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Abstract. We are concerned with the derivation of Poincaré-Friedrichs type inequa-
lities in the broken Sobolev space W?2'1(Q; T, ) with respect to a geometrically con-
forming, simplicial triagulation 7, of a bounded Lipschitz domain € in R% d € N.
Such inequalities are of interest in the numerical analysis of nonconforming finite
element discretizations such as C° Discontinuous Galerkin (C°DG) approximations
of minimization problems in the Sobolev space W?2:1(Q), or more generally, in the
Banach space BV?({2) of functions of bounded second order total variation. As
an application, we consider a C’DG approximation of a minimization problem in
BV?2(2) which is useful for texture analysis and management in image restoration.
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1. Introduction

Poincaré-Friedrichs type inequalities for broken Sobolev spaces play an important
role in the numerical analysis of nonconforming finite element discretizations of mini-
mization problems in Sobolev spaces and associated partial differential equations (cf,,
e.g., [6-8,12,13]). In this paper, given a bounded Lipschitz domain 2 in R?, d € N, we
derive such inequalities for the broken Sobolev space W?21(€); T;,) with respect to a ge-
ometrically conforming, simplicial triangulation 7}, of 2. They are based on Poincaré-
Friedrichs type inequalities for the space BV?(Q) of functions of bounded second or-
der total variation [3,4]. As an application, we consider a C° Discontinuous Galerkin
(C'DG) approximation of a minimization problem in BV?(Q2) which is used in image
processing for texture analysis and management.
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The paper is organized as follows: In Section 2, we introduce the Banach spaces
BV (Q) and BV?(Q2) of functions of bounded first and second order total variation and
recall some of its properties that pertain to the derivation of the Poincaré-Friedrichs
type inequalities, whereas Section 3 is devoted to Poincaré-Friedrichs type inequalities
in BV2(€). In Section 4, we define the broken Sobolev space W?21(Q;T}) in terms
of a broken Hessian involving a recovery operator from the broken Sobolev space
W21(Q; Tp,) into the linear space of d x d matrices with element-wise polynomial entries.
We prove the boundedness of the recovery operator in the L! norm (Theorem 4.1). In
Section 5, we first show that for functions in W2((2; 7;) the second order total varia-
tion can be bounded from above by the W*!(Q; T;,) seminorm and obtain a compact-
ness result in the sense that bounded sequences in W2!(Q; 7) contain a subsequence
converging weakly* in BV?(§2) (Theorem 5.1). We then derive two Poincaré-Friedrichs
type inequalities for the broken Sobolev space W21(2; 7;) (Theorem 5.2). Finally, in
Section 6 we consider the C°DG approximation of a minimization problem in BV?(Q)
which can be applied to texture analysis and management in image restoration [4,5]
and prove that the sequence of C°DG approximations in W%!(Q;7;,) contains a sub-
sequence converging weakly* in BV2(Q) to a solution of the original minimization
problem (Theorem 6.1).

2. Functions of bounded first and second order total variation

For a bounded Lipschitz domain Q ¢ R?, d € N, with boundary T = 9Q we refer to
Ci'(92),0 < m < oo, as the Banach space of m-times continuously differentiable scalar
functions with compact support in 2. Likewise, Ci*(Q;R%),0 < m < oo, stands for
the Banach space of m-times continuously differentiable vector-valued functions with
compact support in  and CJ*(Q; R¥*4),0 < m < oo, for the Banach space of m-times
continuously differentiable matrix-valued functions with compact support in 2.

Moreover, we will use standard notation from Lebesgue and Sobolev space theory
[14]. In particular, for Lipschitz subsets D C Q and 1 < p < oo we denote the LP-norm
by || - [r(p). We further refer to W™P(D),m € N, as the Sobolev spaces with norm
| - [lwm.r(p), and seminorm | - |yym»(p), and to Wm_%’p(F’), I'' C dD, as the associated
trace spaces. W,""(D) stands for the closure of C{°(D) in the W™P-norm. Sobolev
spaces W*P(D) with broken index s € R, are defined by interpolation. In case p = 2
we will write H™(D) instead of W™2(D). The spaces L?(D) and H™(D) are Hilbert
spaces with inner products denoted by (-,)z2(py and (,-)gm(p). Further, H=™(D)
refers to the dual space of H("*(D) with (-, -),,, p denoting the dual product.

The spaces LP(D;R%),1 < p < oo, stand for the Banach spaces of vector-valued
functions q = (q1,...,qq)" with norm lallze(piray == ([p lal” dx)% for1 < p < oo,

1 d
where [g| := (q-q)? and p-q = > ;" pigi, and ||g| e (piraey = maxi<i<a [|gill (D)
for p = oco. Likewise, we refer to LP(Q;R%*?%),1 < p < oo, as the Banach spaces of
1
matrix-valued functions q = (qij)gjzl with norm ||q|;»(pgaxe) = ([ QP dz)» for
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1 < p < oo, where |g| := (g : q)% and p :
maxi<; j<d [|gijllr=(p) for p = occ.

Further, we denote by M(; R?%), d € N, the Banach space of vector-valued bounded
Radon measures p = (p1, ..., i1q) equipped with the total variation norm

d
= Zmzlpz‘jqz‘j, and ||g\|Loo(D;RdXd) =

II.Q

] (€2 _sup{Z\u W= % %Ny _®forn7ém} 2.1)

n=1

In view of the Riesz representation theorem M(Q;R9) is the dual space of Cy(Q;R?)
with the duality pairing

(1, d)m,cp = /qdu Z/Qz ;- (2.2)

219

A sequence {u,}n of Radon measures u, € M(Q;R?),n € N, is said to converge
weakly* to u € M(;RY) (,, —* o (n — 0)) if

(s Y M,co = (B, Q) Mm,co (n = 00) forall qe C5°(QRY). (2.3)

Likewise, we refer to M(Q; R?*?) d € N, as the Banach space of matrix-valued bounded
Radon measures p = (Mz‘j)%{jﬂ equipped with the total variation norm

(2 —sup{zm 2 Q= UQn,Q ﬂQm—(Z)fornyém} (2.4)

n=1

The space M(Q; R%*?) is the dual space of Cy(Q; R?*?) with the duality pairing

<g7g>/\4700 ::/ = Z /qU d/%] (2.5

Q Li=lg

A sequence {u }y of Radon measures p € M(Q;R%>4) n € N, is said to converge
- N
weakly* to p € M(Q; R (u —* p (n — o0)) if
= - =

<u q>M Co — <g, g>M7CO (TL — OO) for all g S Cgo (Q; RdXd). (2.6)

_n_

A function v € L'(Q) is said to be of (first order) bounded total variation if its
distributional derivative Du satisfies Du € M(Q;R?), ie., for all € C3(Q;R?) we

have
—/uv-fdx:/f-dDu<oo.

Q Q
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The (first order) total variation of « is defined as follows

|Du|(Q) := sup —/uv-fdx | € CHURY), |p(z)| <Lz eQy. 2.7)
Q

We denote by BV (Q2) the Banach space of functions u € L!(Q) such that | Du|(2) < oo
equipped with the norm

[ullBv @) == llullLr @) + [Dul(%). (2.8)

For vector-valued functions u = (uy,...,uq)” € L'(Q;R?) we refer to BV (€;R?) as
the Banach space of functions with u; € BV (Q2),1 <i <d.

Clearly, we have W'1(Q) ¢ BV(Q) and v € WhY(Q) iff u € LY(Q) and Du is
absolutely continuous with respect to the Lebesgue measure. In particular, we have the
Lebesgue-Radon-Nikodym decomposition

Du =Vu+ Dyu, (2.9)

where Vu € L'(Q;R?) is called the approximate gradient of u and D u € M(£;R?) is
said to be the singular part of the derivative.

A sequence {u, }n of functions u,, € BV (Q2),n € N, is said to converge weakly* to
u € BV(Q) if u,, — win L*(Q) and Du,, —=* Duin M(Q;R%) as N > n — oo.

The following results on BV (2) are listed without proofs which can be found in [1]
and [2].

Lemma 2.1. Let {u,}y be a uniformly bounded sequence of functions u,, € BV (2),n €
N, i.e.,
lunllBy) <C, neN

for some C' > 0. Then there exist a subsequence N' C N and u € BV () such that
up —=*u in BV(Q) as N >n — occ.
We have the following embedding and lower semicontinuity results.

Theorem 2.1. (i) The space BV (Q2) is continuously embedded in LP(Q2) for p < d;fl. Itis
compactly embedded in LP(Q)) for p < d%‘ll.

(i) The mapping u — |D(u)|(?) is lower semicontinuous from BV () into R,
i.e., if {uy}n is a sequence of functions u,, € BV (2),n € N, and v € BV (Q) such that
up, —=* u (N3 n — oo)in BV(Q), then it holds

ID(w)|(%) < Tim_inf |D(u,)|(2). (2.10)

A sequence {u,}y of functions u,, € BV (Q2),n € N, is said to converge strictly to
u € BV (Q) if u, — win LY(Q) and |Du,|(Q) — |Du|(2) as N > n — oo.
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Lemma 2.2. The space C*((2) is dense in BV'(§2) in the sense that for every u € BV (Q2)

there exists a sequence {u, }y of functions u,, € C*°(2) such that {u, }n converges strictly
to u.

Functions v € BV (2) have a trace u|r € L!(T'). The trace mapping T : BV (Q) —
LY(T') is linear, continuous from BV (2) endowed with the strict topology to L'(T)
equipped with the strong topology (cf., e.g., [2, Theorem 10.2.2]). The subspace
BVy(Q) of BV (Q) is the kernel of the trace mapping 7. It is a Banach space equipped
with the induced norm.

A function u € W11(Q) is said to be of bounded second order total variation if its
distributional derivative D?u satisfies D?u € M(Q;R%*9), i.e., for all ¢ € C}(€;R?*9)
we have N

—/Vu-V-gdm:/f-dD2u<oo.
Q Q

The second order total variation of w is defined as follows

|D?u|(Q) := sup —/Vu-v-fdx | o € CHEURY) Jp(z)| <Lz eQyp. (2.11)
Q
We denote by BV?(2) the Banach space of functions of bounded second order variation
equipped with the norm (cf., e.g., [10])
A function u belongs to BV?(Q) iff u € WH(Q) and Vu € BV(Q;RY), i.e., g—;‘i €

BV (9),1 < i < d. Moreover, for u € BV2(Q) it holds

d
| D?u| () < Z () < d|D%u|(®).

2u
Baci

Obviously, we have W21(Q) ¢ BV?(Q) and v € W21(Q) iff u € WH(Q) and D?u is
absolutely continuous with respect to the Lebesgue measure. The following Lebesgue-
Radon-Nikodym type decomposition holds true

D?u = V?u + D?u, (2.13)

where V2u € L'(€;R%*9) is referred to as the approximate Hessian of « and D?u €
M(; R%*9) is called the singular part of the Hessian.
A sequence {u, }y of functions u,, € BV2(Q2),n € N, is said to converge weakly* to
u € BV%(Q) if u, — v in WH(Q) and D?u,, —* D?uin M(Q;R>?) as N > n — oo.
The following results on BV?(Q) are listed without proofs which can be found
in [10].
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Theorem 2.2. Let {u,, }i be a uniformly bounded sequence of functions u,, € BV?(Q),n €
N, i.e.,
lunllpye)y <C, neN

for some C > 0. Then there exist a subsequence N’ C N and u € BV?(Q) such that
u, =*u in BV*Q) as N 3n— oo
We have the following embedding and lower semicontinuity results.

Theorem 2.3. (i) The space BV?(Q) is continuously embedded in WP (Q) for p < 2.
It is compactly embedded in WP (Q) for p < d%‘ll.

(ii) The mapping u +— |D?(u)|(Q) is lower semicontinuous from BV?(f)) into R,
i.e., if {u, }y is a sequence of functions u,, € BV?(Q),n € N, and u € BV?(Q2) such that
up, —* u (N > n — oo) in BV?(RQ), then it holds

|D?(w)|(Q) < lim inf |D? (uy)] (92). (2.14)
A sequence {u,, }y of functions u,, € BV?(Q),n € N, is said to converge strictly to

u € BV2(Q) if up, — win WHL(Q) and |D?u,|(Q) — |D?u|(2) as N 3 n — oc.
Lemma 2.3. The space C™ (1)) is dense in BV?(12) in the sense that for every u € BV?(Q)

there exists a sequence {u, }n of functions u,, € C*°(2) such that {u, }n converges strictly
to u.

3. Poincaré-Friedrichs type inequalities in BV?(Q)

Since BV2(Q) C BV(Q), the trace mapping T : BV%(Q) — LY(T) is well defined.
We set BVZ(Q) := {v € BV?(Q) | v|r = 0} and further define

BV2(Q) := {v € BV2(Q) | / g” dr=0,1<i< d}. (3.1)
T
Q

Lemma 3.1. The trace mapping T : BV%(Q) — LY(T') is compact.

Proof. In view of Theorem 2.3 the Banach space BV?(Q) is compactly embedded
in W(Q). On the other hand, the trace mapping 7 : WH'(Q) — LY(T') is conti-
nuous. O

We briefly review the following Poincaré-Friedrichs type inequalities in BV2(Q)
from [4].

Lemma 3.2. There exist generic constants C; > 0,1 < ¢ < 2, such that

lulpia ) < C1|D*(W)](Q),  ue BVG(Q), (3.2a)
lulpia) < Co| D*(w)] (),  w e BV(). (3.2b)



Poincaré-Friedrichs Inequalities for the Broken Sobolev Space T2 37

Proof. In [4, Lemma 3.1] it has been shown that

ID(w)|(Q) < C1|D*(u)|(Q), ue BVF(Q), (3.3a)
ID(u)|(Q) < Co|D*(u)|(Q), u € BVA(Q). (3.3b)
Since | D(u)|(Q)| = |ulw1.1(q) for u € BV?(1), the assertion follows from (3.3). O

4. The broken Sobolev space W21(Q; Ty,)

Let 75, be a geometrically conforming, simplicial triangulation of 2. We denote by
En(QN) and &,(T) the set of edges of 7, in the interior of {2 and on the boundary T,
respectively, and set &, := &,(2) U EL(T). For K € Tp, and E € &, we denote by hy
and hp the diameter of K and the length of E, and we set h := max(hg | K € Tp).
We assume that the triangulation 7, is such there exist constants 0 < cg < Cg and
0 < cg < Cg such that for all K € 7, it holds

crhx <hp < Crhg, FE € &,(0K), (4.1a)

csh?; < meas(K) < Csh. (4.1b)
For two quantities A and B we write A < B, if there exists a constant C' > 0 indepen-
dent of h such that A < C'B. We further write A ~ B iff A < Band B < A.

We refer to P,,,(K),m € N, the linear space of polynomials of degree < m on K. We
introduce M, as the subspace of L'(Q)?*4 such that the restriction of q € L*(92)¥*? to

an element K € 7y, belongs to Py(K)%*? for some ¢ € N, i.e., we have
M, = {a € LN | dlx € P(K)™ K € T, }. (4.2)

For interior edges £ € &,(Q?) such that ¥ = K. N K_, K1 € T}, and boundary edges on
I' we introduce the average and jump of g € M, according to

1
S(alen, +alenk ), B € (),

{ae =1 2 (4.32)
- 2‘157 FE e €h(P),
q’EﬁK+ - QIEqu E € gh(Q)7
= = = 4.3b
s {g|E, E € &(T). (*:3b)

We further denote by ng the unit normal vector on F pointing in the direction from
K+ to K_.
For k € N we define the broken Sobolev space W?21(€); T;,) according to

W2 Ty) = {u e WH(Q) | u|k € Pu(K),K € T}, (4.4a)
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equipped with the broken Sobolev seminorm
‘u’W21 (QT5) ° Z HVQUHLl KRéxd) Z /HVU@DE]E‘dS, (4.4b)
KeTy, Eeg&y, E
and the broken Sobolev norm
[ullwz1 ) = llullwi @) + [ulwe1 97, (4.4¢)

where Vu ® ng stands for the tensor product of Vu and ng. For u € W*1(Q; T;,) we
define the broken Hessian Viu € M, by means of

Viulg = Viulg, KT, (4.5)

Applying Green’s formula, the distributional Hessian D?u of a function v € W21(Q; T,)
satisfies

<Du<p>Mco Z/VQU cpd:c— Z /Vu@nE]E gods (4.6)
KeTh i Ee&,() g

where ¢ € C5°(€; R¥*?), We construct a bulk representation of the jump contribution
in (4.6) by defining the recovery operator R : W21(Q; T;) — M, according to

/R rpdr=— ) /vu®nE]E {plpds, peM,, 4.7)
o Ee&L(Q) g
and set
V%,DGU = Viu + R(u). (4.8)

The following auxiliary results will enable us to estimate the L' norm of R(u).
They are special cases of Lemma Al and Lemma A2 from [8]. For completeness we will
provide the proofs.

Lemma 4.1. Let the triangulation Ty, satisfy the assumptions (4.1). Then there exists
a constant C' > 0, independent of h, such that for ¢ € M, and any K € T}, it holds

_d

HﬁHLOO(K;RdXd) < C h’K2 HgHLQ(K;RdXd), (493)
d

||£||L1(K;Rd><d) S C hf{”ﬁHLQ(K;RdXd)' (49b)

Proof. Let K be an element of E,K its reference element, and By : K — K the
associated d-linear mapping with Jy := |det B/ satisfying Jx ~ h%. For ¢ € M, it
holds -

Il 2 ey = /|<P |2dw—/JK|<g 1)(@)] da

~ hd /| @ o Bi)(2)| di. (4.10)
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Further, in view of the norm equivalence in finite dimensional spaces we have

</| pobB |d~’ﬂ> ~ sup (¢ o Bi)(&)| = sup [p(z)]. (4.11)

zeK zeK —
The assertion (4.9a) follows from (4.10) and (4.11). The proof of (4.9b) can be done
similarly. O
The preceding result allows us to deduce the following inf-sup property.

Lemma 4.2. Let the triangulation Ty, satisfy the assumptions (4.1). Then there exists
a constant C' > 0, independent of h, such that

. 1
f 3 R RAX oo (()-TRd X R . d > C 412
uewgﬂl(g%) ﬁzlﬁh {(H (W1 @raxa) [l oo ;R 1)) Q/ (u) = 90} >C. (412)

Proof. For u € W*(; T;,) we set q = II;(|R(u)| ' R(u)), where II, is the L? projec-
tion onto M, satisfying B

[ R Tigds = [ R ade = [R5 oo (4.13)
Q

Hence, from (4.13) we deduce

: -1
inf sup {(HR(U)HLI(Q;RdXd)HgHLOO(Q;RdXd)) /R(u) :gdw}

W2,1 0O

. -1
= uewg}fg%) { (IR (u)ll 11 (@ raxay HgHLoo(Q;Rdxd))

50\
=
£

e
L
8
——

— o |I(|R (4.14)

ueW21(Q;Ty) HLOO(Q Rdxd)

Moreover, applying (4.9b), for every K € T, we have

HHZ(’R( i 1R )HL2(KRd><d)

— [ 1B R, (R RW) do

< H|R( | 1R HLoo K;Rdxd) HH€(|R( )| 1R HLI (K ;Rdx )

d
< Chi [T, (|R(uw)| " R(u )HL%KR‘W)’

whence )
HHZ(’R( )‘ 1R )HL2 Rdxd) S C h?{ (415)
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Now, (4.9a) and (4.15) imply

HHZ(‘R( )~ 1R )HLOOKRdxd)

<C h;(% |1 (|R(u)| " R(u <C,

D2 re geea)

which readily gives

HHZ(’R u)‘ilR (u )HLOO(Q [Rdxd)
= Sup HHZ( )’ IR )HLoo K]Rdxd) S C (416)
KeT;
Using (4.16) in (4.14) proves the inf-sup property (4.12). O

Theorem 4.1. Under the assumptions of Lemma 4.2 there exists a constant Cr > 0,
independent of h, such that for u € W21(2; Ty,) it holds

HR(U)HLl(Q;RdXd) S CR Z / HVU@DE]E‘ ds. (417)
Eegh(Q)E

Proof. We have

—1
HR(U)HLI(Q;Rdxd) = . sup {(Hﬁ”Lw(Q;Rdxd)) /R(U) :gdw}

Q

> sul\l/)I {(Hﬁ”[/oo(Q;Rdxd))l/R(u) :ﬁdm}. (4.18)

Q

The inf-sup property (4.12) implies

— -1
||R(U)HL1(Q;]RdXd) S C 1 sup {(Hﬁ”L‘X’(Q;RdXd)) /R(U) ﬁd:ﬂ} (419)

peM
= —h Q

Now, observing (4.7), we obtain

Q
< Z SllpH‘P }E‘/‘VUQ@HE gl|ds
Ee&n () “EF
< ||£‘|L00(Q;Rd><d) Z HVU@HE]E|dS. (4.20)
N Eegn() g

Using (4.20) in (4.19) gives (4.17). O
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5. Broken Poincaré-Friedrichs type inequalities

As a preliminary result we show that for u € W21(Q;T;,) the second order total
variation of v is bounded by the broken W21(Q; 7;,) seminorm.

Lemma 5.1. For u € W21(Q; Ty,) it holds

|D?u| (Q) < [ulw210.7;,)- (5.1)
Proof. In view of (2.11), for ¢ € CZ(Q; R**%) with p(@)] < 1,2 € Q, we have
—/Vu-v-fdac:— /Vchpdm
- KeTh i

An element-wise application of Green’s formula yields

—/Vu-v-fdx:—/z Ou 023 4,

Ox; Ox;
K b=
/Z O 8 QOUdI' /lea (Pz]naK,]ds
/V2u cpd:v—/Vu@naK cpds
0K
and hence
— Z /Vu V. cpdac— Z /Vzu godac— Z/Vu@nEE cpds
KeTh i KeTh i Eeen
from which we deduce (5.1). O

The previous result implies the following compactness property for the broken
Sobolev space W1(Q; Ty,) .

Theorem 5.1. Let {uy, }n be a bounded sequence of functions uj,, € W2L(Q;T),
n € N, where {h,}n is a sequence of mesh widths h,, > 0 with h, — 0 as n — oc.
Then there exist a subsequence N' C N and a function u € BV?(2) such that

up, ~* u(N' 3n—o00) in BV*Q). (5.2)

Proof. In view of Lemma 5.1 the sequence {uy,, }y is bounded in BV?(f2) and the
result follows from Theorem 2.2. O

We are now able to derive broken Poincaré-Friedrichs type inequalities in the broken
Sobolev space W21(Q; Ty,). We set

Vi = {v e WY (4 Tp,) | vlr =0}, (5.3a)
v .
&Cid =0,1<i< } (5.3b)

W2H U Ty) = {v e W
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Theorem 5.2. With the generic constants C; > 0,1 < i < 2, from Lemma 3.2 it holds
‘u’Wm(Q) < Cl’u‘WZ,l(Q;’Th)7 u € Vy, (5.4a)
‘ulwl,l(g) < CQ’“‘W2’1(Q;771)7 u € Wg{l(Q, 7;L) (54b)

Proof. The assertions are a direct consequence of the estimates (3.2) and (5.1). O

6. An application to a minimization problem in BV?(Q)

For texture analysis and management in image processing the denoised part u of an
image can be obtained as the solution of the minimization problem

F(u)= inf F 6.1
(u) i) (v), (6.1)

where the objective functional is given by
1
F(v) := EHv—udH%g(Q) + X | D] (Q). (6.2)

Here, (2 is assumed to be a bounded Lipschitz domain in R? with boundary I' = 912,
ug € L%(Q) represents the noisy image and A > 0 is a fidelity parameter. We refer
to [4,5,11] for details (cf. also [15, 16] for texture analysis based on first order total
variation models).

The existence of a solution u € BVZ(f2) can be shown by a minimizing sequence
argument (cf., e.g., [4, Theorem 3.4]).

Given a geometrically conforming, simplicial triangulation 7, of Q satisfying (4.1),

the C°DG approximation of (6.1) amounts to the computation of u € V}, := {v €
W2YQ;Ty) | vr = 0} such that

F = inf F) 6.3

bW = inf i) (63)

with F}, referring to the discrete objective functional

1
Fa(v) = 510 ualBay + 2 - [ Vool do
KeThj

+a > [ |[Vv®ng]g|ds, (6.4)
EES;L(Q) FE

where V2 ;v stands for the DG approximation of the Hessian as given by (4.8) and
o > 0 is a penalty parameter.

Since the broken Sobolev space V}, is finite dimensional, for sufficiently large penalty
parameter o > 0 the existence of a solution u;, € V}, follows by a standard minimizing
sequence argument.

Let {h, }n be a null sequence of mesh widths h,, > 0,n € N. In order to prove that
any accumulation point of a sequence {uy,, }x of solutions uy, € Vj,,,n € N, of (6.3) is
a solution of (6.1), we prove the following approximation result.
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Lemma 6.1. Let {h,}n be a null sequence of mesh widths h, > 0,n € N. For any
v € BVZ(Q) there exists a sequence {vy, }n of functions vy, € V,, "NW2Y(Q),n € N, such
that thnHW271(Q;7'; ) — HUHBV2(Q) as n — oo.

Proof. In view of Lemma 2.3, without loss of generality we may assume that

u € C3°(Q2). For such a smooth function, the result follows from standard polynomial
approximation theory [9]. O

Theorem 6.1. Let {h,}n be a null sequence of mesh widths h, > 0,n € N, and let
{un, }~ be a sequence of solutions uy,, € V,,n € N, of (6.3). For sufficiently large penalty
parameter « there exist a subsequence N' C N and a function u € BVZ(R2) such that

up, ~*u (N'3n—o00) in BV(Q), (6.5)
where u is a solution of (6.1).

Proof. The boundedness of { F},, (up,, )} yields the boundedness of

{ > /\[Vuhn®nE]E|ds},

Eeé&y,, () E N

which in view of Theorem 4.1 implies the boundedness of {R(uy, )}y in L'(92; R?*2).
Moreover, taking (4.17) into account, for a > A\C'r we have

th(uhn) > A Z /|V2uh"{ d:C—{—(Oz—)\CR) Z /HVU}L"@IIE]E{CLS
KeﬂL"K EEghn (Q)E

=Y / V2w, | dz, (6.6)
KG'ThnK

from which we deduce the boundedness of { Y [ |V?up,|dz}n. Consequently, we
K€Th, K
obtain the boundedness of {[up, [w21(q,7;, )}n. Due to the broken Poincaré-Friedrichs
inequality (5.4a) from Theorem 5.2, the sequence {|up,|lw=21(q7, )}n is bounded.
Theorem 5.1 implies the existence of a subsequence N’ C N and a function u € BV?({2)
such that
up, —*u (N'3n—o00) in BV(Q). 6.7)

n

In particular, we have
D*up, —=* D*u (N5 n — 00) in M(Q;R>?). (6.8)
Due to the boundedness of { Y [ |V2up,|dz}n and {R(up, )}y in L1(Q; R?*?) there

K€eTh, K
exist a subsequence N’ ¢ N’ and g € M(Q;R?*2),1 <4 < 2, such that
=

Viup, —* g R(up, ) =" g, (N"3n—o00) in M(Q;R>?). (6.9)
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We show that the jumps generate g, in the sense that for ¢ € C§°(Q2; R**?) it holds

Z /Vuhn®nE]E cpds—>/g cpdac (N"5n — o0).
EEghn(Q

Let {fh I be a sequence of matrices L M, ,n € N, such that
Hg — ﬁh HLOO(Q;]R2X2) —0 (N” on — OO)

In view of (4.7) it follows that

_ Z /[Vuhn®nE]E:£ds
BEEL, () & -
Z / Vuy, @nglg: (@ — @, )ds — Z / Vup, ®nglg : e, ds
E€&n, () p = =" Ee&n, () g B
Z /Vuhn®nE :(f—fh )d5+/R(Uhn)ifh dx
EE€&n,, () % - -
= _ Z /[Vuhn@)nE]E:(f—f )ds+/R(uhn):(£h — @) dx
Ecéh, (D) g - S
—|—/R(uh") tpdr. (6.10)

Q

The first and second term on the right-hand side of (6.10) tend to zero as N” > n — oc.
In view of (6.8) and (6.9) it follows that D?>u =g + g, and hence, we have

v%n,DGuhn —* D%y (N" >n— oo) in M(Q;szz). (6.11)

In view of Lemma 3.1 we have uy,,[r — ulr (N’ > n — oo) in L'(I") and hence, it
follows that u € BVZ(1Q).

It remains to be shown that v € BVOQ(Q) is a solution of (6.1). Taking (6.11) into
account, the lower semicontinuity result Theorem 2.3 infers

N“Bn—)oo

|D?uf(Q) <lim _inf )~ / V3. patn,| de. (6.12)
Ke€Thn i

Moreover, since for d = 2 the space BV?(12) is compactly embedded in L?(2) (Theo-
rem 2.3), we have
up, —u (N 5n—o00) in L*(Q), (6.13)

and hence, it follows that

|lup,, — udH%Q(Q) = |lu— udH%Q(Q) as N’"3n— . (6.14)
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As a consequence of (6.12) and (6.14) we have

. . 1
F(u) < th” inf <§||Uhn - udH%Q(Q) +A Z /{v%n,DGth dm). (6.15)
Sn—00 KEThnK

Now, for a fixed, but arbitrarily chosen v € BVZ(Q2), in view of Lemma 6.1 there exists
a sequence {vy,, }n of functions vy, € Vi, "W2(Q),n € N, such that ||vy,, w21 7,) =
vl Bv2(q) as n — co. Again, since BV?2(Q) is compactly embedded in L?(12), we have
that the sequence {v;,, }n converges strongly to v in L?(2) as n — oo, whence

Fp (vp,) — F(v) as n— oo. (6.16)

Since the penalty term in (6.4) vanishes for vy, from (6.15) and (6.16) we deduce

. . 1
F(u) <lim  inf <§||uhn —udlfe A D /W%n,pcth dx)
SN—00 KEThnK

. 1
<iin s (Yo —wlfe +A 3 [ 90| )
N"’"35n—o0 KE,ThnK

=lim sup Fy,(vn,) = F(v),

N""3n—o00

which shows that u € BVZ(1?) is a solution of (6.1). O
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