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Abstract. Linear multistep methods and one-leg methods are applied to a class of
index-2 nonlinear differential-algebraic equations with a variable delay. The cor-
responding convergence results are obtained and successfully confirmed by some
numerical examples. The results obtained in this work extend the corresponding
ones in literature.
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1 Introduction

Index-2 delay differential-algebraic equations (DDAESs) are a very important class
of mathematical models and often arise from the fields of computer aided design,
circuit analysis, mechanical system, etc. Hence, the study of numerical methods for
these equations is of important theoretical and practical values. In the recent years,
some researches have been devoted to numerical methods for differential algebraic
equations [1-7]. Some stability and convergence results of numerical methods for
linear or index-1 delay differential-algebraic equations have been presented [8-11].
Xu and Zhao [8] studied stability of Runge-Kutta methods for neutral delay integro
differential-algebraic equations. Block implicit one-step methods were applied to a
class of retarded differential-algebraic equations by Li [9]. Convergence of one-leg
methods for index-1 delay differential-algebraic equations was proved by Xiao and
Zhang [10]. Zhu and Petzold [11] discussed asymptotic stability of Hessenberg de-
lay differential-algebraic equations. However, the researches into numerical methods

*Corresponding author.
Email: Ihl@xtu.edu.cn (H. Liu), xag@xtu.edu.cn (A. Xiao)

http:/ /www.global-sci.org/aamm 636 (©2012 Global Science Press



H. Liu and A. Xiao / Adv. Appl. Math. Mech., 4 (2012), pp. 636-646 637

for nonlinear high-index delay differential-algebraic equations have arised in a few
references [12-14]. Ascher and Petzold [12] derived the classical convergence results
of BDF methods and Runge-Kutta methods for index-2 constant-delay differential-
algebraic equations. Hauber [13] applied collocation methods to retarded differential-
algebraic equations. Liu and Xiao [14] obtained the convergence results of BDF meth-
ods for a class of index-2 differential-algebraic equations with a variable delay.

In this paper, we apply the linear multistep methods (LMMs) and one-leg methods
to a class of index-2 nonlinear differential-algebraic equations with a variable delay.
The corresponding convergence results are obtained and successfully confirmed by
some numerical examples.

2 Convergence of linear multistep methods

Consider the semi-explicit index-2 DDAE

v'(x) = f(y(x),y(x = T(x),2(x)), x€[o,T],
0= g(y(x)), x € [0,T], @1)
2(0) =20, y(x) = (%), x € [-7,0,

where delay function 7(x) is differentiable and satisfies 0 < 7(x) < 7,7(x) < 1,
f i R"™M xR" xR"” — R™M, ¢g: R"M — R™ are sufficiently smooth vector functions
on the real Euclidean spaces and have bounded derivatives, the initial value function
¢ : [-7,0] — R™ is a continuous function, and g, (y) f-(v, y(x — 7(x)), z) is invertible
and bounded in a neighbourhood of the solution. We assume that the problem (2.1)
has a smooth solution y(x),z(x). Throughout this paper, || - || denotes the standard
Euclidean norm, and the matrix norm is subordinate to || - ||

A LMM with a Lagrange interpolation polynomial of degree p applied to the sys-
tem (2.1) reads

k k
Z XiYn+i = h Z Bif (Yn+tis yZ—kJrif Znti), (2.2a)
i=0 i=0
0 =8(Yn+k), (2.2b)
where x,,.; = x, +ih, n >0,
(/)(xn+i - T(xn+i))r Xnti — T(xn—i-i) <0,i=0,1,---,k
VP . (2.3)
n—k-ti ) Z Qj(éni)yn+ifmni+jr xi’l+i - T(xﬂ+i) > 0/Z - 0/ 1/ T /k/
j=—u

where T(x,4;) = (my, — 6n)h, u,qmu € 2%, 5, € [0,1), g+u = p,g+1 <
my,, Qj(dy;) is the Lagrange interpolation basic function.
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The perturbed values 7,1, £, are defined by

k k
Y il = 1Y Bif Guis Do_irir Eni) + hO, (2.42)
i=0 i=0

0= g(fnrk) + 6. (2.4b)

Theorem 1. If vy, k, 2,1k are given by (2.2), the perturbed values 7, 1k, 2,1 are given by
(2.4), the initial values satisfy

Yntj — y(xn+j) = O(h), Zn+j — Z(xn+j) = O(h), 8(]/n+j) = O(hz), (2.5)
xn+j:xn+jh, j:0/1/"'/k_1/ '

and the perturbed initial values satisfy
9n+j —Ynyj = O(hz)/ 2n+j —Zp+j = O(l’l), 0= O(l’l), 0 = O(hZ)/ (2.6)

then for any given h < hy we have the estimates

1Gnk = Ynrill < C(IIYn = Yall + hl|Zn = Zul| + H0]| + H@H), (2.7a)

. C k—1 . . R
Hzn+k - Zn+k“ < E( Z H8y<yn+k)(yn+j - ]/n+j)H + hHYﬂ - YnH
=0

+ 1120 = Zull + B0 + l6]]), (2.7b)
where
T T T hN\T h T h T T
Yo = (Vs Viekear oy ()T (i )T, ()T
~ R R R N . . T
n= (VLk—erLk—zr SR (hyZ)T, (hy,’Ll)T/- T (hysz)T) ,
T T
T T T % 2T 2T 5T
Zn = (Zn+k71'zn+k72' e 'Zn> ;i = (Zn+kfl'zn+k72" o rzn) ’
N ~ ~h h
o = Yol = max (| max 14 = sl 02X Wiy = Vi 1),
| Zn — Zul| = ogr]r'lgak—l ||2n+j - Zn+]’”-
Proof. Put

L=y =B h
==Y —Yneith Y = YnsisVy—trir Znsi)s
i=0 %k i—0 %k

N =i B N
N=- Z —Jnrith Z *f(yn+iryn—k+i’zn+i)/
i—0 %k i—0 %k
and rescale h and J, so that (2.2) and (2.4) become

yi’l+k = 7/ + hf(]/n+kr yZ/Zn+k)/ (2.8a)
0= §(yus), (2.8)
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and

ynJrk = 77 + hf(yAnJrk/ yAZ/ 2n+k) + h‘Sr (2‘9a)
0= g(Puss) +6, (2.9b)

respectively. Rewrite (2.8b) as

0= g(Wnsk) — &) +8(1)
1
=/O 8y (11 + EWnrk —1))dEYnyk — 1) +8(1)- (2.10)

Substituting (2.8a) into (2.10) gives

! 1
/0 8y (7 + €Wk — 1)) AEF Yo Vs Znric) + ﬁg(ﬂ) = 0. (2.11)

Rewrite (2.9b) as

1 1 1
/0 8y (7 + E@nrk — 1)) AE(f Dk D Znic) +6) + 81 +0=0. (2.12)

Exploiting the fact that the functions f, ¢ are smooth and the matrix g, f; is invertible,
and subtracting (2.12) from (2.11), we deduce the estimate

1201k = Znrkll < C1 (||9n+k — Vsl 117 =1l + 1195 — il
1 1,
+ 18] + 1161/ + 7118 (%) —8(’7)H>- (2.13)
h h
Subtracting (2.9a) from (2.8a), we get

9= Yol < 1 = 1+ HIF Dt 2 = FGisio Yoz |
<1 = 1+ HE (gt = vill + 185 = Y1+ 2k = 2, 2.14)

where L is classical Lipschitz constant for the function f. Substituting (2.13) into (2.14)
and exploiting functional differentiability of g, yields

- . . 1
9k = ysill < o9 =1l + 195 =yl + RSl + Nell), b < e @19)

Substituting (2.15) into (2.13) gives

||2n+k - Zn+k||

. N 1 1 X
<Cs (11 —nll+ 195 = il + 18] + 2 1011) + L Igu(m)@ =), 216)
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where || — 7| and [|g,(170) (77 — 1) || satisfy
Hﬁ —17||

_H Z ]/n+] Yn+j H +hH Z ( (ynﬂ/ﬁﬁ—k-&-]’/ﬁﬂﬂ) _f(]/nJrj/]/Z—k-i-j’Z"Jr]')) H

§C4(||Yn—YnH+hIIZn—ZnII), (2.17)
18y (10) () = m) || < gy (Fx) (7 — )| + {171 — 5[|O(h)
k—1
<Cs( Y 18y @) Dnsj = Yns )l + hl Ve = Yol + B2 20 = Za), (2.18)
=0

respectively. Substituting (2.18), (2.17) into (2.16), (2.15), gives (2.7).

Corollary 1. Suppose that the LMM (2.2) with the interpolation procedure (2.3) is of order p.
Then its local error satisfies

v —y(xx) = O(WP™Y),  zp —z(x) = O(KP). (2.19)

Proof. We put n = 0, §; = y(xj), £ = z(xj),j = 0,1,--- , k. These values satisfy
the conditions of Theorem 1 with § = O(h”), 6 = 0. By the interpolation formula (2.3),
we have [|§/ — yi|| = O(h"*!). The desired result (2.19) follows immediately from
Theorem 1.

Theorem 2. Suppose that the LMM (2.2) with interpolation procedure (2.3) is of order p, and
is stable (p(&) = 2;?:0 w;¢/ satisfies the root condition) and strictly stable at infinity (the zeros
of 0 (&) lie inside the unit disc |&| < 1). If the initial values satisfy

yi—y(x)) =0,  zj—z(x;) =0W’), j=01,....k—1, (2.20)
then this method applied to the system (2.1) is convergent of order p, i.e.,
Yn —Y(x,) = O(WF), zy —z(x,) = O(KF), x, =nh, n>k. (2.21)

Proof. We firstly study the propagation of the local errors and their accumulation
over the whole interval for the y-component. We now denote the numerical solution
by {v9,2%}, and consider the multistep solutions {y,z}},I = 1,2,--- with starting
values

vi=y(x), zj=z(x), j=1-1--,l+k-2

Our first aim is to estimate v}, — y'. For simplicity, we omit the upper index and
consider two neighbouring multistep solutions {#,2,} and {#,, Z, }. In order to apply
Theorem 1, we fix four sufficiently large constants Co, C1,Ca, C5 (Remark 1 describes
the four constants of rationality in the end of paper) and suppose that

19+ — y(xni) || < Coh, (|04 — 2(xns) || < Cih,
||]?1’l+j - y~ﬂ+]|| S Czhzi H2n+] - Zi’l+]|| S CA?)]/l/ ] = 0/ 1/- . -/k - 1 (222)
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Introduce the notations

. . - . Ko o
Azpyj=Znyj—Zntjs BDYntj = Jn+j — In+js A]/n—k+j “VYoktji ~ Yn—k+j

T
AYy = (Ay5+k—1/AyZ+k_zw-~,Ayz>(hAyZ)T,(hAyzil)T, ...,(hAysz)T) ,
AZy=(Dzl 820, 02D)T, j=0,1,- k.

It follows from Theorem 1 with 4 = 0 and 6 = 0 that

[AYn1kll < CUIAY [ + R AZA])), (2.23a)

C k—1 A
82014l < ST IOt B0iesl| + HIAY,] + H6Z ), 2.23b)
=0

where C does not depend on the choice of Co,Cy, Gy if M is sufficiently small. Our
assumption (2.22) together with (2.23) implies

Ay, 4k|| = O(H?), Az 4|l = O(h). (2.24)

We substitute v,,1; for 7,1, yﬁ 4 for yﬁ 4ir Znyi for Z,,; in the formula (2.2) respectively,
and put 6 = 0 and 0 = 0 in the formula(2.4). Then subtracting (2.2a) from (2.4a) and
(2.2b) from (2.4b) yields

k k
Y aily,i=h) Bi (f(ﬂnw TrpvirZnri) — fOnsis i 2n+i)>
i=0 i=0
u !
= 1Y Bifs(Onsis Oy ki Enti) Dzngi + O(h|AY, || + K[| AZ4 ), (2.25a)
i=0

0 = gy (Pnik) AYnrk + O(M||AY, || + 2| AZ, ). (2.25b)
We next use the projections
Quyj = (fZ(gny)ilgy) (yAn+jryAZ—k+]’z2n+j)/ Puyj=1—Qnyj, (2.26)

forj=0,1,---,k, which yields
%+j = Qn+jr Pﬁﬂ' = Pn+js Qn+jpn+j = n+an+j =0,
Qu+j+1 = Quij+O(h),  Puijy1 = Puyj+ O(h).
Multiplying (2.25a) by P, 1 and (2.25b) by f2(gyf=) "  (Gu-tk, T2, 2nk), we get

k
Y- aiPusibyuri = O (R Al +12AZ, ), (2.27a)
i=0

Qu k8 x = O(HIAY, || +12[AZy ). (2.27b)
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Multiplying (2.25a) by (8yfz) "8y (Fn-+k T Zu+k), We get

k k
h z ,BiAZn+i = Z “i(gyfz)ilgy(yn—i-k/ ﬁﬁ, 2n+k)Ayn+j
i=0 i=0

+O(H|AY, | + 12 AZ]). (2.28)
Using the conditions (2.3), (2.22), (2.23) and the delay function 7/(x) < 1 yields
Ay = O(IIAYall + 1 AZ]]). (229)
Introducing the vectors
Uy, = ((Pn+k,1Ayn+k,1)T,...,(PnAyn)T, %h(Ayﬁ)T,...,%h(Ayﬁfk)ﬂ g (2.30a)
Vi = ((Qn+k_1Ayn+k_1)T,. : -/(QnAyn)T,%h(Ayﬁ)T,...,%h(AyZ_k)T)T. (2.30Db)
We have AY,, = U,, + V},. The relations (2.27) and (2.28) become
Ups1 = (A@ Uy + O (R Uy + Hl|Vall + H2|AZ, ), (2.31a)
Vasr = (N & DVa+ O (R Unll + Bl Vil + 12 AZ4 ] ), (2:31b)
hiNzg1 = (B® Dz, + O (R U + | Vall + B AZ4])), (2.310)

where a;- = aj/ag, ,B; = Bj/ ax,

_.Bk—l o =By =By
(A O ([ Ky O |1 o 00
a=(o %) v=(o R)e=|, L | e
0 1 0
A and N,, can be expressed as
—zx;(_l EE _"‘/1 —zxz) o -~ 00
~ 1 e 0 0 . 1 --- 00
A= | . . . ;, Num=1 . . .. (2.33)
0 e 1 0 0 - 10 mxim

Since p(§) = 2;‘:0 w;¢/ satisfies the root condition and all the roots of o'(&) = Z;'(:o B¢l
lie inside the unit disc, we now choose a norm ||U|| such that |[A® I|| < 1,anorm || V||
such that [N ® I|| < p and a norm ||W|| such that || B® I|| < x < 1[15], consequently
it follows from (2.31) that

Ui | 1+0(h) O(h)  O(h) U
Vol )< | 0m) ~ p+om) o) vl . @
HIAZ,yin| oy  01)  x+0(m) ) \ KAz,
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We diagonalize the matrix in (2.34) and obtain

| U1 ]| : AT 00 [ Uol|
Var | <t '[0o Ao |T[ wl |, (2.35)
h||AZy14]] 0 0 A3 h{|[AZy||

where Ay = 14+ O(h),Ay = p+ O(h), A3 = x + O(h), the transformation matrix T
consists of the corresponding eigenvectors and satisfies

1 O(h) O(h)
= om 1 om |.
(o 2y o)

The vectors Uy, V, Zp are composed of local errors or errors in the starting values,
which are of size O(h**1). Hence, it follows from (2.19) and (2.21) that

|Uol| < Hoh?™,  |Voll < HikPTL,  ||AZo|| < HohP. (2.36)
Using (2.19), (2.20) and (2.35), we obtain

1Ayall < Ch?*™, [|Azall < C7(p" + 1" + )R,

18y (Fnk) At < Cs(p" + h)HPHL. (2.37)
Hence
n—k+1 | |
lyn =yl < Y Ny — v Ml < Coh”. (2.38)
1=0

We can similarly prove the second part of (2.21). This completes the proof of the theo-
rem.

Remark 1. In general, the constants Ce, C7, Co and Cyg depend on Co, C1,Ca, C5 of the as-
sumption (2.22), and we can restrict the step size h so that

Coh?™ ' <, Cioh? ' <Gy, G’ ' <G, G <G, (2.39)

and the numerical solutions will never violate the conditions (2.22) on the considered interval.

3 Convergence of one-leg methods

A one-leg method (p, o) with the generating polynomials

kKo ko
p(Q) =) a', (@) =) B, (3.1)
i=0 i=0
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together with Lagrange interpolation polynomials of degree p applied to the problem
(2.1) reads

oyn = hf(oy,, oy, 02,), (3.2a)
0= g(Yntk), (3.2b)
where
k k
PYn = Z“iywri/ OYn = E,BiynJri/
i=0 i=0

k k
h h
OYp k= Z:Biynfkﬂ" 0zZn = Eﬁiznﬂ"
i=0 i=0

and yszﬂ' is given by (2.3).

Theorem 3. Suppose that the one-leg method (3.2) with the interpolation procedure (2.3) is
of order p, and is stable (p() = Z?:o ;¢ satisfies the root condition) and strictly stable at
infinity (the zeros of 0 () lie inside the unit disc |¢| < 1), and the initial values satisfy

yi—y(x)) =0,  zj—z(x;) =0MW), j=01,...,k—1, (3.3)
then this method applied to the system (2.1) is convergent of order p, i.e.,
Yo —y(x,) = OW), z,—2z(x,) =O(W), x,=mnh, n>k (3.4)

Proof. The proof process is similar to that of Theorem 2.

4 Numerical examples

Example 1 Consider the semi-explicit index-2 DDAEs

ya(x), 0<x<2,

y1(x) = =211 ()2
ya(x) = =3y /y1(3)y3(3) + 2z(x), 0<x<2 (4.1)
0= y1(x) —y3(x), 0<x<2,

the exact solution of the system (4.1) is

yi(x) =e %, yp(x)=—e*, z(x)=e¢ "
f-method (0 = 3/4 ) is applied to (4.1). Let yerrl(h) ,yerr2(h),zerr(h) denote the
global errors of the components y1,15,z at x = 2 for the stepsize h. We estimate the
corresponding orders pyl(h), py2(h) and pz(h) by

In yerrl(h) yerr2(h) zerr(h)

rr .. ln rr 2 nZBI’V'<1
py(h) = =455, py2(h) = =522, pz(h) = —E520
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Table 1: Numerical results (f-method, 0 = 3/4).

h yerrl yerr2 zerr pyl | py2 | pz

0.1 0.3700E —2 | 0.4798E —2 | 0.3989E —2 | 1.99 | 1.99 | 1.9

005 | 0.9310E —3 | 0.1200E —2 | 0.1001E —2 | 2.01 | 1.97 | 1.9

0.025 | 0.2309E —3 | 0.3044E —3 | 0.2510E — 3 | 2.03 | 2.02 | 2.01

0.0125 | 0.5640E —4 | 0.7465E — 4 | 0.6201E — 4

Example 2 Consider the semi-explicit index-2 DDAEs
n(@) =y, 0<x<2,
y2(x) = y1(3)ya(x) — 3yz(x)z°(x), 0<x<2 (4.2)
0=1-1y2(x)y2(x), 0<x<2, '
yi(0) =1, »(0)=1, z(0)=1,
the exact solution of the system (4.2) is
yi(x) =e%, ya(x) =e >, z(x) =¢"

To show the relevance of our theoretical results, we have applied the following two-
step one-leg method

Q) =282ty o) = o oE o @3)

with linear Lagrange interpolation. The symbols yerr1(h), yerr2(h), zerr(h), pyl(h),
py2(h) and pz(h) in Table 2 are defined in Example 1.

Table 2: Numerical results.

h yerrl yerr2 zZerr pyl | py2 | pz
0.1 0.3601E —2 | 0.4898E —2 | 0.7203E —2 | 1.99 | 2.02 | 1.96
0.05 0.9001E —3 | 0.1203E —2 | 0.1695E —2 | 2.00 | 1.97 | 1.98
0.025 | 0.2254E — 3 | 0.3065E —3 | 0.4271E—3 | 2.00 | 1.99 | 2.01
0.0125 | 0.0556E — 3 | 0.0768E — 3 | 0.1054E — 3

Tables 1 and 2 list the computing results of numerical examples, and the numerical
results confirm the corresponding theoretical results.

5 Conclusion

In this paper, we obtain some convergence results for linear multistep methods and
one-leg methods applied to a class of index-2 nonlinear variable-delay differential-
algebraic equations by using some proof techniques given by Hairer and Wanner [7].
When the delay is a constant and the used methods are BDF methods, these results are
consistent with those of BDF methods in the literature [12]. Therefore, the obtained
results extend the corresponding results in some references.
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