23]) If X satisfies the following uniqueness condition:
1

Ao = —F——,
VCollfll-1
then (5) admits a unique solution (u,p). Moreover, the pair (u,p) € X is a solution
of the problem (7) if and only if w(\) € X is a solution of (5).
Similarly, we can apply the same approach as in [18] to obtain the following
stability of (5):
Lemma 2.2. Assume that f € [L?(Q)]?, and the pair @(\) = (u,\p) €
a solution to problem (5). Then w(\) € D(A) x [HY(Q) N M] and G(\,a(N))
satisfies

(11) ullz + Allpla < C,

X is
ey
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where the positive constant C' depends on the data (), €, f).

3. A branch of nonsingular finite element solutions to the stationary
Navier-Stokes equations

Let us now return to the finite element approximation of the problem presented.
We shall consider the families of finite element spaces (Xj, M},), for which we shall
need the following assumptions: Let K}, be a regular, quasi-uniform triangulation of
the polygonal domain 2 [5, 10]. Associated with K}, we consider the finite element
spaces for the velocity and pressure: X5, C X and M; C M.

Usually, we assume that the finite element spaces satisfy the discrete inf-sup
condition:

d(vp,
(12) sup LB 5 g0 Vg € M,
vy €Xp vahHLQ

where the constant 32 > 0 is independent of A. Examples of the spaces that satisfy
these assumptions include the following examples in 2d case [17, 32, 33]: Macro-
element pairs P; — P;,i = 0, 1 with a way [30] to approximate the P, velocity field
defined on a macro-element mesh by refining K} uniformly to obtain the mesh
K}, 2, famous Taylor-Hood element, Mini element pair P1b — P, and the popular
lowest equal-order or lowest order finite element spaces P; — P;, which do not satisfy
the inf-sup condition and can be stabilized by a symmetric and semidefinite term
G(pn,qn) [11, 12, 24]. B B

Then, a bilinear form on X x X} for the finite element methods introduced is
defined by

(13) Bi((@n, Apn), (vn, Agn)) = altn, vn) — Ad(vn, pr) + Ad(@n, qn) + Ax:G (n, qn)
for V(in, pr), (vn, qn) € Xp, where the characteristic constant
0, finite element methods(i=0),
= { 1, stabilized finite element methods(i=1).

Furthermore, this bilinear form satisfies the continuity and weak coercivity proper-
ties [11, 12, 17, 18, 24, 33]:

(14) |Bn((@n, Apn)s (vn, Aqn))| < Cll(@n, pr)ll (vn, )l
|Bn((wh, Apn), (v, Agn))] o

15 > s )

" o e Momanl = Ball(tn- 1)l

where the constant 83 > 0 is independent of h.
Using the above notations, the corresponding finite element formulation of sys-
tem (1)-(3) reads: Find (@n,pn) € Xp, such that, for all (va,qn) € Xp,

(16) B ((tn, APn)s (Vns Aqn)) + Ab(@n, wn, vn) = A(f, vn);
(17) F\ up(N) = ap(A) + ThG(\, an (M) =0,

where T}, is the discrete counterpart of the operator 7.
Similar to the continuous case, {(\, ux(N))} with @y, (\) = (4n, Apr) is a branch
of nonsingular solutions to (17) if

(18) Dg, F(\,1in())) is an isomorphism from X, onto Y for all A € A.

Recall that T}, : Y — X, is the solution operator of the discrete Stokes equations.
This operator yields the solution @ (\) = (i, Apn) to problem (17). Apparently,
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this solution is also a solution of the discrete Navier-Stokes equation (16) if and
only if it is a solution of (17).
For convenience, set

B((@n, AXn); (vn, Aqn)) =2 Ax(tn; ©n, vn) = Ad(vn, Xn) +Ad(@n, qn) +AxiG(Xn, an),
and A (@p; wn, vp) = a(wp, vn) + Ab(Un, W, vn) + Ab(wh, Un, vp).

Furthermore, based on the results in [4, 17, 18, 36], we obtain the following
result. -

Theorem 3.1. ip(\) € X}, is a branch of non-singular solutions to equation

(16) or (17) if and only if there exists a constant v > 0 dependent of the data
(N, f,9), such that

19) sup B2 A%0): (00 Agn))]

> Y(@n, xu)ll,  V(@h, Xn) € X,
(on,qn) € Xn Il (vn, an)ll

where the parameter 7 is determined by the following

3xa (1 _ 4CF (1+2Co N | fll—1)o }
74 3)\’)/()

max{1, —Cl‘;H‘ }

min{ %

’7:

Proof. Since Dj, F(\,45(\)) is an isomorphism from X}, onto Y for all A € A,

it first is a surjective linear mapping, thus for each wy =: (w1,Ax1) € Xp C X
there exists a unique Wy, =: (O, AXn) € Xp C X such that
(20) Dy, Fn(\, p)wy, = 1.

Thus, wy, = (wp, An) satisfies
wy, — wy = (Wn — W1, \(Xn — X1)) = —Th(Da, G\, un)wn).

where

~ r .. R
Da, G\, up)wp, A (((ﬁh -V)wp, + (wp, - V)ap) + 3 ((divap )wp, + (dlvwh)uh))
= MNB(tun,wn) + B(wp, Up)).

Then we obtain by a direct calculation

a(wp, — wy,v1) — Ad(vp, Xn — X1) + Ad(0n, — @1, qn) + AiG(Xn — X1, qn)

= = Ab(tp, Wh, vp) — Ab(Wp, U, vp).

Setting A(f,vn) = a(w1, vn) — Ad(vp, X1) + Ad(1, qn) + AxiG (X1, an), the following
equation holds

a(wn, vn) + Xb(Un, Wh, vy) + Xb(Wp, Un, vp)
—Ad(vn, Xn) + Ad(@n, ) + MG (X, an) = MF,vn)

has a unique solution (@, X») € Xj for any given w; = (w0, AX1) € X, c X.
In addition, Dy, Fi, (), up(N)) is an injective mapping from X}, onto Y for each
A € A. Then there exists a constant ~y > 0 such that

(21) [ Day, F(X, an(N))wn||z > Y0l Vaonllo  Vion € Xa,
where ||Dg, F(\, tip(N\)wn||z = sug (Dg, F(\, upn(N)wn, vn) /|| Vonlo-
vpEXp

In the following, we mainly determine the parameter v > 0. First, taking vy, = uy,
in (16) or (17), we obtain

IVanlls < X(f,an) < Ml fll-1lVanlo,
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which implies that |Vag|lo < Allf]|—=1. Using the definition of Ax(-,-,-) and (21),
we get
A)\(ﬂh; W, wh) = a(wh, ’LUh) + )\b(ﬂh, W, ’LUh) + )\b(’wh, Up, wh)
(22)
Obviously, there holds
(23) Ax(tin, Wh,vn) < 71| Vwn|ol[Vorllo,

where 1 = (1 +2Co\?(| f[|-1). Taking (vn,qn) = (@, Xa) in Ba((,-); (), we
obtain

v

ol Vw5

By ((@Wn, AXn); (Wn, AXn)) = Ax(tn, Wh, Wr) + AG(Xh, Xn)
Yol V@n |5 + AxiG(Xn, Xn)-

Note that for any x, € M) C M, there exists £ € X and a positive constant Cy
such that

Y

(24) (&, xn) = [Xall3: 1V€llo < Cliglh < Crllxallo;
where &, = I,£ satisfies

(25) d(€ —&nyan) =0,

and

(26) 1€ = &nllo < CRIE]-

Setting Ipdr = % [ pdz, ¥q € L*(Q), using (25)-(26), the inverse inequality,
and the Young inequality it follows that

d&n,Xn) = d(& xXn) —d(€—E&n,Xn)

> Ixallg = Cxahll €IV (Xn — Taxa)llo

> |Ixnlls — CixihlxXallol V (xn — ns)llo,
3. o

> Z||Xh||(2> — CaxiG(Xhs Xn)-

Also, using the Young inequality, (23) and (24) yields that
Bx((wn, AXn); (=€n, 0)) = —Ax(@n, Wn, &) + Ad(&n, Xn)
_ 3. o
> =l VanllolVénllo + ZAIXAIIG — CoxiAG(Xn, Xn)
_ _ 3. o
> =Cinl[Van[ollxnllo + AIXR G = C2xiAG(Xn, Xn)

02,}/2 B 3 ~ - -
}Yo Llxnlls + Z)‘HXh”g — CoxiAG (Xh, Xn)-

Y0 _
> —ZHVUJ}LH%—

Therefore, combining these two inequalities and setting the positive constant

. {1 3)\’)/0}
o =minsy — s

eAbTe:
we obtain
B ((wn, AXn); (Wn, — 0&ny AXn))
3% o 2, 3 4Ctyia 2 - o
> = o |1 - ———— Axi(1 — Co0)G(Xh,
> 20w+ 3o (1- 25 i + wv(r - Con)Glan, )
> Cs ([Vwnlls + A lxall5) ,
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2
where C3 = min{%, 329 (1— 401(1”03?\10”](” Dl } > 0 is independent of the

mesh scale h. Using the triangle inequality, we can easily see that

Il(@n = o€, Xn)lllx < Ca([[Vwnllo + Allxnllo),

where C4 = max{1, w} Finally, setting v = C3/C4 and using a straightforward
computation, we complete the proof of (19). I

4. A branch of nonsingular stabilized finite volume solutions to the sta-
tionary Navier-Stokes equations

In the coming purpose, the finite volume methods are developed and presented.
Let N, be the set containing all the interior nodes associated with the triangulation
K}, and N be the total number of the nodes. A dual mesh Kh is introduced based
on Kjp; the elements in Kh are called control volumes. The dual mesh can be
constructed by the following rule: For each element K € K with vertices P;,
j=1,2,--- N, select its barycenter (); and the midpoint M} on each of the edges
of K, and construct the control volumes in K}, by connecting Q); to M;. Then, the
dual finite element space is defined by

X ={ve L@ vlg € [R(R)! VE € Ki; vlon =0},

which has the same dimensions as the corresponding finite element space Xj. Here,
we only consider the popular lower order and lower equal-order finite element spaces
[20, 21, 22, 30, 32, 34, 35] in order to analyze a branch of nonsingular finite volume
solutions to the stationary Navier-Stokes equations.

Now, the (stabilized) finite volume variational formulation for the stationary
Navier-Stokes equations (1)-(3) is: Find @5 (\) = (un, Apr) € X5 C X such that
(27) EFp (AN an(N) = ap(X) + TG (A, Gn (X)) = 0;
ie.,

(28) Ch((’l,bh, )\ph)v (’Uh, AQh)) + )\b(’LLh, Uh s Fh’Uh) = )\(fv Fhvh)v V(Uh, Qh) S th

where the liner mapping I'y, : X,— X, introduced in [27] satisfies the following
properties:

(29) Fh’l)h Z’Uh xr € Q, vp € Xp,

and x;(z)|x, = 0i; is the characteristic function associated with x € f(j € K.
Here, these bilinear terms and the trilinear term are defined as follows:

N

3uh
A(uh,Fhvh) = — ’Uh(P-) / —dS up, vp € Xp,
jzl J aK 6TL

D(Thvn,pn) = th / puii ds,  pn € Mp,
P

K

Cn((un, Apn), (vn, )\Qh)) = A(un,Tron) + AD(Thop, pr) + Ad(un, qn),

f,Fhvh :th /~ fdx, v, e Xy,

j=1 K;

2

where 7 is the unit normal outward to 9K.
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The same theory is valid for the stabilized finite volume methods approximated
by the lower order finite element pairs because of the equivalence [9, 21, 26, 35]
between the finite element methods and the finite volume methods for the bilinear
terms A(up,Tpop) = a(up,vp) and D(Tpop,qn) = —d(vh,qn). Then, we directly
verify the corresponding continuity and weak coercivity of the bilinear form Cp (-, -):

(30)
ICr((un, Apn), (vn, Aqn))| < Cll(un, pr) |l (vn, n)ll, Y(un,pn), (vn,qn) € Xn,
and
C s ADR), (Vn,s A .
(31) sup Cn((un Apn), (v, Agn))| > Ball(un, pr)ll, Y(un,pn) € Xn,
(vnan)EXn Il (vn, gn)ll

where the constant 84 > 0 is independent of h.

Furthermore, using the same approach as for Theorem 3.1, we can obtain the
following property.

Theorem 4.1. i,()\) € X}, is a branch of non-singular solutions to equation
(27) if and only if there exists a constant v* > 0 dependent of the data (A, f,Q),
such that

(32) sup D200 AX0): (0n, Agn))

> v N wn, x)ll,  (wh, xn) € Xn.
(vn,an)€Xn Il (vn, gn)ll

where

B ((wn, Axn); (v, Aqn)) =: Ax(un; wi, Tron) + AD(Thon, xa) + Ad(wn, gn)
+)\XiG(Xh7qh)7

with Ay (uh; wp, Tpop) = A(wh, I‘hvh) + )\b(uh, wp, Lpop) + Ab(wp, up, I‘hvh).
Proof. Using the same process as for the corresponding non-singular finite
element solutions to the Navier-Stokes equations, and applying the equivalence of
these bilinear terms between two different methods, the desired result follows.
Remark. v* is different from the previous constant v because of the definition
and boundness of the trilinear term.

5. A branch of nonsingular solutions of finite element methods for the
coupled Navier-Stokes/Darcy model

In this section we will introduce the branch of the nonsingular finite element
solutions to the stationary Navier-Stokes/Darcy equations and then utilize it to
show the well-posedness of the coupled weak formulation.

To specify the problem considered, we try to use the corresponding mathematical
symbol of the Navier-Stokes equations defined above. Let the two domains be
denoted by (2, and Qf and lie across an interface I' from each other. The Darcy
problem is stated as follows:

(33) V- (K@)Ve) = fp, iny,

where (33) implies u, = —K(z)V¢; u, is the fluid velocity discharge rate; f, is the
sink /source term; the hydraulic head ¢ = z + Z_Eg) is determined by the dynamic
pressure pp, the height z, the density p, and the gravity constant g. Especially,
K(x) is the hydraulic conductivity tensor and the coefficient has the property K €
Whee(D;) with respect to a nonoverlapping partitioning of {25 into open, connected
Lipschitz polytopes D := {D; : j = 1,---n}, that is, QO = U?Zle. Moreover, we
assume that |K(z)|1,00,0, < C for j = 1,---n and that Ko < [e[*K;;(x)e;e; < K§
for some positive constants Ky and K [29].



50 J. LI AND Y. HE

In the free-flow region {2, the Navier-Stokes equations is modeled by
(34) -V S(u,p)+ (u-Viu=f, V-u=0,inQy,

where u and p respectively denote the fluid velocity and pressure; S(u, p) = 2uD(u)—
pl denotes the stress tensor, D(u) = £(Vu + V) the rate of deformation tensor,
I the identity tensor, f the external body force, and p the kinematic viscosity of
the fluid.

Assume homogeneous Dirichlet boundary conditions for the hydraulic head and
fluid velocity on the outer boundaries 02, and 0€2f, respectively, i.e., we have
¢ =0on 00p\I', and u = 0 on INg\I'. Along the interface I, we impose the the
Beavers-Joseph-Saffmn-Jones (BJSJ) interface conditions [3, 20, 31]

(35) u-ny=up-ny=-K(@)V¢-ny,

(36) —7; - (S(w,p) - ng) = apysymy-up,  j=1,--,d =1,

(37) —nyf - (S(u,p) - ng) = g(¢ — 2),

where ap sy is the BJSJ coefficient; ny denotes the unit outer normal from the
fluid to the porous media regions at the interface I'; 7; (j = 1,...,d — 1) denotes

mutually orthogonal unit tangential vectors to the interface I'. For simplicity, we
usually set z = 0.

For the mathematical setting of problem (33)-(37), the following Hilbert spaces
are introduced [1]:

Xp={ve[H Q)" v=00n0U\T'}, X, = {v € [H(,)]": ¢ =00n0Q\T'},
Y = [H YQp))% x HYQ,), My =L*Qy), N=X; x M x X,,.
For the domain D, (-,-)p denotes the L? inner product and < -,- > denotes the L?
inner product on the interface T'.
Multiplying (33) and (34), by gv € X,, v € Xy and ¢ € My, integrating

over the corresponding domains and applying the divergence theorem, is to find
U(X) = (u, \p, A\@) € N for given F' = (f, f,) € Y such that

D((uv ¢)7 (Uv W) - )\d(’U,p) + )‘d(uv Q)

(38) =A(F, (v,9)) = X(B(u,u),v), ¥ (v,q,9) € N,
where
D((%(b)v(vﬂ/’)) = a(u,v)+ap(u,v)—|—/\gap(¢,1/))+g< ¢,U'ﬂf >
—Ag <u-ng >,
(F,(v,9) = (f,v)a, +9(fp,)e,+ <gz,v-np>.

Here, the same definition of the bilinear terms a(-,-) and d(-,-) in previous section
is used. Moreover, the additional bilinear terms is defined by

a(u,0) = p(Vu, V) = 2u(D(w), D(v)),
ap(¢7w) = Q(K(JJ)V(]S, vw)ﬂpu
ar(u,v) = apjsj <U- T,V T >.

Taking (v,1) = (u, ®) in the definition of D((u, ¢); (v,%)), we obtain [13]
D((uv ¢)7 (u7 (b)) = a(”? u) + ar(u, u) + )‘gap((ba (b)

plVullg + Mg Kol VoI5 + apssslu- |7

Ca(|[Vul® + IV ollo),

where C, = min(u, A\gKo, apyss) > 0. Thus, the system of (38) is well-posed.

AV

(39)
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Furthermore, from a point of view of nonsingular solutions of the coupled Navier-
Stokes/Darcy system, a C?-mapping G : RT x N — Y is introduced as follows:

GOLTN) = A [(B(%’ “)) - F] .

Then we define a linear operator T € L(Y; N) such that the above equation (38) is
denoted by

(40) U\) = =TG(\,U(N)).
Then, the system (38) can be presented as follows:
(41) FNUN) =:UN) + TG\, U(N) = 0.

That is, U(X) = (u, Ap, A\@) is a solution of the problem (41) if and only if it is a
solution of (38). Furthermore, {\,U(\)} is called a branch of nonsingular solutions
if Dy F (XA, U())) is an isomorphism between N and Y for all A € R*. Then for the
branch of nonsingular solutions {\, U(\)}, given any w; = (wy,r1,x1) € N, there
exists a unique w = (w,r,x) € N satisfying

(42) DgF\ U)W = w;.
Thanks to (41) and (42), we obtain

(43) W —w; = —TDgG(\, U(N))w.
Hence

D((w — w1, x — x1); (v,9)) = Ad(v,r — 1) + Md(w — w1, q)
(44) = —\b(u,w,v) — Ab(w,u,v), V (v,q,%) € N.
Define

(45) AF, (v,,q)) = D((w1, x1); (v, %)) + Ad(v,m1) — (w1, q),
and

DA((wv r, X); (U7 q, ’@[1)) :D((wu X); (U7 ¢)) + )‘d(vv T) - )‘d(wu Q) + )‘b(uv w, U)
(46) + Ab(w, u,v).

Then, for any F, there exists a unique @ = (w,r,x) € N such that

(47) Da((w, 7, x); (v,4,9)) = A(F, (v,4,9)), ¥ (v,4,9) € N.
In addition, DgF (X, U(\)) is an injective mapping from N onto Y for each A € R*.
Then there exists a positive constant 79 > 0 depending on {2 such that
(48) IDgFA\ UN)ally = nollVdllo, Yw e Xy,
where ||[DgF(\, U(\)wl||z = su)]? (DgFA\UN)w,v)/||Vollo.
vEXf

Following [4, 17, 18], we can obtain the following theorem.

Theorem 5.1. {\,U(A)} is a branch of nonsingular solutions to equation (41)
if and only if there exists a constant n > 0 such that

D)\((waTa X)7(07Qa1/})) \7
(49) sup Znll(w, )l V(w,r,x) €N,
(g, 8)EN (v, a9l

where 7 > 0 is dependent of the data (A, f, fp, 9, aBsss, Q).

Then, we can apply the same approach of finite element discretization as above
for the coupled Navier-Stokes/Darcy system to derive the following theorem.
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Theorem 5.2. {\,Uy(\)} with U,(X\) = (un, A\pn, A¢n) is a branch of nonsin-
gular solutions to the corresponding finite element approximation of equation (41)
if and only if there exists a constant > 0 such that

(50)
sup Dx((wh, Thy X1)5 (Vns qhy Yn))
(v sqn o) €N, Il (vn, qns on)l

> nll(wn, s xe)ll, - Y(wh,7hy Xn) € N,

where N, = X;} x MM x XZ’} is the corresponding finite element space of N.

Remark. In this paper, we only consider the stationary coupled Navier-Stokes
/Darcy equations. In fact, the property of a branch of nonsingular finite element so-
lutions can also been extent to the other coupled problems related to the stationary
Navier-Stokes equations.
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