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Abstract. In this paper, we investigate the superconvergence results for optimal
control problems governed by parabolic equations with semidiscrete mixed finite
element approximation. We use the lowest order mixed finite element spaces to
discrete the state and costate variables while use piecewise constant function to
discrete the control variable. Superconvergence estimates for both the state variable
and its gradient variable are obtained.
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1 Introduction

Optimal control problems [33] have been extensively utilized in many aspects of the
modern life such as social, economic, scientific and engineering numerical simula-
tion. Due to the wide application of these problems, it must be solved successfully
with efficient numerical methods. Among these numerical methods, finite element
discretization of the state equation is widely applied though other methods are also
used. There have been extensive studies in convergence of finite element approxima-
tion of optimal control problems, see, for example [1,2,10-13,15, 24,29, 30,37, 38, 45].
A systematic introduction of finite element method for PDEs and optimal control can
be found in, for example, [16,28,42], and [44].

Many researchers have made a lot of works on some topics of finite element meth-
ods for optimal control problems. In particular, for optimal control problem governed
by linear elliptic state equations, there are two early papers on the numerical approxi-
mation for linear-quadratic control-constrained problems by Falk [23] and Geveci [26].
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More recently, Arnautu and Neittaanmaéki [3] contributed further error estimates to
this class of problems. Moreover, we refer to Casas [7] who proves convergence re-
sults for optimal control problems governed by linear elliptic equations with control
in the coefficient. Most recently, C. Meyer and A. Résch have studied the supercon-
vergence property for linear-quadratic optimal control problem in [41], W. B. Liu and
N. N. Yan [35] and [34] have derived a posteriori error estimates for finite element
approximation of convex optimal control problems and boundary control problems
respectively.

For optimal control problem governed by linear parabolic state equations, a pri-
ori error estimates of finite element approximation were studied in, for example [30]
and [32]. A posteriori error estimates for this problem were discussed by W. B. Liu
and N. N. Yan [36]. Notice that all the above works are mainly focused on standard
finite element methods.

But the mixed finite element method is much more important for a certain class of
problems which contains the gradient of the state variable in the objective functional.
Thus the accuracy of gradient is of great importance in numerical approximation of the
state equations. When it comes to these problems, it is advantageous to apply mixed
finite element methods with which both the state variable and its gradient variable
can be approximated with the same accuracy. Although mixed finite element methods
has been extensively used in engineering numerical simulations, it has not been fully
utilized in computational optimal control problems yet. Particularly, there has not
been much work on theoretical analysis of mixed finite element approximation for
parabolic optimal control problem in the literature although there are some papers
about the mixed finite element methods for parabolic equation, for example, see [8,9,
14,21] and [25]. In [8] and [21], the authors derived superconvergence for the mixed
finite element approximations to parabolic problems.

Superconvergence results are important from an application point of view since,
under reasonable assumptions on the grid and with additional smoothness of the so-
lution, they provide higher accuracy. There has been much work on superconver-
gence of elliptic problems for the rectangular or quadrilateral finite element partition
by mixed methods, see [18-20], and [22]. But for optimal control problems governed
by parabolic equations there exist no superconvergence results of mixed methods. In
our priori work [46], we have established the L2-error estimates for this optimal con-
trol problems. We can see that the L?-error both for the control and the state is of
O(h).

In this paper, we will prove superconvergence results on rectangular domain for
the optimal control problems governed by parabolic equation using mixed methods.
More precisely, we shall prove that the finite element solution is superclose to a cer-
tain projection of the exact solution. The paper is organized as follows: in Section 2,
we construct the discrete scheme of this problem by using mixed finite element meth-
ods and give its equivalent optimality conditions. Then, we present some preliminary
results in Section 3. The main theorems on superconvergence of this paper are formu-
lated in Section 4. Finally, in Section 5, we make a conclusion and state some future
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works.
The optimal control problem that we shall study in details reads:

g1t 2 2 2
min { o [ (1p = pall*+ Iy = val + )}, (11a)

ye(x,t) —div(A(x)grady(x, t)) = f + Bu(x,t), xe€Q, te (0,T], (1.1b)
subject to the following conditions:

y(x,t) =0, x €0, te(0,T], (1.2a)
y(x,0) = yo(x), x€Q, (1.2b)

which can be written in the form of the first order system

ye(x, t) + d1vp(x t) = f+ Bu(x,t), x €, (1.3a)
p(x,t) = —A(x)grady(x, 1), x e, (1.3b)
y(x,t) =0, x€adQ), te(0,T], (1.3¢)
y(x,0) = yo(x), x e, (1.3d)

where QCR? is a smooth and bounded domain. In the following, we assume that
the solutions hold for Vt€(0, T). Let B be a linear continuous operator from L?(Q)) to
L?(Q). Assume that A(x)=(aj(x))2x2 with a;j(x)€C®(Q)) is a symmetric matrix and
for any vector X €R?, there is a constant ¢>0, such that

X'AX > ¢|| X3
Here, K denotes the admissible set of the control variable, defined by
K = {ii(x,t) € L*(Q) : ti(x,t) > 0, Vt€ [0, T]}. (1.4)

In this paper, we adopt the standard notation W”?(Q)) for Sobolev spaces on () with
anorm | - ||, given by

lpllmp = Y 1Dl
la|<m
a semi-norm | - |, given by
[plmp = 3 D"

|| =m

We set
Wy P (Q) = {p € W"P(Q) : ¢lan = 0}.

For p=2, we denote

H™(Q) = W™2(Q),  HP'(Q) = W (Q),
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and
Al =1 llm2, (- T=1"llo2-

Let J=[0, T|, we denote by L*(J; W™ (Q))) the Banach space of all L® integrable func-
tions from | into W"?(Q)) with norm

T 1
1Pl i=(iwmr ()) = (/O I¢llvmo e it)

for s€[1,00) and the standard modification for s=co. In the rest of the paper, we write
L*(J; W™P(Q)) as L*(J; W™P) for simplicity.

2 Mixed methods of optimal control problems

In this section, we study the mixed finite element approximation of the problems
(1.1a)-(1.2b).
First, we introduce the co-state parabolic equation

—z;(x,t) — div(A(x)(gradz(x, t) + p(x,t) —py)) =y(x,t) —ys, x€Q, t€[0,T), (2.1)

with the conditions

z(x,t) =0, x€ad, tel0,T), (2.2a)
z(x,T) =0, x € Q. (2.2b)

Next, we will make some assumptions on the known functions in the control problem
and the exact solution of (1.1b) and (2.1):

ya € L*(J; H(Q)), ps € L*(J; H*(Q))), (2.3)
y,z € L*(J; H*(Q)), p,q € L*(]; H*(Q)). (2.3b)
Let
V = L*(J; H(div; Q0)),
with

H(div;Q) = {v € (L*(Q))?, divo € L*(Q)}, W = L*(J;L*(Q))),

then we can rewrite the problems (1.1a)-(1.2b) in the following weak form: find (p, y, u)
€V x W x K, such that

g1t 2 2 2
min {0 [ (19 = pall+ Iy = val + )}, (2.40)
(A7lp,v) — (y,divo) =0, Yo eV, (2.4b)
(yr, w) + (divp, w) = (f + Bu,w), Yw e W, (240)

where (-) denotes the inner product in L2(Q).
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Similarly as in [33], we can prove that the convex control problems (2.4a)-(2.4c)
has a unique solution (p,y, 1) , and that a triplet (p, y, 1) is the solution of (2.4a)-(2.4c)
if and only if there exists a co-state (q,z)€V x W such that (p,y, g,z u) satisfies the

following optimality conditions for t€J:

(A™1p,v) — (y,dive) =0, Vo eV,
(yr,w) + (divp,w) = (f + Bu,w), Ywe W,
y(x,0) = yo(x), xeqn,

)
(Ailq/v) - (Z/ diV'U) == —(P —Pa 'U), Yo € V,

—(z¢,w) + (divg,w) = (y —yg,w), Yw e W,
(x,T)=0, x €,

(u+B*z,u—u) >0, Vi € K.
In fact, for t€[0, T, if we set
q=—A(gradz+p—p,),
in (2.1), we can see that
A7lg +gradz = —p — Py
-z +divg =y — y,.
Multiplying both sides of (2.6a) by v€V and noting that
(A™'g,0) — (z,divo) = —(p — py ).
Multiplying both sides of (2.6b) by weW, we can have
—(z,w) + (divg, w) = (y — ya, w).
Next, as we all know in [33], the control u€K is optimal if and only if
(J'(u), i —u) >0, VYoveK,
where

1 rT
100 = min {5 [ (1p = palP+ Iy = val+ )t .

uek
In fact,

/ (p = par P 0T + (v = v ¥/ () + (u,0)]

= [ [ (A7 a0/ 0)) + (2, div(p' (0)D)) — (21,9 ()7)
(dww( )i) -+ ()] at

- ), divg) + (B, 2) — (v (W), 2) — (21, (1))
<dwq,y< )i) -+ ()] at

/ (B*'z+u,u)d

(2.5a)
(2.5b)
(2.5¢)
(2.5d)

(2.5¢e)

(2.6a)
(2.6b)
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So, for t€[0, T,

J(u) = miIr<1](v) < (J'(u),i—u) >0, Vi e K& (B'z+u,u—u) >0, Vi € K.
[4S]
Thus, we have proved that the optimal control problems has a unique optimal solu-
tion.

In the following we construct the mixed finite element approximation for the con-
trol problem (2.4a)-(2.4c). Let T" denotes a quasi-uniform (in the sense of [27]) par-
tition of Q). Here h is the maximum diameter of the element T in 7". Let S; X
R, CH(div, Q) x L?(Q) denote the finite dimensional spaces. Now, set

Vi =L2(J;S), Wi=L*(;Ry), Ky = {ii €Wy :iiy|r = const, T € T"}.

The finite element approximation of the problem (2.4a)-(2.4c) is to find (py,, yp, ) €Vj, X
W), x K}, such that

T
min L2 [ (= pall 4 vl + ), 272
(A—lph,vh) — (yn, divoy) =0, Yo, € Vy, (2.7b)
(Yn,eswn) + (divpy, wy) = (f + Buy, wy), Vw, € Wy, (2.7¢)
yn(x,0) = yon(x), xeQ, (2.7d)

where g, (x)=P,yo(x) is the L?(Q))-projection (to be defined below) into the finite
dimensional space W), of the initial data function y(x).
To ensure the existence and convergence of the solution of the above formulation,
we assume that
divV, C W,.

Then, we define the standard L?(Q))-orthogonal projection P, : W — W), which satis-
fies: for any weW
(w — Pyw, wh) =0, Yw, €W, (2.8)

We also consider the projection [43] I, : V — V}, which satisfies: for any g€V,
(le(q - th),wh) =0, VYw,eW,. (2.9)

For the projection defined above, we have the following relations (see [6,17] and [31]):

div o I, = P, odiv, (2.10a)
lg —Tugllo, < Chlqls,, for g € (W' (Q))?, r>1, (2.10b)
|div(g — ITyq)|—s < Ch'**|divg|;, s=0,1, foralldivq € H'(Q), (2.10c)
¢ — Pugl|—s < CH'*5|¢l1, s=0,1, for ¢ € HY(Q). (2.10d)

Examples of spaces of piece-wise polynomials that satisfy the conditions stated
above are the triangular and rectangular Raviart-Thomas elements from Raviart and
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Thomas [43] and BDM elements from Brezzi, Douglas and Marini [5] (for other exam-
ples see Brezzi and Fortin [6]). For triangles and rectangles with one curved boundary
see Douglas and Roberts [17]. Our goal is to prove superconvergence estimates for the
mixed finite element approximations using elements of order k=0.

Similarly, the control problem (2.7a)-(2.7d) again has a unique solution (p,,, yn, 1)
and that a triplet (p,, y;, uy) is the solution of (2.7a)-(2.7d) if and only if there exists a
co-state (q,,z;)€V), x Wy, such that (p;,, yn, 4, zn, uy) satisfies the following optimality
conditions:

(Ailph,vh) - (yh/ divvh) =0, Yo, € Vy, (2.11a)

{ (Yneswn) + (divpy, wp) = (f + Bup,wy),  Vwy € Wy, 2.11b)
yn(x,0) = yon(x), x€Q,

(A_lqh, vy) — (zp, divoy) = —(p, — Py on), Yo € Vy, (2.11¢)
—(zne, wp) + (divg,, wy) = (yn — ya, wi), Yw, € Wy, (2.11d)
zp(x, T) =0, x €Q), '

(uh + B*zp,, 1), — uh) >0, Yuy, € Kp,. (2.11e)

In the rest of the paper, we shall use some intermediate variables. For any control
function €K, we first define the state solution (p (), y(u), q(i), z(ir) ) associated with
u that satisfies

(A7 Yp(),v) — (y(),divo) = YVoeV, (2.12a)
(ye (), w) + (divp (), w) = ( + Bi, w), Vw € W,

Latoten) ST e

(A~ ( ,0) — (z(i),divo) = —(p(ih) — pyv), Vo eV, (2.12¢)

{ L0 @ig(@.0) = (D~ w), VoW 212

Then, we define the discrete state solution (p,, (i), y; (1), g, (1), z, (1)) associated with
u€eK that satisfies

(A7 py (@), o1) — (yu(#), divoy) =0, Yoy € Vy, (2.13a)
(yns (i), wp) + (divp, (ir), wy) = (f + Bit,wy), Yw;, € Wy,

{ yﬁﬁ)(xfo)h: Yon (x fh h h x ehQ, h (2.13b)

(A gy, (1), 01) — (z(@), divoy) = —(p, (&) — pgon), Vo, € Vi, (2.13¢)

{ Zh((zh)t((x )T) )0/ (divg,, (&), wy) = (yn() — ya, wn), Zzghg Wi, (2.13d)

Thus, as we defined, the exact solution and its approximation can be written in the
following way:

(P.y,q,2) = (p(u),y(u),q(u),z(u)),

(Prs Y @i zn) = (P (), yn Cun), g, (), zn () )-
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3 Some preliminary results

In this section, we will present some preliminary results for the intermediate solutions.
To obtain the superconvergence results, we also need the following assumptions:

1. The continuous linear operator B can be expressed as B=a(x)eW"*(Q);

2. For any t€[0, T], set O ={Ue : u|, > 0}, O°={Ue : u, = 0},and Q=0 \ (O U
O). We assume that meas(Q?) < Ch.

Then, assume that the partition 7"=7_" + 7/*. Here 7' consists of rectangles e with
sides parallel to the coordinate axes such that

dist(e,0Q)) > ch, ¢ = const > 0,

T consists of triangles and /or rectangles with at most one curved side that is part of
the boundary 0(). The grid is assumed to be quasiuniform. The construction of the
spaces Vj, and W), uses Raviart-Thomas elements for rectangles in 76h and Douglas-
Roberts rectangles or triangles (with at most one curved side on the boundary) in 7.
According to Douglas and Roberts [17], the spaces V), and W), defined in this way sat-
isfy the properties (2.10a) and (2.10d) and the projection operators are defined element
by element. Next, we give an important Lemma which can be similarly proved as [8].

Lemma 3.1. Assume the partition T" is quasi-reqular. If p€ (H?(Q))? and A is a symmetric
and positive matrix, then there exists a constant C>0, such that for any v, €V,

1/~ ~ 3~
(AN (p —10,p), vp) < Ch2||pll2]|on ]l

Proof. Since

(A F-1p) o) = ¥ [ A7 -1pudx+ ¥ [ A7 - 1Lp)odx

eeTy ecT

=Ip+ L.

It has been shown Ewing and Lazarov in [21] that for rectangular elements e€ 7'

[ A7 (P~ Tup)vudx < CHIIB e lon
Therefore, the first term I is estimated by

[lo| < (|l 2 (cx) loml-

Note that the second term involves only elements in a strip of width O(h) near the
boundary dQ). Using the well known inequality

~ 1~
1Pl @0y < Ch2(Pll12(0),
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and the approximation property of finite element space V;, we have

~ 3~
L] < Ch Y 1Plme lonllize) < Ch2IIPl o) llonll-

667'1]1

From the estimate of above, we can easily obtain that

1~ ~ 3.
(AP —11,p), o) < Ch2||p|2]|oall.
So, the proof is completed. O

In the following, we will give some lemmas in order to obtain the main results.

Lemma 3.2. Let z;,(Pyu) be the discrete solution of (2.13a)-(2.13d) with ui=Pyu, then we
have

/OT(zh — 2 (Pyt), B(Pytt — wy))dt < 0. 3.1)

Proof. Along with the definition of the discrete state solution in (2.13a)-(2.13d),
we choose 1=P,u and with the relations (2.11a)-(2.11d), we obtain the following error
equations:

(A" (py, — Piu(Pur)), o) — (yn — yn(Pyus), divoy,) = 0, (3.2a)
Wt = Yne(Pou), wp) + (div(py, — p,(Pa)), wp) = (B(uy — Pyu), wy), (3.2b)
(A (gy — 4, (Puut)), o1) — (20 — zu(Pyu), divoy) = —(p, — py(Pau), o), (320)
— (znt — zns(Pout), wp,) + (div(qy, — g;,(Puu)), wn) = (yn — yn(Pout), wp),  (3.2d)
for any v, €V}, and w,€W),. In above equations, we choose w;,=z;, — z;, (P,u) in the sec-
ond equation, v,=p,, — p,,(Pyu) in the third equation, w,=y; — y;,(P,u) in the fourth
equation and v,=q,, — q,,(P,u) in the first equation, then we can deduce that
(zn — zn(Pyu), B(Pyu — uy))
== (Ynt — Ynt(Part), zp — 2y (Pyut)) — (div(py, — py(Pute)), zn — zn(Pyu))
=(yn — yn(Pute), ze — 204 (Pu)) — (A7 (g — 4, (Putt)), py, — Py (Putt))
d
= (P = Pu(Putt), py = P (Putt)) — 2 (Y = yn(Putt), 2 — 2 (Bye))
=(div(q, — g;,(Puut)), yn — yn(Puwt)) = (Y — yn(Patt), yn — yn(Puut))
— (A" (g, — 9,(Puw)), py, — py(Put) = (py, — py(Pue), py, — py(Put))
d
- %(yh — yn(Paut), zy — zp(Pyut))
== (Yn — yu(Pue), yn — yn(Purt)) — (py, — Py (Putt), p, — pp(Putt))

- %(yh — Yn(Puut), zj, — z(Pyut)). (3.3)
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Note that
yu(x,0) — yu(Pyu)(x,0) =0, zp(x, T) — z,,(Pyu)(x, T) =0,

then, by integrating (3.3) in time, we can see that
T
| = 2u(Pan), BBy — )

_ /OT [y — yn(Pyut), yu — yu(Pyut)) — (py, — py(Punt), py, — pp(Pyu))]dt <0, (3.4)

which implies (3.1). O

Lemma 3.3. Let (p,(Py), yi(Pyts), 4y, (P, 2(Pyts)) and (p, (1), 3 (1), 1, (12), 23, (1) be
the discrete solution of (2.13a)-(2.13d) with u=Pyu and u=u, respectively. Then we have

1y (Pute) =y ()|l ,22) + g (Pare) — py, ()1 12(j;12) < CH?, (3.5a)
1z (Pte) — 20 ()| 1o ,12) + |19 (Pute) — 3, (1) | p2,12) < CH2. (3.5b)

Proof. First, we choose =P,u and u=u in (2.13a)-(2.13d) respectively, then we
obtain the following error equations

(A~ (py,(Pyu) — py (1)), 01) — (yn(Py) — yp(u), divoy) =0, (3.6a)
(Ynt (Pyut) = yp(u), wp) + (div(py, (Puu) — p,(u)), wy) = (B(Pyu — u), wy), (3.6b)
(A~ (g, (Pyu) — g, (), 0p) — (zp(Pyrt) — 2z, (u), divoy,) = —(py, (Pyu) — py(u),0p),  (3.6¢)
— (zn, 1 (Pytt) — zp e (u), wy) + (div(qy, (Pyu) — q,,(1)), wp) = (yu(Pyu) — yp(u), wy),  (3.6d)

for any v,€V) and w,cW,. Then we estimate (3.5a) and (3.5b) in the following two
parts respectively.

Part I. Choose

on = py(Butt) = py(u) and - wy = yu(Pyut) — yu(u),
in (3.6a) and (3.6b) respectively and adding the two equations

;i”yh(l)h”) = yn() |2 + (A7 (py (Pute) — py,(w)), py(Phe) = i (w))
=(B(Pyu — ), yn(Pyrt) — yu(ut)). (3.7)
Then, we estimate the right side of (3.7).
| (B(Pyu — 1), yn (Pue) = yn(u))| =|((a(x) = Pu(a(x))) (Putt — u), yu(Pure) — yn(u))]
<CI{lyn(Putt) = yu ()]l (38)
then using e-Cauchy inequality and the assumption on A(x), we can see that

d
2 (P =y )2+ ellpy (Pur) — py ) < G+ [ly(Pae) = () 2. 3.9)
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Notice that
Yn(Ppu)(x,0) — yp(u)(x,0) =0,

then, integrating (3.9) in time and applying Gronwall’s inequality, it can be seen that
1y (Pute) =y ()| 7,22) + 124 (Pare) — py, () 12(j512) < CH2. (3.10)

Part II. Choose

vy = q,(Pyu) — q,(u) and  wy = z,(Pyu) — z,(u),
in (3.6¢) and (3.6d) respectively and adding the two equations

— 3 Bz (Bar) — 2]+ (A (g () — (), 0, (Po) — (1)

== (p(Butt) = py,(u), gy, (Pyre) — qy,(w)) + (yn(Part) = yn(u), 25 (Pyrt) — zp (), (3.11)

then, using e-Cauchy inequality we have

1d c
— > Nlzn(Pyu) — ziy () || + = [l g, (Pore) — q,,(w)]?
2.dt 2

<C (Il (Pan) = i )2+ Iy (Pae) = yu(a0) 2 + [z (Pae) =z (w)[2). (312)

Notice that
zp(Pyu)(x, T) — zp(u)(x, T) =0,

then integrating (3.12) in time and applying the result obtained in part I, we can easily
derive that

Iz (Pute) — 2 () ow(22) + 140 (i) — @ () 12702y < CH2, (3.13)
where we have used Gronwall’s inequality. Thus, the Lemma has been completed. [

Then, we will give the following superconvergence results for the intermediate
solutions which are very important for our following work.

Lemma 3.4. For any uck, let

(p(ir), y(i), q (i), z(i1)) € (V. x W)? and (p;, (i), yn(iL), 4, (1), z4 (1)) € (Vi x Wp)?,
be the solutions of (2.12a)-(2.12d) and (2.13a)-(2.13d) respectively. If the intermediate solu-

tion satisfies
p(iD), q(i1) € (H*(Q))?,
then
1Py () = ya(i) |y + 1Tp () = py (@) | 2112) < Ch, (3.14a)
1P(E) — 24 (i)l 12y + [T () — 3, () 2702, < . (3.14b)
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Proof. From (2.12a)-(2.12d) and (2.13a)-(2.13d), we have the following error equa-
tions,

(A (p(@) = py (), o4) — (y(@) — yn(iD), divo,) =0, (3.15a)
(Y (i) = yn,e (i), wp) + (div(p(it) — p, (&), wn) = 0, (3.15b)
(A~ (q(i) — g, (1)), v4) — (2(1) — 24 (D), divoy) = —(p(i) — py (i), 04),  (3.15¢)

[ ) ,
= (2e(u) — 2z, (1), wp) + (div(q () — q,(4)), w0p) = (y(#) — yu(u),wp),  (3.15d)

for any v,€V) and w,€W,. Using the definition of I, and P,, we can rewrite the
above equations as follows:

(AT (ILp (i) — py (), on) — (Puy (i) — yy (i), divoy)

= (A (Ip () — p(id)), vp), (3.16a)
((Puy)i (1) =y, (i), wy,) + (div(ITyp (i) — p,, (1)), wy) = 0, (3.16b)
(A~ (IT,q(it) — q,,(i0)),04) — (Ppz(it) — 2, (i), divoy,)

= (A7 (ILq(@) — q (i), v) — (p() — py,(i0), vp), (3.16¢)

— ((Puz)(ut) — zp, (1), wy) + (div(IT,q(u) — g,,(2)), wp)

= (Puy () — yn(11), wy), (3.16d)

for any v, €Vy, and w,€W,.

In the following, we only prove the first estimate (3.14a), the second can be ob-
tained similarly.

Let v, =I1,p(&t) — p, (i) in (3.16a) and wy, =P,y (if) — y, () in (3.16b), then adding
the two equations

(A (@) — py (@), (@) — py () + 5 | Py(@) — (@) P
=(A (Myp (i) — p(i)), Typ (i) — p,(iD)). (3.17)
From Lemma 3.1, we know that

(A~ (Typ (i) — p(@)), Tp (&) — p, () < Ch2||p (@) ||2]|TTp (&) — p, (@),

and note that
Pyy (i) (x,0) = ynu (i) (x,0),

then integrating (3.17) in time, applying Gronwall’s lemma and using e-Cauchy in-
equality, we then have the following estimate

~ ~ ~ ~ 3
1Py (i) = yn () | =2y + T (i) = py () [ 12(j312) < Ch2. (3.18)

So, the proof is completed. O
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4 Superconvergence of optimal control problem

Now, we are able to formulate the main theorem on superconvergence. We first prove
the superconvergence result for the control variable, more precisely, we show that its
discrete solution is superclose (in order %/2) to its L?-projection.

Theorem 4.1. Assume that the reqularity condition (2.3a)-(2.3b) hold and the control satisfy
u+B*z € W*(Q).
Then, we have
1Pt — | 27.12) < Ch2. (4.1)

Proof. We choose 1i=uy, in (2.5¢) and u,=P,u in (2.11e) to get the following two
inequalities:

(u+ Bz, u, —u) >0, (4.2a)
(uh + B*z, P,u — Llh) > 0. (4.2b)

Note that
uy, —u =uy — Pou—+ Pyu—u,

in (4.2a) and add the two inequalities above, we have
(up, + B*z, —u — B*z, Pyu — uy,) + (u + B*z, Pyu — u) > 0. (4.3)
Now, we can see that

1Pt — up||* = (Pt — wp, Pyt — wy,)
<(Pyu — u, Pyu — uy) + (B*zy, — B*z, Pyu — uy,) + (u+ B*z, Pyu — u)
(B*zj, — B*z, Pyu — uy,) + (u + B*z, Pyu — u). (4.4)

We then estimate the two terms on the right side of (4.4). For the first term, we note
that it can be decomposed into the following four parts:

(B*zy, — B*z, Pyu — uy,)
=(B*z), — B*zy(Pyu), Pyu — uy) + (B zy(Pyu) — B zp,(u), Pyu — uy,)
+ (B*z,(u) — B*Pyz, Pyu — uy) + (B*Pyz — B*z, Pyu — uy,)

4
=) I (4.5)
i=1

For the last term I, obviously we have

Iy = ((a(x) = Py(a(x))) - (Puz — 2), Pyu — up,) < CH?||Pyu — |, (4.6)
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then, we combine Lemma 3.2-Lemma 3.4 and (4.5), (4.6) to deduce that
T T
/ (B*z, — B*z, Pyu — up,)dt < Ch® + € / | Py — uy ||?dt, 4.7)
0 Jo

where we have used e-Cauchy inequality.
For the second term at the right side of (4.4), note that

(u+ B*z, Pyu—u) = / (u+ B*z)(Pyu — u)dx. (4.8)
Q+yQUQP

Obviously,
(Pyu—u)|qo = 0.

From (2.5e), if we choose 1i=2u, then we get
(u+B*z,u) >0,
so we have pointwise a.e. u + B*z>0. On the other hand, if we choose

N {0, xeQf,

— 4.9
" u, xeQ\Qt, (49)

we will easily obtain that
(Ll + B*Z, M)Q+ <0.

Therefore,
(u+ B*z)|q+ = 0.

Then,
(u+ B*z, Pyu—u) =(u+ B*z, Pyu — ut) ey
=(u+ Bz — Py(u+ B*z), Pyu — ) oy
<CH?||u+ B'zly g [l 0
<CH?||u 4 B*z|1,00|| ]| 1,comeas(QP)
<Cr. (4.10)

Now, integrating (4.4) with time, we have that
T T T
/ 1Pyt — uy |2t < / (B*z, — B*z, Pyt — ) dt + / (it + B*z, Pyu — u)dt, (4.11)
0 0 0
then insert (4.7) and (4.10) into (4.11), it can be easily obtained that
||Phu - l/thLz(];LZ) < C”l% (412)

Thus, we completed the proof. O

In the following, we will establish the superconvergence results for state and co-
state variables.
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Theorem 4.2. Assume that the regularity conditions (2.3a)-(2.3b) hold and the control satisfy
u+ Bz € W(Q).

Then, we have
1Py = ynllL=(r2) + [1Thp — pyllr2(rz) < Ch3, (4.13a)
1Phz = znll Lo ir2) + IT1hg — gy ll 202y < Ch?. (4.13b)

Proof. From (2.5a)-(2.5d) and (2.11a)-(2.11d), we have the following error equations:

(A~ (p = py),on) — (y — yn, divey) =0, (4.14a)
(Yt — yne,wn) + (div(p — py), wn) = (B(u — uy), wy), (4.14b)
(AN g —q,),01) — (z— zi,, divey) = —(p — py, on), (4.14c)
— (2t =z, wn) + (div(g — q5), wn) = (v — yn,wn), (4.14d)

for any v, €V}, and w,€W),. By using the definition (2.8) and (2.9) of projection P, and
I, respectively, we can rewrite the above equations as follows:

(A7 (ITup — py) o) — (Puy — yp, divey) = (A7 (Typ — p), op), (4.15a)
((Poy)t — ypp,wp) + (div(Ilyp — py,), wy) = (B(u — Pyu), wy) + (B(Pyu — uy), wy), (4.15b)
1

(A (Tuq — q4), o) — (Pyz — 23, divey) = (A~ (I, — q), o) — (p — p1y0n), (4.15¢)
— ((Puz)t — zp g, wpy) + (div(Ilyg — q4), wy) = (Poy — yn, wn), (4.15d)

for any v, €V}, and w,€W;,.
Part I. Taking v,=I1,p — p,, in the first equation and w;, =P,y — y;, in the second , then
adding the two equations,

(A7 (TTp = py), Tp = py) + (i)t = Y Puy = ¥n)
=(A™N(lyp — p), Tlyp — py) + (B(u — Pyut), Py — yi) + (B(Pyut — uy), Py — yp)- (4.16)

Now, we estimate the three terms at the right side of above equation. By Lemma 3.1
and e-Cauchy inequality, we have

(A7 Iyp — p), Tup — py,) < CH|Ipll2lThup — pyll < elTlup — p, |1 + Ch?,  (4.17)
similar to (4.6), we have
(B(u — Pyu), Pyy —yp) =((a(x) — Py(a(x))) - (u — Pyu), Pyy — y)
<CH?||ul[1]|Puy — yall
<||Pyy — yn|* + CH?, (4.18)

and

(B(Pyu — up), Py — yn) < C(||Pyut — un||> + || Puy — yu|)?)- (4.19)
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Therefore, inserting (4.17)-(4.19) in (4.16) we have

|| Ty — py|I* + ;ZHPW = yull® < C(IPwu — up® + | Pay — yull?) + CHY. - (4.20)
Integrating (4.20) in time and notice that
Puy(x,0) = yu(x,0) =0,
using Gronwall’s inequality and the results of Theorem 4.1, we can easily obtain that

3
1Puy — ynllre 2 + 1Ty — pplli2(g2) < Ch2. (4.21)

Part II. Choosing v;,=I1,q — q,, in (4.15c) and w,=P,z — zj, in (4.15d) respectively, then
adding the two equations to obtain

(A~ (TT4q — ), T1hq — ) — (Puzt — Zns, Puz — 2)
=(A" (1hg — 9),TIhq — q;) — (p — P g — q3) + (Poy — yu Pz — ). (4.22)

Now, we bound each terms at the right side of above equation. Similar to (4.17), we
have

(A7 (TTyq — q),TThq — q,) < CP*||Thq — g, ]| < €|[TTuq — q,]* + CH*. (4.23)
For the second term, using e-Cauchy inequality and Lemma 3.1 with A=I, we have

(p—pp g —q,) =(p —1up, 11 — q,,) + ILwp — p,, g — q,,)
<C(h* + |Tup — p, 1) 1TThg — q,,|

<C(h* + |Typ — p,|I°) + €llTlug — q, 11, (4.24)
finally,
(Phy — Y, Pz — z1) <||Puy — ynll||Paz — za |
<C(I1Py — yull* + 1Paz — z|?). (4.25)
Combing (4.22)-(4.25),
1d
c||T1,q — q,]1* — EE”PhZ —zp||?
<C(h* + |TIup — pyll> + 1Py — yall* + || Paz — z4]|?). (4.26)

Integrating (4.26) in time and notice that
Pyz(x,T) —z,(x,T) =0,
using Gronwall’s inequality and the results obtained in Part I, we can see that
3
1Pz — zn | o (g;r2) + [111ng — gy [ 1222y < Ch2. (4.27)
So, we completed the proof. O
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5 Conclusions and future works

In this paper, we give the superconvergence estimate with space discretization of
parabolic optimal control problem by using mixed finite element methods. For the
full-discretization, see [36,39,40]. In [39] and [40], the authors derived a priori error
analysis for linear parabolic optimal control problems.

In our future work, we will consider the full discretization for the superconver-
gence of parabolic control problem with mixed finite element methods.
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