Commun. Math. Res. Vol. 36, No. 1, pp- 31-50
doi: 10.4208 /cmr.2020-0002 March 2020

Remark on the Lifespan of Solutions to 3-D
Anisotropic Navier Stokes Equations

Siyu Liang1'2'4, Ping Zhamgl'z”k and Rongchan Zhu®*

! Academy of Mathematics and Systems Science, Chinese Academy of
Sciences, Beijing 100190, China.

2 School of Mathematical Sciences, University of Chinese Academy of
Sciences, Beijing 100049, China.

3 Department of Mathematics, Beijing Institute of Technology, Beijing 100081,
China.

* Department of Mathematics, University of Bielefeld, D-33615 Bielefeld,
Germany.

Received 10 February 2020; Accepted 29 February 2020
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1 Introduction

In this article, we shall investigate the lifespan for smooth enough solutions to
the following 3-D anisotropic incompressible Navier-Stokes system:

ou+u-Vu—Apu=—Vp,
divu =0, (1.1)
uli=o=1uo,
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where Ay d:efa§+az, u designates the velocity of the fluid and p the scalar pressure
function which guarantees the divergence free condition of the velocity field.

Systems of this type appear in geophysical fluid dynamics (see for instance
[5,16]). In fact, meteorologists often modelize turbulent diffusion by putting a
viscosity of the form: —ppAy —pu393, where uy, and i3 are empirical constants,
and p3 is usually much smaller than py,. We refer to the book of Pedlovsky [16],
Chap. 4 for a complete discussion about this model.

We remark that for the classical Navier-Stokes system (NS), which corre-
sponds to (1.1) with A}, there being replaced by A=09%+093+03, Leray [12] proved
the global existence of weak solutions to (NS) in 1934. Yet the uniqueness and
regularity to such weak solutions are still open. In [6], Chemin and Gallagher
showed that: let 1y be a regular solenoidal vector field, then the classical Navier-
Stokes system (NS) has a unique regular solution on [0, T]. Let T* (1) be the max-
imal time of existence of this regular solution. Then for any € (0,1/4), a positive
constant C, exists so that

T* (1) = Cy[[uo|

NI= 2=

e (1.2)
In the special case when y= %, this type of result goes back to the seminal work of
Leray [12]. Lately the same type of result has been proved for 3-D inhomogeneous
incompressible Navier-Stokes system in [17] by the second author.

Considering that the system (1.1) has only horizontal dissipation, it is reason-
able to use anisotropic Sobolev space defined as follows:

Definition 1.1. For any (s,s') in R?, the anisotropic Sobolev space H**' (IR®) denotes
the space of homogeneous tempered distribution a such that

ol D [ lenlls @) P <co with & =(c1,8)

Mathematically, Chemin et al. [4] first studied the system (1.1). In particular,
Chemin et al. [4] and Iftimie [11] proved that (1.1) is locally well-posed with initial

data in L2NH%2"¢ for some ¢ >0, and is globally well-posed if in addition

||u0||i2||uo||;_02+£§6 (1.3)

for some sufficiently small constant c.
Paicu [14] improved the well-posedness result in [4,11] to be the critical case,
namely, with initial data in the critical anisotropic Besov space, which basically
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corresponds to e=0 in [4,11]. Chemin and the second author [8] introduced an
anisotropic Besov-Sobolev type space with negative index and proved the glob-
al well-posedness of (1.1) with initial data being sufficiently small in this space.
Paicu and the second author [15] improved further the global well-posedness re-
sult in [8] by requiring only two components of the initial data to be small in such
negative anisotropic Besov spaces. Lately Liu and the second author proved the
global well-posedness of (1.1) by requiring only one directional derivative of the
initial data to be sufficiently small in some critical spaces. One may check [13] and
the references therein concerning the recent progresses on the well-posedness of
this system (1.1).

The goal of this article is to extend similar result as (1.2) for the lifespan of
solutions to the classical Navier-Stokes system to the case of (1.1). The main result
states as follows:

Theorem 1.1. Let s = 2'y+% with v € (0,1/4). Let ug € H® be a solenoidal vector field
with dzug € H~YONH Y5, Then (1.1) has a unique solution u € C([0,T]; H**) with
Vau € L2((0,T); HY) for some T > 0. Moreover, if T*(ug) designates the lifespan of this
solution, there exists a positive constant C., so that

1 ) def
T*(ug) > Cyluols * with  [ug]; = |[utol|F0s+ 19310310+ 1931401 F-1s- (1.4)

Let us end this section with the notations that we shall use in this context.

Notations: Let A,B be two operators, we denote [A;B] = AB—BA, the commuta-
tor between A and B, for a <b, we means that there is a uniform constant C, which
may be different in each occurrence, such that @ <Cb. We shall denote by (a|b);2
the L?(IR®) inner product of a and b. We always denote (c/) scz t0 be a nonnega-

tive generic element of ¢?(Z) so that Y c7 = 1. Finally, we denote UT(Lﬁ(LZ)) the

space L"([0,T];LP (Ry, X Ry,;L9(Ry;))), and V}, def (0x,,0x,), divy, =0y, +0x,.

2 Littlewood-Paley analysis and product laws

In the rest of this paper, we shall frequently use Littlewood-Paley decomposition
in the vertical variable. For the convenience of the readers, we collect some basic
facts on anisotropic Littlewood-Paley theory in this section. Let us first recall
from [1] that

Ma=F e leha),  Sa=F ' (x(2 ¥ IGa)a),

i e el 2.1)
la=F e "Ie)a),  sja=F ' (x(27'|&))a),
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where ¢ = (,¢3), Fa and @ denote the Fourier transform of the distribution g,
and x (1), ¢(t) are smooth functions such that

Suppqu{TE]R/nggg} and Vt>0, Zq)(Z_kr):l,
kez

4
Supp XC{TG]R/ |T|§§} and X(T)-i—Z(p(Z_kT):l.
k>0

Next we recall the following anisotropic Bernstein inequalities from [8,14]:

Lemma 2.1. Let By, (resp. By) a ball of R? (resp. Ry), and Cy, (resp. Cy) a ring of RZ
(resp. Ry); let 1 <pp <pj; <ocoand 1<qy<qgq <oco. Then there holds

if Supp aC2"By, = ||o% a||Lp1 ) S2 G ”1)||El|| P20y

¢ 1_1
if Suppac2'B, = ||ax3a||Lp1 ) <2 <ﬁ 72 q1)||a\|L£1(ng);
if Supp ac2fC, = ||a||Lp1 Ly S2° N sup IIE)ﬁhaHLm(qu);
ja|=N m
if Supp ac2‘Cy = ||a||Lp1 iy S27 N oN a||Lp1 iy

Before preceding, we recall Bony’s decomposition for the vertical variable
from [2]:

ab=T)b+R"(a,b) with Tyb=Y_ Sy aA}b, RY(a,b)= ) AjaSj ,b. (22)
leZ leZ

Let us now apply the above basic facts on Littlewood-Paley theory to prove
the following laws of product:

Lemma 2.2. Let s€ (1,1), one has

1 1—1
HoSIIVhaHﬁoSIIbIILz 5ol FO

v

Ay (ab <c27%(||a
I87ab)] ¢ Se2(ll

1_1 1
+(llall 2l Vhall2)? 45(||aHHo,s||Vhﬂ||Ho,s)4s||b||Ho,s)- (23)

Proof. By applying Bony’s decomposition (2.2) in the vertical variable to ab, we
find
ab=Tyb+R"(a,b).
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Considering the support properties to the Fourier transform of the terms in T b,
we write

IAFTD) 4 S ) 1ISfaallpgoa [1A] bl
¢(Ly) |1 <5

Shallpes (X 187011
h

| j—¢| <5
Shallzs o IVnalli o (2 187152),
| j—¢| <5
from which, and
£l S W iz I, 1 <wmpﬂvmm 2.4)
h 1

We deduce that
1_1 1
HAZ(T;b)HLZ(L%)SCZZ_ZS(H‘ZHLZthaHLz)z 5 (llall gos ' Viall gos) 115l gos- (2.5
ViTh
Along the same line to the proof of (2.5), we infer

A7 (RY(a, D))l 4 < 157 2bll oo (12) 187 all 12 14
L% L}?) ]E;NO ]+ v( h) ] Lv(Lh)

ellsz (X 18%allze)

i>0—Ny

1 1 1
<lbll: * el o (X NAYal 206 Vaall s

j={—Np
1— L 1 1 .
Soll2 ZSHb\HOS\Iﬂllf_-Io,s\IVhaHﬁo,s Y. 27k
j>£—Ng
Notice that
(2" ¥ ) || Sitws2llalelest, (2.6)
. Ny Al
j>4-=5
we conclude that
1
/ s 3
IIAZ(RV(a,b))IILZ(Lg)<C 02" SHbHLz 5 ||b||HoS||a||1305IIVhallHoS (2.7)
viby

Combining (2.5) with (2.7) leads to (2.3). 0
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Remark 2.1. The proof of Lemma 2.2 also implies that

_ 1 1 1—4L
||AZ(ab)||L2(L%)§Ce2 €S<||a||Lgo(L§)||b||Ho,s+||a||§o,s||Vha||12405||b||Lz 2S||17||H05),
vy
2.8)

and

870, o Se (Ml oy 161105 + 1] 2o | Fnl . lbll a2 ) -+ 29)

h

Lemma 2.3. Let a=(a®,a®) be a solenoidal vector field. Then for any s € (%,1), one has

|(A7(a°93b)| A}b) L2|

Sej2” 2&(\|Vhahlle 25thahHHOsHbHHOSthbHHOS
1_1 1,1
1905 (1012100 l12) 2 (1] g0 | Vbl ) 4>. (2.10)

Proof. By applying Bony’s decomposition (2.2) in the vertical variable to a393b,
we write

a°93b="T%03b+R" (a°,03b).

We first deduce from the support properties to the Fourier transform of the
terms in RY(a®,03b) and Lemma 2.1 that

| (AY(RY(a°,03b))| AYD) 5|

S X 2N e 2l1S] obll 1) 1ATB Il 2 1
j>€—Ny

1 1
S Y ||AV33013||L2||17||2oo 1) ||Vhb||2oo @) [A7BI 72187 VRl 2,,
j>€—Np

which together with (2.4) and 9343 = —divy,a" ensures that
| (AY(RY(a%,03D))| AYD) |

Se2 (bl 2 1 Fmbl2) % (18l e 190l o) [Pl X 2
]>€ Np

2272 (|[bll 2 Vwbl12) F % (b1l 0+ | Vbl o) 2 [ V™ o, (2.11)

where in the last step we used (2.6) once again.



S. Liang, P. Zhang and R. Zhu / Commun. Math. Res., 36 (2020), pp. 31-50 37

To handle the term (A} (TY03b)| Ajb),,, we get, by using a standard commu-
tator’s process (see for instance [4]), that

N} (T,303b) =Sy 1a°93A7b+ )" [A];SY 1a°]03A7b
| j—t] <5

+ ) (S)44°—S5) 1a%)a3A7AYD. (2.12)
|j—2l <5

Corresponding to the first term in (2.12), we get, by applying (2.4) and diva =0,
that

1
|(SY_1a°03A7b)| Azb)Lz}:—\ (S)_103a°AYb| AYb), 2|
<Ha3a3||L°° L2) HAvaLz LY)
SthahHLg"(Lﬁ)HAZbHLZHAthbHLZ

Y hyl=2s %
S22 VR | = (Ve | B 6] os | Vib | s

Similarly, corresponding to the last term in (2.12), we get, by applying Lemma
2.1, that

| X (S14e7 51 1aY)0s07ATb|AYD)

| j—4 <5

< ) ||S},—1a3_SZ—1a3||L3°(Lﬁ)||83Azb||L%(Lﬁ)||Azb||L%(Lﬁ)

| j—¢| <5

4

S Z ||AV 3||L°° L2) 2 ||Avb||Lz 159

| j—¢| <5
S L 1187058 | iz 107D ] 12|87 Vibll 2

| j—4 <5

_ 1— 4 L
Sct2 2 Va1 = (V0[50 18] o [V | o
Finally let us deal with the commutator term. We observe that

Yo z;s]v_la3]a3A;b\Azb)L2\
| j—tl <5

S ) lAyis) qa ]asAVbH )HAZbHL%,(Lﬁ)‘

Y

| j—¢| <5 Ly
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Let hd:ef]:_lqo and i (z) d:efzh(z). Then again due to d3a° = —div,a", we find
|[A7;5]_10%]93A7b(xn,x3) |
—9f ‘ /Rh(zfys) (S}’_la3 (Xn,X3—Y3) — S]Y_1a3 (xXn,x3)) 93AYb(xp, X3 —y3)dy3 )
=2t ‘ /]R>< o y3h(2€y3)5f_183a3 (%, X3 —TY3)03A7 b(xp, %3 —y3)dTdys ‘

:‘/}R . 1}h1(2€y3)5}’_1divhah(xh,x3—Ty3)83A}’b(xh,x3—yg)drdy3‘.
>< 4

4
When |j—¢| <5, taking the L2(L}) norm to the above quantity gives rise to

v.Qv 3 v
1[A7;S] qa ]33A,b||L%(L§)

J4 . h
S 1R><[0,1]| hi(2%ys3)]| ||5}'_1d1vha (-,._Tys)HLgO(Lﬁ)H33A]Vb(-,-—y3)||L%(Lﬁ)dey3

:ZZHS},—ldthah('/')||L$,°(L}21)HA;’]bHL%(Lﬁ)/]R| h (2€y3)| dys3
1 1
SHVR" |12, 187 BI 2 11 A7 Vb -
Then by virtue of (2.4), we deduce that

‘ Y. |([A7:8]_1a%103A7b|AYD) |
j—l <5

_ 11—+ L
S22 Va2 E VR | 5o 101l os [ Vb s
As a result, it comes out
_ 1-L L
(A7 (T03b)| A7) 2| Sci2 72 ([ Via® || 2 Z [ Vaa™ | B, 6] gos [ Vibl| s
Along with (2.11), we complete the proof of (2.10). 0
Remark 2.2. The proof of Lemma 2.3 implies that
(87 (a°93b) | AVD) 1o
2272 (19 s ) 10 s | VD s

1
S

11 1,1
+ I Vha" | gos (16112 1V0Bl] 2) 2™ (111l 05| V|| o) > 45)- (2.13)
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3 Scaled L? energy estimate

Inspired by the lecture notes of Chemin [3], we are going to present a scaled
energy estimate for smooth enough solutions of (1.1). We remark that estimate
of this type was first proposed by Chemin and Plamchon in [7] for the classical
3-D Navier-Stokes system (see also [6]). The main result of this section states as
follows:

d d
Proposition 3.1. Let s € (3,1) and uy, ief etBhyg. Let u ief ur +w be a smooth enough
solution of (1.1) on [0,T*). Then for any t < T*, one has

l|w(t )|| +/Ot(s ||w(t’)||%2 ||Vhw(t/)||%z>dt, (3.1)

#s 4 (#)1+s ()3

<CotH (ol e+ 0l 10) o s exp (Cot ™5 (o . + w0l 1) ).

Proof. Due to u d:efw—ku L, by virtue of (1.1), w verifies
orw+ (up+w)-Vw+w-Vup —Aynw=—up-Vup —Vp,
divw =0, (3.2)
w |t—o=0.

By taking L? inner product of (3.2) with w and dividing the resulting equality
by #°, we find

lw®)[72y  sllw®l7  [Vew)][7,
Zdt( s >+§ e s
__ (W‘V;‘SLW)LZ _ (“L'V;LW’)LZ. (3.3)

In what follows, we shall separate the estimate of the terms on the right-hand
side of (3.3) with vertical derivative and without vertical derivative.
Notice that for any p>2, we have

AN 2 CHfHszthf“Lz/ (3.4)
Lh

from which, we infer
| (wh Vi | w),o| <IVnuell ey w|? 2
LZ(Lf )

2(1-3) = 2
<ClVnup]l oy llwll 2 ||Vhw||Lz<C||VhML|| (L ||w||L2+ IVhwl|?,
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In particular, taking p =4 in the above inequality gives rise to
1
[ (@" Vi | w L2\<C||thL||3w a0l +5 1 Vawlz
While observing that divw =0 and
} ot
112 ey < 1M E21193 £ 112
we deduce that
‘(wsa3“L| w)LZ} S||w3||L121(L3°)Ha3uL||Lf1°(Lg,) ]| 2
3|2 3|2
<llwl[ 7211950\ L2 195uL [l oo r2) ool 12
3 2 1 2
<CRstuL oz 012+ 5 | el

Finally applying Young’s inequality gives rise to

(ML-VML|ZU) 2 1-s wWilr2
‘ ; L ‘ <t ZSHML'vuL“LZHtleL
2

s > sllwll?
|ur,-Vur |72+ s

Inserting the estimates (3.5), (3.6) and (3.7) into (3.3), we achieve

g(\IW(t)Iliz)+g||W(t)\|iz+HVhW(t)Hiz
dt s 4 flts ts
[ HLz

4
<C(||VhML||L4 L +||33ML|IE?(L%)) +- 2~ Slug - Vur|3,

Applying Gronwall’s inequality gives rise to

lwtF. | rtys o) Vo) |,
ts +/o (AI (t')l+SL (t)s - )dt
2

t
<2 [ s Vun ()

5.J0

4
xexp(C [ (I () 1y g+ 150 (0) o ) ).

Let us now handle term by term in (3.8).

(3.5)

(3.6)

(3.7)

(3.8)
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Estimate of fo |thL(t")HL4 L) dt’

We first observe from Lemma 2.4 of [1] and Lemma 2.1 that

_ 192k 3k 4
LIV (Ol @t <C [ (D™ 2% ¥ 2 aaju),2)
keZ teZ

QW

dar’.

. Lg—L1 1
Yet it follows from Lemma 4.3 of [9] that F*(R%) < H, > (B3,), so that

4 _ _1
Y 25| APAYuo | 12 S ek K72 flug 4, (3.9)
VeZ

where (cg)ez is a generic element of £2(Z) so that Y yczc7 =1. As a result, we
obtain

/ 3 4
LIV )1y ot < [ (2229 o,
kez

On the other hand, it follows from Lemma 2.35 of [1] that

Sllp( Z tl—%zk(Z—S)e—CtZZk) defMS < 0.
>0 “kez

Hence we obtain
/ 4t N2 Ly 3
/ Vit (8 ' <CME / ()35 at g1,
<C, t ||u0||3 (3.10)

4
Estimate of fot||83uL(t’) 3 dat’

I 12

Notice that H*~ 10« [2 (Bzo_,zz)h/ we deduce from Theorem 2.34 of [1] that
t 3ur (), dt’
o ()1
t 1 t
< /2(5—1)/3// \1—s . 2_4¢
_(/0 (12 var)’ ( G 91 (¢, 2) Bt dz)
2571
d311p]|2 dz
(f 1os ol z) )

<Cst 3
<Cit™T ||a3u0||

wWIN

@IN

Es—10° (3.11)



42 S. Liang, P. Zhang and R. Zhu / Commun. Math. Res., 36 (2020), pp. 31-50

Estimate of fo )5 ug - Vur (¢))12,dt

We first get, by applying Holder’s inequality, that
! N1— h / /
= S () Bt
1
< ([ Iyt ([P0 V(1) g )

. 3 3
Observing that H5~ 10— L%(B 2), = L3 (B4 4”)p and thanks to Theorem 2.34
of [1], we infer

NI—

ST

t
([ PO () g )
! N\2(1 hy 4 ! %
<[ @212 e )

5H||tho(vz)\|(85_g) HL% S I Vio|| gs-10-
42 Jnh

Whereas we deduce from (3.9) that

ek ¢ 4
LIy o' 5 [ (e 2t 2 apayuol:)
keZ leZ
. 4
< [ e Dsup (T ()5 20 e
t>0 “kez
<Cst® H|ug || 1. (3.12)

As a result, it comes out
SV () e S 613)
Exactly along the same line, we have
L s () ade S ool lollee @14

By inserting the estimates (3.10), (3.11), (3.13) and (3.14) into (3.8), we achieve
(3.1). This finishes the proof of Proposition 3.1. ]
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4 The proof of Theorem 1.1

The goal of this section is to present the proof of Theorem 1.1. The key ingredient
will be the following proposition:

Proposition 4.1. Let s€(1/2,1) and w be a smooth enough solution of (3.2) on [0,T*).
Then for any t <T*, we have

d
Tl s + Vi o
<||VuL||HoS+C(I|83uLIILoo 12) ||uL||HOSIIWI|HoS
+ ([l e 1 +||Vh“L||230(L2)"‘HaB”LHEﬁo(Lz ) (el 0.+ lluzllos)

2(2s+1)

2s
+[|Vinawl|72 UIWHEOQ+(HuLHHo,sHWHHo,s)ZS*l+||ZU|| ellwl g D- (4.1)

Proof. By applying the operator A} to (3.2) and then taking L? inner product of
the resulting equations with Ajw, we find

1d
Ed_ | Ayw(t) ||22 + ||A"Vhw||%2

— (A ((uL+w)-Vw)|Ajw) 2
—(AY(w-Vup)|Ajw) 2 — (A7 (up -Vur ) |[Ajw) 2. 4.2)

Let us now handle term by term in (4.2). We first observe that
(87 (w- Vo) |AYw) 2 = (A (™ Vi) [Aw) |+ (8} (w*dsw)|Afw)
Applying Lemma 2.2 yields

’(AZ(wh-Vhw)Nw)Lz’SIIAZ(wh'Vhw)” s 18vell ey

L3(Ly)

1 1
N 1 1
Sllay(w -VhW)IILZ(L4 A7l L2 1A Vil

v h

Y + 1-
S ()2 2S(HwHHosHVhwllHo?IIVth g

1_1
JrIIWII;IofsIIVhWIIIi,o;‘S(IIWIIL2IIVhw||L2)2 ‘“)
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Applying Lemma 2.3 to (A} (w>d;w) |A}w) |2 gives rise to the same estimate. There-
fore, we achieve

- + S 1 S
| (A (w- V) |Ajw) 2| Sc(+)2 %S(HwHHOSHVthHOsZ IVhwll > g

3t R -+
|l 208 VRl 70 (Il 2 Vil 2) )

which implies that
+ S
Y 2265 (AY (- Vo) [ A 0) 2| S0 gos | Viol] Ly [ Vol oh
leZ

1ol T
ol (el Vel 12) 2 | Tneol 3 5.

Applying Young’s inequality gives rise to

) 224s (A} (w-Vw)|Ajw),|
leZ

<C(||w|

2(1+Zs)

2+l r2llwll )||VhW||%z+ Va0, (4.3)

HOs HOs

Similarly, we write
(87 (1 V) | A w) 12 = (A (] - Vo) [ A ) L (87 (ufd5) A ) .
By applying the law of product (2.8), we get

[(AY (! - V)| Abw) 2] §||AZ(u1L1-Vhw)||L2(L% ||Azw||L%(L4)

v h)
Scz(t)T”S(HuLHLw L) HwHHOSHVthHoS

b4
| Vil 32 ).

|Vh1/lL || HO.s

Vheoll2 ]

HOs| HOs| HOs|

Whereas applying the law of product (2.13) gives
} (AZ(u%agwﬂ Ajw) LZ}
S22 (Ve g 2) 1l gos | el o

1,1
19zl gos (121 Vraoll 2) ™ (ool o | Vo]l s 45)-
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As a result, it comes out
|(A] (ur-Vw)|Ajw),|

—21
Sep(h)272 S(\IuLHLoo 1) HwHHOs||vthH0s+thuL||L°° w2y Il gos [ Vel gos

+||uL||HoS||thL||HoS||VhW||L2 IIWIIHOS||Vhw|I§ofs

N|—

1
+E).

1_1
+ VL gos ([lewll 2l Vil 2) % ([lewl] gos [ Viw]l o)
Then we get, by a similar derivation of (4.3), that

22285‘(&5(% -Vw)|Ajw), ]|
leZ
2(25+1)

2s T/
SC(WWH%z[(IIuLHHo,sHWHHo,s)2“+HW\Izz\IWHJSQ1 ]

+ (190 By Nt ) 0l )+ 5 (100 g IV ). (49

To handle the last terms in (4.2) mvolvmg horizontal derivatives, we apply
Remark 2.1 to get
(A} (w -Vyur)|Ajw) 2|
<[|A7(@-Vrun)|l 187wl g4y

L3(Ly)

S22 (| Ve | 2y 10l s | Vo

1
+ (w2 Vil 2)? 4S(||w||H05||Vhw||HOS)2 4s||vhuL||H05)/

v

and
|(A] (ug -Vyup)|Ajw),.| §||AZ(”L'thL)”Lz(Lé HAZwHL%(L4)
v h

-2/
S22 (|| Vit [ 12 ||uL||HoS||vhuL||HOS

e sy | Dt s ) N s | P
Then a similar derivation of (4.3) gives rise to

Y- 225 |(A] (w- Vyup) [Afw) 2|
leZ
2(25+1)

<c(||vhuL||2w 2 010+ l0l122 [ Veo| 2. [ i)

g(”vthHOs+||vhuLH?-'[0,s)/ (45)
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and

Y 225| (A (ug -V )| Ajw) 2 |
le

<c(<uuLu4w ) H IVt e o 10l 2o V0 B 12 10210
(“vthHOs"’||Vh”L||%qo,s)- (4.6)
To handle the last two terms in (4.2) involving vertical derivative, we need the
following lemma:

Lemma 4.1. Let a= (a®,a®) be a solenoidal vector field. Then we have

(83 @0su1) | 875 | S22 (1% o 19318 o 9] 2. | T

HOs| HO.s

+||a3”L||Lﬁ°(L%)||a3||H0s||vhah||H0s||b||H0fS)' 47)

Let us postpone the proof of this lemma till we finish the proof of this propo-
sition.
Applying (2.4) and Lemma 4.1 yields

(A (@ -95u1) |8} w) 2
<302 (1Pt ) 101 s | V20" s

1,1
+ (|0 2| Vaw? | 12) 2 4s||a3uL||H05(“w“HOS“VthHOS)2 45>,

and

(83 (3osun) 1830) |02 (11l 1) 1P o [0 [ Ve

al L TR ||uL||HOs||vhuL||HOs||w||HO/S>'

Then a similar derivation of (4.3) gives rise to

Y 2% (A} (D) A7) |

leZ
310 ) 2(2s5+1)
<C (st o0 B+ 120 2| Vo B el )

1
(||a3uLHH05+thw||H0s) (4.8)
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and

L2 (80 |8}) |
4S

4 2 4
<C W 101305+ 13300 ) I 01 .

1
+ g (IVhtee[Fos + Vi o + 119314170 ) (49)

Multiplying (4.2) by 22/ and summing up the resulting inequalities over £ € Z,
and then inserting the estimates (4.3), (4.4), (4.5), (4.6), (4.8) and (4.9) into the
resulting inequality, we obtain (4.1). This completes the proof. O

Proposition 4.1 is proved provided that we present the proof of Lemma 4.1.

Proof of Lemma 4.1. We first get, by applying Bony’s decomposition (2.2) in the
vertical variable a393u;, that

a383uL = T;’383uL +RY (a3,83uL).

Considering the support properties to the Fourier transform of the terms in T% 031,
a
we infer

(87 (Tidaun) | 870) 2| S B 1157167l ugy 18] sz |87 3o
=<5

1 1
S 2 el 187 9sur || 2 1A BN 11 AT Vb
j—¢|<5
1 1
s Vbl

Y 1
S22 18 | oy 193 [ s [1] £+

3:

Along the same line, due to d3a° = — divy,a", we deduce that

’ (AZ(RV(a3,33uL)) | AZb) 12

S ) ||A]Va3||L§(Lgo)H5]Y+za3uL||L;°(Lg)||AZb||L2
j=£—No

1 1 1 1
S Y 1@ 151187 050% | 22 10sun | o 12y | AT DI 187 Vib ] 2

)

j={—Np

1
V0" |0 1B 0.

1
-2/ 5
Sei2 20 0suLll Loz e[ o

This leads to (4.7). O
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Now we are in a position to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. The local well-posedness part of Theorem 1.1 has been proved
in [4,11]. Let us denote T*(1) be the maximal existence of such a solution. It re-
mains to prove (1.4). Indeed, we first get, by a similar derivation of (3.10) that

4192k I3 2
/||thL 2 e t<C/ 129k Y 28| AR AYuo||12) dt
keZ leZ
; 2
<c/ () 2dt o sup (1 e/ (1)imi2H3 )
t'el0,t] “keZ
<Cot 2 ||ug |2 (4.10)
Now let us define
T Esup { T < T* (up); D200+ 1 V00l 00 ) < 4ut0)
supq T<T*(u9); sup (Ilw(t) |50 h0I72 sy ) < 4{uol;
0<t<T
. def
with  [10]2 = [Jug|| 30 + 19510|36 1.0+ 19314011 .- (4.11)
Then for t <T7, by virtue of (3.11) and (3.12), we have
/ ||33ML||Loo 12) IIMLIIHOSIIWIIHOSdt <Cs s 10[”0]5/ (4.12)
and
! 4 2 3
ey 1V B g2+ 1930 g2 s+ s
251y, (14 25 3 s—1
< Co (5 o e+ 57 Do S5 1t ) 1] (4.13)
In order to deal with the integral of the last term in (4.1), we define
1
Ti‘d_efmm (Tl, [110]s ”) (4.14)
Then for t <T}, we deduce from Proposition 3.1 that
w Viyw
| ( / | ht,() )Hdet "< CHT 2[uo]4. (4.15)
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As a result, we find

2(2s+1)

t 2s
/OHVth% HwHHoS (el gos o]l gos) =7+ [feo] z||w||HoS Jat’

2001 \w)ﬂ\| uvhw
<c(rti e mp EgE) [ G i
1252
sq#%WP“+ﬁ1[% )mﬁ (4.16)

Lets=1+2v for y€(0,1/4), for t< Ty, by integrating (4.1) over [0,¢] and then
inserting the estimates, (4.12), (4.13) and (4.16), into the resulting inequality, we
obtain

o (B)os + 11 Va2 o)

<2||uo |30, + (103140171,
Lty

1+
+@OTM@+WWﬁ+F?[]”+W&WM Sl @17)

Therefore as long as ¢ is sufficiently small in (4.14), we deduce from (4.17) that

w0 (B)1Fos +1IVaw 72 gosy <3[uols for +<T5. (4.18)

Then a standard continuous argument shows that T} > €[ug)];
clude that

1
7. Hence we con-

T* (ug) > €lug]s

==

This completes the proof of Theorem 1.1. O

Acknowledgments

S. Liang is grateful to the financial supports of the DFG through IRTG 2235.
P. Zhang is partially supported by NSF of China under Grants 11371347 and
11688101, and innovation grant from National Center for Mathematics and In-
terdisciplinary Sciences.



50 S. Liang, P. Zhang and R. Zhu / Commun. Math. Res., 36 (2020), pp. 31-50

References

[1] H. Bahouri, J.-Y. Chemin and R. Danchin, Fourier Analysis and Nonlinear Partial Dif-
ferential Equations, Grundlehren der mathematischen Wissenschaften, 343, Springer-
Verlag, Berlin-Heidelberg, 2011.

[2] J.-M. Bony, Calcul symbolique et propagation des singularités pour les équations
aux dérivées partielles non linéaires, Ann. Sci. Ec. Norm. Supér., 14 (1981), 209-246.

[3] J.-Y. Chemin, Anisotropic phenomena in incompressible Navier-Stokes equations,
Lecture notes in the Morningside Center of the The Chinese Academy of Sciences,
2018.

[4] J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier, Fluids with anisotropic vis-
cosity, M2AN Math. Model. Numer. Anal., 34 (2000), 315-335.

[5] J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier, Mathematical Geophysics. An
introduction to rotating fluids and the Navier-Stokes equations. Oxford Lecture Series
in Mathematics and its Applications, 32, The Clarendon Press, Oxford University
Press, Oxford, 2006.

[6] J.-Y. Chemin and I. Gallagher, A non-linear estimate on the life span of solutions of
the three dimensional Navier-Stokes equations, Tunis. J. Math., 1 (2019), 273-293.

[7] J.-Y. Chemin and F. Planchon, Self-improving bounds for the Navier-Stokes equa-
tions, Bull. Soc. Math. France, 140 (2012), 583-597.

[8] J.-Y. Chemin and P. Zhang, On the global wellposedness to the 3-D incompressible
anisotropic Navier-Stokes equations, Comm. Math. Phys., 272 (2007), 529-566.

[9] J.-Y. Chemin and P. Zhang, On the critical one component regularity for 3-D Navier-
Stokes system, Ann. Sci. Ec. Norm. Supér., 49 (2016), 131-167.

[10] H. Fujita and T. Kato, On the Navier-Stokes initial value problem I, Arch. Ration.
Mech. Anal., 16 (1964), 269-315.

[11] D. Iftimie, The resolution of the Navier-Stokes equations in anisotropic spaces, Rev.
Mat. Iberoamericana, 15 (1999), 1-36.

[12] J. Leray, Essai sur le mouvement d"un liquide visqueux emplissant 1'espace, Acta
Math., 63 (1933), 193-248.

[13] Y. Liu, M. Paicu and P. Zhang, Global well-posedness of 3-D anisotropic Navier-
Stokes system with small unidirectional derivative, arXiv:1905.00156.

[14] M. Paicu, Equation anisotrope de Navier-Stokes dans des espaces critiques, Rev.
Mat. Iberoam., 21 (2005), 179-235.

[15] M. Paicu and P. Zhang, Global solutions to the 3-D incompressible anisotropic
Navier-Stokes system in the critical spaces, Comm. Math. Phys., 307 (2011), 713-759.

[16] J. Pedlosky, Geophysical Fluid Dynamics. Berlin-Heidelberg-NewYork: Springer, 1979.

[17] P. Zhang, Global Fujita-Kato solution of 3-D inhomogeneous incompressible
Navier-Stokes system, Adv. Math., 363 (2020), 107007.



