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Bifurcations of Double Homoclinic Loops with
Inclination Flip and Nonresonant Eigenvalues

Qiangian Jia', Weipeng Zhang", Qiuying Lu? and Xiaodong Li!

Abstract In this work, bifurcation analysis near double homoclinic loops
with W* inclination flip of I’y and nonresonant eigenvalues is presented in a
four-dimensional system. We establish a Poincaré map by constructing local
active coordinates approach in some tubular neighborhood of unperturbed
double homoclinic loops. Through studying the bifurcation equations, we
obtain the condition that the original double homoclinic loops are persistent,
and get the existence or the nonexistence regions of the large 1-homoclinic
orbit and the large 1-periodic orbit. At last, an analytical example is given to
illustrate our main results.

Keywords Double homoclinic loops, Nonresonant eigenvalues, Inclination
flip, Periodic orbit, Bifurcation.
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1. Introduction

During the last few decades, bifurcations of homoclinic or heteroclinic orbits
are always widely met in applications, and they have been investigated extensively
(see [1-36] and the further references therein). Notably, to the best of the authors’
knowledge, only a few concerned the bifurcation of double homoclinic loops. Han
and Bi [7] investigated the existence of homoclinic bifurcation curves and small and
large limit cycles bifurcated from a double homoclinic loop under multiple parameter
perturbations for general planar systems. Han and Chen [8] gave the number of limit
cycles near double homoclinic loops under perturbations in planar Hamiltonian
systems. Lu [18] obtained codimension 2 bifurcations of twisted double homoclinic
loops in higher dimensional systems. Ragazzo [23] investigated the stability of sets
that were generalizations of the simple pendulum double homoclinic loop. In our
recent work [33,34], codimension 2 bifurcations of double homoclinic loops and
codimension 3 bifurcations of nontwisted double homoclinic loops with resonant
eigenvalues were studied.

Bifurcations on inclination flips have been developed in homoclinic or heterclinic
loops. Homburg et al. [11] studied three parameter unfolding of resonant homoclinic
orbits with orbit flip or inclination flip. Oldeman et al. [22] presented a numerical
investigation of the unfolding for a specific three-dimensional vector field, which was
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constructed by Sandstede [24] to explicitly obtain the homoclinic loop with inclina-
tion flip and orbit flip. Shui et al. [26] studied codimension 3 nonresonant homoclinic
orbit bifurcation with two inclination flips. However, there is no attention to the
problem of double homoclinic loops with inclination flips. Motivated by this fact,
we will study the problems of homoclinic and periodic orbits bifurcated from double
homoclinic loops with W# inclination flip of I'; and nonresonant eigenvalues in four
dimensional systems. Generally speaking, the bifurcation is more complicated as
I' is inclination flip and double homoclinic loops have higher codimension than a
single homoclinic loop under the same conditions. Therefore, our work will be more
difficult and challenging.

The rest of this paper is organized as follows. In Section 2, some hypotheses
are given for our discussion and the normal form is established. In Section 3, the
Poincaré map is set up and the bifurcation equations are given. In Section 4, by
analysing bifurcation equations, the rich results of inclination flip bifurcations are
obtained under different conditions. In Section 5, we give an analytical example to
clarify our main results. A brief conclusion ends the paper in Section 6.

2. Hypotheses and Normal form

Consider the following C" system and its unperturbed system

f= £(2)+g(,), (2.1)
z = f(2), (2.2)
where r is large enough, z € R*, v € R, 1 > 3,0 < |v| < 1, f(0) =0, g(0,v) =

9(2,0) =0.
We make the following assumptions, which are shown in Figure 1.

(H1) The linearization Df(0) has simple real eigenvalues at the equilibrium 0:
—pP2, —pl,/\l7 )\2 Satisfying

—p2 < —p1 <0< A < Ag and pP1 > A1

(Hz) System (1.2) has double homoclinic loops I' =T'y UTy,T; = {z = r;(¢) : t €
R, ri(£o00) = 0} and dim(T,., )\ W* N T, »nW*") =1, i = 1,2, where W* and
W are the stable and unstable manifolds of 0, respectively.

7 (t)

[75(t)]

corresponding to A; and —p;, respectively, and satisfying ei" = 763_, e;] =

(H3) Let eii = limy 00 , and e € ToW",e; € ToW* be unit eigenvectors

—ey .

(Hy) Span{Tri(t)Wu, T,ai(t)Ws, e;r =Rtast>1,
Span{TTl(t)Wu,TTl(t)Ws, 61_} =Rtast< -1,
Span{Trz(t) W T, yW?, TTl(t)WSS} =Rtast < —1.

The hypotheses (Hy) implies that W* of T'; is inclination flip. Furthermore,
both W* and W* of I'y as well as W™ of I'y have the strong inclination property.
That is to say, a general vector in T,,yW? (resp. T, 4)W*") not belonging to
span{7(t)} should go to the strong stable (resp. unstable) direction as ¢ — +oo
(resp. t — —o0).
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Figure 1. Double homoclinic loops I' =T'1 U Ty

As shown in Figure 1, under the hypotheses (Hy) — (Hy4), we can see that the
double homoclinic loops I' are codimension 3.

The single homoclinic loop in high-dimensional systems has been investigated
by many authors (see [1,2,4-6,9,11,17,22,24,26,32,35] and the references therein).
In this paper, we only focus on bifurcations of the large loop, that is, the double
loops I' =Ty UTs.

We assume that r > 3Q and DV f(0) = 0 for N = 0, 1. It satisfies the Sternberg
condition of order Q and K is the Q-smootheness of D f(0) = 0, where Q = K([i—f] +

[£2] +2), so system (2.1) is uniformly CX linearizable according to [12]. Therefore,

there exits U, a small neighborhood of 0 in R*, such that, for v € R!, 0 < || < 1
and Y(z,y,u,v) € U, system (2.1) has the following CX~1(K > 4) normal form

&=\ (v)x,

y =—p1 (V)yv

=X (V)u, (2:3)
0 =— pa(V)v.

3. Poincaré map and bifurcation equations
Now we consider the linear variational system of (2.2) and its adjoint system
2= Df(r;(t))z, (3.1)

Z=—(Df(ri(t)))" 2. (3-2)
Denote 7;(t) = (rf(t),r!(t),r¥(t),r?(t)). Under the coordinates corresponding to
system (2.3), one can take T and T} large enough such that r;(—~T}) = {(—1)=1¢,0,
0,0}, 7(T?) = {0, (=1)(=1Y¢,0,0}, where § is small enough such that {(z,y,u,v) :
=], |yl |ul, [v]
<20} CU.

Lemma 3.1. System (3.1) has a fundamental solution matrix

Zi(t) = (2 (1), 2 (), 27 (1), (1))
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satisfying
2 (1) € (Tr, W) N (T, iy W*)",
22(t) = (=1) (0| (T0)] € Th oy W™ N Ty, W,
Zf(t) S l(t)W “
Z?(t) € Tn(t)W ,
wit w? 0 wit 1 0wfto
. 0 0 0wj? o 0 1wf20
Z(-Ty) = ) (1) = )
wit 0 1w 0 0wfo
B0 0wk w0 w1
wil w3t 0 wit 1 0wsto
wi? 0 0 ws? 0 1wi?o0
Zo(-TH=| " e Zy(T9) = L
wi 0 1wl 0 0w330
0 00 w§4 w%‘l 0 w§’4 1

where w}4w%2w42w44w33 #0, w? <0, [wt <1, (@Y w?| < 1,5 =1,3,

1, 4 . _1, 45 .
|(w%2) J|‘ < 17 .] - 1337 |(U)4112) 1u}lj| < 17.] 7é 47 |(w34) 1w2]| < 17.] 7é 4a
(w3 N wP)| <« 1,j #3,as T/ > 1fori=1,2,j=0,1.

Proof. Due to the deﬁnition of 22(t) = —i1(t)/ |7} (TO)\ we obtain the expression of
22(=T}), 22(TY) and w?' < 0. Owing to |T18| — el € TyW" (ast — —oo) and the
hypotheses (Hy), we know that z{(¢) with 2{(77) = (0,0,0,1)* approaches ToW **
asymptotically. Because W* of I'y is inclination flip, and therefore, w}2 # 0. Simi-
larly, we have wi?® # 0. Take ] (t) € (T, (;yW*)° N (Ty, 1y W*)* such that z} (T7) =
(1,0,0,0)*, 21 (— Tl) = (wgt, wi?, w3, wit)*. If wi?=0, then we set 21 (t) = z%(t)
Otherwise, due to wi? # 0, we denote zi(t) = 21 (t) — w{?(wi?)~1z{(t), then 21 (t)
satisfies the desired conditions at moments T} and —7%. Based on det Z; (—T}) # 0,
wit # 0 is clear.

By the expressions of the local invariant manifolds in U, the values of 23(t),
23(t), 25(t) at t = =T}, TY and w3 < 0 are clear. Owing to ‘:28‘ — e, € TyWs
(as t — +00) and the hypotheses (Hy), W* of 'y has the strong inclination prop-
erty. We know that 25(¢) with 253(7%) = (0,0,0,1)* approaches ToW?** asymp-
totically (as t — +o00), and therefore, w3 # 0. Similarly, we have w33 # 0.
Take z3(t) € (T iy W*) N (T, 1y W*)© such that z3(T3) = (1,0,0,0)*, _1( T} =
(wgt, wi?, w3, wit)*. I wit=0, then we set zzl(t) = zi(t). Otherwise, due to

wit # 0, we denote wi* = —(w3) 1wt and 21(¢) = zz( )+ wi*23(t). Then z3(t)
satisﬁes the desired conditions at moments 7% and —7T,. Note that wi? = 0 means

23(t) € TT2(t) W3, whereas, by definition, z3(t) should belong to (T, ) W3'). So we
have wi? # 0. The remainer is easy to check, we omit the detail. (|

Let W,(t) = (Z71(6)* = (1 (t), 62(£), 42 (1), 4:4(1)). Obviously, ¥, (1) is a funda-
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Figure 2. The Poincaré map

mental solution matrix of the adjoint system (3.2). Introduce the transformation

2= 1)+ (21 (8), 22 (), 23 (), 24(0)) - (n}, 0,3, nd) & sy(2) (3.3)

in the neighborhood of T';, and choose the cross sections (see Figure 2)
S = {z=Su(T7) : |l Iyl Jul, Jo] < 26} C U,
S; ={z=8(=T}) : lal, |yl |ul, |v| < 26} CU

for i = 1,2, then system (2.1) takes the following normal form

nlo= (1)) g (ri(t),0)v + hot, =T} <t<T?  i=12j=134
(3.4)

By integrating both sides from —7T}' to T, equation (3.4) produces a map P} :
St — SV as follows.
nl(T0) = n(~T}) + Mlv+ hot.,  i=1,2;j=1,34, (3.5)

0

where Mf = / 1 (wg(t))*gl,(ri(t),O) dt,i =1,2;5 =1, 3,4 are Melnikov vectors.
,Til

! t+oo
Lemma 3.2. M) = [~ (w}0) 0, (r(®.0)di= [ (6105 (r(0).0) . i =

=T; —o0
1,2.

Proof. Without loss of generality, it is sufficient to verify that (¢1(¢))*g, (r1(t),0) =
Ofort > TP andt < —T}. Wehave r1(t) = (0,7Y(£),0,0) with [1¥(t)] = O(se=P(1=T1))
< §for t > T and ri(t) = (r¥(t),0,0,0) with [rZ()] = O(5eMHT)) < § for

t < —T}. According to the normal form (2.3), we have

gV(rl(t>7O) = (050(6)a070)? fOT t Z T107 gu(rl(t),o) = (O((S),O,O,O)7 fOT t S —Tll
Since (U1 (t))*Z1(t) = I, we have (7 (t))*2}(t) = 0, j=2, 3, 4. Denote

W](1)* = (] (1), ¥12(), 1 (), i (1)),
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then 21 (T?) = (1,0,0,w}*)* implies that ¢ (T°) = 0, j = 2,3,4. Thereafter, we
have ¢'(t) = 0, for t > T?, j = 2,3, 4, since Df(rl( )) and its adjoint matrix are
both diagonal. Likewise, we can also obtain 1/){ (=T}) =0, j = 2,3,4. Consequently,
Wi (t) = 0, fort < =T}, j = 2,3, 4. Thus, we have (¢} (t))* g, (r1(t),0) = 0 for t > T
and t < —T}. (]

Next we consider the maps Py : S§ — S1; ¢) — ¢f and PY : S — Si: ¢f — ¢4
induced by the flow of (2.3) in the neighborhood U of z = 0. Set the flying time
from ¢9 to ¢} as 71, ¢ to ¢i as 7, and the Silnikov time s, = e M7 k= 1,2,
Then we have

PIO : q2(x2,y2,ug,v2) — Q1($17y17u1>1}%)
9 = syx1,
y% m/>\1yg7 (3.6)
= 5l
)
Py g (2, gl u}, o)) = g (23, 95, up, 03)
29 = soxl,
ys = 5" M, (3.7)
W=
U% _ 852/>\1 0
Then, we seek the relations between q-2‘( - ?/1 , Zj7 vfj) S q12]+1( ?j+17
y I 2ty e gl (qu) = qfﬁr and their new coordinates N>/ =
( sz Lo, fj B,nfj 4, N2]+1 _ ( 3g+1 10,05 2413, 2j+1 4) for i = 1,2, where ¢ —

0. Using (3.3) and the expression of Z;(—T}) and Z (T?), we achieve

n = o )
n23 = (w3 T, (3.8)
npt = ol —wltal ¢ (el — ol ),
2j+1,1 — (w%4)7lvfj+1 _ (@-14)7111)?4(’[1]42) 1yfj+1,
n%gﬂ B u%jJrl _ wfs(wu)*l 2j+1 —|—u) (_14) 1(w<112) 1w44y%g+1 wig(w14)71v%‘j+17
R = (i) T
(3.9)
n = -l ) N,
ns?? = (wi®) " tud’, (3.10)
ngt = o —wdtad ¢ (et —d) ) g,
nF = )T — ) el )
W )T dd?) 7w o)l

2j4+1,4 _ o 44\—1_ 2j+1
o = (w3") y; )

(3.11)
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and
e (-1, P = (-1 (3.12)

Notice that n (T?) = n, nl(=T}) = n}?, now we are ready to give the Poincaré
maps from (3.5)-(3.12):

Fy =PloP?: 89— 89
npt = (i) s M)+ (@) it (wi) T esy N+ My + hodt.,
ni? = uf 4wl (@) 1o Lo @l T ) Teftesy T (3.13)
—w13(7%4) 1 pz/>\1 0+M1V+h0t
nyt = (wi?)T1asp N+ My + hoot.,
Fy=PyoPy: S)— 53,

ny' = (wi?)~1osh p1/h — (wi?) " twd? (wit)~ 15’2)2//\1 O+ Mjv+ hot.,

ny® =y — w3 (3) 710 M o+ w3 (ws®) Te” —wi)(wgt) 5 My
+ M3v + h.ot.,

n§4 (w§4) 1 p2/)‘1 O—I—M2u+hot
(3.14)

Finally, equalities (3.6)-(3.11), (3.13) and (3.14) yield the successor function
G(s1,82,u1, up, 07, 03) = (G, G, G, G, G5, G3) = (Fi(g3) — &Y Fa(ad) — d3)
as follows.
Gl =(@!4)! pz/x\l W9 + (W) Lt (w 42)*153’“/’\1 + 059
+wd (w?) ™! AQ/”\l us + Mjv +h.ot.,

G =k — () Pt ool

) 1ss pl/>‘1
— (w3t A2/Al us + MPv + h.ot.,
Gl =—1) — (wi?)~ 1§Sfl/>\1 —witdsy
— [t} — wdt) (i) s Mul + Miv + hot,
Gy =(w3?) 71855 — () Mg (wit) g M o) — bsy
+ wg’l(ws?’)*lsi\r“/hu% + M21/ + h.o.t.,
G =ub —wi (wi?) 105 4w (w?) T wf? — wi)(wih) T 5 M
— ()71} Mul + M3y + hot.,
G5 = —v3 + (w3*)~ 1352/)‘1 O+ witds
= (w3} — w3 Ml + My + ot

Clearly, there is an 1 — 1 correspondence between the large 1-periodic, large
1-homoclinic and large loop consisting of double homoclinic orbits of system (2.1)
and the solution Q = (s1, s2, ul,ud, v?,v9) of

(G1,G,G1,G3,G3,G3) =0 (3.15)
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with S1 Z 0,82 Z 0.
For G} = 0 we get

v? = —(w‘lm)_lés‘{l/)‘l —witdsy + Miv 4+ O(sz), (3.16)
substituting v? into G5 = 0 we have
= (w§4)_1M{1us§2/>‘1 +witdsy + Myv + O(sfl/)‘l) + O(SQQ/MH),
by substituting it into (G1, G3) = 0, we obtain the bifurcation equations
89 = — (w%4)_1M24V5_15§)2/)‘1 - (w%‘i)_lw%‘ls?/)‘l“ — 6 'Mlv+hot.,

s1 :(w%Q)_lsgl/)‘l + 6 'Miv+ hot.

(3.17)

4. Main results and their proofs

In this section, we study the existence, uniqueness and incoexistence of the double
homoclinic loops, large 1-homoclinic orbit and large 1-periodic orbit.

Theorem 4.1. Suppose that (H;) — (Hy) hold. Then, for |v| small enough, system
(2.1) has at most one large loop consisting of two homoclinic orbits, one large 1-
homoclinic orbit or one large 1-periodic orbit in a small neighborhood of I', and
these orbits can not coexist.

Proof. We have

000 & 00

010 0 00

o 9(GL, G, G, G, G, GY) | oo o-1-wiso 0
0Q Q=0w=0 | 500 0 00 |

000 0 10

w60 0 0 0-1

where Q = Q(s1,ui,v?,s0,ud, v9) and detW = —§2 # 0. So the implicit function
theorem says that, in the neighborhood of (Q,v) = (0,0), there exists a unique
group of functions

Si:'si(y)v uzlzuvl(y)v U?ZU?(V)v i:172a

satisfying s;(v) = u}(v) = v)(v) = 0 as v = 0. Then if s1(v) = sa(v) = 0, system
(2.1) has a unique large loop, that is, the loop I' is persistent. If s1(v) > 0, s2(v) =0
(or s1(v) = 0,s2(r) > 0), system (2.1) has a unique large 1-homoclinic orbit. If
s1(v) > 0,82(v) > 0, system (2.1) has a unique large 1-periodic orbit. O

Theorem 4.2. Suppose that (H;) — (Hy) hold, then the following conclusions are
true.

(1) If M} # 0, then there exists a unique surface 3; = {v:M}v+hot =0}
with codimension 1 and normal vectors M} at v = 0, such that system (2.1)
has a homoclinic loop near T'; if and only if v € ¥; and |v| < 1, that is, T; is
persistent.



Bifurcations of Double Homoclinic Loops 33

(2) If rank (M{, M3}) = 2, then X12 = ¥; N X3 is a codimension 2 surface and
0 € X192 such that system (2.1) has a large loop consisting of two homoclinic
orbits near " as v € 315 and |v| < 1, that is, T' is persistent.

Proof. If (3.17) has solution s; = s5 = 0, then we have
M!v+ h.o.t. =0, i=1,2. (4.1)

If M} # 0, then there exists a codimension 1 surface ¥; with normal vector M}
at v = 0, such that (3.17) has solution s = sp =0 as v € ¥; and |v| < 1.

If rank(M{, M}) = 2, then X5 = %; N ¥y is a codimension 2 surface with
normal plane span{ M, M3} such that (3.17) has solution s; = sy = 0 as v € L1
and |v| < 1, equivalently, the large loop I' = I'y U Ty is persistent. O

Next, we discuss if (3.17) has solution s; > 0, s3 > 0, then we have the following
theorem.

Theorem 4.3. Suppose that (H;) — (Hy) hold, |v| < 1, and rank(M{, MJ}) = 2,
then the following results are true.

(1) In case Mjv < 0 and wi? < 0, system (2.1) has no large 1-periodic orbit near
T.
12

(2) In case Miv > 0 and wi? > 0, system (2.1) has a unique large 1-periodic
orbit near I' as 0" 'Miv < g(v), a unique large 1-homoclinic orbit near T’
as ' M]v = g(v), and no large 1-periodic orbit as § 1 Mlv > g(v), where
9(v) = — (@1 M6 (5 M)/

— (1) T wd (6T M)/ M A L hot..

(3) In case M}v < 0 and wi? > 0, system ( 1) has a unique large 1l-periodic

orbit near I' as 6 *Miv > —(w 12) Y—6"1M{v)P /21 4 h.o.t., a unique large
1-homoclinic orbit near I' as ! Miv = —(wi?)~ ( S—1Milv )'“1/Al + h.o.t.,
and no large 1-periodic orbit as 6 ! Mgv < —(w3?) "1 (=6~ 1M1 )Pr/M bt

(4) In case Miv > 0 and wi? < 0, we have
() If Miv > 0,(wi*)"*MJv > 0 and (w0}*)"twi* > 0, then system (2.1)
has no large 1-periodic orbit.

(I) If Miv <0, (wi*) "t Mzv < 0 and (wi*) " twi* < 0, then system (2.1) has
a unique large 1-periodic orbit as —(wd?)~1(=0~"'M{v)"/* + h.ot. >
§~ 1M}y, aunique large 1-homoclinic orbit as —(w3?) 1 (— 6‘1M111/)pl//\1+
h.o.t. = 6~ Mjv, and no large 1-periodic orbit as —(w3?) = (=6~ Mv)rr/M
+h.ot. <6 Mjv.

() If Miv < 0, (@!*)"'Miv > 0, (@) wi* > 0 and |Miv|*=
|M3v| (as v — 0), then system (2.1) has a unique large 1-periodic
orbit as 6 ' Mjv > —(wi?) "N (=6~ Miv)P /M 4 hot. or §TIMiv <
(—w}*M{v/MGv) /P2 4 h.o.t., aunique large 1-homoclinic orbit as 6 ~' Mj v
= —(wiH)~(~ 5_1M111/)pl/’\1 + h.o.t., and no large l-periodic orbit as
ST IMv < —(wi?) M=t Miv)P / Mdhoot. or T My > (—wit My / Myv) M/ P2
+h.o.t..

(IV) If Miv > 0, (wi*)"'Miv < 0 and (wi?)~lwi* < 0, then system (2.1)
has a unique large 1-periodic orbit as ' M{v < h(v), a unique large
I-homoclinic orbit as §"*Miv = h(v), and no large 1-periodic orbit
as 6 'Miv > h(v), where h(v) = —(wi*) ' Mjvs— (6~ Mjv)r=/* —
(i)~ twdt (6~  MIv)P/MH L hot..
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(V) If wi*M3v < 0, then we can get the following results.

D) = —
(Z/) 2)\151@%4 (pg + )\1)(510%4
Ev) =
Fv)=—-0"'Mjv—

siky (V) =

(i)

(i)

If D(v) > 0 and F(r) < 0, then system (2.1) has a unique large
1-periodic orbit as s1, (v) < 6 'Mjv + h.o.t., a unique large 1-
homoclinic orbit as sy, (v) = 0 'Mjv + h.o.t., and no large 1-
periodic orbit as s1y, (1) > 6 ' M3v + h.o.t.

If D(v) > 0 and A(v) < 0, then system (2.1) has no large 1-
periodic orbit as F(v) > (=0 wi?Mjv)M/P1 + h.o.t., a unique large
1-homoclinic orbit as F(v) = (=0~ tws2M3iv)*/Pt 4+ h.ot., and a
unique large 1-periodic orbit as F(v) < (=6~ 'wi2Mjv)*/P1 4-h.o.t..

(iii) If D(v) > 0, F'(v) > 0 and A(v) > 0, then system (2.1) has no large

I-periodic orbit as F(v) > (=0 wi?Miv)™/P1 + h.o.t., a unique
large 1-homoclinic orbit as F(v) = (=6 'ws?Mjv) /P + h.ot., a
unique large 1-periodic orbit as 0 < F(v) < (=6~ twi2Mjv) /P +
h.o.t. and s1j,_(v) > 6 'Mav + h.ot. ( s1p, (v) < 6 'Mzv + h.o.t.),
no large 1-periodic orbit as s1;_(v) < 6 'Mjv + h.o.t. < sig, (v),
and a large 1-homoclinic orbit as si;,_ (v) = 6 ' Myv+h.o.t. (s1s, (V)
=§"1Mlv+hot).

(iv) If D(v) < 0 and A(v) < 0, then system (2.1) has no large 1-periodic

orbit.

If D(v) < 0, F(v) < 0 and A(v) > 0, then system (2.1) has no
large 1-periodic orbit as siz_(v) > 0~ *Mjv + h.o.t. or s, (v) <
§~IMj}v + h.o.t., a unique large 1-homoclinic orbit as si;_(v) =
6 Mjv + hot. or sig, (v) = 6 ' M}v + h.o.t., and a unique large
1-periodic orbit as six_(v) < 6 ' Mjv + h.o.t. < six, (v).

(vi) If D(v) < 0 and F(v) > 0, then system (2.1) has no large 1-

periodic orbit as F(v) > (=0~ w32 Mjv)*/P1 4 h.o.t., a unique large
1-homoclinic orbit as F(v) = (=6~ wi?M3v) /P + h.o.t., a unique
large 1-periodic orbit as 0 < F(v) < (=6 lwi?Mjv) /P + h.o.t.
and six, (v) > 6 'Mjv + h.o.t., a unique large 1-homoclinic or-
bit as six, (v) = 6 'M3v + h.o.t., and no large 1-periodic orbit as
1k, (V) <6 'Myv + hodt..

4 4
paMyv paMsv )pg/,\l—z T hot.,

_ —E()£+/E?>(v) —AD(v)F(v)

paMiv paMiv

)\15@%4 (pg + )\1)(5’[0%4

(207 = p3 — Aip2) Myv
2)\1([)2 + )\1)(5’11_}}4

)p2/)‘1_1 + h.o.t.,

ngély
(p2 + A1)dwy?

(— )")2/>‘1 + h.o.t.,

2D(v) + h.o.t.,

A(v) = E*(v) —4D(v)F(v).

Proof.

(1) We can obtain it easily from the second equation of (3.17).
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(2) In case Miv > 0, wi? > 0, we have s; > 0 as s > 0. Eliminating s1, (3.17)
is reduced to

F(s2) 2o + (@1 Mivd ™ (67 Maw + (wh?) s/ M)/ N
+ (M) Ll (5T My 4 (wi2) sl M yee /ML L 5Ny 4 hoot.
:()7

For (pa/A1) > (p1/A1) > 1, we get F'(s9) = 1> 0,

F(0) =(of*) ' Mavé 1 (5~ Myv)P2/™
+ (wih) g (6T My vy M 6T MY + ot
257 Mlv — g(v).

If 6~ *Miv < g(v), then F(s2) = 0 has a unique small positive solution. If
§~1Mlv = g(v), then F(s3) = 0 has a unique solution s, = 0. If 6 *M{v >
g(v), then F(s2) = 0 has no positive solution.

(3) In case Myv < 0, w3? > 0, we get s3 > 0 as s; > 0. Eliminating s, (3.17) is
reduce to

F(s1) £s1 = (i)~ (~(@1) 7 Mws 10— (@)h) gt s
— 0 M) /M — sTIM Y + heot.
=0,

For (pa/A1) > (p1/A1) > 1, we get F'(s1) = 1> 0,

F(0)

— (3N (=6 Mv)P M — 5T MY + heot..

If 6 ' Mjv > —(wi?) " (=6~ M}v)P1/* 4 h.o.t., then F(s;) = 0 has a unique
small positive solution. If 6~ *Miv = —(wi?) =Y (=51 Mlv )"1/’\1 +h.o.t., then
F(s1) = 0has a unique solution s; = 0. If 6 "' M{v < —(wi?) =1 (=0~ M{v)r/™
+h.o.t., then F(s1) = 0 has no positive solution.
(4) (I) For Miv > 0, (wi*)"'M3v > 0 and (wi*)"lwi* > 0, it is easy to get
the result from the first equation of (3.17).
(I) For M{v < 0, (wi*)"*M3v < 0 and (wi*)~twi* < 0, the first equation
of (3.17) shows that sy > 0 as s; > 0, so we can eliminate sy and reduce
(3.17) to L1(s1) = K1(s1), where

Li(s1) = [wi(sy — 61 MIv)M/P 4 heott.,

Ki(s1) = — (@) "' MEvs— 102/ — (i) Lpldsf?/ M _ 5= 10ly 4 ot
) =
)=

L1(0) = [wi?* (=0~ ' Myv )]/\1/’314—h.o.t.7

(
Ki(0)=—0"'Mlv+hot.

Because of Lj(s1) < 0 < Kj(s1), if L1(0) > K;(0), we can see that
Li(s1) = Ki(s1) has a unique small positive solution. If L;(0) = K1(0),
then L1 (s1) = Ki(s1) has a unique solution s; = 0. If L;(0) < K;(0),
then L;(s1) = Ki(s1) has no positive solution.
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(III) For Miv < 0,(wi*)"'Myv > 0 and (wi*)"lwi* > 0, to guarantee
s3>0, (3.17) must have 0 < 57 < min{s;z, s1x }, where s;7, = § ' Miv+
h.o.t. satisfying Li(siz) = 0, and sy = (—wi*Mjv/Miv)*1 /P2 4+ h.o.t.
satisfying K1 (s1xc) = 0. Now we verify that s, ;x = (—wi*M]v/Mjv)*i/r2
+h.o.t. is the small positive solution of Kj(s;) = 0. Denote ¢ = s’fZ//\l,
and a = A1 /p2 + 1, then it gives rise to

(@I MEvs T+ (i) T wdt® + 6 My + hoot. = 0.

As (01 'Miv > 0 and [Mlv|* < |M2v|, it has a unique small
positive solution = —wi{*M{v/Miv + h.o.t., because |(wi*) lwi*t| =
|(wit)*twit| x |[Miv/Mjv|® < 6 *Miv. Thus, Ki(s;) = 0 has a
unique small positive solution s1x = (—wi*Mjv/Miv)*/P2 4+ hot..
Next we want to find a positive solution sy of L;(s1) = Ki(s1) satisfying
0 < s < min;{le,le} < 1. Because of L/l(sl) < O,K;(sl) < 0 and
|L1(51)| > |K1(51)| (as vV — 0)7 when Ll(O) < K1(0), Ll(Sl) = Kl(Sl)
has no positive solution; when L;(0) = K1(0), L1(s1) = K1(s1) has a so-
lution s; = 0; when Ly (0) > K;(0), L1(s1) = K1(s1) has a unique small
positive solution as s1;, < s1x, and no positive solution as s1;, > sik.

(IV) For Miv > 0, (wi*)"*M3jv < 0 and (wi*)"1wi* < 0, the first equation
of (3.17) shows that s; > 0 as sp > 0, so we can eliminate s; and reduce
(3.17) to La(s2) = Ka(s2), where

Ly(sy) =so + 6 'Miv + h.ot.,
Ko (s2) = — (@) ' Mzwd ! (w?) M 467 Mg/
= (@) gt (w3?) Ny 6T ML) ot
Ly(0) =6 'Miv + h.ot.,
K5(0) =h(v).
The proof of the remaining conclusion is similar to case (II).
14 4 74 / _ . _ Mjv A
V) F70r ;)Qthu < 0, K{(s1) = 0 has a solution s; = —(m’f)\il%w +hot =
$1. Note
)\1M§Z/
(p2 + A1)owi?
_ paMjv ( p2Myv
o /\15111}4 (pg + )\1)511)%4

p2Myv

Ki($)=—-6"*Mlv—
1(51) d 1V (p2+>\1)5w§4

y2/\ 4 hoot.,

(_

Ky (51) yP2/M=2 L holt..

We can rewrite K (s1) as
]_ 17
Kl(sl) = Kl(gl) + iKl (51)(81 — 51)2 + h.o.t.,
ie.,
Kq(s1) = D(V)S% + E(w)s1 + F(v) + h.o.t..

Equation K;(s1) = 0 has two roots six, (v) given by

—E(v) £ \/E*(v) —4D(v)F(v)
2D(v)

S1ky (V) = + h.o.t.,
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as A(v) > 0. And L;(s1) = 0 has a positive root s1;, = 6 *Miv+h.o.t..

(i) If D(v) > 0 and F(v) < 0, then K;(s;) = 0 has a unique positive
root s1x, (v). If s1x, (v) < s1p, there is exactly a small positive
root of Ki(s1) = Li(s1) on (s1x,(v),s12) and no positive root on
(0,511, (v)). If s1k, (V) = s11, we have sp = 0. If 51, (V) > 511,
then K1(s1) = Li(s1) has no positive root (see Figure 3).

52

Li(s1) Li(sy)
Ki(s1)

Ki(s1)
F(v)

SIK.

F(v)

'\/ SIL 51 0 SIL 51

Figure 3. D(v) > 0 and F(v) <0 Figure 4. D(v) > 0 and A(v) <0

(ii) If D(v) > 0 and A(v) < 0, then K;(s1) = 0 has no positive root.
If F(v) < (=0~ 'wi?Mjv)*/P1 + hoo.t., then K;(s;) = Ly(s1) has a
unique small positive root. If F(v) = (=0 twi?Miv)*/P + h.o.t.,
we have s = 0. If F(v) > (=0 "wi?Miv)*/P1 + h.o.t., then
Ki(s1) = L1(s1) has no positive root (see Figure 4).

(iii) If D(v) > 0, F(v) > 0 and A(v) > 0, then K;(s1) = 0 has two small
positive roots si i (v) and s1x, (v). I F(v) > (=0~ twi2Mjv)*/r14
h.o.t., then K;(s1) = L1(s1) has no positive root. If F(v) = (=0~ tw}?

M3v)*/Pi4h.o.t., we have s; = 0. When 0< F(v) < (=0~ twi?Mjv)*/p

+h.ot., if sip_(v) > 0" M3v + h.ot. ( sk, (v) <6 'M3v + h.o.t.),
then K;(s1) = L1(s1) has a unique small positive root; if s15_(v) <
6 'Mjv + h.ot. < siy, (v), then Ki(s1) = Lq(s1) has no positive
root; if sy (v) = 6 ' Myv + h.o.t. (s1x, (v) = 6 'Mav + h.o.t.), we
have s3 = 0 (see Figure 5).

(iv) If D(v) < 0 and A(v) < 0, then K;(s1) = L1(s1) has no positive
root (see Figure 6).

(v) If D(v) <0, F(v) < 0and A(v) > 0, then K;(s1) = 0 has two small
positive roots s1x_(v) and six, (v). If s1p_(v) > S 'M}lv + h.o.t.
(81, (v) < 6" 'M3v + h.o.t.), then Ki(s1) = Li(s1) has no positive
root. If syp_(v) = 6 'Mav + h.ot. (s, (v) = 6 'Myv + h.o.t.),
we have so = 0. If s1;_(v) < 6 *Miv + h.ot. < 51k, (v), then
Ki(s1) = L1(s1) has a unique small positive root (see Figure 7).

(vi) If D(v) < 0 and F(v) > 0, then K;(s;) = 0 has a unique positive
root s1x, (v). If F(v) > (=6 wi?M}v)M/P +hot., then Kq(s1) =
L1 (s1) has no positive root. If F(v) = (=6 twi?Mjv) /Pt + h.ott.,
we have s; = 0. When 0 < F(v) < (=6 'wi2Miv)™/P + h.o.t.,
if s1p, (v) > 6 'M3v + h.o.t., then Ki(s1) = Li(s1) has a unique
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52 52
Li(s1) Li(s1)
7 Ki(s1)
F(v)
SIK. S1 0
0 S1L 51
Fo) SiL .
. N )

Figure 5. D(v) > 0, F(v) > 0 and A(v) >0

52

Li(s1)

0 SIK,
F(v) ¥ Sk S1L S1

Ki(s1)

Figure 7. D(v) < 0, F(v) < 0and A(v) >0

Figure 6. D(v) < 0 and A(v) <0

52

Li(s1)

F(v)
SIK,

/0 SIL 51
/ . Ki(s1)

Figure 8. D(v) < 0 and F(v) > 0
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small positive root; if sz, (v) = §~IM}v + h.o.t., we have sy = 0;
if s1x, (v) < 67 'M3v + h.o.t., then K;(s1) = Li(s1) has no positive
root (see Figure 8).
5. Application
Take into account the C" system
2= f(2)+g(z,v), (5.1)
with its unperturbed system
z = f(2), (5.2)

where z = (21, 22, 23, 24), v = (11, 0,v3), 9(2,0) =0,

327 + 223 + 42 22
(21 — 3)z2 z}/zzlyg
f(Z) = ’ g(z, V) =
23(1 - Zl) 211
z4(z1 — 6) Zi/Ql/g

When v = 0, system (5.1) has a equilibrium P = (0,0,0,0) and a double ho-
moclinic cycle I' = T'y U Ty, which is expressed by I'; = {z = r;(t),t € R},i =1,2.
Here

1

f— —_— = —_— 5~3
rl(t) (et I Ce,t707070)7 TQ(t) (€2t + 067215’0’0’0) ( )
satisfying 71 (+00) = r1(—00) = ro(+00) = ra(—00) = P.
Set )
- +
Ot 0, t— =oo,

where § > 0 sufficiently small, then we have C' = 1. Choose 20 = 1/5+(1/62—4)'/2,
therefore, T'=1Ino.
Due to

6z1 +4 4z 0 0
zZ9 zZ1 — 3 O O
Df(z) = ;
—2Z3 0 1-— Z1 0
Z4 0 0 zZ1 — 6
we have Df(P) = diag(4,—3,1, —0).

Now, we consider the linear variational system of unperturbed system (5.2) and
its adjoint system

2= Df(r:i(t))z, (5.4),
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= —(Df(r())=, (5.5),

where i = 1, 2,

1 1 1

D t)) =di — —
Fr(0) = diag( o + 4 =31 =

—6).

One fundamental solution matrix for (5.4); is
Zy(t) = diag(CleIg($+4)ds, Cﬁfg(ﬁ_?’)d‘g, Cgefot(l_ﬁ)ds, C4ef0t($_6)ds).
Correspondingly, one has

Uy (t) = (Z7'(t)* = diag(Cy* —Jo Gl s ,Cyte —Jo (i —3ds
03 1 _f()(l s+(,—s )dé C— fo s+F—s 6)dS)

)

where Cj, j =1,...,4 are constant to be determined.
Furthermore, we should perform the coordinates transformation by

21 = Uy 29 —> Y,23 —> T, 24 — U

in the small neighborhood of P, so as to match well with the local moving frame.
Thus, we obtain

toq_ 1 s
Cselo ™ e 0 0 0
0 Cpelo (Gorems =% 0 0
Z1(t) = )
0 0 fO — o —st4)ds 0
0 0 0 Cyelo (om0
for t € [Ty, +00),
and
0 Cyelo U ame=) e 0 0
0 0 0 Coeld (rems —Dds
Z1(t) =
1( ) 0 0 fo ,5+Efé o= T4Hds 0 ’
Oyl Grrems —0)s 0 0 0
for t € (—oo, —T1].
Since
wit w?t 0 wit 1 0wt o
0 0 0wf? 0 1w?0
Z)(-Th) = ) Zi () = : )
wit 0 1wi 0 0wfo

wit 0 0wt wit 0wt 1
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with
o 0'466 arctan 1 o USGarctan 1
1 "~ ebarctan(l/0)”’ 2= earctano
o edrctano o O.Gearctan 1
3 _O-earctanl’ 4= earctano ’
and
wlt = uft = uf! =t = =t =l =l =t =0
1 0.12€arctan(1/a) 01 earctan o
Wy = ebarctan o ’ wy = g2earctan(l/o)’
19 o0 6arctan(l/cr) 33 g8earctanc
Wy = ebarctano 7 wy = earctan(1/0)’
note that
1 - fla-—2L—)d
0 Opte fo e 0 0
0 0 0 Cyle” hlGr==—9
2
Uy (t) = t__6
0 0 Ole Jolarems s 0
_1 — JH (52— -6)d:
Cpte olame= =0 0 0 0
for t € R.
In the following, we can calculate
1 [t 1 1
1_ 1 1/2
M1 - (0’ 0’ 04 (et + eft) earctan et —arctan 1—6t dt)’
—o0

Lot~ 1 1
3 _
M1 - (a / (et + e—t ) 6€arctan et —arctan 1+4t dt’ 07 0)’

— 00

1 [T 1 1
=g [ /2 dt,0).

’02 e et + et earctan ef —arctan 1—3t

So we verify that this example is consistent with our work.

6. Conclusion

In this paper, we study codimension 3 bifurcations of double homoclinic loops
with W*# inclination flip of I'; in the case of p; > A\;. We assume that r > 3@Q and
DN £(0) = 0 for N = 0, 1. It satisfies the Sternberg condition of order Q, so system
(2.1) is uniformly C¥ linearizable according to [12]. Then we can reduce system
(2.1) to a simpler normal form without higher order terms. By setting up local
active coordinates approach in some tubular neighborhood of unperturbed double
homoclinic loops and using the fundamental solution matrix of the linear variational
system in regard to the elementary cycle, we construct Poincaré return map and
the successor functions and obtain bifurcation equations.

In the forementioned bifurcation analysis, we prove the possible bifurcations
of the double homoclinic loops connected with a hyperbolic critical points in a
four dimensional space. It is interesting to find the existence and incoexistence of
the double homoclinic loops, large 1-homoclinic orbit and large 1-periodic orbit in
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Theorem 4.1 and the sufficient conditions for I'; or I' being persistent in Theorem
4.2. We also discuss the existence or nonexistence of large 1-periodic orbits and
large 1-homoclinic orbits near I' in Theorem 4.3. It is worthy to be mentioned
that the restriction on the dimension is not essential, and the method used in this
paper can be extended to higher dimensional systems without any difficulty under
the same hypotheses. But the difficulty of these problems will increase with adding
codimension of the double homoclinic loops. Finally, we will be interesting to study
some biological and epidemiological models by applying the results obtained in this
work. We leave these for future research.
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