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Abstract

Ablowitz and Musslimani proposed some new nonlocal nonlinear integrable
equations including the nonlocal integrable nonlinear Schréodinger equation. In
this paper, we investigate the Darboux transformation of coupled nonlocal non-
linear Schrodinger (CNNLS) equation with a spectral problem. Starting from
a special Lax pairs, the CNNLS equation is constructed. Then, we obtain
the one-, two- and N-soliton solution formulas of the CNNLS equation with
N-fold Darboux transformation. Based on the obtained solutions, the propaga-
tion and interaction structures of these multi-solitons are shown, the evolution
structures of the one-dark and one-bright solitons are exhibited with N = 1,
and the overtaking elastic interactions among the two-dark and two-bright soli-
tons are considered with NV = 2. The obtained results are different from those
of the solutions of the local nonlinear equations. Some different propagation
phenomena can also be produced through manipulating multi-soliton waves.
The results in this paper might be helpful for understanding some physical
phenomena described in plasmas.
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1 Introduction

The Schrodinger equation is one of the basic equations of quantum mechanics
proposed by physicist Schrodinger in 1926. In recently, Ablowitz and Musslimani
[1,2] proposed some new nonlocal nonlinear integrable equations which include the
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nonlocal integrable nonlinear Schrédinger equation, mKdV equation, and so on.
According to the relative scale of the relative length of the root beam width and
the nonlinear response function of the medium, the nonlocal nonlinear Schrédinger
equation can be divided into four classes [3] including the local class, weakly nonlocal
class, general nonlocal class and strongly nonlocal class. The spatial solitons in
nonlocal nonlinear media have attracted great interesting [4-13]. The research status
of nonlocal spatial solitons were summarized and reviewed in [11].

With the further study of the soliton theory, it provides many methods for
solving nonlinear partial differential equations, such as the homogeneous balance
method [14], bilinear method [15], traveling wave method [15], Darboux transforma-
tion (DT) method [16], inverse scattering transform method [15-19]. For examples,
some discrete rogue-wave solutions with dispersion in parity-time symmetric poten-
tial of Ablowitz-Musslimani equation were derived in [20]. Some bright, dark and
breather wave soliton solutions of the super-integrable hierarchy were presented by
Darboux transformation [21]. The non-autonomous multi-rogue wave solutions in a
spin-1 coupled nonlinear Gross-Pitaevskii equation with varying dispersions, higher
nonlinearities, gain/loss and external potentials were investigated in [22]. The gen-
eralized three-coupled Gross-Pitaevskii equations by means of the DT and Hirota’s
method were worked, and several non-autonomous matter-wave solitons including
dark-dark-dark and bright-bright-bright shapes were obtained in [23]. The non-
autonomous discrete vector bright-dark solutions and their controllable behaviors
in the coupled Ablowitz-Ladik equation with variable coefficients were considered
in [24]. The Darboux transformation method with 4 x 4 spectral problem are applied
to study a specific equation and then the explicit solutions of the lattice integrable
coupling equation were obtained in [25,26].

The spectral problem stems from a solution of nonlinear partial differential equa-
tions, and the new solution was derived by Darboux transformation method [16].
The Darboux transformation can get a new solution from a known equation, al-
so some multi-soliton solutions of the nonlinear partial differential equation can be
obtained through multiple Darboux transformation [27-32]. The coupled nonlinear
schrodinger equation, which describes a nonlinear diffusion regularity of two non-
linear wave propagation in the medium, not only is applied widely in the field of
nonlinear optics, but also plays an important role in meteorology.

Wu and He generated the derivative nonlinear Schrodinger (NLS) equations,
whose nonlocal extensions are from Lie algebra splittings and automorphisms in [33].
A chain of nonsingular localized-wave solutions was derived for a nonlocal NLS
equation with the self-induced parity-time (PT)-symmetric potential through the N-
th Darboux transformation by Li and Xu in [34]. Some rational soliton solutions were
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derived for the parity-time-symmetric nonlocal NLS model with the defocusing-type
nonlinearity by the generalized Darboux transformation in [35], which includes the
first-order solution, dark-antidark, and antidark-dark soliton. Zhang, Qiu, Cheng
and He derived a kind of rational solution with two free phase parameters of nonlocal
NLS equation, which satisfies the parity-time (PT) symmetry condition in [36]. Some
new unified two-parameter wave model, connecting integrable local and nonlocal
vector NLS equations were presented by Yan in [37]. Ma and Zhu introduced the
geometry of a nonlocal NLS equation and its discrete version in [38].

In this paper, we investigate the Darboux transformation of a coupled nonlocal
nonlinear Schrédinger (CNNLS) equation. Starting from a special Lax pairs, we
construct a nontrivial single soliton solution from the zero solution, and a double
soliton solution from a single soliton solution, finally obtain the N-soliton solution
formula of the CNNLS equation with N-fold Darboux transformation. In addition,
we find that the coupled nonlocal soliton equations have some richer mathematical
structures, the propagation and interaction structures than a single equation.

This paper is organized as follows. In Section 2, we construct Darboux transfor-
mation for CNNLS equation, and prove the procedure of DT. In Section 3, we apply
the Darboux transformation to CNNLS and obtain N-soliton solution formula. The
evolutions of the intensity distribution of the soliton solutions are illustrated in form
of figures.

2 Darboux transformation for the coupled nonlocal
Schrodinger equation
There are some important results of coupled Schrédinger (CNLS) equation in the
previous works. In this section, we are motivated by the investigation for the general

coupled CNLS equation and consider the coupled nonlocal Schrédinger (CNNLS)
equation as follows:

ipt + Paa +2[app* (—x, t) +cqq* (—x, 1) +bpg* (—x, 1) +b*qp* (—z,t)|p = 0,
Gt + Qoo + 2[app* (—x, 1) +cqq* (—2x, 1) +bpg* (—x,t) +b*qp* (—x,1)]q

We first demonstrate the integrability of the CNNLS equation (1), then we con-
struct its Darboux transformation. The Lax pairs of CNNLS equation (1) is given

as follows
A P q
or =Up=(idos+p)lpo=|-r1 —iX 0 |, (2)
—T9 0 —1IA

and
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0r =V =—(2iN2 4+ 2\p + i(p? + pa)o3)p
—2iN2 4 irip +iraq =2 \p+ipy —2Aq + iqs

= 2\ i g 2i\2 —irip —ir1q ©, (3)
201 + irg 4 —irgp 2N — irgq
where
0 p ¢q 1 0 0
P=|-r 0 0}, o3=1]10 -1 0 ], (4)
—rg 0 0 0 -1

0

and 1 = ap*(—=x,t) + bg*(—=x,t), ro = b*p*(—x,t) + c¢*(—x,t), 03P = —Pos, and
03P%03 = P2 p(x,t), q(x,t), ri(z,t), ro(x,t) are the “potential” about x and ¢, a
and c are real, and b is complex. We can check that the zero-curvature equation
Ui — Vi + [U,V] = 0 leads to equation (1) under the condition of compatibility.

Next, we construct the Darboux transformation of CNNLS equation with the
Lax pairs of equations (2) and (3), which are satisfied with the 3 x 3 transformation
matrix of ¢, U and V. We consider the isospectral problem of CNNLS equation and
recommend a gauge transformation T of the Lax pairs of equations (2) and (3):

T T2 Ti3
on=Ten, T= /[T T Tn]|, (5)
T31 T30 133
0o =Up, U= (Ty+TU)T ", (6)
o=V, V=(T,+TV)T " (7)

If ﬁ, ‘N/, U and V have the same types, then system (5) is called Darboux
transformation of the CNNLS equation. ¢ = (1, %2,93)", ¢ = (¢1, ¢2, 03)T, X =
(X1, X2, X3)T are three basic solutions of systems (2) and (3), then we give the
following linear algebraic systems:

(N-1
% % 1 ) 2 i
3 (A4 AQMD 4 A3 = 5,
1=0
Rl j 1 ) 2 r(2)\ \i 1
(AS) + AQ MY + AG MDA = M VAN, (8)
1=0
N—-1
% % 1 7 2 i 2
(A5 + AQ MY + AYMP)NE = MDAV,
1=0
with
Wy, PG
+u gy +1iP X +ui g3+ X
MJ@)_% v g2tv" Xo M]@)_l/}:a v g3+vT X3 0<i<3N, ©)

¢1+V§1)¢1+V§2)X1’ 1 +V](-1)¢1 -l-I/J(-Q)X17
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where \; and Vj(k) (0 # k, \i # A, I/l-(k) + Z/](-k), k = 1,2) should choose appropriate
parameters, here the determinants of coefficients for equation (8) are nonzero.
We give a 3 x 3 matrix T', which is of the form as follows

N1 N-1 NoLo
Ty = MV + Z Agll)/\z, Ti9 = Z Ag)\l, T3 = Z Aggx?
i=0

=0 =0
N-1 o N-1 . N-1 o
Ty = Z Agl))\z, Ty = /\N + Z A;g))\l, Ty = Z Agg)/\z, (10)
1=0 =0 =0

N-1 N-1 N-1
Ty= Y AQN, T =Y AGN, Ty =2+ 3 QN
1=0 =0 i=0

where N is a natural number, A =~ (m,n = 1,2,3, m > 0) are the functions of =
and t. By calculations, we can obtain AT as follows

3N
AT =T =), (11)

j=1
which proves that A; (1 < j <3N,) are 3N roots of AT. Based on the above condi-
tions, we will prove that U and V have the same forms with U and V', respectively.

Proposition 1 The matriz U defined by (6) has the same type as U, then we
have

~ iAo P g
U=1|-r —ix 0 |, (12)
—ro 0 —iA
in which the transformation formulas between old and new potentials are shown on
as follows
p=p—2iAi9,
LT (13)
q=q—2iA1s.

The transformations (13) are used to get a Darboux transformation of the spectral
problem (6).
Proof Setting T-! = g—; and

Bii(A) Bi2(A) Biz(M)
(TI + TU)T* = Bgl(/\) BQQ(}\) BQ3<)\) s (14)
Bsi(A)  Bs2(A)  Bss(M)

we are easy to verify that By (1 < s,1 < 3) are 3N-order or 3N +1-order polynomials
in A
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By some simply calculations, A\; (1 < j < 3) are the roots of By (1 < 5,1 < 3).
Hence, equation (14) has the following structure

(T, + TUYT* = (AT)C(N), (15)
where 1)y, (0 0) (0)
CiyA+Cp Cio Cis
C(\) = oy cavral) ol : (16)
0 0 1 0
C§1) C?(a) C§3)A + 0353)

and 07(57)1 (m,n = 1,2, k = 0,1) satisfy the functions independent of A\. Equation
(15) is obtained as follows
(T, +TU)=C(NT. (17)

Through comparing the coefficients of A in equation (17), we have the following
System

eV =i cW=0 cY=p-—2i41,=p C=q-2i4;=7q
CY) = 2idor —mi = -1, Oy =—i, Cff =0, ¢ =0, (18)
O = —ry 4 2y = —7, O =0, O =i, ¢ =o.

In the following section, we assume that the new matrix U has the same type
with U, which means that they have the same structures only by transform p, g, r1, 2
of U into p,q, 71,72 of U. After detailed calculation, we compare the ranks of A\,
and get the objective equations as follows:
p=p— 2k,
_ . (19)
q—=q— 22A13.

From equations (12) and (13), we know that U = C()). The proof is completed.

Proposition 2 Under the transformation (19), the matriz V' defined by (7) has
the same form as V', that is,

[N iRp T 20D+ iPe —2M] + iGe
V= 20T + 07 2\ —irip —imq ) (20)
2M\Ty + iT2. —iTop  2iA? —iTaq

Proof We assume the new matrix V also have the same form with V. If we
obtain some relations between p, ¢, 71,72 and p, g, 71, 72 similar to (13), we can prove
that the gauge transformation T" turns the Lax pairs U,V into new Lax pairs U , 1%
with the same types.

Set 771 = % and
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Eu(N) Ei2(\) Eiz()
(Tt + TV)T* = Egl()\> EQQ()\) Egg(/\) . (21)
Egl()\) Egg()\) Egg()\)
It is easy to verify that Eg (1 < s,l < 3) are 3N +1-order or 3N +2-order polynomials
in A.
Through some calculations, A; (1 < j < 3) are the roots of Ey (1 < 5,1 < 3).
Thus, equation (21) has the following structure

(T, + TV)T* = (AT)F()), (22)
where
PN+ FOA+ FY Fyx+ F Fx+ FY
F(\) = FOA+ Y FOX 4+ FOAN+ FY FX+ FY :
AR RDYED R RN
(23)

and F,%k,z (m,n =1,2,3, k =0,1,2) satisfy the functions without A. According to

equation (23), we obtain the following equation
T, + TV = FOT. (24)

Through comparing the coefficients of A in equation (24), we get the objective equa-
tions as follows:
(F} = -2, F =0,

FO = ipry + igro + 2r1 Avg + 2ra Arg — 25As — 24A31 = ipry + igra,

F =p—2id1, =p, F =i(p, + 2ipAi — 2ig — 2ipA) = ipy,

Fly =q-2iAi3 =4, Py =i(ge + 2iqAn — 2if — 2i) = i,

FV =7 —2idg =71, FY =i(r1, — 2ir1 Agy + 2iA117 — 2iAgsT) = iT1.a,

Fy) =2, Fy) =0,

FYY = —2pAg; — irip — 241971 = —iF1P,

FV =0, FY = —2¢Ay — iriq— 27 Ass = —73,

F) = ry —2iAs5 =79, F\ =iry, — 2ir) Agy — 2iroAss — 2iF2 A1 = iTa.a,

Fyy) =0, Fy) = —i(ry — 2iAs1)(p — 2iA12) = —iFap,

FP =2, F =0, FY = —i(ry — 2iAs)(p — 2iA10) = —itog.

(25)

In the above section, we assume the new matrix V has the same type with V,

which means they have the same structures only by transform p,q,r1,79 of V into

P,q, 71,72 of V. From equations (13) and (19), we know that V= F(X). The proof
is completed.
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3 N-soliton Solution Formula for the Coupled Nonlocal
Schrodinger Equation

In order to obtain the N-soliton solution formula of CNNLS equation with Dar-
boux transformation, we firstly give a set of seed solutions p = ¢ =ry =r, =0
and substitute the solutions into equations (2) and (3), which can get three basic
solutions of CCNLS equation:

ez’Az—QiAZt 0 0
Yoy = 0 ;o by = (e X = 0 - (26)
0 0 e—i)\a:+2i>\2t

Substituting equation (26) into equation (9), we obtain

Vj(l)e—ixx+2i,\2t

MW — (1) g —2ire+4i%t

J cire—2int i ’ 27
() g—idz+2ir2t
MP — (2 g—2ide+4iN*t
J QIAT—2iN2t j

. ()
with vi) = 3" (1 <i <2, 1<j<3N).

In order to obtain the one-soliton solution of equation (1). We consider N =1
in equations (10) and (11), and obtain the matrix 7'

A+ A11 A12 A13
T= Ay A+ A A , (28)
Az Asy A+ Ass

and . )
Aj+ A+ MJ( J Ay + M]( ) Ay =0,
Ag1 + MJ(I)(/\j + Ago) + M](2)A23 =0, (29)

Az + MJO)A32 + M]@)()\j + Asz) = 0.

1 iy .\ 2 (1) 2 Y £y 2 (2) .
Let N]g) — e~ ZidpzHAiN 20 04 N]E) — o~ ZiApzH+AiAgt+2iF ACCOI‘dIDg to

equation (8), we can obtain

1 NP NP 1 NV 1 —n NP
A=1 NP NP, Ap=|1 NY x|, Ap=[1 —A NP,
1 NP NP 1 NP ) 1 —x3 NP
(30)
~nND N N ~uNP N N

Agi = [N NV NP Az =[N N N
N NP NP NP NP NP
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Based on equations (9) and (27), we can obtain the following systems

_Agp A Ay Az
A Az = A Ao = A Az = A

where the analytic one-soliton solutions of CNNLS equation are obtained by the

(31)

Darboux transformation method as follows
p= —QiT, q=—21—. (32)

To illustrate the wave propagations of the obtained one-soliton solutions (32), we
can choose these free parameters in the forms A1, A2, A3, Fy(f) (m=1,2,3, k=1,2,3)
and the intensity distributions for the soliton solutions given by equation (32) are
illustrated in Figure 1. From the single soliton, we can find that the amplitude of
the bright-dark soliton grows and decays with time depending on the parameters
Ay Ao, Ag, EW (m=1,2,3, k=1,2,3).

In equation (32), when \; = Xy = A3 or F{V) = F® = FV = p = p(V = (¥
in the first case, the denominator equation (30) is zero, also A is zero, so there is
no solution. In the second case, when the values A1, Ao, A3 are not exactly same and
the values Fl(l),F1(2),F2(1),F2(2),F?£1),F?EQ) are not exactly same, then the equation
has some solutions.

Now we consider N = 2 in equations (10) and (11), and obtain the following
system

321+ A9 4 OAQ ¢ DA 1Al MOAY ¢

B
MY 4+ AR + MV AR + MP AR + (AL + M;DAg; - M](Q)A ?)Aj =0,
M}

A2M<2> L AD <1> A9 4 M( 40 4 (AD ¢ DAY ¢

where i =0,1,2 and j = 1,2,---,6. According to equation (33) and Cramer’s rule,
we can obtain

A12=%, A13=%, A21=%, A31:%, (34)
where
1 NYON® A aND A NP
1 NYONE N N AN
At MY NS dg aaNg) g
1 NYONED N N NP
1 NN ay AN AN
1 NYONED N AN AN
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20
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1
e

:

(c) (d)

Figure 1: (a) The intensity distribution |p| of equation (32) with A = 0.2, Ao = 0.3, A3 = 0.5,
FY = 01402, F? = 06i, F = 05+03i, F{Y = 034014, F{" = 0.2+ 0.3,
F3(2) = 0.2 4 0.17 ; (b) the intensity distribution |g] of equation (32) with Ay = 1, Ay = ¢,
=2 FY =i F® =3 F® =2 FY =1, F{Y =2, F{*) = 1; (c) the intensity
distribution |p| of equation (32) with A; = 0.2, A2 = 0.3, A3 = 0.1, Fl(l) = 1.1+ 0.2,
F? =160, F¥ =05+1.3i, F{Y =1.3+40.14, F{"” = 1.240.3i, F{* = 0.2+ 1.15; (d) the
intensity distribution |g| of equation (32) with Ay = 0.1, Ao = 0.2, A3 = 0.3, Fl(l) =0.340.13,
F® =02+403i, F{Y =03+0.1i, F{" = 0.1+ 0.2, F{" =02+ 0.4, F{*) = 0.5+ 0.1i.

1 =22 NP A N NP
1 =22 NP ay N NP
TN R B¢ P PR VL L P P
P o2 N2 Ay N NP
4 4 4 44V 4 44V 4
1 =22 N2 a5 AN AN
1 =22 NP xs AN AN
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1 NY a2 N NP
1 NP a2 ay N NP
A |! N{; “AZ2 Ay AsN(Y /\3N§2)’
1 NY a2y N o N®
1 NP a2 a AN AN
1 NP a2 xg AN AN
N NO O N® N N NP
2N NP NE N N ANP
Ay = 2N NP ONE ag aaNY AN
NG ND N N ND NP
N N OND N AN ANP
N NE NP xg AN AN
2N N NE A N A NP
2N NSNS ag aNY NS
Ag = BN N NP ag NG aeNg |
“NP N NG A AN Ny
“2N® N ONE N AN ANP
NP N N N AN AN
Based on equations (9) and (27), we can obtain the following systems
AIQ[Q]:%, A13[2]:%, A21[2]:%, Agl[z]:%, (35)
where the analytic two-soliton solutions of CNNLS equation are obtained by the DT
method as follows ]3[2]:—22'%, (ﬂ2]=—2i%. (36)

It is shown that solitary waves in nonautonomous nonlinear and dispersive sys-
tems can propagate in the form of so-called nonautonomous solitons or soliton-like
similaritons. In Figure 2, the amplitude of the bright soliton also grows and decays
with time. But the velocities before and after the peak time are different, which can
be observed clearly from the nonsymmetric contour plot. The collapsing process
after the largest amplitude is quicker, and vanishes rapidly. For illustration, the
propagations and evolutions of [p[2]|, |¢[2]| are shown in Figure 2.

In equation (36), consider three values of A1, A2, A3, Ay, A5, A\¢ are zero, or three
values are same. In the first case, the numerator denominator is zero. In the second
case, if the remaining three values are not identical, then the numerator is zero.
Also there is the third case, that is there is one or two zeros, and the front six
values FV, 7P FV F@ FD FP O FP FY FP FY FP can not all be
zero, with F4(2) =+ F6(2), so that there is a solution.
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S0
ot

(d)

Figure 2: (a) The intensity distribution [p] of equation (36) with Ay = 1, Ao = i, A3 = 0,
M=, A =2, A = 0, F{Y = 0.3i, F® =0, F{V = 0.5i, F{¥ =0, F{" = 0, F{* = 0.4i,
FY =0, F? =01, FY = 02i, F¥ =0, FY =0, F{? = 2i; (b) the intensity
distribution |g] of equation (36) with Ay = 1, Ao =4, A3 =2, \y = 1, A5 = 2, A\g = 1,
FO Z i p® o B — g B 1 B o, BP i FD — o B g gD —
F(2) =0, F(l) 1, FG(Q) = 24; ( ) the intensity distribution |p| of equation (36) with A; = 0.1,
Ay =, Ag =02, Ay =4, As = 020, \g = 0.1, FV =4, FP =0, Y =i, F? = 0.1,
V=0, F? =i, FY =02 F? =i, IV =i, F® =, F(l) 0.1, F{* = 0.2i; (d) the
intensity distribution |g] of equation (36) with A\; = 0.1, Ao =4, A3 = O 2, )\4 =1, )\5 =0.2i,
A =01, FV =i F® =0, FY =i, Y = 0.1, F§1> =0, Fé” =i F4(1) =02, FY =,
Y =i, F® =0, FY = 0.1, Féz) —0.2i.

In order to obtain the N-soliton solution formula of the CNNLS equation, we
consider N = n in equation (10), take : = 0,1,2,--- ;n—1and j = 1,2,--- ,3n into
equation (11). We use the same way to get the form of N-soliton solution formula

( N—1

STl + AGM©Y + AG M)A = -,

1=0

N-1

S48 + A MY + AQMPIN = I, (37)
=0

N-1

4G+ AUMD 4 ADMP)N = M@y

\ =0
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We can obtain some solution of linear systems via the Cramer’s rule

Aqp JAVE}
Ap =220 A =208
12 A ) 13 A )
with
1 -ar P N
1 -x MP A
Ap=|1 =xp M
1 =xn, MY s,
1 MY N
RV A\ WS
A= 1 MP X )
1 MY —xn A,
Y @ @
MY Y P
Ag =] =AMV MY

—Agn" My)

1 Y MP N
1 MY M N
1 MY M N

1 MY MP s,

My,

A
A2

A3n
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A M
Nt N
RPN

UV SO Ve VoSl

An=I
At
Az tarsh

Ny Mg,)

A tarY
Ap=tarsh
Azl

Ny My,

An-tpg)
Az
DU VA

DYV AU Vi VA

A3

A31 = )

A

An=1 @)
At
ALY
DV VA

At
PVERI VS
AL

N5 M)

n

A=t
Ar—L )
DS VAS

29
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ROV VS VAL VAL D VRPN Vouts VAR sl VA

oM MY P a o At iy
Ay =] =AM MY v g Y g |

M D N )

where
Mj(l) _ Vjﬁl)efiAx+QiA2t’ Mj@) _ V§2)efikm+2i)\2t7
) ()
and v\ = e?5" (1<i<2, 1<) <3N).
Based on equations (9) and (27), we can obtain the following systems
Ay Ay Ay Az

A].Q[N]_Ta A13[N]_T, AQ]_[N]—T, A31[N]: A R

where the analytic N-soliton solutions of CNNLS equation are obtained by the

(39)

Darboux transformation method as follows
BIN) = 2652, V) = 25, (40)
Figures 1 and 2 exhibit the exact one- and two-soliton solutions of equation (1),
similar to the one-soliton solution, we obtain the IN-soliton solution formula of the
CNNLS equation with N-fold Darboux transformation. Based on the obtained so-
lutions, the propagation and interaction structures of these multi-solitons are shown
graphically: Figure 1 exhibits the evolution structures of the one-dark and one-dark
solitons with NV = 1; in Figure 2, the overtaking elastic interactions among the two-
dark and two-bright solitons with N = 2. The results in this paper might be helpful
for understanding some physical phenomena described in plasmas.

4 Conclusions

In this paper, we give the form of N-soliton solution of CNNLS equation with
Darboux transformation. In addition, the one-soliton and two-soliton solutions are
solved in detail. At present, few of the CNNLS equations are studied by the Dar-
boux transformation. We obtain the one-, two- and N-soliton solution formulas
of the CNNLS equation with N-fold Darboux transformation. Based on the ob-
tained solutions, the propagation and interaction structures of these multi-solitons
are shown, the evolution structures of the one-dark and one-bright solitons are ex-
hibited with NV = 1, and the overtaking elastic interactions among the two-dark and
two-bright solitons are considered with N = 2. These results might be helpful for
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understanding physical phenomena in a nonlinear diffusion regularity of two non-

linear wave propagation in the medium, and can be applied widely in the field of

nonlinear optics, which also plays an important role in meteorology.

References

1]

M.J. Ablowitz and Z.H. Musslimani, Inverse scattering transform for the integrable
nonlocal nonlinear Schrodinger equation, Nonlinearity, 29(2016),915-946.

M.J. Ablowitz and Z.H. Musslimani, Integrable nonlocal nonlinear equations, Stud.
Appl. Math., 139(2016),7-59 .

W. Krolikowski, O. Bang, J.J. Rasmussen, et al, Modulational instability in nonlocal
nonlinear Kerr media, Phys. Rev. E., 64(2001):016612.

A.W. Snyder, D.J. Mitcher, Accessible solitons, Science, 276(1997),1538-1541.

D.J. Mitcher, A.W. Snyder, Soliton dynamics in a nonlocal medium, J. Opt. Soc. Am.
B., 16(1999),236-239.

W. Krolikowski, O. Bang, Solitons in nonlocal nonlinear media: Exact solutions, Phys.
Rev. E., 63(2001):016610.

A.W. Snyder, Y. Kivshar, Bright spatial solitons in non-Kerr media: stationary beams
and dynamical evolution, J. Opt. Soc. Am. B., 11(1997),3025-3031.

Y.R. Shen, Solitons made simple, Science, 276(1997),1520-1520.

S. Abe, A. Ogura, Solitary waves and their critical behavior in a nonlinear nonlocal
medium with power-law response, Phys. Rev. E., 57(1998),6066-6070.

E. Granot, S. Sternklar, Y. Isbi, et al, On the existence of subwavelength spatial soli-
tons, Opt. Commun., 178(2000),431-435.

X. Huang, L. Ling, Soliton solutions for the nonlocal nonlinear Schréodinger equation,
European Physical Journal Plus, 131(2016),1-11.

Q. Guo, B. Luo, F.H. Yi, et al, Large phase shift of nonlocal optical spatial solitons,
Phys. Rev. E., 69(2004):016602.

Y. Zhang, L. Guo, J. He, et al, Darboux transformation of the second-type derivative
nonlinear Schrédinger equation, Letters in Mathematical Physics, 105(2015),853-891.

M.L. Wang, Y.B. Zhou and Z.B. Li, Application of a homogeneous balance method
to exact solutions of nonlinear equations in matheatical physics, Phys. Lett. A.,
216(1996),67-75.

D.Y. Chen, Introduction of Soliton, Beijing: Science Press, 2006.

C.H. Gu, H.S. He, Z.X. Zhou, Darboux Transformation in Soliton Theory and Its
Application of Geometry, Shanghai: Shanghai science and Technology Press, 1998.

P.A. Clarkson and M.J. Ablowitz, Soliton nonlinear evolution equations and inverse
scattering, Cambridge: Cambridage University Press, 1992.

H.H. Chen and C.S. Liu, Solitons in nonuniform media, Phys. Rev. Lett., 37(1976),693-
697.

L.F. Mollenauer and J.P. Gordon, Solitons in Optical Fibers: Fundamentals and Ap-
plications, Netherlands, Elsevier Academic Press, 2006.



62

[20]

[21]
22]
[23]

[24]

[25]

[26]

ANN. OF APPL. MATH. Vol.35

F.J. Yu, Dynamics of nonautonomous discrete rogue wave solutions for an Ablowitz-
Musslimani equation with PT-symmetric potential, Chaos: An Interdisplinary Journal
of Nonlinear Science, 27(2017):023108.

F.J. Yu, L. Feng and L. Li, Darboux transformations for super-Schrédinger equation,
super-Dirac equation and their exact solutions, Nonlinear Dynam., 88(2017),1257-1271.

F.J. Yu, Localized analytical solutions and numerically stabilities of generalized Gross-
Pitaevskii (GP(p, q)) equation with specific external potentials, Applied Mathematics
Letters, 85(2018),1-7.

F.J. Yu, L. Li, Vector dark and bright soliton wave solutions and collisions for spin-1
Bose-Einstein condensate, Nonlinear Dynam., 87(2017),2697-2713.

L. Li, F.J. Yu, Discrete bright-dark soliton solutions and parameters controlling for the
coupled Ablowitz-Ladik equation, Nonlinear Dynam., 89( 2017),2403-2414.

F.J. Yu, S. Feng, Explicit solution and Darboux transformation for a new discrete inte-
grable soliton hierarchy with 4 x 4 Lax pairs, Math. Method. Appl. Sci., 40(2017),5515-
5525.

F.J. Yu, Nonautonomous rogue waves and ‘catch’ dynamics for the combined Hirota-
LPD equation with variable coefficients, Commun. Nonlinear. Sci. Numer. Simulat.,
34(2016),142-153.

H.C. Hu, Q.P. Liu, New Darboux transformation for Hirota-Satsuma coupled KdV
system, Chaos, Solitons and Fractals, 17(2003),921-928.

Y.S. Li, W.T. Han, Deep reduction of Darboux transformation to a 3x3 spectral prob-
lem, Chin. Ann. Math., 22(2001),171-176.

S.F. Tian, H.Q. Zhang, Lax pair, binary darboux transformation and new grammi-
an solutions of nonisospectral kadomtsev-petviashvili equation with the two-singular-
manifold method, J. Nonlinear Math. Phys., 17(2010),491-502.

X.G. Geng, Y.Y. Lv, Darboux transformation for an integrable generalization of the
nonlinear Schrédinger equation, Nonlinear Dyn., 69(2012),1621-1630.

F.J. Yu, S. Feng, Explicit solution and Darboux transformation for a new discrete
integrable soliton hierarchy with 4x4 Lax pairs, Math. Meth. Appl. Sci., 40(2017),5515-
5525.

T.A. Gadzhimuradov, G.O. Abdullaev, A.M. Agalarov, Vector dark solitons with os-
cillating background density, Nonlinear Dyn., 89(2017),2695-2702.

Z.W. Wu and J.S. He, New hierarchies of derivative nonlinear Schrédinger-type equa-
tion, Romanian Reports in Physics, 68(2016),79-98.

M. Li, T. Xu, Dark and antidark soliton interactions in the nonlocal nonlinear
Schrédinger equation with the self-induced parity-time-symmetric potential, Phys. Reuv.
E., 91(2015):033202.

M. Li, T. Xu and D.X. Meng, Rational solitons in the parity-time-symmetric nonlocal
nonlinear Schrédinger model, J. Phys. Soc. Jpn., 85(2016):124001.

Y.S. Zhang, D.Q. Qiu, Y. Cheng and J.S. He, Rational solution of the nonlocal nonlinear
Schrédinger equation and its application in optics, Rom. J. Phys., 62(2017),108.

7Z.Y. Yan, Integrable PT-symmetric local and nonlocal vector nonlinear Schréodinger
equations: A unified two-parameter model, Appl. Math. Lett., 47(2015),61-68.

L.Y. Ma, Z.N. Zhu, Nonlocal nonlinear Schréodinger equation and its discrete version:
Soliton solutions and gauge equivalence, J. Math. Phys., 58(2017):103501.

(edited by Liangwei Huang)



