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Abstract. In this paper, we analyze an interior penalty discontinuous Galerkin method
for solving the coupled Cahn-Hilliard and Navier-Stokes equations. We prove uncon-
ditional unique solvability of the discrete system, and we derive stability bounds with-
out any restrictions on the chemical energy density function. The numerical solutions
satisfy a discrete energy dissipation law and mass conservation laws. Convergence of
the method is obtained by obtaining optimal a priori error estimates.
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1 Introduction

The Cahn-Hilliard-Navier-Stokes system strikes an optimal balance in terms of thermo-
dynamical rigor and computational efficiency for modeling immiscible two-phase flow.
The model that belongs to the class of diffuse interface or phase-field methods, has been
used in physics, chemistry, biology, and engineering fields. In recent years, driven by the
major developments of numerical algorithms and by increased availability of computa-
tional resources, direct numerical simulation of Cahn-Hilliard—-Navier-Stokes equations
has become increasingly popular [1, 14,16, 25,27,30].

This paper is devoted to the numerical analysis of an interior penalty discontinuous
Galerkin method for the coupled Cahn-Hilliard and Navier-Stokes equations in two and
three dimensional domains. The class of discontinuous Galerkin methods belongs to the
class of locally mass conservative numerical methods. In addition, local mesh refinement
with hanging nodes and high order approximation are easily handled by these meth-
ods. The unknowns are approximated by discontinuous piecewise polynomials. For the
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Cahn-Hilliard-Navier-Stokes system, the unknowns are the order parameter, the chem-
ical potential, the fluid velocity and pressure. We prove existence and uniqueness of the
discrete solution and we show stability of the scheme for any chemical energy density
function. At the continuous level, the physical quantities satisfy an energy dissipation
law, and at the discrete level, we show the energy decreases with time. Similarly, the
solutions satisfy global and local mass conservation because of the use of discontinu-
ous approximation spaces. A priori error estimates show convergence of the numerical
method with optimal rates.

The convergence analysis of continuous finite element method for the Cahn-Hilliard-
Navier-Stokes model has been extensively investigated. In the work of Feng [12], con-
tinuous P, —IPy elements are used for the approximation of the velocity and pressure
whereas continuous IP, elements, for r>1 are used for the approximation of the chemical
potential and order parameter. Convergence of the solution is obtained via a compact-
ness argument. Kay, Styles, and Welford in [24] analyze semi-discrete and fully discrete
finite element schemes in two-dimensional computational domains. Under a CFL-like
condition, they obtain a priori error estimates for the semi-discrete method and a con-
vergence proof based on a compactness argument for the fully discrete scheme. Diegel,
Wang, Wang, and Wise in [9] analyze a second order in time mixed finite element method,
based on Crank—Nicolson method. Continuous IP, elements are used for the chemical po-
tential, order parameter and pressure whereas continuous [P, are used for the velocity
with any positive integer r. The work contains unconditional energy stability and optimal
error estimates. In [5,22], a projection method is used to handle the Navier-Stokes equa-
tions. Han and Wang introduce a second order in time method and show unconditional
unique solvability of the algorithm. The work [22] does not contain any theoretical proof
of convergence of the solution. Cai and Shen obtain unconditional unique solvability, de-
rive error estimates and show a convergence analysis based on a compactness argument.
In [5], both chemical potential and order parameter are approximated by continuous IP,
elements and the velocity and pressure are approximated by a stable pair of finite element
spaces. In addition of using continuous finite elements in space, all the works mentioned
above assume a special form of chemical energy density, namely a double-well potential,
also called Ginzburg-Landau potential. The coupling term in the momentum equation
of the Navier-Stokes system may take several forms, that are equivalent at the continu-
ous level but that yield different numerical schemes at the discrete level. We note that
in [5,9,12], the coupling term is the product of the chemical potential and the gradient
of the order parameter. In the other works [22,24] as well as in our present work, the
coupling term is the product of the order parameter and the gradient of the chemical
potential.

To the best of our knowledge, this work is the first theoretical analysis for a fully
discrete interior penalty discontinuous Galerkin scheme of the Cahn-Hilliard-Navier—
Stokes system. However, the literature on numerical methods for solving the Cahn-
Hilliard equation (resp. the Navier-Stokes equations) is abundant. Finite element meth-
ods and interior penalty discontinuous Galerkin methods have been employed for each



106 C. Liu and B. Riviere / CSIAM Trans. Appl. Math., 1 (2020), pp. 104-141

equation separately. We refer the reader to [2,11, 13, 23] for the error analysis of Cahn—
Hilliard equations and to [18-21, 33] for the Navier—Stokes equations, as well as the ref-
erences herein.

The outline of the paper follows. The mathematical model and related analytical
properties are described in Section 2. The numerical method and analysis, including
the proof of unique solvability, stability analysis, and error analysis are addressed in
Section 3. Conclusions are given in the last section.

2 Mathematical model

Let Q C R, where d =2 or 3, be an open bounded polyhedral domain and let n denote
the outward normal of (). The unknown variables in Cahn-Hilliard—Navier-Stokes equa-
tions are the order parameter c, the chemical potential y, the velocity v, and the pressure
p, satisfying:

dic—Au+V-(cv)=0, in (0,T)xQ, (2.1a)
u=®'(c)—xAc, in(0,T)xQ, (2.1b)
0iv+v-Vo—pusAv=—-Vp—cVy, in(0,T)xQ, (2.1¢)
V.v=0, in (0,T)xQ. (2.1d)

Egs. (2.1a) and (2.1b) represent the mass conservation equations for two components. The
order parameter c can either be a volume or a mass fraction of one of the two components
c1, ¢p or the difference between mass fractions. In the former case, for instance c=cy, from
the definition of the fraction it is straightforward to see that c belongs to the interval [0,1].
In the latter case, for instance ¢ =cj —c¢5, due to the constraint ¢; +c¢, =1 we have ¢ in the
interval [—1,1]. The parameter « is a positive constant, which depends on the width of the
interface between the two phases. The function @ is a scalar potential function, also called
chemical energy density. Egs. (2.1c) and (2.1d) are the momentum and incompressibility
equations respectively. The positive parameter y; is the fluid viscosity. For our model
problem, the following boundary and initial conditions are added:

Ve-n=0, on (0,T)x0Q, (2.1e)
Vu-n=0, on(0,T)x0Q, (2.1)
v=0, on(0,T)x0Q), (2.1g)
c=c’, in{0}xQ, (2.1h)
v=2" in {0} xQ. (2.14)

The pressure p is uniquely defined up to an additive constant. To close this system, we
assume the mean pressure on () is zero:

/Q p=0. 2.1j)
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Remark 2.1. The second term on the right-hand side of (2.1c) expresses the capillary
stress tensor. At the continuous level, equivalent definitions to this term are the form
—V-(Vce®@Ve) or the form uVe [3,10,12,28].

In the rest of this section, we briefly summarize some well-known analytical proper-
ties of Cahn-Hilliard—-Navier-Stokes model.
Well-posedness. A weak formulation of the Cahn-Hilliard—-Navier-Stokes system (2.1)

is proposed as: find the quadruple (c, y,v,p), where

ceL®(0,T;H'(Q))NL*(0,T;L°(Q)), nel?(0,T;H'(QQ)),
ve L*(0,T; HY(Q))NL™(0, T; L*(Q)Y), pel?(0,T;L3(Q)),
9iceL*(0,T;H 1(Q)), 9wel?(0,T;H 1(Q)%),

such that fora.e. t€(0,T),

VxeH'(Q), (2.2a)

(9re, x) + (Vi Vx) = (cv, Vx) =0, (

0, YecHY(Q), (2.2b)
0,

0,

(1, 9)— (¥ (), 9) —x(Ve, Vo
(040,0)+(v-Vv,0)+us(Vo,VO)—(V-0,p)+(c0,Vu
(V-v,¢

VOcH(Q)Y, (2.2
VocL3(Q), (2.2d)

)
)
)
)

with initial data

c(0) € {ce H*(Q)): Vc-n=0, on dQ},
v(0) € {ve H{(Q): (V-v,4¢)=0, Vo L3(Q)}.

The L? inner-product is denoted by (-,-) and the duality pairing by (-,-). Standard no-
tation is used for the Sobolev and Bochner spaces and we recall that L3(Q)) denotes the
space of L? functions with zero average. The existence of the weak solution to (2.2) fol-
lows the argument in [9]. A generalized version of Cahn-Hilliard-Navier-Stokes model,
in which the deformation tensor &(v) is employed and the capillary stress tensor related
term is expressed as —V-(Vc® V), is studied in the case of periodic boundary condi-
tions in [28].

Mass conservation. Let ¢y denote the mass average at time f(. The solution of the model
problem (2.1) enjoys the global mass conservation property [15].

Lemma 2.1. The order parameter c is globally conserved, i.e., for any t € (0, T), we have

1l Ja" Qo "
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Energy dissipation. Benefitting from the boundary conditions (2.1e)-(2.1g), the Cahn-
Hilliard—-Navier-Stokes model (2.1) is an energy dissipative system. Analysis of a similar
model can be found in [32]. Define the total energy as the sum of kinetic energy and of
Helmholtz free energy, as follows

(1 K 2
F(c,v)—/ﬂihfl +/Q<q>(c)+§|vc| ). 2.3)
Then one can show the following result [16].

Lemma 2.2. The total enerQy is decreasing in time, i.e., d;F(c,v)(t) <0 for any t € (0,T). We
have the identity

d /1, Koo |

Chemical energy density. The chemical energy density ® may take several forms. Two
popular expressions of ® are the Ginzburg-Landau double well potential [29],

®(c)= }1(1+c)2(1—c)2, ce[-1,1], (2.50)

and the Flory-Huggins logarithmic potential [4],

P(c)= g ((1+c)log (%) +(1—c)log (%)) +%(1—c2), ce]-1,1[, (2.5b)

where the parameters ¢ and . are positive constants. For some choices of the parameters
¢ and 9., the minimum of this potential may take negative value (see Fig. 1).

Convex-concave decomposition. Any C? function can be decomposed into the sum of a
convex part and a concave part [35]. We write

P(c)=D4(c)+D_(c), (2.6)

where @ is a convex function and ®_ a concave function. Although the convex-concave
splitting for any C? function always exists, the decomposition is not unique. We present
two examples of splitting for the chemical energy density:

i. Convex-concave splitting for the Ginzburg-Landau potential:

1

2
5

@ (0)=3(1+c), @ ()=

ii. Convex-concave splitting for the Flory-Huggins potential:

1—c

D, (c)= g ((1+c)log (%) +(1—c)log<T)>, P_(c)= %(1—c2).
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Figure 1: Top: the Ginzburg—Landau potential (2.5a) is plotted in red and the quadratic extension (2.7a) is
plotted in blue. Bottom: the Flory—Huggins potential (2.5b), parameters ¢ =1500 and d.=3000, is plotted in
red and its regularized form (2.7b) is plotted in blue.

Regularization. In order to have a well-defined function for any real values of ¢, it is
common practice to regularize the chemical energy functions. For instance, Cai and Shen
in [5] introduce a global-C? extension for the Ginzburg-Landau potential (see Fig. 1) as
follows

(c—1)2 ifc>1,
Dregarlc) = § 1(140)*(1—c)? if —1<c<1, (2.7a)
(c+1)2 if c<—1.

Since it is easy to obtain a convex-concave splitting of ®ocr, we omit the details for
simplicity. Another example is the quadratic extension of the Flory-Huggins potential
[4,8,34]. Here, for the logarithmic potential, we introduce a quadratic extension for any
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small number 0 <e <1 (see Fig. 1) as follows

q)reglog(c)
D(1—€)+P' (1—€)(c—14€)+3PD"(1—€)(c—1+¢€)? ifc>1—¢,
=4 ®(c) if|c|<1—e¢, (2.7b)

D(—1+€)+@' (—1+€)(c+1—€)+5D"(—14€)(c+1—€)? ifc<—1+e.

The function @ g1, is a C? function on (—o0,+00) and an example of convex-concave
splitting is

CI)reglog,—&-(c)
D, (1—€)+ D,/ (1—€)(c—1+€e)+ 3P, " (1—€)(c—1+€)? ifc>1—¢,
=1 ®, (c) if |[c|<1—¢,

D, (—1+e)+ D (—1+€)(c+1—€)+3P " (—14€)(c+1—€)® ifc<—1+e,

<I)reglog,f (C)
D_(1-€)+P_"(1—€)(c—1+€)+3P_"(1—€)(c—1+¢)? ifc>1—¢,
=4 D_(c) if [c|]<1—e¢,
O_(—1+e)+P_/(—1+€)(c+1—€)+1D_"(—14€)(c+1—€)* ifc<—1+e.

In this paper, we consider the Cahn-Hilliard-Navier-Stokes system with regularized
chemical energy density, ® € C*(R).

3 Numerical analysis

In this section, we introduce an interior penalty discontinuous Galerkin method for the
Cahn-Hilliard-Navier-Stokes system and analyze its numerical properties. These in-
clude unique solvability of the scheme, global and local mass conservation, energy dissi-
pation, stability and error bounds.

3.1 Preliminaries

Domain and triangulation. Let T,={E;} be a family of conforming nondegenerate (also
called regular) meshes of the domain (). The parameter / denotes the maximum element
diameter. Let I';, denote the set of interior faces. For each interior face e € I', shared by
elements Ey- and Ej+, with k= <k™, we define a unit normal vector #, that points from
Ei- into Ei+. For a boundary face ¢, i.e., e=0dE;- N0d(), the normal n, is taken to be the
unit outward vector to d0). We also denote by ng the unit normal vector outward to the
element E. The natural spaces to work with DG methods are the broken Sobolev spaces.
For any real number r, we introduce

H'(Ty)={weL*(Q): VEET),, w|p€H'(E)}.
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The average and jump of any scalar quantity w is defined for each interior face e €I’ by
1 1
{w}e= 5 w’Ek,‘i“E wlg, [w]fe = wlg, —wlg,, e=0Ex NOEg:.

If e belongs to the boundary 0(), the jump and average of w coincide with its trace on e.
The related definitions of any vector quantity in H'(7,)? are similar [31].

DG forms. We introduce the forms
a4 H(Ty) x HA(Ty)? x H(T;) =~ R,
ac:HA(Ti)" x HA(Ty) " x H(Ty) " x HA(Ty)* = R,
ap:H*(Ty) x HX(Ty) — R,
ac:H*(Ty)" x H*(Ty)" = R,
bp:HY(T,) x H2(T;)* =R,
br:H*(Ty) x HX(Ty) x H*(Ty) = R,

corresponding to the DG discretization of the advection term V- (cv), convection term
v- Vo, scalar elliptic operator —Ac, vector elliptic operator —Av, pressure term Vp, and
capillary stress tensor term —cVy, respectively:

aslcox)=—Y /Ecv-V)ﬁ— Y. [{cHon}x], (3.1a)
EE€Ty, ecl,”¢
ac(w,v,z,ﬂ):E;I(/E(U.Vz).0+/aEw|{v}.nE|(zint_zext),eint)
1 1
+§E§%/E(v-v)z-e—§een§m [o-n){=-0}, (3.1b)
ap(c,x)=EGZT’I/EVC-V)(—EEZFh/e{VC-ne}[x]
(0
- L [(Viend+ 5 L [kl (310
ae(v,0)= Y /Ew;ve— Y [{Von}-[]
ECT, ecT, U0 €
- ¥ [ivenyl+T ¥ [lo]le) (3.1d)
ecT U0 € ecT,Uo0 " €
br(p0)== Y [pV-0+ ¥ [{p}o-nd, (3.1¢)
EeT;, ecT,UdQ” €
br(c,u,0)=— ), /E cVu-0+) [{cHul{6-n}. (3.1f)

EET, ecl’,”¢



112 C. Liu and B. Riviere / CSIAM Trans. Appl. Math., 1 (2020), pp. 104-141

In (3.1b), the set JEY is the inflow part of JE, defined by
Y={xcoE:{w} -ng <0},

and the superscript int (resp. ext) refers to the trace of the function on a face of E coming
from the interior of E (resp. coming from the exterior of E on that face). In addition, if the
face lies on the boundary of the domain, we take the exterior trace to be zero. For more
details related to (3.1b), we refer the reader to [19]. The derivation of these DG forms is
given in [31]. We recall that since we use symmetric bilinear forms the penalty parameter,
o, has to be chosen large enough.

3.2 Numerical scheme

DG scheme. Uniformly partition [0, T] into N subintervals and let T be the time step.
For any fixed positive integer g € IN, the set IP;(E) denotes all polynomials of degree at
most g on an element E. Define the following broken polynomial spaces

Sp={wel*(Q): VE€T,, w|€Py(E)}, My=S5,NL5(Q),

Xy ={0€L*(Q)?: VEET;, 0|y €P,(E)‘}

Qu={weL§(Q): VEET,, w|€Py_1(E)},

V= {(—)exh: V(PE Qun, bp((,b,e) :0}
We employ the implicit Euler method with Picard’s linearization for temporal discretiza-
tion. The fully discrete mixed convex—concave splitting DG scheme reads:

Forany 1<n<N, given ¢}~ les, and vZ’l €Xy, find (¢}, 1y, v}, pf) € S x S x X x Qp
such that

(6cch, x) +ap(ujp,x)+aalcy ™ oix) =0, VxS, (3.2a)
(P4 (i) +P-" (e )/¢)+KQD(Ch/ )= (@) =0, VoS, (3.2b)
(6:0}1,0) +ac (v, 07", 0}1,0) + psac (v}, 0)
+bp(pj,0)—bz(ci ' pup,0)=0, VOEX,, (3.20)
bp(p,0)=0, Ve Qs (3.2d)
Here, 6, denotes the backward finite temporal difference operator:
h—ch |

b C) =
Tvh — T

The initial data ¢) and o) are accurate approximations of ¢ and v° respectively. For
instance, we choose o) as the L? projection of v° into X and we choose ¢) =P;,c’, where
Pp:H?(T,) — Sy is the elliptic projection operator:

ap(Pyc—c,x)=0, Vxe€S,, withconstraint (Pyc—c,1)=0, (3.3)
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Operator properties. Throughout this paper, the norms ||-||pg for any scalar quantity
c€ HY(T,)NL3(Q)) and for any vector quantity v € H!(7},)? are defined as follows

g
VeeH'(Th), lelbe = 3 1Vellfae)+5 2 eIz

E€T, ecl’y
o
YoeH'(T))", |olde= Y IVoliag+y L N0l
E<T), ecl,UoQ)

The spaces H'(7;,)NL3(Q) and H'(T;,)? equipped with above energy norms ||| pg are re-
flexive Hilbert spaces. We recall the extension of Poincaré’s inequality for discontinuous
polynomial spaces.

Lemma 3.1 (Poincaré’s inequality [17]). For each p <6 when d=3 or p < oo when d=2, there
exists a constant Cp > 0 independent of mesh size h such that

1
I~y JoX e <Crliloa, VxS

We also have
16y () <Cpll0llpc, VOEX,.

Many of the DG forms above satisfy important properties that are used in the analysis
of our scheme. Below, we recall several well-known results and provide a brief proof for
the boundedness of a4. We omit the other proofs for the sake of brevity — for details
see [6,20,31].

Lemma 3.2 (Boundedness of a4). There exists a constant C., > 0 independent of mesh size h
such that for all c,x in Sy, and v in Xy, the following bounds hold:

a4(e,0.2)1 <, (llellos +| [ ¢|) oo xlloe, (3.42)
0402016 (lleloa+1 [ el) ol el Ixloc. (3.4b)

In particular, for all c in My, x in Sy, and v in X, the first inequality above implies

laa(e0,0)[ < Cyllellpg[@llpcllxllpe-

Proof. Using Holder’s inequality and Cauchy-Schwarz’s inequality we have

Nl—=

B e srl= (B et (B otee) (5 170)'

E€T,
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Again, using Holder’s inequality, Cauchy-Schwarz’s inequality, triangle inequality and
trace inequality we obtain for a constant C; independent of /1 such that

¥ [{eHon |

GGFh €
1 1 1
< C 4 ‘ vn e : 2 2
—<e§,,”{ Hits) (e;rh”{ Hizse)) (eezr:h||[x]||p(e))
1 1 1
SC [ 4 ! v : 1 X 2 7‘
1<E§h” o) (Eezﬁu luscey) (he;rh”[ 1120

Thus, combining these bounds, using the definition of a4 4 and Poincaré’s inequality we
obtain (3.4a). For the inequality (3.4b), using similar arguments as above, we have for a
constant C, independent of h

|a.4(c,0,0)| < Callell s 1ol 3o X Ipa-

Finally, we conclude our proof by applying Poincaré’s inequality and an interpolation
inequality. O

Lemma 3.3 (Continuity of a¢). The form ac is linear with respect to its second to fourth arqu-
ments and there exists a constant C,, > 0 independent of mesh size h such that for all u,v,w,z in
X+ (Hy ()7,

lac(z,u,0,w)| < Cy|[u[lpco]pc|w]|pe-

Lemma 3.4 (Boundedness of a¢). There exists a constant C independent of h such that for any
uin (L°(Q)NWY3(Q))4, any v in V and any w,z in X, the following bound holds

lac (z,0,,0) | < C () + 1wy ) [0l 2y |0 b

Lemma 3.5 (Positivity of ac). The form ac satisfies the positivity property, i.e., for all v,z in Xp,
1 .
ac(v,v,z,z)== Z / [{v}-ng| Hzext_zthz >0.
2 p, JoE?

Lemma 3.6 (Continuity of ap). The bilinear form ap is continuous on Sy, equipped with the
energy norm, i.e., there exists a constant C, >0 independent of mesh size h such that for all c,x
in Sh

lan (e, x)| < Cullellpg X[l

Lemma 3.7 (Coercivity of ap). Assume that o is sufficiently large. Then, there exists a constant
Ky >0 independent of mesh size h such that

ap(c,c)>Kyllc||Bg, Vc€S),.
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Lemma 3.8 (Continuity of a.). The bilinear form a, is continuous on Xy, equipped with the
energy norm, i.e., there exists a constant C, > 0 independent of mesh size h such that for all v,0
in Xh

|ae(0,0)| < Cel|v||pc||]|pc-

Lemma 3.9 (Coercivity of a,). Assume that o is sufficiently large. Then, there exists a constant
K¢ >0 independent of mesh size h such that

a:(v,0) > Ke||v||Be, VoEX),.
Lemma 3.10 (Inf-sup). There exists a constant >0, independent of mesh size h, such that

inf sup __br(90) >B.
9€Qugex, 191l12(0)l10lpG

3.3 Discrete mass conservation

Lemma 3.11. The DG scheme (3.2) satisfies the discrete global mass conservation property, i.e.,
for any 1<n <N, we have

(ch,1)=(21)=("1)= (c(t"),1).

Proof. The proof for the first equality is straightforward. It is obtained by choosing x =1
in (3.2a) and by using ap(y};,1) =0 and a 4(c}},v};,1) =0. Furthermore, applying (3.3) and
Lemma 2.1, we obtain the second and third equalities. O

Remark 3.1. One interesting property that naturally comes with the primal DG scheme
is the conservation of mass on each mesh element. For instance, we fix an element E that
belongs to the interior of the domain, i.e., )ENIN =@. It is easy to show that the exact
solution of the Cahn-Hilliard—Navier-Stokes system satisfies

d
E/EC—/BEV%nE—k/BEcv-nE—O.

The numerical solution satisfies a discrete version of the local mass balance equation. We
choose a test function x in (3.2a) such that x =1 on E and )} =0 elsewhere. The following
equality holds for all n:

1 o

= [ = [ At [ (@ nyme=—F [ (060~ a)).

T h JaEe
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3.4 Existence and uniqueness

Investigating the unique solvability of the fully discrete DG method (3.2) is a complicated
task. We will design an equivalent scheme, which is based on an auxiliary flow problem,
to overcome this challenge. The existence and uniqueness of the solution for our equiva-
lent scheme can be proved by using nonlinear operator analysis techniques. To this end,
we begin our argument by introducing the following auxiliary flow problem: for any
1<n<N, given v}, LeX,, find (97, P);) € Xy x Qy, such that

1

L oo 0) +ac (o o) 51,0)
+usag(0},0)+bp(p;,0)=0, VOEX), (3.5a)
bp($,5)) =0, YHE Q. (3.5b)

Lemma 3.12. There exists a unique solution to the auxiliary flow problem (3.5) for any mesh size
h and time step size T.

Proof. We first show existence and uniqueness of ¥} € V, satisfying

1

T(ffﬁ v 1,0)+ac (v Lol ,0),0)+ usas(9),0) =0, VOEV,.

Since the problem is linear and finite-dimensional, it suffices to show uniqueness. This
is easily obtained by using positivity of ac and coercivity of a, (see Lemma 3.5 and
Lemma 3.9). To recover the discrete pressure fj € Qy,, we then use the inf-sup condition
of Lemma 3.10. O

Owing to the last result, we can construct the following scheme by employing the
unique discrete solution from the auxiliary flow problem: for any 1 <n < N, given
n an sn )

(yZ_l,vZ_l) € My, xXp, and corresponding (9},p)) satisfying (3.5), find (v}, w},};,p}:
My, x M, x Xj, X Qy, such that

(y —0n LX) Fap(wh, ) Faa(yy ' +e0,0,%) =0, VXEM,, (3.62)
(@4 (Y +Co) +@-" (v ' +00),p)
+xap (Y, §) — (wy, §) =0, VP& My, (3.6b)
1
—(9],,0) +ac (v}, vy, 9},0) + psac (6],0)
+bp (p},0)—br(y) ' +2o,w};,0)=0, VOEX, (3.60)
bP ((P/f);Z) =0, V()b S Qh/ (36d)

where the initial datum is defined to be ) = P;,c?— ;. We recall the initial velocity o) is
the L? projection of v° onto X;,. We also denote 9”*1 € M, the solution of

n—1

vy %) —taalyy " +co,o, %)= (0

/)%)/ V)E € Mh/
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whose existence and uniqueness are asserted by the Riesz representation theorem. Our
next goal is to prove the scheme (3.6) is equivalent to the DG scheme (3.2). Due to the
translational invariance of the trilinear form a 4 with respect to the third argument and
using the same techniques as in [26], we have

Lemma 3.13. The unique solvability of the DG scheme (3.2) is equivalent to the unique solvability
of the problem: for any 1<n <N, given (y'',0} ) € My x Xy, find (y!!,w!’, 0}, p) € My, x My, X
X, X Qy, such that

(6cyji, %) +ap(wi,X)+as(yy ' +co,04,%) =0, VXEM,, (3.7a)
(P4 (v +20) +P-" ()" +20), p)

+xap (yy, @) — (W, §) =0, VPeM,, (3.7b)

(6+0},8) +ac (v, !, v, ", 0}, 0) +psac (v, 0)
+bp(pl,0) —br(y) 1 4co,wl,0) =0, VOEX,, (3.70)
bp(¢,vy)=0, VPeQy. (3.7d)

Proof. 1t is easy to check that the unique solvability of DG scheme (3.2) is equivalent to
the unique solvability of the problem: for any 1<n <N, given y} ' € M and v}/ ' €X,,
find (y}, 1}, v}, p)) € My, x Sy x Xp, X Qy such that

(6zyp X) +ap () +aaly, ™ +co,0p, %) =0, VXeEMy, (3.8a)
(@4 (yh+c0)+2- (v " +00),9)

+xap (Y, ) — (. 9) =0, VPESy, (3.8b)
(5TvZ,0)+ac(vZ_1,vh Lol,0) + psae (v],0)

+bp(p}l,0) —bz (v} +co,ul,0)=0, VOEX, (3.8¢)

bp(¢,0)) =0, YHEQ. (3.84)

Thus, we only need to prove the unique solvability of (3.7) is equivalent to the unique
solvability of (3.8).

(Necessity). Let (y),up,v}i,p)) be a solution of (3.8). Define wZ = uj— ‘(1)‘ (up,1), then

(v, w}, vy, p)h) is a solution of (3.7). Assume (y,’ ,wZ 1,vh ,ph ) and (yh ,wZ 2,vh ,ph )

are two different solutions of (3.7), then
1 1, -
(i i+ gy (4 O - e0) T (v o) 1), o P).
1 1, =
(7 i (24 G +0) +0- (g ) 1), 23, 47

are two different solutions of (3.8). By contradiction, the solution of (3.7) is unique.
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(Sufficiency). Let (y},w}, v}, p}) be a solution of (3.7). Define

Hﬁzwh |Q|(CI)+ (yh+C0)+cD (yzil"kc_o)/l)’

then (v}, uj;, v}, p};) is a solution of (3.8).
Assume (yZ 1,yZ 1,’UZ 1,pZ 1) and (yZ’z, yZ’z,vZ’2,pZ’2) are two different solutions of (3.8),

then (y"!, ! |Q|(y”1 1,011 pit) and (v}, ) |Q|(yh 1),02,p?) are two differ—
ent solutions of (3.7). By contradiction, this implies that v’ —yh ,le—vh and p,’ —ph .

Because they are solutions to (3.8), we are left with:

(" =% 9) =
for all ¢ €S;,. We easily conclude. O

Theorem 3.1. Based on the auxiliary flow problem (3.5), the unique solvability of the DG scheme
(3.2) is equivalent to the unique solvability of the problem (3.6).

Proof. By Lemma 3.13, we only need to prove that the unique solvability of (3.7) is equiv-
alent to the unique solvability of (3.6). From Lemma 3.12, the auxiliary flow problem (3.5)
is always unconditionally uniquely solvable. Let (7}, 7)) be the unique solution of (3.5).

n n

(Necessity). Let (yh,w,’},f)ﬁ,ﬁh) be a solution of (3.6), then (yh,wh,vh +o},pp+pjr) is a solu-
tion of (3.7). Assume (yh ,wZ 1,vh s ) and (y}’ ,wZ z,vh s ) are two different solu-
tions of (3.7). Then (v}, w}", v}! =1, i — p7) and (v}, w}?, 0} z—vh,ph —p)}) are two
different solutions of (3.6). By contradiction, the solution of (3.7) is unique.

(Sufficiency). Let (yj,wy,v},py) be a solution of (3.7), then (y},,w}, v} —o},p; —pP)) is a

solution of (3.6). Assume (yZ Lt ort pity and (y)2, w2002, p) are two different

solutions of (3.6). Then (v}, w!", o/ +&7,p}! +p1) and (v} 2w}, 0} Z—H)h,ﬁZ >4 py) are

two different solutions of (3.7). By contradiction, the solution of (3.6) is unique. O

Now we are in the position to prove (3.6) is uniquely solvable. We first express y}; and
(v},p);) in terms of wj, by solving (3.6b) and (3.6¢)-(3.6d) respectively.

Lemma 3.14. For each fixed wy, € My, given yh’ €M, and ¢y €Sy, there exists a unique solution
yn € My, satisfying

(¢+,(yh +c‘o)+<I>,’(yZ_1+c‘o),(P) +KﬂD(yh,§°0) — (wh,(P) =0, V(PGM;Z. (3.9)

Proof. We first prove existence of a solution. For each fixed w;, € M, define the mapping
F: M, — M, by

(Flyn), ) =(P4' (yp+c0)+®_ (v +20),¢)
+xap (Yn, @) — (Wi, P),  Yyn, ¢ € M,
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The fact that F is well defined is guaranteed by the Riesz representation theorem. Taking
the Taylor expansion of ®.'(y,+¢Cp) at ¢ to first order, there exists ¢, between ¢y and
yn+Co, such that

D (yn+co) =P+ (Co) +P+" (Gh)yn-
Considering y;, € Mj, and the fact that @, the convex part of ®, satisfies " >0, we
obtain the following inequality

(D (yn+20),yn) = (D' (C0),yn) + (P+" (En)v7) = (4" (&), y7) >0. (3.10)

We next turn to derive a lower bound of (F(yx),yn). Applying Cauchy-Schwarz’s in-
equality, Young’s inequality, and Poincaré’s inequality, we obtain

— (D" (v~ +20),yn) + (W, yn)
<||®-" (v " +20) 2 a2y + 0l 2 o) lyall 120

Ch reon—=1 = \|2 Kax 2 Ch 2 Kqx 2
Sm |®-"(y, " +¢0) HLZ(Q)—F@H% HLz(Q)—F@ HwhHLZ(Q)—‘r@Hyh HLz(Q)
K.x 2

C 1, -
<=5yl e (190637 +20) ey lnl ey ).

Combining this result with (3.10) and using the coercivity of ap, we obtain

Kak 2 szv reon—=1 4 = \12 2
(Fyn)yn) > 5 HWHDG—m(H@— (v +CO)HL2(Q)+||wh||L2(Q))~

Define the sphere B in Mj, as follows

2C2 1
B={yneMi: albe = s (0=~ +20) 122+l ey ) |-

We have (F(yn),yn) >0 for any yj, € B. By Brouwer’s fixed point theorem, there exists a
function v, € M), such that F(y,) =0. In particular (F(y;),$) =0 for all ¢ € M, i.e., the
function yy, is a solution of (3.9). Next, let us prove the solution of (3.9) is unique. Assume
yn € My, and 77, € My, are two solutions of (3.9), then

(D1 (yn+00)+P-" () +¢0), ) +xap (yn, ¢) — (wn, $) =0,
(D1 (Fn+20)+P-" (v +c0), ) +xap (i, ¢) — (wn, $) =0.

Subtracting the two equations above, choosing ¢ =y, — 7, € M}, and using the coercivity
of ap, we have

Karl|lyn —n 156 < %D (Yo —Fnyn— 1) = — (P+" (yn+00) — @+ (Fn+C0), Yy —Fn) -
Since @ is convex, then @’ is non-decreasing, hence we have
(@~ (yn+20) =P+ (F1+50)) (Y —7n) =0.

Therefore, we have ||y, — 7 |5c <0, which means ||y, —x||pc =0. Due to the fact that
|| llpc is a norm in M}, we obtain yj, =iy, i.e., the solution of (3.9) is unique. O
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n—1

Lemma 3.15. For each fixed wy, € My, given (yj, ,vZ’l) € My, x Xy, and ¢y € Sy, there exists a
unique solution (v, py,) € Xy, X Qy, satisfying

1

- (04,0) +ac (v} 1,0} 10y, 0) + psaz vy, 0)
+bp(py,0) bz (y! ' +co,wy,,0) =0, VOEX,, (3.11a)
bp((,b,vh):O, V(PEQ;[. (311b)

The proof of Lemma 3.15 is similar to the proof of unique solvability of the auxil-
iary flow problem (3.5). We omit the details for brevity. With the help of Lemma 3.14
and Lemma 3.15, we can finally establish the unconditional unique solvability of the DG
scheme (3.2) by invoking the Minty-Browder theorem [7].

Lemma 3.16. The scheme (3.6) is uniquely solvable for any mesh size h, time step size T, param-
eter x, and parameter .

Proof. For any wy, € My, let y;, and (v, py) be the unique solutions of (3.6b) and (3.6¢)-
(3.6d) which are defined in Lemma 3.14 and Lemma 3.15, respectively. Construct an
operator G: My, — M, (the dual space of M},) as follows

(G(wn), %)= yn—17 1 %) +T1ap(wp, X)+Taa(y) +co,onX), VXEM,.

Let us first check the boundedness of G. By triangle inequality, Cauchy-Schwarz’s in-
equality, Poincaré’s inequality, and the continuity of ap, we have

(G (@), )| <Ilynll 2 1% 2y + 195 ez 1% 2
+tlap (wy, )|+ tlaa(yy " +co,onX)|
<ChllynlcllXlloc+Crllgy 121X lIpc
+Collwy o %llpe +Tlaa(y) " +o,on,X)|.

For the last term above, the boundedness of a 4 implies

a4 (v +20,0u 0| <Cy (I +anlloa+| [ 47+ )lenlios AlIb
<Cy(llyy ™" +aolloc +1Q1|2DlonllpellX Ipc, (3.12)

which means, for any ¥ € M, with ||¥||pg =1, we have

(G (wn), %) | <CaT|lwp|lpc +Chllyallpc
+Cyt([ly; " +2ollpg +1Q120]) lonlloe +Crll 9yl r2(y)- (3.13)

Our next step is to bound ||y;|pc and ||vx||pc by ||ws||ps. Since v, =y, (wy,) € My, is the
unique solution of (3.9), we choose ¢ =y, and obtain

(<I>+’(yh +¢o) +<I>,'(yZ71 +Eo),yh) +xap (yp,yn) — (wp,y,) =0. (3.14)
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Recall the nonnegativity of (®./(y,+2),y;) in (3.10). By the coercivity of ap, Cauchy—
Schwarz’s inequality and Poincaré’s inequality, we have

Ko llynllbg < (4 (yn+C0),yn) +xap (yn,yn)
=(wp,yn) — (- (v~ +C0),yn)
<[|wp |20y lyn 2y + 119~ (s~ +0) |2 () ¥l 2 ()
<Cpllwnllpcllynllpc+CrllD-" (v " +e0) 120 lyn -

Therefore, we obtain the following bound

C2 Cp 1, -
[ynllpc < ?j( HwhHDG+m 1D (y;; " +00) [lr2(0)- (3.15)

Since (vy,p) = (vn(wp),pr(wy)) is the unique solution of (3.11), we choose 6 = v, and
obtain

1 _ _
;(vh/vh)_FaC (UZ 1IUZ 1,Uh,vh)+]/lsﬂg (Uh,'vh) bI(y +C0,ZUh,'Uh) 0.

Recall the definition of DG forms a 4 and bz in (3.1). By the positivity of a¢, the coercivity
of a,, and the fact that v, is discretely divergence-free, we obtain

ax(y) e, onwn) =bz (y) " +Co,wy, )

1
== —(vp,op) +ac(v)~ 1,vh Lo, o) + psae (v, o)

> Kepts|onlb- (3.16)

Taking X = wy, in (3.12) and combining the result with (3.16), we obtain the following
bound c,

th||DG_K n (v~ +2ollbg + 1 6] s |- (3.17)

Substituting (3.15) and (3.17) into (3.13), we have

19 (wn)llag, = sup  [(G(wn),X)]
vxeMy,
[1%llpc=1
4

cy Cr ) n
<(Cort gt g I3+ 2olloa + 1020 20)?) ey o

C3
210 (4 20) ez +Coll g} ez
4

Due to the fact that i~ 1,92 1€ My, and ¢y € S), are given quantities, the above inequality
shows that the operator G maps bounded sets in M, to bounded sets in Mj, i.e., we have
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proved boundedness of the operator. Second, we show the coercivity of G. By Cauchy-
Schwarz’s inequality and Poincaré’s inequality, we have

@ won) <1195z lwnll 2y < Coll g~ 2oy llonlIpe. (3.18)

We again use (3.14) and (3.10). By the coercivity of ap, Cauchy-Schwarz’s inequality,
Young’s inequality, and Poincaré’s inequality, we have

—(wnyn) <— (@' (v} +¢0),yn) —xap (yn,yn)
<[ (v~ o) lr2 (o lyn ll 120y — Kaxllyn B
CZ
< Cp
— 4K, x

2

CP / -1, =12

Using the definition of G, the coercivity of ap, the bounds (3.16), (3.18), and (3.19), we
obtain

1, - Kyx
1®-"(yy 1—|—C0)||%2(Q)+é||yh||i2(())_K04KHth2DG

(G(wn),wn) = (yn—1) ", wn) +Tap (wp,wy) + Tyl +co,onwy)
2

ti— C 1
> Kylonliho— Gl iz llnllog = g 0= 3+ 0) g

Since y! 1,9/ € Mj, and ¢ € S, are given quantities, it is obvious that

(G (wn),w)

= —}—OO'
lwnllpg—+eo  ||Wn|lpG

Therefore we proved the coercivity of §. Third, let us check the monotonicity of G. For
any wy, and s, in Mj, we have

(G(wn) =G (sn),wp—sn) =(G (wy),wn) — (G (wn),sn) =G (sn),wn) +(G (s1),5n)

=(yn(wn) —yn(sn), Wy —sp) +Tap (wy —sp,wy —s)

—I—TaA(yZ*l—FEo,vh(wh)—vh(sh),wh—sh). (3.20)

Due to the coercivity of ap, the second term above is always nonnegative, which means
we only need to check the sign of the first and the third terms. From Lemma 3.14, for any
¢ € M), we obtain

(wn, @) = (D1 (yn(wn) +20) +P-"(y; " +20), ¢) +xap (yn(w), §),
(51, @) = (D4 (ya(sn) +20) + D" (v~ +20), ) +xap (yu(su), §)-

Subtracting the two equations above, for any ¢ € M), we have

(Wi =51, ¢) = (@1 (yn(wp) +0) =Py (yn (1) +0),¢) +xap (yn(wp) —yu(sn), @)
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By Lemma 3.14, we know that y,(wj) and y;(s,) belong to M;,. We may then choose
¢=yn(wp) —yu(sy) € My, in the equation above. Using the fact that @, is non-decreasing
and the coercivity of ap, we obtain

(yn(wn) —yn(sn),wn—sn) = (P+" (yn(wp) +0) — P+ (yn (1) +C0),yn(wn) —yu(sn))
+xap (Yu(wn) —yn(sn),yn(wn) —yn(sn))
> K|y (wn) —yn (s1) I (3.21)

From Lemma 3.15, for any 6 € X;,, we obtain

bz (yjy " +¢co,wn,0) :% (vn(wy),0) +ac (v) 01 oy (wy),0)
+pstte (vn(wn),0) +bp (pr(wn),0),

b (Y +Co,51,8) = (01(51),0) +ac (o0}~ 0n(51),6)
+psae (vy(s1),0) +bp (pu(sn),0).

Subtracting the two equations above, for any 0 € Xj,, we have
bz (y) ' +co,wy—sn,0)

1 _ _
Z;(vh(wh)—vh(sh)/9)+ﬂc(vZ 1/”2 1,vh(wh)—vh(5h),9)
+ustae (vn(wp) —on(sn),0) +bp (pr(wy) — pu(sy),0).
We may then choose 6 =v,(w) —v,(s,) € X, in the equation above. Using the positivity

of ac, the coercivity of a,, considering v, (wy,) and vy (s;,) are discretely divergence-free,
we obtain

aa(yy " 4o, on(wy) —vp(sp), Wy —sp)
=bz (v~ +Co,wy —sp,0n(wy) —vp(sn))

Lol oy (wy) —ou(sp),on(wy) —op(sp))

+ st (0 (wn) —vn(sn), vn(wn) —on(sn)) +bp (pr(wn) — pu(sn),on(wn) —vn(sn))
> Kepts||on(wn) —on(sn) - (3.22)

:%(vh(wh) —vp(sn),on(wn) —on(sn)) +ac (v,

Substituting (3.21) and (3.22) into (3.20), considering ||-||pG is a norm in My, the following
inequality is strict whenever wy, #sy, i.e.,

(G(wy) —G(sn),wp—sp) > KaT|[wy—sppg > 0.

Thus we have established the strict monotonicity of G. Finally, let us show the continuity
of G. For any x € M, with ||¥|[pc=1, by triangle inequality, Cauchy—Schwarz’s inequality,
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the continuity of ap, the boundedness of a 4, and Poincaré’s inequality, we have

(G (wn) =G (s1), X) | <|(yn (wn) —yn(sn), X) |+ Tlap (wp—sn,X)|
+Tlag (i +co,on(wy) —on(sn), X))
<Ilyn(wn) —yn(sn) 120 1X | 12(2) + CaTllwn —su pcl X Ipa
+CVT(HVH71+C_OHDG+|Q||C0|)th(wh)_vh(sh)HDGHXHDG
<Cotlwy, —sullpc +Chllyn(wn) —yn(sn)
+Cyt(llyy " +olla +1Q[eo]) lon(wn) —on(sn)og. — (3.23)

We now estimate the second term above. By (3.21), Cauchy-Schwarz’s inequality, and
Poincaré’s inequality, we obtain
Karellyn (wn) = yn(sn) G < (v (wn) = yn(sn),won—sn)
<Ilyn(@n) —=yn(sn) |2 llwn —snll 2
<Cllyn (wn) —yn(sn)llog l|wn —sillpc,
which implies the following bound
2

CP
— . 24
Kox |l —snllp (3.24)

1y (wn) —yn(sn) lpc <
Similarly, by (3.22) and the boundedness of a 4, we have

Kepts||on(wp) —on(sn) Ipg <aa(vh " +co,vn(wp) —op(sn),wp—sp)
<Cy (Ily} " +collpg + 122/ |20]) lon (wh) — o1 (sk) [ b |wn —skllpc,

which implies the following bound

|on(wn) —on(sn)llpc < (Hy '+ ¢olpc + 1 [c0]) [|wn —su || b (3.25)

Combining (3.24), (3.25), and (3.23), we obtain
1G (wn) =G (sp)llmy = sup [(G(wp)—G(sn),X)]

V)(EM]Z
[%llpc=1

<(Car+ ch + C"* (i +@llos +1011e0])?) s —sillne,
Dé

which means [|G(wy,) —G(s) | m; tends to zero whenever ||w),—s||pg tends to zero, ie.,

we proved the continuity of the operator G. All conditions of the Minty—Browder theo-

rem are satisfied. We conclude that there exists a unique solution wj such that (G(w}!),X)=

0 for all ¥ € Mj,. Lemma 3.14 and Lemma 3.15 imply that (y,(w}),w}, v, (w}!), pp(w})) is

the unique solution of scheme (3.6). O
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Therefore we have proved the following result.

Theorem 3.2. The DG scheme (3.2) is uniquely solvable for any mesh size h, time step size T,
parameter «, and parameter .

Remark 3.2. It is easy to check that Theorem 3.2 is also valid for the non-symmetric
version of the discontinuous Galerkin discretization of the elliptic operators.
3.5 Stability analysis

In this section, we show the discrete solution of (3.2) satisfies the energy dissipation prop-
erty and we derive stability bounds valid for any chemical energy density ®. Analo-
gously to the total energy (2.3) at the continuous level, we define the discrete energy:

Fy(cn,op) = %(vhﬂ?h) + (@ (cn) 1)+ gaD(Ch/Ch)' (3.26)

The next statement, the discrete energy dissipation law, stems directly from the positivity
in Lemma 3.5 and the convex-concave splitting.

Theorem 3.3. Let (c}l,u)!, v}, p)) € Spx Sy x Xp, X Qy be the unique solution of the DG scheme
(3.2). Then for any mesh size h, time step size T, parameter k, and parameter s, the discrete
energy (3.26) is decreasing in time.

VI<n<N, Fy(clof)<F(c) ol ).

Proof. Take x =y, in (3.2a), ¢ =d.cj, in (3.2b), 6 =10} in (3.2c), and ¢ = —p} in (3.2d):

(6zciy i) +ap (i, uip) +aalcy ™ o, up) =0,

(@4 (i) +@-"(cj 1), 6ccy) +rap(cp, dccy) — (i, d2cjy) =0,
(6-05,07) +ac (v~ o)~ o), o))+ psae (v, v)

+bp(piy, o) —br ey~ ug o) =0,

—bp (ph,oy) =0.

Adding the equations above, and using the positivity of a¢, the coercivity of ap and a4,
we have

(6c0],0f)+ (@4 (cf) +B_"(c) 1), becl) +xap(c]. bec])

=—ap(pj,,py) —ac (v, 0, o), o)) — psae (0], 0})
—aa(cy " oh,ui)+bz(ch " pupoh)

ap (., py) — Hsae (v}, 0p)

S_
< —Kallpj b — Keptslloj; G < 0. (3:27)
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For the term (®./(c!')+®_(c["1),5.c!), we utilize Taylor expansions up to the second
order. There exist ¢, and 7, between cZ‘l and ¢ such that

ny(Mm - n n— 1 n— n

D (cf) (et —cf ) =D (cff) — P4 (c] l)+§q’+”(§h)(ch t—ch)?,
n— - - 1 n__ -

D (e ) (ch—ci ) =D_(c}}) —P_(c} 1>_§q)*//(77h)(ch_ch 2.

Adding the two equations above and using the fact that @ is convex and ®_ is concave,
we have

(@ () +@ (e ), 6]
= (5e(Cf), 1)+ 5 (@4 (G0, (e =)~ 5 (@ (), (e~ )?)
> (6:2(cj), 1) (3.28)

For the terms (.v},v}!) and xap(cj;,d.c}), since the inner product and ap are both sym-
metric bilinear forms, we immediately have

1 1 _ _
(5TUZ/UZ) ZE(UZ’UZ)_E(UZ 1IUZ 1)/ (329)
1 1 1 e
ap(cj,dzc) ZEQD(CZ/C;Z) - EQD(CZ 1/CZ h. (3.30)

Combine (3.27)-(3.30) to obtain

0> _KNHVZH%G_K«?VSHUZHZDG
1

1, 0y w1
EE(WZIUZ)—Q(UZ ), )+;(‘D(CZ)/1)

1 1 K K 1 -1
—;(CI)(CZ ),1)+EQD(CQ,C;§)—EQD(CZ ot

1 1
—_F 1’1, m__F n—l/ n—1 ,
- n(cr,on) - n(ehop )

which means the discrete energy F(cj,,v,) is non-increasing in time. O

Throughout the paper, the constant C denotes a generic constant that takes different
values at different places and thatis independent of 1 and 7. Itis reasonable to assume the
initial energy Fj(c}),0?) is finite. The following a priori bounds for the order parameter,
chemical potential and velocity are a direct result of the discrete energy dissipation law
(Theorem 3.3).

Theorem 3.4. Let (cj}, iy, v}, p)) € Spx Spx Xy, x Qy be the unique solution of the DG scheme
(3.2). Then for any mesh size h, time step size T, parameter , and parameter us, and for any
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1 </ < N we have

§’|vh’|%2(o)+(q’(ch)/1)+%HC;}H%)G

V4 14
+7Ka Y 1 Ibe +TKepts Y [19)iIbe < Fu(ch,op). (3.31)

In addition, if the chemical enerqy density ® is bounded from below by a constant (not necessarily
positive), as it is the case for the Ginzburg—Landau double well potential or the Flory—Huggins
potential in (2.5), then there is a positive constant C independent of h and T such that

nliE 2200 < 32
max e |bg + max [|2} () <C, (3.32a)
4 4
Y lmnlbe+1 Y lloglibe <C. (3.32b)
n=1 n=1

Proof. From the proof of Theorem 3.3, we know that
Kol b6+ TKepts|l gl < Bl o) = Fu(cy,op).

For any 1</ <N, summing over n from 1 to ¢ yields

4 4
™K Y i B +TKeps Y 107G < Fa(ch,oh) — Fau(ch, o).

n=1 n=1

Finally (3.31) is obtained by using the coercivity of ap. Since the parameters x, ys and
constants K, K, are all positive, it is straightforward to show (3.32) holds if ® is bounded
from below by a constant. O

3.6 Error analysis

In this section, we derive an optimal error estimate for the fully discrete scheme (3.2) in
terms of time and space discretization parameters. We assume the chemical energy den-
sity satisfies Lipschitz continuity constraints on the first order derivative of the convex
and concave decomposition. More precisely, we have:

Assumption 3.1. There is a constant Cy;, >0 independent of mesh size /1 and time step
size T such that for all n>0

1@+ (cjy) —@+"(c") lIpc < Ciipllcy —¢" lIpa, (333)
|®-"(cjy) —@-"(c") lpc < Ciipllcj; —¢"llpc-

In addition, both ®_" and ®_""" are assumed to be bounded.
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Remark 3.3. Assumption 3.1 is automatically satisfied for the regularized potentials (2.7a)
and (2.7b).

We also assume that the weak solutions are regular enough. More precisely, we have

c,0ic€L®(0, T; HT(Q)), auceL?(0,T;L*(QQ)), (3.34a)
ueL®(0,T; HT*H(Q))NL®(0, ;W (Q))), (3.34b)
ve L®(0,T; H1T1 (Q)9), 9,0€L?(0,T; H1(Q)%), (3.34¢)
v € L2(0,T;L2(Q)Y), peL®(0,T;H1(Q)). (3.34d)

For simplicity, we denote by c”,u",v", and p" the functions c,y,v, and p evaluated at t".
With regularities (3.34), it is straightforward to check that, for any 1 <n <N, the weak
solution (c,p,v,p) to model problem (2.1) satisfies

(0ec(t"),x) +ap(u",x)+as(c",v",x)=0, VxeS, (3.35a)
(@4 (c")+@-"(c"), @) +xap(c", @) — (u",9) =0, V€S, (3.35b)
(9r0(t"),0) +ac(v",0",0",0) + psas(v",0)

S bp(p",0) —br (" u,0)=0, YOEX,, (3.35¢)
bp(9,0") =0, Ve Q. (3.35d)

The error analysis uses several operators that are now introduced. Let IT;,: L>(Q) — Qy,
be the L2 projection operator onto Q:

(Myw—w,p)=0, V¢cQ), Ywel?(Q).

Lax-Milgram theorem allows us to define an invertible operator 7 : M, — M, via the
following variational problem: given A € M, for any ¢ € My, find J (1) € M, such that

ap(¢$,J (M) = (A,9). (3.36)

Lemma 3.17. The operator [J is linear and the identity (3.36) still holds for any ¢ € Sy, and any
A€ My,. In addition, there exists a constant C1 > 0 independent of mesh size h, such that

(A< Ciliglol|lT (Vllbe, VeeH (Th), VAEM,.

Proof. The linearity of the operator 7 is easy to check. For any ¢ €S, and any A € M}, due
to the fact ¢ — ﬁ Jo ¢ belongs to Mj,, we have

09T (V) =a0 (9= 7 [ 2T +an (57 [ 0.7 (M)

= (v L) =)= (g [ 0)=
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Let IT,: H'(7,) — S, denote the L? projection operator onto Sy,. It is easy to show that I,
is stable with respect to the DG norm, i.e., we have the inequality ||TT,¢|pg < C||¢|/pc-
Therefore, by triangle inequality, the definition of operator 7, and the continuity of ap,
we obtain for any A in Mj:

[(AP) <[(p—=TTpp, A) [+ | (TTyp, A) | = [ (TTp,A) |
=ap (I, T (1)) < Ca [T llpc | T (A) e,

which concludes our proof. O
We recall the following approximation operator (see Lemma 6.1 in [6]).

Lemma 3.18. There is an approximation operator Ry,: H} (Tp,)* — X, satisfying
bp (¢, Ru(v)—v)=0, YoeHi(Ty)?, VpeQy, (3.37)
and for all E in Ty, for all v in HY(T,) NW*"(E)?, 1<r<o0, 1<s<gq+1,

[Rn(v) =0l () < CH |0 wsr(ag),

o (3.38)
IV(Ru(0) =0)|[rgy <Ch* o

Wer (Ag)s

with a constant C independent of mesh size h and E, where Ag C C) is a macro-element. We also
have for all s, 1 <s<q+1,

Vo e Hy(Ty)'NH*(Q)?, | Ry(0) —vllpc < Ch* o (q).- (3.39)
With the operator R, we have a bound for the form a; (see Proposition 6.2 in [6]).

Lemma 3.19 (Bounds of a¢). There exists a constant C independent of mesh size h such that for
any u in (L®(Q)NW3(Q)NH32(Q))?, any vy, in V), and any wy,, z, in X}, the bound holds

|ac (zp,op,u—Ryu,wy)|
<C (Hu_Rh”HL‘”(Q)""u_Rh”’W1'3(Q)+|”|H3/2(Q)> X |lonl 2y llwnllpc-

Recall that Pj,c" and Pp,u" are the elliptic projections of ¢” and u", which are defined in
(3.3). The DG error analysis for elliptic problems yields the following error bounds [31].

Lemma 3.20. There exist a constant C, independent of mesh size h and time step size T, such that
forall0<n<N
[¢" =Puc" log < Ch|lcll e 0,1, 941 (2
1" =P log < CH | o 0,7 191(02))
[07(c" —Puc™) || 12(0) < Chi||0ec|| (0,T; HI+1(Q))*
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We define the projection errors and the discretization errors as follows

i=c"=Pyc", ¢l=Puc"—cy,
Cu=n"=Pup", Cu=Puu"—py,
Co=0"—Ryv", & =Ryv"—uvy,
Co=p"—1Lyp", &y=ILp"—pj.

Now we are in the position of stating the error equation. We note that for all n>1

HD(CZ/X):O/ bP(Gb/(:g):O/ vXeshl V(Pth-

Therefore, from (3.2) and (3.35), the error equation becomes, for any x €Sy, p €Sy, 06Xy,
and ¢ € Qy:

(6:6¢,x) +ap (& x)

= (6" —(9r0)" —6:00, x) —aa(c", 0", x) +aA(cZ’l,vZ,X), (3.40a)
xap (&2, 9)— (S @)

= (G @)+ (@4 (c)) =24/ ("), @) + (P () —@-"(c"), 9), (3.40b)

(08%,0) + psae(85,0) +bp (), 0)
= (070" = (9rv)" —6:L,,0) — psae(§5,0) —bp(L},0) —ac(v",0",0",0)
+ac(vZ’1,vZ’1,v,’},6) +bz(c",u",0) —bI(cZ’l,yﬁ,O), (3.40c¢)
bp(¢,85) =0 (3.40d)
We now state the main theorem.

Theorem 3.5. Suppose (c¢,u,v,p) is a weak solution of (3.35) with regqularity (3.34). Then, under
Assumption 3.1 and sufficiently small time step size T, there exists a constant C independent of
mesh size h and time step size T such that for any m >1

1<n<m

m
max (& B+ 125122 0 ) +7 L 185 G < C(T2+427),
n=1

m
) 18lIEe <C(x*+1%7).

n=1

Proof. From Lemma 3.11 and (3.3), it is obvious that J.¢! belongs to M;, which means
that the function 7 (6-¢") is well defined in M;. Choosing x = 7 (6-¢") in (3.40a) and
using Lemma 3.17, we have

ap (T (6:87), T (6:8)) +(6:6¢,E3)
= (5rcn —(9¢c)" —5T§?,j(5f(§?)) —ay (anvn/j(érég)) +aa (czfl,vﬁ,j(éf{f’g)), (3.41a)
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Choosing ¢=4.¢/ in (3.40b) and adding and subtracting the appropriate terms, we obtain

xap (§,6:C¢) — (8}, 6:G¢)
= (83,6288 ) + (D4 (cfy) = D4/ (c"),6:87)
H (D () =@ ("),0:80) + (@ (") =@ (¢"),6:87). (3.41b)

Choosing 0=, in (3.40c), ¢ = —¢}, in (3.40d) and combining the resulting equations, we
have

(6:8%,85) +1sae (S5, 85)
= (070" —(90)" —6:85,8,) —Msae (L5, 85) —bp(L5,85) —ac(v",0",0", ;)
+ac(vp oo En) bz (" " Er) —br(cp g, EL). (3.41¢)

Summing (3.41a)-(3.41), we obtain the following equation

( (0:C7), rCc))‘HWD Ge 0 r‘:c)"’]”sae(gv/gv) (o ngré‘:ﬁ)
:(5TC —(010)", T (6:87)) — (602, T (687) ) + (60" — (9r0)", 7))

—(6c05,85) + (D4 (cfy) =@+ (¢"),6:80) + (@' (e 1) = @' (" 1),6:87)

H (D (") =@ ("), 6068 ) + (C;ZM??)—Vsﬂs(gwgg)—bp@zfﬂ)

—ac (0" 0" 0", 55) +ac (v~ op 0, 8n) —aa(c, 0", T (5:67))

+aa(cy oy, T (6:80)) +br(c 1", &) —br(ch i &)
T 4+ T (3.42)

The remainder of the proof consists of finding lower bounds for the terms in the left-hand
side and upper bounds for the terms in the right-hand side of the equation above. We
will then utilize Gronwall’s lemma. For the left-hand side of (3.42), since ap and the inner
product are both symmetric bilinear forms, using the formula a(a—b) > 7a*— b, and the
coercivity of ap and a,, we have

( ( TC?) ( TC?))""KHD(C?/ TC?)+Vsﬂe(§Z/§Z)+(‘ST‘:z/‘:z)
>Kel|T (6 TCC)HDG"’ ﬂD(Cu(fc)——ﬂD((f? Lerh

+HsKe H‘:oHDG—’_ HgvH EH‘:? [ (3.43)

Now, let us proceed to estimate the right-hand side of (3.42) term by term. At several
places, we will use Young’s inequality with positive real numbers r;, 75, and r3 to be
chosen later. By Cauchy-Schwarz’s inequality, Poincaré’s inequality, Young’s inequality;,
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and using a Taylor expansion, we have

Ty <||6zc" = (3r0)" | L2 | T (060 ) 120
< Cpl|6zc" —(9:¢)"[| 2 () | T (628¢ ) D

r C2
sgnﬂ(srcm||%>G+—P||(src"—<atc>"||%z(m
Cit 1"
FIT @+ 2 [ anelifey

By Cauchy-Schwarz’s inequality, Poincaré’s inequality, and Young’s inequality, the term
T is simply bounded

Ta <1622 (1120 1T (6:6E) 12

<Cpll6:G¢ |20l T (6267 ) |IpG
I ny |2 Cl23 n)|2
<5170 CC)HDGJFEH&CCHB(Q)

Next, we remark that Py, (6-¢")=6-(P),c") and with the approximation result of Lemma 3.20,
we have

102¢ |22y < Ch|[0¢c| Lo (0, 731941 (0 )-

Therefore, we have

r C
< 51 | T (6:8¢) H%G*‘ahzq-

The terms T3 and Ty are bounded by employing a similar technique as for T; and T».

T tTl
T3 <82y + 55 [ 19uolTzq
( ) 12 =1 ( )
1
Ti< \\55\\%2(0)+Z’|5r§z’|%2 0

We write

1 rt"
51@22;/ 9 (v—Ryv).

=1

This implies with Lemma 3.18:

C
H(Sng H LZ(Q) S ﬁhq Hatv H Lz(iﬂfl,i”;Hq(Q))' (344)

Therefore we have for Ty:

C
Ty <[ &5lI20) = hquathLz p1-1, 4 HI(Q)) )
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For the term T5, using Lemma 3.17, Young’s inequality, assumption (3.33), and triangle
inequality, we have

T5 <C1|| P+ () =@+ (") lpc|| T (6:82) b
r C2
< %Hj(éf‘;ﬂcq)H2DG+_1H<I)+,(CZ)_®+,(CH)H2DG

CiCE, .
HJ( 2O lbe+— pT Flci —c"llBe
CZC2
r 1
< ST (@&l + 11 (122 11BG +Ch el o, 1,01 (y))-

Repeating exactly the same steps of bounding the term T5 as above, we have the following
bound for the term T

2

IIJ( &)1l

(HC Hibe +Cr el oo rmay))-

For the term T7, we use Lemma 3.17, Young's inequality, and a Taylor expansion of first
order and obtain
n mpz o Gl r(an—1 N
T7 < 5 117 (662 llpg + 5, (1 ®-(c") =@ (c")llpg

r Ct 2 2
SEH ( TCC)HDG+ HatCH ©(0,T;HL(Q))"

For the term Tg, since {}; belongs to H' (7},), with Lemma 3.17, Young’s inequality and the
approximation bound in Lemma 3.20, we have

Ch*1
Ts < C1[|2Ip | T (6:62) [pe < 5 > 1T ( TCC)’|DG+—HVH2°° (0,T:H11(Q))"

The way of processing the terms Ty and Ty follows the argument in [31] (page 127), we
have

C
To <rapsKel|E5lba + -2 [[0" [y o
n C 24 || 491
Tro < rapsKel|E5loa + - lIp" (e

The handling of the terms T1; and Ty, is complicated; however these terms have been
analyzed in papers for the Navier-Stokes equations, for instance in [6]. We give an outline
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of the proof for completeness.

T+ Tia=—ac (v} ', 0", 0" /&) Fac (o)~ 1/02_1 UZ/‘:fz)

n—
h
=—dc UZ l/vh lgvlgv) Elc(vh g thn,é:?))
Z R 0" gv) +EIC( - 1,U _vnIthnlé‘Z)
Lot Cvzﬁv)
=T+ +T3. (3.45)

(

(
—ac (v

(v~

We know from Lemma 3.5 that the first term T} is negative. We rewrite the second term
as:

Te=—ac (v~ ",&y 0" &) +ac(oy 8500, 80)-
Note that & ! belongs to V;, and we apply Lemma 3.4 to the first term
lac (03,800 E < C (10" 1) +1o" oy ) 18 2oy 15 b

We apply Lemma 3.19 to the second term

lac (0,8 2480
<C (1188l +1Ehlwiaiey + 12" vz ) % 185 iz 1€l

Combining both terms, we obtain
TG <rapsKe ng;HDG—’_ H‘f Ni2a

We apply Lemma 3.3 to the term T2 and obtain using the regularity of the weak solution:

C
T <rapsKe || Ehllpg + ghzq 1211 0,1581951 ()

For the term T4, we note that v" is divergence free and has no jumps. The term simplifies

T4 — Z/ ) VR0") &)

E€T,

+E;rh/3E—\aQ (0" —0")mg| (Ryo")™ = (Ryo")™) - (£5)™

We then have

(e vRer) &

tVl

< 7 10l 28050 [ Ro s
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Using the stability of Rj, and summing over the elements yields:

r [ (@ 1=o")-VRy0")-2

<CVTlorol 2 (n-1 12 (00)) €5 lDG 10| 12 (0,715 02)) -

For the term on the faces, we rewrite
[(Ri")™ — (Ry") ™| = | [Ry0" "],

and employ trace inequalities to obtain a similar bound:

o")-ng| (Ryo™)™ = (Ryo™)™") - (&)™
E%/E 190 ( )
SCVT)|010 | 12001, () 185 DG [0 1o (0,501 (00 )

Therefore we finally obtain for the term Té:

TC<72H5K ||§:;||DG+ THavaLZ =1 gL (Q))"

The bound for Tg is similar but simpler:

C
T3 <rapusKe H@;HDG*‘ hquvHL2 P11, HI+L(Q))

Combining the bounds above, we obtain:

T11+ Ty <4rpusKe HgvHDG+ <H§ Hz +h2q+THathL2 =1 pn. L°°(Q))) :
We can rewrite the terms T3+ T4 as follows

Tis+Tiu=—aa (300", T (6:80)) —aa(El 0", T (6:C)))
—aa(c" =" 0", T (6:80)) —aa(cy 8o, T (6:81))
—aA(cZ_l,gz,j((ST{f?))

=Th++T3.

Expanding T by definition in (3.1a), by Cauchy-Schwarz’s inequality, trace inequality,
Poincaré’s inequality, and Lemma 3.20, we have

|T,l4| SCthCHL‘”(O,T;H‘?“(Q))anHL""(Q)Hj(‘STé?)HDG'
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Using a similar technique as above, we obtain

I TA1 < CIEE 2o 1" =) 1T (662 Ipe
< ClIEE e llo" (e 17 (6:82) b

Taking a Taylor expansion of c at #"~! and using similar techniques as above, we have
TS| < Ctl0e]| oo, 70200 10" 111 (0 | T (62€2) || DG

Again, using similar techniques as above, by the approximation in Lemma 3.18, the mass
conservation Lemma 3.11, and the stability bound (3.32a), we have

T4 < CH[0" || gar oy ey~ oy 1T (688 Ipe < ChT|T (662) lIpe.

Using the boundedness of a4, the mass conservation Lemma 3.11, the stability bound
(3.32a), and Young’s inequality, we have

T3<C, (Hch na+ 10 2o ) 1831120 IR IBE 1T (5<82) e

H‘:vH +r2‘uSK HérvHDG+ Hj( TCC)HDG

Therefore, combining the bounds above and using Young’s inequality, we obtain

Ti3+Tia < H@;H o) trapsKe [rsalisve
5" E n—112 E 2 th
+mw<@»m¢gﬂa B+ (2+1%).
For the terms Tj5 and T4, we may write

Tis+Tae =aa(c", &p ") —an(cy &0 uj)
=a4(Zl 7, ?Z/V”)ﬂLﬂA(C?_l Sortt")
+a«4( " gv/.u )+a¢4( - gvlgy)—i_a.A( - gvlgy)

The first three terms simplify since ;" does not have any jump. Using Poincaré’s inequal-
ity, we obtain:

Jaa (G 80 <G 2o 185 sy 11" Twra oy
<Chle" Moy 185 lIpe,

laa (80 m) | < NG 2 188 s o 11" Twra
<Cl1e" HipclIEaIpa,



C. Liu and B. Riviere / CSIAM Trans. Appl. Math., 1 (2020), pp. 104-141 137

and with Taylor expansion

laa(c"=c" L8 uM < e =" 2oy 1851 oy 11" wns ) < ClIE5lIpe.

For the other two terms, by Holder’s inequality, trace inequality, Poincaré’s inequality, the
approximation bound in Lemma 3.20, the mass conservation Lemma 3.11, the stability
bound (3.32a), and Lemma 3.2, we have:

laa (el 85,8l < ChTllpl o (o, rsp01 (e e s (e 185 13 () < CHTIIES b,

ol e <C, (||ch 1||DG+|0||co|)||cv||“2 IZaIBE g o

72
I oy + B 2 B+l o
1’ 1’3

Therefore we obtain:
ny|2 C 2 2q
T15+T16§72V5K8’|§UHDG+_(T +h=1)
C
+EHC HDG+ HﬁvH o) +73l183 1B

It remains to find a bound for [|¢}i[|pg. We note that d-c" —(dsc)" — (! belongs to M,
by taking x =1 in (3.40a). We choose x = (;‘Z in (3.40a), use coercivity of ap, Lemma 3.17,
Cauchy-Schwarz’s inequality, triangle inequality, and Poincaré’s inequality to obtain:

Kl o <1022 G0+ 10ee— (10— 2= 7 [ 20
Flaa(e) o g —aa(e 0" )
<CIT(6:E2)lIballElloe+Cll6re” = @10)" 120y I o
+Cl6eE2 1200 12 o +la.a(el o &) —aa(e”, 0" 23]

The last two terms are handled similarly than the terms Ti3 and Ti4. Using Young's
inequality, we have

1813 <C (182152 o+ HsKell B2 B+ 162 o +724+42

tYl

168 e+ 16:82 Ry +7 [ IouclEz(e)-

Next, we remark that P}, (6-¢")=6-(P),c") and with the approximation result in Lemma 3.20,
we have

1628¢ |2 (02) < Ch [0kl Lo (0, ;1104102 -
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With this bound, the bound for Ty5 and T;¢ becomes:

1
Tis+Ti < (r2+Cr3) psKe |85 1[G +Crsll ] (6:67) HI2)G+C<1,27 +73> 18511720
3
tVl

(gt e O (i rs) )+t [ ol

To this end, combining (3.43) with all the bounds for T; to Ti6, and choosing the values
r1=Ky/9,=1/18, and r3=min{1,K,} /18C yields

&chméwia (68 ~ e an(Er )

y 1 _
- eng;HDG—’_ H‘va QH‘;‘Z lH%ZQ

(HCCHDGH\CC HDG>+C(Hf;vum+ch*uiz(m)

]’12
+C(T2+h2q)+C— ||athL2 =L HI(Q))

tTl

+CT/tH (l0tcll2 () +10r0]Fw () F 1012y ) -

Multiply by 27 and sum from 1 =1 to 1 =m, use the coercivity of ap, the fact that & is
optimally bounded and &% =0:

m m
T Kl T (6:0) b +xKalIEF b +T 3 meKell 5 B+ 1185 11720

n=1 n=1
<CTZH€C||DG+CTZH677HL2 +C(T +1?1)
‘|‘CT (HattCHy(O’T,.Lz(Q)) + ||athL2(O,T;L°°(Q)) + Hattv”iz(O,T;Lz(Q))) .

Then, for sufficiently small time step size T, we can conclude using discrete Gronwall
inequality

TZHJ 580 IIba+ 17" HDG+TZH§vHDG+H‘:v IF2(q) <C(T*+1).

Furthermore it is easy to obtain the following error estimate result

m
) 15 IBe S C(*+h%).
n=1

The proof is completed. U
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Corollary 3.1. Suppose (c,u,v,p) is a weak solution of (3.35) with reqularity (3.34). Then, un-
der Assumption 3.1 and sufficiently small time step size T, there exists a constant C independent
of mesh size h and time step size T such that for any m>1

ny__ nj2 ny _ ,n|2
11’§I}1aSXm<||C(t ) Ch||DG+||v(t ) vhHLZ(Q))

+7 ) lo(t") —vjllbg +7 ) [(#") —pj b < C(T>+17).
n=1

n=1

4 Conclusions

In this paper, we have formulated an interior penalty discontinuous Galerkin method
for solving the Cahn-Hilliard-Navier-Stokes system. The time discretization utilizes a
convex-concave splitting of the chemical energy density and a Picard’s linearization for
the convection term. Existence and uniqueness of the numerical solution is proved for
any general chemical energy density. We show that the discrete total free energy is always
dissipative at any time and we obtain stability bounds. Under the assumption of a global
Lipschitz bound for the chemical energy density, we derive optimal error estimates in
time and space.
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