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All Commuting Solutions of a Quadratic Matrix
Equation for General Matrices*
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Abstract Using the Jordan canonical form and the theory of Sylvester’s
equation, we find all the commuting solutions of the quadratic matrix equation
AXA = XAX for an arbitrary given matrix A.
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1. Introduction

The purpose of this paper is to determine all the commuting solutions of the
quadratic matrix equation

AXA = XAX, (1.1)

where A is a given n X n complex matrix. This equation is called the Yang-Baxter-
like matrix equation since it has a similar pattern to the classical Yang-Baxter
equation introduced independently by Yang in [11] and Baxter in [1], which is
famous in statistical physics with close relations to knot theory, braid groups, and
quantum groups [8,12].

Finding all the solutions of (1.1) is difficult for general A, and so far it is only
possible for some special matrices as in [10]. This is due to the fact that if we
multiple out the both sides of the equation, solving it is equivalent to solving a
system of n? quadratic polynomial equations in n? variables, which is a challenging
task in general. Thus, the current research on solving (1.1) is mainly focused on
finding commuting solutions, namely the solutions that commute with A. Some
recent papers have been devoted to finding various commuting solutions of (1.1)
with different assumptions on A. In particular, corresponding to each eigenvalue
of A, a spectral projection solution was obtained in [3]. When all the eigenvalues
of A are semi-simple, the whole set of the commuting solutions of (1.1) has been
successfully constructed in [6] with the help of a result on unique solutions of the
Sylvester equation.
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A natural question arises: can we find all the commuting solutions of (1.1) if A
is not diagonalizable? A serious study about it began with the paper [7] in which all
the commuting solutions have been described when A is a general nilpotent matrix,
based on the above mentioned result on the Sylvester equation and the structure
theorem of [2,13] on matrices that commute with a Jordan block with eigenvalue
Zero.

In this paper, based on the ideas developed in the above works, we want to
extend the main result of [7] from a nilpotent matrix to an arbitrary one. We shall
give a general solution structure theorem on all the commuting solutions of (1.1),
thus giving an answer to the question of finding all commuting solutions of a general
Yang-Baxter-like matrix equation. After the paper was written up, we learnt that
the same problem was also studied in a recent paper [9] with a different approach.
In the next section we present some key lemmas for our purpose, and the main
result will be given in Section 3. Some concrete examples constitute in Section 4 to
illustrate our theorem, and we conclude with Section 5.

2. Preliminaries

Let A be an arbitrary n x n complex matrix. The following lemma provides an
equivalent way to solve (1.1) for commuting solutions, which was proved in [7].

Lemma 2.1. A matriz X satisfies AX = XA and AXA = XAX if and only if
AX =XA and X(X — A)A=0.

As proved in [4] (Lemma 3.1), solving (1.1) for a given matrix A is equivalent
to solving a simpler Yang-Baxter-like matrix equation

JYJ =YY, (2.1)

where J = UL AU is the Jordan form of A, and the solutions X to (1.1) and the
solutions Y to (2.1) satisfy the relation X = UYU~!. So from Lemma 2.1, we just
need to solve the system

JY =YJ, Y(Y =J)J=0

to find all the commuting solutions of (2.1). Then all the commuting solutions to
(1.1) are given by X = UYU L.
Denote ~
A1 0 0 -0

ox1 0 ---0

S0
Ji(\) = .
A1
00 -« --- 0 \

the j x j Jordan block with eigenvalue A. In particular, the Jordan block J;(0)
corresponding to eigenvalue 0 satisfies J; (0) = 0. The following lemma is a gen-
eralization of Theorem 5.15 of [2] from eigenvalue zero to any eigenvalue, but its
proof is basically the same and is included for reader’s convenience.
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Lemma 2.2. Let j and k be two natural numbers and let Y be a j X k matriz.
Then J;(N)Y =Y Ji(A) if and only if

Y=[0Y] or Y =

)

Y
0

depending on whether 7 < k or j > k, where Y is an upper triangular Toeplitz
matriz

Y1 yz e Yi-1 Ui
O yl y2 ...... yl—l
00 . . :
Y=| _ , | =min{j, k}, (2.2)
Y2
00 -~ --- 0
with y1, ...,y arbitrary complexr numbers.

Proof Since J;(A) = M + J;(0) and Ji(\) = M, + Ji(0), where I; and I}, are the
j x j and k x k identity matrices respectively, the condition J;(A\)Y = Y Ji(A) is
satisfied if and only if J;(0)Y = Y J,(0). Let y,q be the (p,q)-entry of Y. Then
the (p, g)-entry of J;(0)Y is ypy1,4 forp=1,...,j—1land ¢ =1,...,k, and all the
(4, q)-entries are 0. Similarly, the (p, g)-entry of Y Ji(0) is ypq—1 for p =1,...,j
and ¢ = 2,...,k, and all the (p,1)-entries are 0. Consequently J;(0)Y = Y J;(0) if
and only if

Yp+1,g = Yp,q—15 Yp0 = Yj+1,q :07 p= la"'vjv q= 17"'5k7

Hence K is given by (2.2) with y, = y14 arbitrary numbers for ¢ = 1,...1. O

We also need a general result from matrix theory, which was proved in [5]
(Lemma 2.3), so that the problem of finding all the commuting solutions of (2.1) can
be reduced to that of finding all the commuting solutions of (2.1) with J replaced
by its diagonal blocks associated with distinct eigenvalues.

Lemma 2.3. Let a square matrizc H = diag(Hy,...,Hg) be block diagonal with
square diagonal blocks. Suppose that H; and Hj have no common eigenvalues
whenever j # k. If K is a square matriz such that HK = KH, then K =
diag(K, ..., Ky), where K; has the same size as H; for all j.

As an application of Lemmas 2.1 and 2.2, we show the following result, which
was obtained in [4] as Theorem 3.1 via another argument based on projections.

Theorem 2.1. If J is a single Jordan block J,(\) with A # 0, then all the com-
muting solutions of (2.1) are the trivial onesY =0 and Y = J.

Proof By Lemma 2.2, all the solutions Y of the equation J,(A\)Y = Y J,()\) are
given by (2.2) with [ = n, so y; is the only eigenvalue of Y. Now the additional
equation Y(Y — J,(A\))Jn(A) = 0 is reduced to Y(Y — J,(\)) = 0 since J,(A) is
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nonsingular. Thus from J,(A) = AI + J,(0) we have Y J,(0) = (Y — AI)Y. The
fact J,,(0)™ = 0 implies that

0=YJ,(0)" =Y J,(0)],(0)" ! = (Y =AY J,(0)" L =... = (Y = A\)"Y.
Let u be an eigenvector of Y associated with eigenvalue y;. Then
0= (Y =XD)"Yu=[(yr —N)"uu,

from which (y; — A)"y; = 0. Hence y; = A or y; = 0.

If y; = A, then Y is nonsingular and so Y (Y —J,(A)) = 0 implies that Y = J,,(A).
If y3 = 0, then the only eigenvalue —A of Y — Al is nonzero, hence the matrix
(Y — AI)™ is nonsingular, resulting in Y = 0. (]

Remark 2.1. If A = 0, then all the commuting solutions of (2.1) have been obtained
in [7] (Theorem 2.1).

3. Commuting Solutions for a General Matrix

We solve (1.1) for commuting solutions with an arbitrary matrix A that has d
distinct eigenvalues Aq, ..., Aq. Let

D,
Do

Dy

be the Jordan form of A, where for t = 1,...,d, each Dy is itself a block matrix

consisting of all the Jordan blocks associated with eigenvalue A; in the increasing

order of block sizes. Let U denote a nonsingular matrix such that A = UJU .
For each t = 1,...,d, without loss of generality, we can write D; as

AL,

‘]2,)\1,
D; = , t=1,...,d,

J'ft,)\t

where I,,, is the m; x m; identity matrix with a possibility that m; = 0, and
r¢ is the maximum size of the Jordan blocks corresponding to eigenvalue \;. For
Jj =2,...,r, the block diagonal matrix J; 5, has the structure
Ji(Ae)
Jine = ;

Jj(At)
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in which the j x j Jordan block J;(\;) appears s;(A;) times. Of course, if a Jordan
block of some size j < r; does not exist, then the corresponding Jj; x, will not be
present inside D;.

Since the eigenvalues of Dy, ..., Dy in (3.1) are distinct, Lemma 2.3 immediately
implies the following result.

Proposition 3.1. All the commuting solutions of (2.1) are of the form Y =
diag{Y1,...,Yy}, where each Yy is a general commuting solution of the Yang-Baxter-
like matriz equation

D\YY,D, =Y, D,Y,, t=1,...,d.

Hence, we are lead to solving the above equations directly for all ¢t = 1,...,d.
Since such equations are of the same type, we can suppress the subscript ¢ to simplify
the notation in our further analysis. This way, we restate our subproblem as follows.

Given a block diagonal matrix J = J(\) of the form

Ao,

7J]: '~' ,j:2,...7r7 (3~2)

where the j x j Jordan block J;(\) appears s; times in J; for j = 2,...,7. And we
solve the corresponding Yang-Baxter-like matrix equation (2.1) for all the commut-
ing solutions.
First we determine all matrices Y that commute with J. Since J = AI + J(0),
the commutability equation JY =Y J is equivalent to
J(0)Y =Y J(0).
Partition Y as an r x r block matrix
Yip - Vi
Y=1|: : : (3.3)
Yii - Yo
with the same sizes of the diagonal blocks of J(0), so Y11 is m xm and Yj; is is; X is;

for i = 2,...,7r. Then according to the analysis of [7] for obtaining the structure of
(3.3), we have the following proposition.

Proposition 3.2. Let J be defined by (3.2). Then all the solutions of the equation
JY =Y J are given by (3.3) such that

(i) Y11 is any m x m complex matriz;

(it) for i =2,...,r, the s; X 1 block matriz Y;; = [(Agi))T e (Ag?)T]T with the
blocks Ag) of size 1 X m given by
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(‘)(iii) forj=2,...,r, the 1 x s; block matriz Y1; = [B%j) e Bgi)] with the blocks
B,” of size m x j given by
j o
0.+ 0bP"
BY = | | wePR Uk k=1, s (3.5)
0--- 05"

() fori,j =2,...,r, the s; X s; block matriz Y;; = [AS},;”} with the blocks A7
of size i X j given by

Ll ol )|
0 a(iin) e
L0 ey
A = o o ... afjﬂ) , v agf{fl), . ﬂ&? (3.6)
0O 0 --- 0
0 0 0 O
ifi>j, and if i < §,
0-- 0ayy aiy - a?
(4,5) - :
P 0 a .o . o
Al — uvl wn | N al(i’)jl), e a&’fi). (3.7)
0 0 and
0---0 0 0 "'qu(j{,ji)

After solving the commutability equation JY = Y J as above, we turn to solving
the second equation Y (Y — J)J = 0 with Y already given by Proposition 3.1. The
case that A = 0 was already investigated in [7] and all the commuting solutions of
(1.1) were given in Theorem 3.1 therein, since J is a nilpotent matrix. So in what
follows we assume that A £ 0. Then, since J is nonsingular, it is enough to solve
the simpler equation

Y —-J)=0.
With the block matrix structure of Y and .J, we have that

Yll"'}/lr Yil_)\Im ler
Yor -+ Yo Yoo oo Yo

le"'Y;"r Y:r‘l "'Y;"'r‘_Jr
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Yll(Yll_)\I )+Z] 2Y1] Jj1 - ZJ 2Y1] jT+Y1T‘(YT’I‘_
_Jr)

Y21(}/11_)‘I )+Zj 2}/2] j1 Zj 2}/2] 7r+}/2r(}/rr

Yo (Y — M) + 35y YoV - Z’” y YoiYir 4 Yo (Vg
To simplify the above expressions, we need the following lemma.

Lemma 3.1. Y;;Y;, =0 if i+ k < 3.

Jr)

— )

Proof Suppose it + k < j. Let Kk = 1. If ¢ = 1, then j > 2 and from the zero

structure of (3.4) and (3.5), BYAD =0foru=1,..., Sj, SO

Sj
Yig¥i = (B BOAP) - (AQ)T]" = 37 BP AP =0,

If 2 <i < j, then AL AY) = 0 for all u,v from (3.7) and (3.4). Thus

A Al AP [y Al AR
YyYpn=| @ @ | = : =
AUD A A >, AGD 4D

Now let i = 1. If 2 < k < j, then since B&”Agﬂjk) = 0 for all u, v,

A(jvk) L. A(j,k)

11 1sg
VY =[BY - BOT| 1o
ik 7,k
Ag;l) Ag_jisk)
= [ BOAan" ZB JAGD | =00,
u=1

Finally, Let ¢ > 2 and k > 2. Then ¢ < j and k < j, so from (3.6) and (3.7) we

have Agf;j)A1€§7k) = 0 for all uw,v,l. Therefore,

i,J i, j, ke i,k
Aglj) Agsj) Agjl ) A(] )

1sg
YijYjr = Lo R
» i " "
A A | AP ag
s i) 4Gk s; i) 4Gk
Z'U:l Agvj)Agjjl ) e Zv:l Agvj)Ag)JSk) 0---0
22321 Agi,’Uj)AS;J;k) Z A(Z’])Agjsf) 0---0

Let H;; denote the (4, j)-block of Y (Y — J). Then by Lemmas 3.1,

min{i+j—1,7}
H;; = Z Y;kykj—i-Y;j(ij—Jj), Vi,j=1,...,m
k=1,k#j
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where J; = Al,,,. In particular, Hy; = Y11(Y11 — Al,,), and all the solutions of
Hyp =0 are Y13 = AP with P any m x m projection matrix [6].

It is time to state the main result of this paper after summarizing the above
computation and the main result of [7].

Theorem 3.1. Let A be an nxn complex matriz with distinct eigenvalues A, . .., Mg,
and let U be a nonsingular matriz such that the Jordan form J = UYAU of A is
given by (3.1). Then all the commuting solutions of the corresponding Yang-Bazter-
like matriz equation (1.1) are X = UYU ! with Y = diag{Y1,...,Yq}, where for
t=1,...,d, the matriz Y; is an ¢ X ry block matriz as given by (3.3) with r = ry
and satisfies the following:

L If \y =0, then

(i) Y11 is any m X m complex matrix;

(i) for i =2,...,r¢, the s; X 1 block matriz Yy = [(A@)T - (Ag?)T}T with the
blocks A,(ci) of size i x m given by (3.4);

(1i1) for 5 =2,...,r, the 1 X s; block matriz Y1, = [B%j) - Bg)] with the blocks
B,(j) of size m x j given by (3.5);

() fori,j = 2,...,1, the s; X s; block matriz Y;; = [Aq(f,_’,j)} with the blocks

AlD of size i X j given by (8.6) if i > j or (3.7) if i < j that satisfy
min{i+j—2,r}
Z EkijJjJrYij(ij*Jj)Jj:O, 1,0 =2,...,7.
k=2,k+#£j

I If Ay # 0, then

(i) Y11 = M\ P, where P is any m X m projection matriz;

(ii) fori=2,... 1, the s; X 1 block matriz Y;; = [(Agi))T e (Ag?)T}T with the
blocks A,(f of size i >< m given by (3.4) and the 1 x s block matriz Y1; = [B{i) S Bgf)}
with the blocks B of size m x i given by (3.5), and fori,j =2,...,1¢, the s; X s;
block matriz Y;; = [Aq(fvj)] with the blocks Aq(wj of size i X j given by (8.6)ifi >3
or (8.7) if i < j satisfy the matriz equations

min{i+j—1,r}
> YaYi + V(Y- 1) =0, Vij=1,...,m, (3.8)
k=1,k#j
where J; = A\,

4. A Concrete Example

We study in more details a special case in this section to illustrate our general
result. More specifically, we assume that A has only one eigenvalue A and r = 2.
Since the case of A = 0 was studied in detail by [7], we assume that A £ 0. With s
and I denoting so and I,,,, system (3.8) in Theorem 3.1 becomes

Yii(Yii — M) =

Y11Yie + Yio(Ya2 — Jz) =0,
Y22Yo1 + Yo1 (Y11 — M) =0,
Y21Y12 + Yoo (Yoo — Jo) = 0.
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Since the solutions of the first equation are Y71 = AP with P any m X m projection
matrix, the above system is simplified to

APY12 4+ Yi2(Yae — J2) =0,
YaoYa1 — AYai (I — P) =0, (4.1)
Y1 Y12 + Yoo (Yoo — Jo) = 0.

Here
Ay A1 Axs
Yor=| ! |, Yio=[B1---Bs], Yoa = ,
AS Asl Ass
where
(4)
NORMC) 00; .
1 s .o ij Vij
Ai = Bi= 1 1 | A= ) =1...,8
0o --- 0 ) 0 aij

We give a simple numerical example before ending the section. Let n = 3 and
let A be its Jordan form J = diag(1, J2(1)). Then A=1,m =1,r =2, and s = 1.
The 1 x 1 projection matrix P is either 1 or 0. Let

T zZw
Yo = , Yio=[0y], Yoo =
0 0z
Then for P = 1, the corresponding system (4.1) is
z—1lw-—1
[0y] + [0 ] =0,
0 z-1
zZw T
=0,
0z 0
T zZw z—1lw-—1
[04] + =0,
0z 0 z-1
which is reduced to
Yz =0,
Tz =0,
z(z—1) =0,

zy +2zw—z—w=0.
Thus, z = 0, from which
10y
Y=|20xy|, Va,u,
000
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and z = 1, from which
100

Y=J=1011
001
Similarly, when P = 0, the system (4.1) becomes

z—1lw-—1

[0 9] =0,
0 z—-1
zZw T T
_ =0,
0z 0
zZw z—1lw-—1
[0y] + =0,
0z 0 z-—1
which is just
y(Z—l) =Y,
x(z—1) =0,
z(z—1) =0,

zy 4+ 22w —z—w = 0.

Hence z=0s0Y =0, and 2z =1 so

00 wy
Y=|z11l—2y|, Vz,u.
00 1

We generalize the example as follows. Let n > 4 and let A be its Jordan form
J = diag(\, Jp—1(A)) with A # 0. Partition the solution matrix ¥ as

Y11 Yio
Y51 Yoo

where Y77 is the number A or 0,

_yl Y2 - Yn—2 yn—l_

Oyl .. RS yn72
x .

Yo, = 0 , Yio=[0y], Yoa= {0 0

Y2
00--- 0 i

Here 2 and y are numbers and 0 is the (n — 1)-dimensional column or row zero
vector.
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Then for Y1; = A, the corresponding system (4.1) is

[0 y][Yaz — Jn—1(0)] =0,
X

Yoo =0,
0

[0 y] + Yoo [Yoo — Ju—1(N)] = 0,

which is equivalent to

Yy =0,
Y1 =0,
yi(yr —A) =0,
yi(y2 — 1) + y2(y1 — A) =0,
Y1ys +y2(y2 — 1) + ys(y1 — A) =0,
Y1Yyn—2 + + Yn-ay3 + Yn-3(Y2 — 1) + Yn—2(y1 — A) =0,
Y+ Y1Yn—1+ -+ Yn-3Ys + Yn—2(y2 — 1) + yo—_1(y1 — A) = 0.

It follows that y; = 0 or y3 = A. If y; = 0, then from the above system,
Yya =+ = Yp—2 = 0 and y,_1 = 2y/\ with = and y arbitrary numbers. Thus the
corresponding solutions are

(70 .-- 0 y_

r0--- 0%

Y=1]00 00

0

(0030 |
Ifyp=Athenyy=1lande=y=ys=---=yn—1=0,80Y =J.

On the other hand, for Y1; = 0, we have the system

[0 y][Yo2 — Jn—1(N)] =0,
(Yaz — AI) ) =0,
0

[0 y] + Yoo [Yoo — Jn_1(N)] =0,

0



122 Q. Dong & J. Ding

which is the same as

Yy —A) =0,
(Y1 — A) =0,
y1(y1 — A) =0,
yi(y2 — 1) +y2(y1 — A) =0,
Yiys +y2(y2 — 1) + ys(y1 — A) =0,
YiYn—2 + + Yn—ays + Yn—3(y2 — 1) + yn—2(y1 — A) =0,
TY+ Y1Yn—1+ + Yn-3Y3 + Yn-2(Y2 — 1) + Yn-1(y1 — A) = 0.

Again, y; = 0 or A. In the case of y; = 0, we have y = = = 0 since A # 0. Then

Yo =-"Yp_1 =0,80Y =0. If yy = A, then yo = 1, from which y3 =---y,_o =0
and y,—1 = —zy/\ with = and y arbitrary numbers. Therefore, the corresponding
solutions are } )
00--- 0 0 y
x A1 -5
Y=|00"". 0
1
00--- : A

As an application of our main result, we have obtained the same result as Theorem
3.4 of [4] for all the commuting solutions of JY J =Y JY for the class of matrices.

5. Conclusions

We have found all the commuting solutions of the Yang-Baxter-like matrix
equation (1.1) for an arbitrary matrix A, based on a reduction of the problem
to the case with A having only one eigenvalue that is nonzero. By solving the
commutability equation JY = YJ and a simpler matrix product homogeneous
equation Y (Y — J) = 0 in succession with J the Jordan form of A, we obtained a
system of matrix equations of smaller size, the solutions of which constitute all the
commuting solutions of the original equation.

It is much more difficult to find all the non-commuting solutions of (1.1) for
general A, and we hope to be able to explore this challenging problem in the future.
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