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Stationary Distribution and Extinction of
Stochastic Beddington-DeAngelis Predator-prey
Model with Distributed Delay

Mingyu Song', Wenjie Zuo'f, Daqing Jiang"? and Tasawar Hayat?

Abstract In this paper, we consider the dynamics of the stochastic Beddington-
DeAngelis predator-prey model with distributed delay. First, we adopt the
linear chain technique to transfer the stochastic system with strong kernel
into an equivalent degenerated stochastic system made up four equations.
Then we give the existence and uniqueness of the global positive solution.
Next, sufficient conditions for persistence and extinction of two species are ob-
tained. Particularly, the existence of the stationary distribution is established
by constructing a suitable Lyapunov function. Finally, numerical simulations
illustrate our theoretical results. It shows that the system still maintains the
stability for the smaller white noises, but the stronger white noises will lead
to the extinction of one or two species.
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delay, Stationary distribution, Extinction.
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1. Introduction

Predator-prey systems describing the dynamic relationship between two species
have long been and will continue to be the focus in an existing ecosystem. Predator-
dependent functional response is the significant component describing the predator-
prey relationship (see [1-3]). Particularly, the Beddington-DeAngelis functional
response plays an important role in feeding over a range of predator-prey abundances
[4-7]. Cantrell et al. [8] and Hwang [9] studied a classical predator-prey system with
Beddington-DeAngelis response as follows:

dx T a2y

—_— = bll' (1 — 7) — s

dt k mi + mox + msy (1.1)
dt T+ maz + may’

where x(t) and y(t) denote the prey and predator densities at time ¢ respectively.
And b; and k are intrinsic growth rate of the prey and carrying capacity of the envi-
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ronment in the absence of predator, by is the death rate of the predator. The preda-

tor consumes the prey with Beddington-DeAngelis functional response #ﬁimsy

and contributes to its growth rate #ﬁivnsy All parameters are assumed to be
positive.
It is known that [8,9] , if by > ml“jlk’jn —, then system (1.1) has two boundary

equilibria (0,0), (k,0). And (k,0) is globally asymptotically stable. If 0 < by <
mlaj_lkl% , then system (1.1) has three nonnegative equilibria (0, 0), (k, 0) and (z., y.),
where f:v*, y«) s positive and satisfies the following equation:

biasy biasy
x? — ( bama + —ag1 | T — bamy =0,
mzkay2 ms3ai2

. (agl — bgmg).’b* — b2m1

b2m3

And the local and global asymptotic stabilities of (x,,y.) coincide.

On the other hand, the growth of biological organisms may depend on the pop-
ulation density of previous time. Distributed delay has been widely introduced into
equations used in mathematical biology (see [10-13]). Some authors (see e.g. [10,14])
studied the stability and the bifurcation of a predator-prey model with distributed
delay. A classical Beddington-DeAngelis predator-prey system with distributed de-
lay is as follows:

dx Ao

E = blx (]' - %) - m1+ni§xzm3y’ (1 2)
dy t K(t—s)z(s)y(s) .
E = 7b2y + a2 ffoo mi+moz(s)+may(s) ds.

In addition, in the natural environment, the growth rate of biological population
is inevitably affected by white noises. In some cases, white noise will have a huge
impact on the size of the biological population and the evolution of biological pop-
ulation. Some researchers [15-18] studied stationary distribution and extinction of
a kind of predator-prey model with stochastic disturbance.

In this article, we assume that the intrinsic growth rates by and by of the prey
and the predator are disturbed with:

b1 — bl —+ OllBl(t), bQ — bQ + OZQBQ(t),

where Bj(t), Ba(t) are independent Brownian motion, a2 and a3 represent the
intensity of the white noises, respectively. Then system (1.2) can be transformed
into the following stochastic model:

do = (b (1= §) = szt ) db -+ aradBy (1),

mi+mazr+msay

(1.3)

dy = (—be + a9 fi K(l=s)z(s)y(s) dS) dt — Oégyng(t).

oo mi+mox(s)+may(s)

We focus on two well-known ones: the strong kernel and the weak kernel, re-
spectively, represented by

(1) K(t) = o*te™"" | (2) K(t) = oe~°".

These two kinds of kernels have been widely used in many fields of biological system,
such as population system [19], neutral network [20, 21] and epidemiology [22].
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In this article, we mainly focus on establishing sharp sufficient conditions for
the existence of a stationary distribution of system (1.3). As far as we know, there
have been some results on the stationary distribution of stochastic system with
discrete delay (see [23,24]). However, there is only a little work on the existence of
the stationary distribution of stochastic system with distributed delay, for instance,
a Logistic model with distributed delay [25], a cooperative Lotka-Volterra system
with distributed delay [26], stochastic recurrent neural networks with discrete and
distributed delay [27], a predator-prey system with distributed delay [28].

The rest of this paper is organized as follows. In the next section, we give the
main results of the stochastic system (1.3) in the strong kernel case. Sections 3-5
give the detailed proof. In Section 6, we give the results in the weak kernel case.
Finally, numerical simulations are given to verify our results.

Throughout this paper, unless otherwise specified, we suppose( Q, {#}1>0, P )
is a complete probability space with {.%; };>¢ satisfying the usual conditions. Define

Ri:{ (z,y,u,w) ER*: 2> 0,y > 0,u>0,w >0 }.

2. Main results in the strong kernel case

Define
u(t) = t o2 (t — s)e o= z(s)y(s) s
0= P e
w(t) = t ge~o(t=s) z(s)y(s) s
(t) [oo mi + mgfﬁ(S) + m3y(8) s

Then by the linear chain technique, system (1.3) can be transformed into the fol-
lowing system:

do = (b (1- §) = 222 ) di + agwd By (1),
dy = (=bay + az1u)dt — aydBs (1),
(2.1)
du = o(w — u)dt,
dw = 0 (i — ) dr

Theorem 2.1.  For any given initial value ((0),y(0),u(0),w(0)) € RY, there
exists a unique positive solution (z(t),y(t), u(t), w(t)) of system (2.1) ont >0 and
the solution will remain in Ri with probability one.

Theorem 2.2.  Let (x(t),y(t),u(t), w(t)) be a solution of system (2.1) with any
initial value (x(0),y(0),u(0),w(0)) € RY. Then the following results are true:

2
7(11 1 =
(1) If by < 5+, then t%x(t) 0 a.s.

(2) If by > %f, then for almost all w € €, we have

lim sup % In <\/ i y(t) + %u(t) + iw(t)) < u,

t—o00 azlbz(ml +m2k)
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where p = min{by, o} (v Ro — 1)I{g,<1y +max{bs, 0} (v Ro — 1) I{p,>1} + 1bay/ %

and Ry = bz(”ffi% Especially, if p < 0, then the predator population y will die

out exponentially with probability one, i,e. ,

tlgglo y(t) =0 a.s.
Moreover, the distribution of x(t) converges weakly to the measure which has the
density

—2+23 3%
m(u) = Qar?u ~ *ie *T wue (0,00),

2by

—142%
where Q = [afz(%‘?) e F(%1 —1)]7! satisfying [;° w(u)du = 1.
1

2
asik(1—gz-)*

2
Theorem 2.3. Assume that by > %,bg > and Rg = > 1.

aj
27 o2
(m1+mak)(bat )
Then system (2.1) exists a solution P*(t) = (x*(t),y*(t),u*(t),w*(t)), which is a
stationary Markov process.

3. Materials and method

3.1. Proof of Theorem 2.1

Since the coefficients of the system (2.1) satisfy local Lipschitz condition for any
given initial value (z(0),y(0),u(0),w(0)) € R%, there exists a unique maximal local
solution (x(t),y(t),u(t),w(t)) on t € (0,7.), where 7, is the explosion time. Next,
we claim that 7. = co. We employ similar method of Theorem 3.1 of Mao et al. [29].
The key step is to construct a nonnegative C2-function V : R% — R, such that

lim inf f)(:my,u, w) = 400 and Lf/(ac,ym,w) < M,
k%m,(m,y,u,w)GRi\Dk

where Dy, = (£,k) x (+,k) x (£, k) x (+

= ™ T 7.k), and M is a positive constant.
Define

V(z,y,u,w) = - (ac—1—lnx)—l—ﬁ(y—l—lny)—i—%(u—1—lnu)

a2 a

+i(w—-1-Inw).
The nonnegativity of V(z,y,u, w) can be verified from

r—1—Inz >0, for z > 0.

First

inf V(z,y,u,w) = +00, as k — 400,
(2,yu,w)ERA\ Dy

which is clearly established since

z—1—Inz — 400, asx — 0", and z — 1 —Inx — 400 as & — +00.
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Next we claim that there exists a positive constant M such that Lf}(x, yyu,w) < M.
Making use of It6 formula, we obtain

dV(z,y,u,w) = LV(x,y,u, w)dt + ai(x — 1)dB1(t) — as(y — 1)dBa(t),

where L : RY — Ry is defined by

Lo(ay.uw) = 2 (= 1) (b (1= 8) - sttty )+ (1 3) (<boy + azuw)

+(1-1) (s —w) + (1= D) (w—w) + 2+ 2

w/) \ mitmaztmsy Zas1
2221-1-23%1+%+2+%<—%+(%+1)x—1)+m
S R R R R e G R Ry
< M,

where

o? a2 by 1 by x? 1
M=+ + = +24+—+ max {— (-—+(-+1)z—1])}
2a19 2a91 a1 ms zE(O,—l—oo){alQ k k }

3.2. Proof of Theorem 2.2

To prove Theorem 2.2, we first give the definition of the persistence and the extinc-
tion and a lemma from [30]:

Definition 3.1. System (2.1) is said to be extinct if lim sup y(¢) = 0. System (2.1)

t—+o00

t—+oo t

1 t
is said to be persistent in mean if lim inf — / y(s)ds > 0.
0

Consider the following 1-dimensional stochastic differential equation

AX(t) = b X (1 - f) dt + a1 XdB (). (3.1)

Lemma 3.1. ( [31]) If by < 0‘;, then tli)m X(t)=0 a.s.;if by > O‘;, then Eq.(3.1)
has a stationary solution )?(t), which has the density

2b1 2b1

—24 _
“ie *i wue(0,00),

m(u) = Qo %u

2b
—1+24
1

where Q = [af%é—f) (2 — 1) such that w(u) satisfies IS m(u)du = 1.

g

Proof of Theorem 2.2 (1) If b; < %f, obviously,

dinz = (b - 42) - st — 5 ) dt + andBy (1)

mi+maz+msy

< (b= 5 dt+ crdBio),
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For b; < %%7 we have lim Inz(f) = —o0, and so lim z(t) = 0 a.s. Thus, the proof
t—00 t—o0
of Theorem 2.2(1) is completed.
(2) Since for any initial value (2(0),y(0), u(0),w(0)) € R, the solution of system

(2.1) is positive, we get
dz(t) < bz (1 - %) dt + arzdBy ().

Let X (t) be the solution of SDE(3.1) with the initial value X (0) = 2(0) > 0. Then
applying the comparison theorem of 1-dimensional stochastic differential equation
[32], we have z(t) < X (¢) for any t > 0 a.s.

Moreover by the proof of Theorem 2.2 of Liu [28], we have that,

Jo7 um(u)du = @

b
R
fo wPn(u)du = ———~,

2 2
kZaj
2by °

IS (w = k)*m(u)du =

We define a C? — function V : Ri — Ry by
V(y, u, w) = 01y(t) + dau(t) + d2w(t),

where 01, 0o are positive constants to be determined later. Making use of It6 formula
to differentiate InV yields

5
d(InV) = L(InV)dt — 222V 4B, (1),
where
62 2, 2
L(lny) = % (as1u — bay) + %2 (Uw —ou+ 7m,1+vsfﬂi}+m3y — Jw) — 120{}"211
[ . o
< $(a21u = boy) + (#iimgy - "“)
< B (azu—bay) + § (22 — ou)
§ [ k k
= Sl —bay) + § (585 — 0w+ i — mifar)
9 ook
= Usz (ml—fmy: - 77L1-f’77L2k) + %{mi—ﬁmik + a2161u - (51b2y + 520u)}'
We define
0 @
— k
Mo= | ogmr 00
0 01

Making use of spectral decomposition, we let (01b2, 020, 02) My = /R (61b2, 620, d2),
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where Ry = 7@(,&1’;2@.
) + (G162, 820, 82) (Mo(y, w,w) = (g, 0, w)7)

gd T k
L(IHV) S sz (ml—i-mza: T maitmak
= mi)?y ('rnl-‘fmzx o mlfmzk) + %(% = 1)(01boy + 0d2u + ow)
odamyy (x—k)+ %(\/}TO — 1)(01b2y + cdau + Jow)

= V(mi+moz)(mi+mak)

g d: 1
< V(my1+72n2k) (X — k) + v
< s X =kl 4+ 5 (VR — 1) (01bay + 062u + 2w)

< mln{bg, O'}(\/ 0 — 1)I{ROS1} + HlaX{bg, O'}(\/ RO — 1)I{R0>1}

(\/ Ry — 1)((51b2y + odou + 5211))

a0
+ 61(ml2+m2k) |X - k|
Setting v = min{bs, 0 }(v/Ro — 1)I{r,<1} + max{by, 0 }(v/Ro — 1)I{ry>1}, we have
dnV) < {y + mp{ — k|}dt — 21228 By (t).

Integrating from 0 to ¢ and dividing by ¢ for the formula above, we get that
ant In V(0 S0 t t 51any(s
*) < ( ) +v+ t61(m12+m2k) fo |X(8) - k‘|d8 - % 0 1];?1;)( )dBZ(S)7 (32)

dBs(s) is a local martingale. The strong law number [29]

where M (¢ f(f 51;)32(35’)(3)
for local martmgale leads to
tlggo M) =0 a.s (3.3)
a2
kam3) oo, we have that by Holder

Since X(t) is ergodic and fooo ur(u)du = m

inequality,
lim — / | X (s) — k|ds = / lu — klm(u)du < (/ (u— k)zﬂ'(u)du)%. (3.4)
t—oo t 0 0
— k
- bz(m1+m2k)’

Taking the superior limit on the both sides of (3.2) and substituting J;
into the following inequalities, together with (3.3) and (3.4), we obtain

5y = VRq
that
1 1
limsupw < lim V() + 020 lim - / | X (s) — k|ds
t—s00 t t—o0 t 51 (m1 + mgk t—oo t
< i 620’ kZO[
=7 01 (m1 + mgk‘) 2b1
1
Rp\?
= bo [ — = .S.
7+a12<2b1> wa.s.,
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which is required assertion. In addition, when p < 0, it’s obvious to get

Iny(t
lim sup M <0,
t—o0 t

which also means tlim y(t) = 0a.s. That is to say, the predator population will
—00

reduce to zero exponentially with probability one.

3.3. Proof of Theorem 2.3

Consider the integral equation:

t k t
X(t) = X(to) +/t b(s, X(s))ds + Z/t or(8,X(s))dB,(s), t>1ty>0. (3.1)

Lemma 3.2. (see [33]). Suppose that the coefficients of (3.1) are independent of t
and satisfy the following conditions for some constant B:

[b(s, ) — b(s,y)| + Sor_y on(s,2) — 00(s,9)| < Blz —y,
(3.2)

[b(s, )| + Sk, |ov(s,2)| < B(1+ |z]),

in Ur for every R > 0, and that there exists a non-negative C? — function V(z) in
R! such that
LV (z) < —1 outside some compact set.

Then system (3.1) exists a solution, which is a stationary Markov process.

Remark 3.1. The condition (3.2) can be replaced by the global existence of the
solutions of (3.1) according to remark 5 of Xu [34].

Lemma 3.3. For any £ >0, {4 3¢(1-¢) < 1,
Proof. Setting t = 55, we get
£+ f6(1-¢) —¢x
= 2(7t* — 3% — 4t)
= —1(3tT - 73 +4)
—L(t —1)%(3t° + 6t* + 9t* 4 12¢2 + 8t + 4).

Obviously, we have & + 2£(1 —¢) — €1 <0 for any t > 0.

Proof of Theorem 2.3. We will prove that system (2.1) exists a stationary
distribution. By Theorem 2.1, we have obtained that system (2.1) has a global
positive solution. By Lemma 3.2, it is sufficient to construct a non-negative C2-
function V*(z,y,u,w) and a closed set  C R such that

LV*(z,y,u,w) < —1, on (z,y,u,w) € R /Q.

Since the construction of V*(z,y,u,w) is very complex, we construct it in four
steps.
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Define
‘71(:1:7y,u,w) = ( Iny + mzx —cilnu —cy lnw) + 4+v/ascic90?k <4kb1 12?)

éVl—"Véa

where c¢q, ¢y are positive, and will be chosen later.
Note that mox (1 — 7) < mok — mox.
By It6 formula, we have
2
_ a ajamaTy
LV1—b2+72—a21u+MQ£C(1 %)_m

_ aw Gy _
U( u + w(mi+moz+msy) a 02)

< <b2+%+(61+62)0—|—m2x (1—%)) _ (M—F aws 4 cooTy )

Yy u w(mi+mox+msy)

2
< (bg +F+ (a1 +e2)o+ mgk) — (mgz + A2t 4 ane 4 C202Y )

u w(mi+maz+msy)

2
S (bQ + % + (Cl + CQ)O' + (m1 + mgk)) + msy

— (M + Gawe 4 sty (M1 + max + m3y))

y u w(mi+maz+msy

2
< (b2 + %2 4 (c1 4+ c2)o + (my + m2/€)) — 4v/zaszic1c0% + may.

Applying It6 formula and Lemma 3.3, we obtain that

Ve = aameres™® (3 =1) (1= ) = st b + st + )
<AVameee® (43 01 - (1 5) + it
< Vanereao®h (YF+ 22 - (1-5L))
= 4Vzazc1c20% + 4v/agicrc20%k 2L — 4 agc1c202k (1 - %) )

2
azk(l—gz2)*

Tmitmak)o » We have that

Taking ¢c; = c2 =
LV < <b2+ 2+ (¢ +62)0+(m1+m2k)> — 4v/agicic00%k(1 — %)
+ (ma + 4Vaziercao Rt Yy
= —(YRg=1) (b + %) + (ms + 4Vazcrca0%h ;22 ) y

==X+ <m3 + 4V a1 c10202 b?jﬁl)

(3.3)

2
a21k‘(1 2b1 )4

where R()g = —
(mi+mak)(bat2)

o= (YRg—1) (b2 + %) > 0, since Ry > 1.
Selecting

Va(z,y,u,w) = Vi + (m3+4\/a2161820 blml) (y + oz 4 qaw)
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while
L (y+ %2 4 a2y = —by+ et
we have
_ a1 aiz Yy
LV < =X+ P (s + 48 amercaohy - (34
25 Aot ( ° T Tima ) my + mar + may oy
Choose e
N 1 @12y | G12W | G1gU
V. =15
3(2, Yy, u,w) T30 (x T, T T, )

where 6 > 0 and will be defined later.

~ 6
LV = (o4 §22 + 222 1 azn) (b (1 - §) - 2let — oy _ o)

4dao, 4az1
6—1
2] a12y | 012w 4 G12u 2 a12a2\2, 2
+2 (x+4a21+ o + 20) ( z +(4a21)y>
+1 0+1
a2y aijau ajpw _ b1 .04+2 a12 by 0+1 _ a1 041
< bz ($ + Tas, + 55+ =2 ) g 10114 9+1y 20+25,9 U

6

6—1 2
0+1 aiz2y a2y ailgw a1 2
Qer +3 (x+4a21+ + == ) ( x +(4a21) y)

< _bigot2 _afhe o1 el a1 ald' o1, p
> o 2x40+10F1 250 201350 )
(3.5)
where
[/ a2y ajou ajow -1 ajoaz\2,,2 0+2 af! 0+1
— U 12 aiu 12 122 _ 12
_2(x+4a21+ + a) ( x+(4a21)y) sk 07 W

0 0+1 0+1
+ bizx + a12y + a12u + aijaw 449 u9+1 _ 12 b2 0+1
1 4az21 o 20+356 2><40+1a9+1 Yy

6—1 2
0 a12y a12u alpw a1202 a1z ai12 _ b1 .6+2
§2($+4a21+ + 42 ) (a1x+(4a21)y+( Ju+ (22 )w) by
6+1 0 0+1 0+1
T 0+1 a2y a12u ail2w a2 0+1 _ ajy b2 +1
150 w + bll' (.’ﬂ + Tas, + + - ) 20135 7 U oxd0+1g 6+1y
0 +0 0+1
ﬂ 6+1 a1; “+1 a12 +1 9+1 _ 0+2 _ %0, 0+1
S 2 ($ + (4a21)9+1y + (20 )1+9u + Oéﬂ"baa: le‘ 400 w
0 041 0+1
a2y a12u a12w _ %9 0+1 _ _ 15 b2 +1
+hiz (w + daz; + + = ) 20+350 U 2x40+1q 9+1y
49 007 4z 0+1 bi g10 a2y | A12u | aj2W ‘
< max {— ™%y — "+ bz |+ + + }
€(0,400) 2 2k 4ao 20 o
w9+1 a?;l 049 6+1amaa‘ _ 'U«9+1 af; 940a1+0a2
209 2 o 2(20)0 12 max
0+1
Y 0+1 0, 1+0 2
— 4L (aj5 by —04%a73 "«
2(490,31"1) ( 12 12 ma:v)
400a7na1, 0+1 by 0+2 a2y a12U ajpw o
< max {713 — — + bz | x+ + + },
z€(0,+00) 2 2k 4das 20 o
where o2, ,, = max{a?, a3}, holding 12 by}. It is clear that B

has an upper bound.
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Define a Lyapunov function as follows
%(m,y,u,w) = MVa+ Vs —Inw — lnu,

where M > 0 is a fixed constant satisfying —M Mo + 20 + B < —2. Moreover
Vi(z,y, u,w) is not only continuous, but also tends to +o0 as (z, y, u, w) approaches
the boundary of RY . Hence it must be lower bounded and achieve this lower bound
at a point (z°,y%,u", w°) in the interior of RY. Then we denote the C*-function as

V*(xayauyw) = ‘/‘l(x’yauyw) - ‘74(x0,y0,u0,w0).

Applying It6 formula, we have

L(—lnw—lnu):Qo—ﬂ— oLy .
u  w(my + mox + msy)

Therefore, by (3.3)-(3.6), one can get that

6+1 6+1 0+1
b1 ,.0+2 aj; be 6+1 _ @ 6+1 a 6+1
LV* < =My — 52?2 — STy - 2wt —
21

Masy 4 27._ai2 _ _oby Ty 53
+ = (m3+4\/a2101020 kb1m1 wMa21) + B + 20,

mi+max+msy

where B = sup B. We denote %(mg + 4+v/as1c1c902 b‘fﬁ) — ) for convenience.
We consider the bounded closed set

1 1 1 1
Ue = {(z,y,u,w) ERi|e<x< €’€<y< g,6<u< 6—3,6<w< 6—2},

where 0 < € < 1 is a sufficiently small number. In the set RY \ U, we can choose €
sufficiently small such that the following conditions hold:

Y 0+1
Al :€S m1(€+1)’ e S (22D b29 -
M\ m1(0+1) = 2 x 49+1a5F
A0 +1) (my1 + mge)(0+2) — 2k
Ay : 7 +0<-1, Ay Zho<-,
e(my + mae + mse) €
b1 a?;lbg
alf! alf!
A7 = 400 (3)0+T tC0=<-1 As - T Q040 (2)0+1 tO=<-1L

Then we divide R% \ U, into eight domains as if

Dy ={(z,y,u,w) €R} : 0 <z < ¢},

Dy ={(z,y,u,w) ERL : 0 <y <€},

D3 ={(z,y,u,w) GRi:0<w<53,x>e,y>e},
Dy ={(z,y,u,w) €RY : 0 <u < e, w > e},
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1
D5 :{(xay7uvw) S Rj_ LT > 7}7
Dg ={(z,y,u,w) € R} 1y > g}7

1
D7 ={(z,y,u,w) €RY 1w > 3},

1
D8 :{(xﬂy7u7w) S Ri Lw > 6—2}
8 .
Clearly, D¢ = | J D!. Next, we will show that LV*(z,y,u,w) < —1 on US x R,
i=1

which is equivalent to show it on the above eight domains.
Case 1. If (z,y,u,w) € Dy, one can see that

zy ey e 0+y0+1 . 0 y9+1
mi1+mar+msy < mi < my  0+1 T mi(0+1) + m1(6+1)"
Thus,
< b
Lv* < =M+ A ( (9+1) + m1(9+1)> +B+20- %yeﬂ

_ Aed X af3'h 0+1 |
=~ Mo + sty + (vton - zx4§ila2;’1“) y Bt
<-241=-1,

by virtue of the condition A;. Thus, LV* < —1 on D;.
Case 2. If (z,y,u,w) € Do, one can see that

zy € (0+1)+z*2 e(6+1) 2912

mi+maz+msay < mi+mase 0+2 — (mi1+mze)(0+2) + (m1+mse)(9+2)
Hence,
* o N e(60+1) exft2 o by ,.0+2
LV* < —MM + A ((m1+m3£)(9+2) n (m1+m3€)(9+2)) +B+20 - b
_ Ae(0+1) Xe _b).b+2. B
= MM+ oy T ((m1+m36)(9+2) 22) 2?4+ B+ 20
<—-241=-1,

by the condition As, we can get LV* < —1 on Ds.
Case 3. If (z,y,u,w) € Ds, it yields

0+1
—oxy 02 @ by 6+1
Lv* < w(mi+maz+may) +C - 49+1§a9+2y
—0
S e(m1+moetmse) + C7
where C' = sup{— 2L z9+2 ﬁ%y9+l+ﬁm+§+2a}. By the condition
Az, we can get LV* < —1on D3
Case 4. If (z,y,u,w) € Dy, it yields
+1
LV* < = 4 C — a2 — i ﬁa?izy i

<=2+,
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which, together with the condition A4, induces that LV* < —1 on Djy.

Case 5. If (z,y,u,w) € D5, we can derive

* —oxy bl 0+2 _ af3'bs g1
Lv: < w(mi+mazt+may) +C - Ky 10+2¢ 9+2y
by
< —
= 4kett2 +C

According to the condition As, we can deduce that LV* < —1 on Ds.
Case 6. If (z,y,u,w) € Dg, it yields

—ox 20+2 al3 by 1
Lv: < ; +C - * 4e+1§a9+2y a

= w(mi+maz+mszy)

b
O+ G

= *ﬁ
which follows from the condition Ag that LV* < —1 on Dg.
Case 7. If (z,y,u,w) € D7, we have

0+1
LV* < oxy + C - % _ ‘11;9 w9+1

= w(mi+moz+mszy)
o0+
< ~mogdye T O

By the condition A7, we can conclude that LV* < —1 on D7.
Case 8. If (z,y,u,w) € Dg, one can derive that

0+1

* —oxy _ow _ 9o 0+1
Lv S w(mi+moz+may) + ¢ u 409 w
041
< a

12
- 20+350 (e2)0+1 + C.

By the condition Ag, we can conclude that LV* < —1 on Dsg.
So we get that

LV*(z,y,u,w) < —1 for any (z,y,u,w) € Ri \ Ue.

That is, the conditions in Lemma 3.2 hold. Hence, we obtain that system (2.1) has

a solution which is a stationary Markov process. This completes the proof.

4. Main results in the weak kernel case

For the weak kernel K(t) = oge™7¢, let

t
£) :/ K(t—s) i ds.
oo mi + maZ + m3y

Then system (2.1) becomes the following equivalent system:

do = (i (1 - #) = 522 ) db + agwdBy (1),

mi+mox+mszy

dy = (—bay + az1u)dt + asydBa(t),

du:0(¢—u>dt.

mi+mox+mszy
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By similar and simpler method as section 3, we directly draw the following conclu-
sions:

Theorem 4.1. For any given initial value (x(0),y(0),u(0)) € RY, there exists a
unique positive solution (x(t),y(t),u(t)) of system (4.1) ont > 0 and the solution
will remain in Ri with probability one.

Theorem 4.2. Let (z(t),y(t),u(t)) be a solution of system (4.1) with any initial
value (z(0),y(0),u(0)) € R3. Then

2
ay H —
(1) If by < 22, then tlggloos(t) =0 a.s.,
(2) If by > %, then for almost all w € 2, we have

lim su 1ln b (t) + lu(t) <pa.s
t%oop t az1ba(my + mzk)y o = s

where p = min{by, o }(v/ Ry — 1)I{R0§1} + max{bs, 0} (v Ro — I)I{Rozl} + by %

and Ry = lm(r:lzijrljngk)' Especially, if p < 0, then the predator population y will die

out exponentially with probability one, i,e.,

lim y(t) =0, a.s.

t—o00

Moreover, the distribution of x(t) converges weakly to the measure which has the
density

o —24+2}3 -2
m(u) =Qay"u  “te *1,u€(0,00),

2 1421
where Q = oy 2(5e1y "l

o F(% = 1)]7* satisfying [, m(u)du = 1.

o2 a2 S az1 k(1— ;ﬁ )3
Theorem 4.3. Assume that by > S-,ba > F, and Ry = ———————
(m1+mak)(ba+—32)

1. Then system (4.1) exists a solution P*(t) £ (x*(t),y*(t),u*(t)), which is a

stationary Markov process.

5. Numerical simulations

In this section, we numerically simulate the solutions of system (2.1) with strong
kernel, which illustrate the different dynamics between the deterministic model (1.2)
and the stochastic model (2.1) by Milstiein Higher Order Method [35].

Case 1. We choose a set of parameters:

bl = 04, bQ = O.2,a12 = 0.1,0,21 = 02, k= 06, g = 08, my = 01, mo = 0.5,7713 =0.3.

Obviously, the condition by < mfj—lkkm . holds. Hence, the deterministic system
(1.2) with the strong kernel has a positive equilibrium (z.,y.) = (0.4589,0.4316),
which is globally asymptotically stable, illustrated in the left graph of Figure 1.

Then we consider the effect of the white noises on the system. There we choose

2
a1 = 0.05, as = 0.02 satisfying b; > % By Theorem 2.2, we know that the prey
will be persistence in mean. The picture also shows that if white noise is small
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Figure 1. Left: The solutions of the stochastic system (2.1) and deterministic system (1.2) with
strong kernel; Right: The density function diagrams of z(t),y(t) with the initial value (z(t),y(t)) =
(0.4,0.4),t € (—o0,0].

the predator is also persistence in mean. The results indicate that the stochastic
turbulence has no obvious influence when the white noise is relatively small.

Case 2. We choose the same parameters by, ba,a12,a91,k,0,my, ms, ms as
Case 1. That is, the positive equilibrium has the same value as Figure 1, illus-
trated in Figure 2. However, when we increase the intensities of white noise as

a1 = 0.9, such that b; < O‘;, by Theorem 2.2, we know that the prey will tend to
extinction. Moreover the predator will extinct as prey disappears. The right graph
of the Figure 2 implies that prey-predator species will tend to extinction with the
stronger white noise. Furthermore, if we increase the intensities of the white noises
of the prey and predator, such as a; = 0.02, a3 = 0.5, by Theorem 2.2, we know
that the predator will tend to extinct, but the prey still tend to persistence in the
mean, which are illustrated in Figure 3.

Acknowledgements

This work was supported by grants from the Natural Science Foundation of Shan-
dong Province of China (Nos. ZR2019MA006), National Natural Science Founda-
tion of China (Nos.11671236, 11871473) and the Fundamental Research Funds for
the Central Universities (No.19CX020554).

References

[1] Guo, M., Wu, J., The effect of mutual interference between predators on a
predator-prey model with diffusion, J. Math. Anal. Appl., 2012, 389, 179-194.

[2] Song, Y., Jiang, H., Yuan, Y., Turing-Hopf bifurcation in the reaction-diffusion



202

M. Song, W. Zuo, D. Jiang & T. Hayat

0.48 4
0.46 [_ 3
044 g2
0.42 1
0.4 0

0 100 200 300 400 0 100 200 300 400

t t
0.44 0.6
0.42 0.4
= =

0.4 0.2
0.38 0

0 100 200 300 400 0 100 200 300 400

Figure 2. Left: The solutions of the deterministic system (1.2) with strong kernel; Right: The so-
lutions of the stochastic system (2.1), where a1 = 0.9, a2 = 0.02 with the initial value (z(t),y(t)) =

(0.4,0.4),t € (—o0,0]

t

0.48 0.7
0.46
0.6
044 g
0.5
0.42
0.4 0.4
0 100 200 300 400 0 100 200 300 400
t t
0.44 0.4
0.3
0.42
= So2
0.4
0.1
0.38 0
0 100 200 300 400 0 100 200 300 400

t

Figure 3. Left: The solutions of the deterministic system (1.2) with strong kernel; Right: The so-
lutions of the stochastic system (2.1), where a1 = 0.02, o = 0.5 with the initial value (z(t),y(t)) =
(0.4,0.4),t € (—o0,0].



Stochastic Beddington-DeAngelis Predator-prey Model with Distributed Delay 203

[17]

[18]

system with delay and application to a diffusive predator-prey model, J. Appl.
Anal. Comput., 2019, 9(3), 1132-1164.

Chen, S., Liu, Z., Shi, J., Nonezistence of nonconstant positive steady states of
a diffusive predator-prey model with fear effect, Journal of Nonlinear Modelling
and Analysis, 2019, 1(1), 47-56.

Skalski, G., Gilliam, J., Functional responses with predator interference: viable
alternatives to the Holling type II model, Ecology, 2001, 82, 3083-3092.

Hassell, M., Varley, C., New inductive population model for insect parasites and
its bearing on biological control, Nature, 1969, 223, 1133-1137.

Beddington, C., Mutual interference between parasites or predators and its ef-
fects on searching efficiency, J. Anim. Ecol., 1975, 44, 331-340.

DeAngelis, D., Goldstein, R., ONeill, R., A model for trophic interaction, Ecol-
ogy, 1975, 56, 881-892.

Cantrell, R., Cosner, C., On the dynamics of predator-prey models with the
Beddington-DeAngelis functional response, J. Math. Anal. Appl., 2001, 257,
206-222.

Hwang, T., Global analysis of the predator-prey system with Beddington-
DeAngelis functional response, J. Math. Anal. Appl., 2003, 281, 395-401.

Faria, T., Global dynamics for Lotka-Volterra systems with infinite delay and
patch structure, Appl. Math. Comput., 2014, 245, 575-590.

Zuo, W., Song, Y., Stability and bifurcation analysis of a reaction-diffusion
equation with distributed delay, Nonlinear Dynam., 2015, 79, 437-454.

Zuo, W., Song, Y., Stability and bifurcation analysis of a reaction-diffusion
equation with spatio-temporal delay, J. Math. Anal. Appl., 2015, 430, 243-261.

Song, Y., Han, Y., Zhang, T., Stability and Hopf bifurcation in a model of
gene expression wtih distributed time delays, Appl. Math. Comput., 2014, 243,
398-412.

Chen, L., Song, X., Lu, Z., Mathematical Ecology Models and Research Meth-
ods, Sichuan Science and Technology Press, Chengdu, 2003.

Zuo, W., Jiang, D., Stationary distribution and periodic solution for stochastic
predator-prey systems with nonlinear predator harvesting. Communications in
Nonlinear Science Numerical Simulation, 2016, 36, 65-80.

Ji, C., Jiang, D., Shi, N., Analysis of a predator-prey model with modified Leslie-
Gower and Holling-type II schemes with stochastic perturbation, J. Math. Anal.
Appl., 2009, 359, 482-498.

Zu, L., Jiang, D., O’Regan, D., Conditions for persistence and ergodicity of a
stochastic Lotka-Volterra predator-prey model with regime switching, Commu-
nications in Nonlinear Science and Numerical Simulation, 2015, 29, 1-11.

Qiu, H., Liu, M., Wang, K., et al. Dynamics of a stochastic predator-prey
system with Beddington-DeAngelis functional response, Appl. Math. Comput.,
2012, 219, 2303-2312.

Krise, S., Choudhury, S. R., Bifurcations and chaos in a predator-prey model
with delay and a laser-diode system with self-sustained pulsations, Chaos Soli-
tons Fractals, 2003, 16, 59-77.



204

M. Song, W. Zuo, D. Jiang & T. Hayat

[20]

[31]

[32]

[33]

[34]

[35]

Campbell, S. A., Jessop, R., Approzimating the Stability Region for a Differ-
ential Equation with a Distributed Delay, Mathematical Modelling of Natural
Phenomena, 2009, 4, 1-27.

Song, Y., Han, M., Peng, Y., Stability and Hopf bifurcations in a competitive
Lotka-Volterra system with two delays, Chaos Solitons Fractals, 2004, 22, 1139-
1148.

Blyuss, K. B., Kyrychko, Y. N., Stability and bifurcations in an epidemic model
with varying immunity period, Bull. Math. Biol., 2010, 72, 490-505.

Liu, M., Fan, M., Stability in distribution of a three-species stochastic casade
predator-prey system with time delays, IMA J. Appl. Math., 2017, 82, 396-423.

Liu, M., Bai, C., Jin, Y., Population dynamical behavior of a two-predator
one-prey stochastic model with time delay, Discrete Contin. Dyn. Syst. Ser. A,
2017, 37, 2513-2538.

Sun, X., Zuo, W., Jiang, D., Hayat, T., Unique stationary distribution and
ergodicity of a stochastic Logistic model with distributed delay, Physica A, 2018,
512, 864-881.

Zuo, W., Jiang, D., Sun, X., Hayat, T., Alsaedi, A., Long-time behaviors of a
stochastic cooperative Lotka-Volterra system with distributed delay, Physica A,
2018, 506, 542-559.

Chen, G., Li, D., Shi, L., Gaans, O., Lunel, S., Stability results for stochas-
tic delayed recurrent mneural networks with discrete and distributed delays, J.
Differential Equations, 2018, 264, 3864-3898.

Liu, Q., Jiang, D., Stationary distribution and extinction of a stochastic
predator-prey model with distributed delay, Applied Mathematics Letters, 2018,
78, 79-87.

Mao, X., Stochastic Differential Equations and Their Applications, Horwood,
Chichester, 1997.

Ji, C., Jiang, D., Shi, N.; Analysis of a predator-prey model with modified Leslie-
Gower and Holling-type II schemes with stochastic perturbation, J. Math. Anal.
Appl., 2009, 359, 482-498.

Kutoyants, Y. A., Statistical Inference for FErgodic Diffusion Processes,
Springer, 2004.

Peng, S., Zhu, X., Necessary and sufficient condition for comparison theorem
of 1-dimensional stochastic differential equations, Stochastic Processes Their
Applications, 2006, 116, 370-380.

Khas’minskii, R. Z., Stochastic Stability of Differential Equations, Alphen aan
den Rijn, Netherlands, 1980.

Xu, D., Huang, Y., Yang, Z., Existence theorems for periodic Markov process
and stochastic functional differential equations, Discrete Contin. Dyn. Syst.
Ser. A, 2012, 24, 1005-1023.

Higham, D. J., An Algorithmic Introduction to Numerical Simulation of
Stochastic Differential Equations, Siam Review, 2001, 43, 525-546.



	Introduction
	Main results in the strong kernel case
	Materials and method
	Proof of Theorem 2.1
	Proof of Theorem 2.2
	Proof of Theorem 2.3

	Main results in the weak kernel case
	Numerical simulations

