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Abstract. We give an alternative proof of a recent result in [1] by Caffarelli,
Soria-Carro, and Stinga about the C1* regularity of weak solutions to trans-
mission problems with C™® interfaces. Our proof does not use the mean value
property or the maximum principle, and also works for more general elliptic
systems with variable coefficients. This answers a question raised in [1]. Some
extensions to C'P interfaces and to domains with multiple sub-domains are
also discussed.
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1 Introduction and main results

In a recent paper [1], Caffarelli, Soria-Carro, and Stinga studied the following trans-
mission problem. Let Q€R? be a smooth bounded domain with d>2, and Q; be
a sub-domain of €2 such that ; CC Q2 and €2, :Q\Q_1 Assume that the interfacial
boundary I'(=9€;) between Q; and €2, is C** for some a € (0,1). Consider the
elliptic problem with the transmission conditions

Au=0 in Q;UQs,
u=0 on S, (1.1)

ulff =ulp, dulf—dulr=g,
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where ¢ is a given function on I', v is the unit normal vector on I' which is pointing
inside €2, and u|{ and |y (and d,ul{ and O,u|;) are the left and right limit of u
(and its normal derivative, respectively) on T' in ©; and Qy. The main result of [1]
can be formulated as the following theorem.

Theorem 1.1. Under the assumptions above, for any g€ C*("), there is a unique
weak solution we H'(Q) to (1.1), which is piecewise CY* up to the boundary in Q;
and €y and satisfies

[ull ey Flullora@y < Nllgllexm),
where N =N (d,a,,T)>0 is a constant.

The proof in [1] uses the mean value property for harmonic functions and the
maximum principle together with an approximation argument. We refer the reader
to [1] for earlier results about the transmission problem with smooth interfacial
boundaries. The main feature of Theorem 1.1 is that I' is only assumed to be in
C1>, which is weaker than those in the literature. In Remark 4.5 of [1], the authors
raised the question of transmission problems with variable coefficient operator and
mentioned two main difficulties in carrying over their proof to the general case.

In this paper, we answer this question by giving a alternative proof of Theorem
1.1, which does not invoke the mean value property or the maximum principle, and
also works for more general non-homogeneous elliptic systems in the form

LU:Dk(Alelu)IdIVF—l—f in 91UQQ,
u=0 on 01, (1.2)

ulf =uly, AMDpuv|ft— AR Dy =g,
where the Einstein summation convention in repeated indices is used,
T T T T
u:(ula'”aun) ) Fk:(FklaaF]?) ; f:(fl”fn) ) g:(glaagn) )

are (column) vector-valued functions, for k, [=1,---,d, A=A (z) are nxn matrices,
which are bounded and satisfy the strong ellipticity with ellipticity constant x> 0:

RIEP<ARGE, 1AM <k
for any €= (&) e R4,

Theorem 1.2. Assume that 2, o, and I' satisfy the conditions in Theorem 1.1,
AR and F are piecewise C* in Qy and Qy, geC*(T), and f€ Ly (). Then there is a
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unique weak solution ue H(Q) to (1.2), which is piecewise C* up to the boundary
iy and Qs and satisfies

2 2
> _lullore@ <Nlgllesm +N D IFllesw) + Nl e
j=1

j=1
where N=N(d,n,x,a,,I',[A]caq,)) >0 is a constant.

We also consider the transmission problem with multiple disjoint sub-domains
Q-+, with C1« interfacial boundaries in the setting of [5,6]. As in these papers,
we assume that any point z€€2 belongs to the boundaries of at most two of the (s,
so that if the boundaries of two €2; touch, then they touch on a whole component
of such a boundary. Without loss of generality assume that 2, CC(, j=1,--- M —1
and 02 C 0€)y;. The transmission problem in this case is then given by

Lu=divF+f in Uj]\ile,
u=0 on 0, (1.3)
u|ng:u|5Qj’ AlelUVk‘gﬂj_Alel’UVk‘gﬂj:gj7 j:l”M_l

In the following theorem, we obtain an estimate which is independent of the distance
of interfacial boundaries, but may depend on the number of sub-domains M.

Theorem 1.3. Assume that Q; satisfy the conditions above, A¥ and F are piecewise
C® for some o' €(0,a/(14a)], g; €C(09;), j=1,---,M—1, and f € Ly(). Then
there is a unique weak solution u€ H'(Q) to (1.3), which is piecewise C* up to the
boundary in §2;, j=1,--- .M, and satisfies

M M-1 M
> lullerer @y <N Y llgllew oa,) N Y IF oo @) + N1 fllww:
j=1 j=1 j=1

where N:N(d,n,M,/{,oz,o/,Qj,[A]CQI(QJ_)) >0 is a constant.

It is worth noting that in the special case when A*? and F are Hélder continuous
in the whole domain, by the linearity the result of Theorem 1.3 still holds with o/=q.

Our last result concerns the case when the interfaces are CP™ and A¥ satisfy
the piecewise Dini mean oscillation in €2, i.e.; the function

wa(r):=sup inf A(x)—Al|dx
Aty =spnt (f (4@~ Ajae)

satisfies the Dini condition, where €2,.(xy) = B,(xo)NQ and A is the set of piecewise
constant functions in €2, j=1,---, M.
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Theorem 1.4. Assume that Q; satisfy the CHP™ condition, A*" and F are of piece-
wise Dini mean oscillation in ), g; is Dini continuous on 0€);, j=1,--- .M —1, and
JE€L(Q). Then there is a unique weak solution u€ H' () to (1.3), which is piece-
wise C1 up to the boundary in Q;, j=1,---,M.

We note that the piecewise Dini mean oscillation condition is weaker than the
usual piecewise Dini continuity condition in the L., sense.

2 Proofs

The idea of the proof is to reduce the transmission problem to an elliptic equa-
tion (system) with piecewise Holder (or Dini) non-homogeneous terms, by solving a
conormal boundary value problem. These equations arose from composite material
and have been extensively studied in the literature. See, for instance, [5,6], and also
recent papers [2,4]. We will apply the results in the latter two papers, the proofs of
which in turn are based on Campanato’s approach.

Proof of Theorem 1.2. Let we H*(€)) be the weak solution to the conormal boundary
value problem

Aw=c in €y,
w,=g on 0, (2.1)
/ wdxr=0,
931
where ¢=—|'|"! [.g is a constant. The existence and uniqueness of such solution w

follows from the trace theorem and the Lax—Milgram theorem, and

w510 < Nlgll o), (2.2)

where N = N(d,). Since g € C*(€2y), by the classical elliptic theory (see, for
instance, [7, Theorem 5.1]), we have

[wllore@n < Nliglleam), (2.3)

where N = N(d,a,;). By using the weak formulation of solutions, from (2.1) it is
easily seen that (1.2) is equivalent to

{Eu:divﬁ’+f in €, (2.4)

u=0 on 0f),
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where ) .
F= ]_QILJQ2F—].Q1VU], f:f+1910

By the Lax—Milgram theorem, there is a unique solution u€ H*(€2) to (2.4) and

1wl 71 @) SN F|| @)+ IVl Ly + I fll Lo Flell @),
SN F | o) 9 oy F 1l 22 (2.5)

where we used (2.2) in the second inequality. Since F and A®? are piecewise C?, it
follows from [2, Corollary 2 and Remark 3(ii)], (2.3), and (2.5) that

2

> lullerey)

j=1
<N[ull Ly + N[ F=Vwllea@)+ NI Fllox@) +1f +1acl La@

2
<Nlgllea@+N Y I Fllca@y) + NIl o o-
j=1
The theorem is proved. O

Proof of Theorem 1.3. The proof is similar to that of Theorem 1.2. In each €;,
j=1,--- M —1, we find a weak solution to

Aw;=c; in Q,

Ovwilsn, =g; on 0%y, (2.6)

/ w;dr =0,
Q.

J

Cj=—|39j|_1/ 9;
o0,

J

where

and w; satisfies

||wj||cl’a’(szj)§N||gj||0a’(aszj)- (2.7)
By using the weak formulation of solutions, it is easily seen that (1.3) is equivalent
to

{Eu:divﬁ—kf in €, 28)

u=0 on 0f),

where
M—1

M-1
leUfilﬁjF_ZIijwj’ f:f+zlﬂjcj'
j=1

J=1
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As before, by the Lax—Milgram theorem, there is a unique solution u € H'(Q) to
(2.8). Since F and A*? are piecewise C® and 99 is piecewise C1*, by using (2.7)
and appealing to [4, Corollary 1.2 and Remark 1.4], we conclude the proof of the
theorem. O

Finally, we give

Proof of Theorem 1.4. We claim that under the conditions of the theorem, if w; is
the solution to (2.6), then Dw; satisfies the Lo-Dini mean oscillation condition in
€2;. Assuming this is true, then the conclusion of the theorem follows from the proof
of Theorem 1.3 and [4, Theorem 1.1]. We remark that the C'! continuity of w; was
proved in [7, Theorem 5.1] for more general quasilinear equations, but in general
Dw; may not be Dini continuous in the L, sense.

To prove the claim, we follow the argument in the proof of Theorem 1.7 of [3].
We only give the boundary estimate since the corresponding interior estimate is
simpler. By using the CP™ regularity of ©; and locally flattening the boundary, it
then suffices to verify Lemma 2.1 below. O

In the sequel, we denote x=(2,7,), where 2'=(x1,25,--+,74_1)ER? ! and I, (z):=
B.(x)N{x4=0} for z€R? and r>0. We say that a function f satisfies the Ly-Dini
mean oscillation in €2 if

1/2
smsn (f 1@ Dogol)
20€2 \J Q, (z0)
satisfies the Dini condition.
Lemma 2.1. Let ue HY(B]) be a weak solution to
Di(a™Diu)=0 in Bf

with the conormal boundary condition a® Diu=g(x") on T4y=B,;N{xq=0}, where a*'=
a™(z) satisfy the uniform ellipticity condition and are of Ly-Dini mean oscillation
in Bf, and g is a Dini continuous function on I'y. Then Du is of Le-Dini mean

oscillation in By .

Proof. We set

g'(x)=g"(2" xa) = g ('),

which satisfies Dyg?=0. Therefore, the above problem is reduced to the standard
conormal boundary problem

{Dk(alelw):Ddgd in BZ,

a® Dyw = g on I'y.
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Similar to [3, Section 3], for z€ B and r€(0,1), we define

1
2

o(z,r) = <][ \Du—(Du)Br(m)mBIF) ;
BT(x)ﬁBZ

(Du)Br(x)ﬁBZ :][ Du.

B, (x)ﬁBZ

where

Fix a smooth domain D satisfying
By, CDCBf

and for Z€IR?, we set D, (z)=rD+z. We decompose u=w+v, where we€ H'(D,(z))
is a weak solution of the problem

Dy (a* Djw)=—Dy((a® —a*")Dyu)+Dy(g?—g?) in D.(7),
a* Dywvy = —(a* —a*) Dyuvy+ (g% — %) vy on 9D,(7),

where a* and g? are the average of a* and ¢g¢ in D, (%), respectively. By the H'-
estimate, we have

1/2
<]{9+() |Dw|2) < N@a(2r) HDUHL“BE(E)) +Nwy(2r), (2.9)

Here @, is the modulus of continuity of ¢g in the L, sense. Note that v:=u—w
satisfies

Dy.(a" D)= Dyg* in B (z),
a Dy =g? on ['.(Z).

Then for any ceR and k=1,2,---,d—1, v:= Dyv—c satisfies
Dy(a" Dy5) =0 in B (7),
a D=0 on T,.(%).

By the standard elliptic estimates for equations with constant coefficients and zero
conormal boundary data, we have for any c€R,

1/2
||DDk'U||LOO(B;L/2(f))§NT_1 (][]_; |Dk'U—C|2) ) k:]-aad_l

F (@)
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Then by using
1

Ddd’U: —@ Z C_LijDijU,
(.9)#(d,d)
we obtain
1/2
||D2'U||L°°(B;f/2(i)) §N||DD$'U||L°°(B;F/2(E)) SN?"il (][;+(x)|D$/'U—C|2) ,

where we used the notation D, v=(Djv,---,D4_1v). Therefore, we have

D?V|| oot oy <N7T!
L O

Let 11€(0,1/2) be a small number. Since

(£

we see that there is a constant Ny= Ny(d,x) >0 such that

(£

1/2
|Dv—q|2) : VgeR?.
7)

D’U_(DU)BIT(E)

o\ 172
) <27 (| D*0| oo 5. (2

DU—(DU)B:{T(E)

)\ 172 1/
) <Nopt (][ |DU—C]|2) ,  VgeR™
B (z)

29

By using the decomposition u=wv+w, we obtain from the above and the triangle

inequality that

DU—(DU)B;{T(@)

(f 2) 1/2
Bji-(z)
) 1/2 1/2
< ][ + ][ | Dw|?
B () B (%)
1/2 1/2
<Nop <][ \DU—Q\Q) +Npm? <][ IDw\Q) :
B (z) B (z)

Setting ¢=(Du) g+ ;) and using (2.9), we obtain

DU - (D,U)B:T(:Z')

0(@,m) < No (1) + N2 (@4 20) | Dl o 5 a7y +20(21) )

(2.10)

By using an iteration argument as in the proof of [3, Theorem 1.7], from (2.10) and
the corresponding interior estimate, it is easily seen that Du is of L,-Dini mean

oscillation in B;" with a modulus of continuity depending on d, &, [ Dull 51y @

and wy. The lemma is proved.

O
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