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The Dynamics of Stochastic Predator-prey Models
with Non-constant Mortality Rate and General
Nonlinear Functional Response*

Hao Peng' and Xinhong Zhang®f

Abstract In this paper, we investigate the dynamics of stochastic predator-
prey models with non-constant mortality rate and general nonlinear functional
response. For the stochastic system, we firstly prove the existence of the global
unique positive solution. Secondly, we establish sufficient conditions for the
extinction and persistence in the mean of autonomous stochastic model and
obtain a critical value between them. Then by constructing a appropriate
Lyapunov function, we prove that there exists a unique stationary distribution
and it has ergodicity in the case of persistence. Finally, numerical simulations
are introduced to illustrate our theoretical results.
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1. Introduction

The dynamics of the predator-prey system has always been one of the hot topics
of ecological science research. In the past decades, a lot of predator-prey models
have been proposed and used to describe the food supply relationship between two
species [1]. In [2], Cavani and Farkas considered the following predator-prey system
with Holling type-II functional response

o N(t) aP(t)N(t)
N(t) =eN(t) (1- 28 - «2ox, )

P(t) = P(t) (-M(P() + 72305 )

where N(t) and P(t) are the densities of the prey and the predator at time ¢,
respectively. All the parameters are positive constants. € represents specific growth
rate of the prey without predation and environmental constraints; K denotes the
carrying capacity of the prey in the absence of predators; a, b and [ are satiation
coefficients or conversion rates; and here the function M (P) is the specific mortality
rate of predators in the absence of prey. At the same time, M (P) could be constant
or non-constant. If M(P) is a constant (such as M (P) = n), the model (1.1) is the
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classic predator-prey model with Holling type-II functional response. In this paper,
the mortality rate of predators

Y+ oP v —

M(P) = 1+ P *5+1+P’

(0<vy<9)

is non-constant and it depends on the quantity of predator; here, v is the mortality
at low density, and ¢ is the maximal mortality with the natural assumption § >
~v. Compared with the common models, the advantage of this model is that the
predator mortality rate is neither a constant nor an unbounded function, and it
increases with the increase of the quantity of predator. There have been many
papers published about the model and its deformations, see [3-5].

In population dynamics, one significant component of the relationship between
the predator and the prey is the functional response of the predator, which refers
to the change in the density of prey attached by per unit time per predator as the
density of prey changes. There have been several well-known types of nonlinear func-
tional response: Holling type-II, type-III [6], Hassell-Varley type [7], Beddington-
DeAngelis type [8-10], Crowley-Martin type [11], ratio-dependence type [12], etc.
These important nonlinear response functions allow us to gain insight into the dy-
namic relationship between predators and preys. Therefore, it is reasonable to use
a nonlinear functional response when we establish a predator-prey model. Based on
model (1.1), we consider the following predator-prey model with general nonlinear
functional response

N(t) =eN(t) (1= 52) - ap(N(1) P(2),
P(t) = P(t) (- 248 + be(N (1)

where ¢(N) is a general functional response.

However, environmental noise is ubiquitous in nature and population models
are inevitably affected by environmental noise, which is an important part of reality
[13,14]. Deterministic models have certain limitations in the mathematical modeling
process of ecological models. For example,they are not easy to fit datas and not
easy for us to accurately predict the future dynamics of the system. Therefore,
it is necessary to comsider stochastic fluctuations in the modeling process of the
population model. In recent years, there have been many significant papers on
the dynamics of stochastic population models [15,16]. However, few papers have
considered stochastic predator-prey models with non constant mortality rate and
general nonlinear functional response in stochastic environments. In this paper, we
will study the dynamics of the following stochastic predator-prey model

(1.2)

dN = (sN(t) (1 - %) - ago(N(t))P(t)) dt + oy N (t)dBy (1),

dP = P(t) (—ﬁif(g? + bga(N(t))) dt + o5 P(t)dBaf(t).

(1.3)

where Bi(t), B2(t) are mutually independent standard Brownian motions defined
on a complete probability space (2, F, Fi>0, P) with a o-field filtration {F;}i>0
satisfying the usual conditions, and o2 represent the intensities of the white noise,
i=1,2.

For the sake of biologically reality, we give the general assumption for ¢(N)
above. Again, for the sake of clarity, we make two further assumptions for the
generic nature
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Ay o € C?([0,400),[0,+00)) and ¢'(N) < ¢1, @(N) < ¢ for any N € (0, +0o0),
where ¢y, co are positive constants.

Ag: ¢"(N) > c3, for any N € (0,+00). Where ¢ is a constant which requires no
assumption on the sign.

For the predator-prey system, we consider the following prototypes of response
functions that are often found in the literature. There are several special response
functions:

(i) Lotka-Volterra function or Holling type-I function:
k k
m m
where m > 0 denotes a constant and represents the maximal per capita con-
sumption rate.
(ii) Michaelis-Menten function or Holling type-1I function:
aN
N)y=—-—
@(N) FIN

where o > 0 and 8 > 0 are constants. Here « is the maximal growth rate of
the species and f is called the half-saturation (or Michaelis-Menten) constant.

(1.5)

(iii) Holling type-III response function [17]:

@(N)

where m and « are positive constants and 3 is a constant. When 8 > —2,/a
(so that aN? + BN + 1 > 0 for all z > 0), the function ¢(N) is called the
generalized Holling type-1IT functional response [18].

mN?2

T aNZ+ BN +1 (1.6)

(iv) Ivlev functional response [19]:

o(N) = h(l - e*cN) (1.7)
where ¢ and h are positive constants.

This paper is organized as follows: In section 2, we basically give a theorem
concerning the existence and uniqueness of the global positive solution to model
(1.3). In section 3, we investigate persistence in the mean and extinction of model
(1.3) and furthermore, we try to obtain the critical value between them. In section
4, we show that the model exists a unique stationary distribution. In section 5, we
use numerical simulations to illustrate our theoretical results. Finally, conclusion is
given to end this paper.

2. Existence and uniqueness of the global positive
solution

For simplicity, we introduce the following notations.

R? = {z = (z1,22) € R? 1 2, > 0,i =1,2}.

(f)e = %fot f(s)ds.

If f(t) is a continuous bounded function, define f! = inf,cp0,00) f(2), f* =
SUDPte(0,00) S (1)-
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Theorem 2.1. For any initial value (N(0), P(0)) € R, there is a unique solution
(N(t),P(t)) of system (1.3) on t > 0, and the solution will remain in R% with
probability 1.

Proof. Obviously, the coefficients of model (1.3) are locally Lipschitz continuous,
so there is a unique local solution (N(t), P(t)) on t € [0,7.) for any initial value
(N(0), P(0)) € R2, where 7 is the explosion time. If 7. = oo a.s., then this local
solution is global. Let ko be sufficiently large for every component of (N (0), P(0))
lying within the interval [1/ko, ko]. For each integer k > kg, define the stopping
time

7 = inf{t € [0,7.)|N(t) & (1/k, k) or P(t) ¢ (1/k,k)},

where throughout this paper we set inf # = co () denotes the empty set). Clearly,
Tk is increasing as k — 00. Set 7o = limy_, o, 7%, which implies 7o, < 7. a.s. If we
show that 7o = oo a.s., then 7, = oo a.s. This means that (N(¢), P(¢)) € R a.s.
for all t > 0. If 7. < ooa.s., then there is a pair of constants 7' > 0 and € € (0,1)
such that

P{ree < T} > e

Hence there is an integer k1 > kg such that
P{r, <T} >¢€ forall k > k. (2.1)

Define a C?-function V : RZ — Ry as follow:

4b01 ) 1) 4b61N
V(N,P)= N — — 1
(N, P) ==5 < dbe;  dbe, 2T 5 )
2acy 1) 1) 2ac1 P
P-— - 1 .
* ] ( 2ac;  2acy S )

Applying It0’s formula we have

4
AV (N, P) =LV(N, P)dt + 224191 (N 0 )dBl(t)

1) - 4b61
2ac109 )
pP— dBs(t
T ( 2a01) 2(t),

where LV : RT — R is defined by

2
LV (N, P) :4% (N—5> <5—’5[](V—‘W]]§)ID>+0;
5

2acy y—0 o3
* 0 (P 2ac1>< o 1—|—P+b(p(N))+2

4b 4b 4ab N)P
B 61€N2+< C16+€)N aclgo(N)PJra‘p( )

- K 8 K § N
2
B o 2ac1(6 —v) P 2abcy
5—&-*2 2ac1 P + 5 P 5 ©(N)P

_ 2

) o3
_ =% po(N 72
TP bo( )—|—5+2
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< 4b018N (4()015 ) 2ab01 S(N)P
o2
91
2

0K

o2
+aci P —2aci P — e+ + 6+ 72 + 2acy

4dbcie | o 4bcie €
< N —
<t ( n

2
o
N — ot 249
5 K) 5+2+5+2+a01
<M,

where M is a positive constant. We therefore obtain

EV(N(mx AT), P(ti AT)) < V(N(0), P(0)) + ME(1,, ANT) < V(N(0), P(0)) + MT

(2.2)
Set ), = {r < T} for k > ky and by (2.1), we have P(Q;) > e. Noting that for
every w € (), there is at least one of N(7;,w), P(7,w) equals either k or 1/k,
therefore

4
V(N(Tk,w),P(wa))Zﬁ (k— s 0 log bcﬂc)

0 4bcy  4bcq 1)
/\g <1 é 6 log 4bcy )

0 \k 4bcy 4bcy ok
2ac; 1) 1) 2ac1k
" ) <k 2a¢c1  2acy log 1) )
/\2@01 (1 3 ) 3 ) log 2acl) .
) k  2ac;  2ac; ok

It then follows from (2.2) that
V(N(0), P(0)) + MT >E(Io, V (N(Tk, ); (Tk, w)))

4bC1 4bC1k‘
lo
{ (k 4b61 4bCl o8 ) )
4bCl 1 1) 4bC1
- 1
(k 4bc1 4bc1 %8 5k )

2(101 b

< 2a01 2acl o8 2a§1k>
2acl ( 1) 1 2acl)}'

0
2acl 2acl & ok

Letting k — oo leads to the contradiction
oo > V(N(0),P(0)) + MT = o0,

so we must have 7., = 0o a.s. The proof is completed. O

3. The persistence in mean and extinction

In the section, we investigate the persistence and extinction of stochastic predator-
prey model (1.3) under a certain condition. In addition, by using the ergodic prop-
erty of stochastic Logistic model, we try to give the critical value which determines
the extinction and persistence of model (1.3). To this end, we first give the definition
of the persistence and the extinction and lemmas.
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Definition 3.1. [20]

(1) The model (1.3) is said to be extinct if lim;_,, P(t) = 0 a.s.
(2) The model (1.3) is said to be persistent in mean if liminf;_, o (P)¢ > 0 a.s.

Lemma 3.1. [20] Suppose that Z(t) € C(2 x [0,00),R).

(I) If there are two positive constants T" and dg such that

¢ n
In Z(t) < 6t — & / Z(s)ds + Y aiB(t) a.s.
0 i=1
for all £ > T', where «;, d are constants, then

limsup,_, . (Z): < % a.s., if § > 0;
lim; o, Z(t) =0 a.s., if 6 <O.

(IT) If there exist three positive constants T', d, dp such that
t n
InZ(t) > ot — &y / Z(s)ds + Z a;B(t) a.s.
0 i=1

for all t > T, then liminf, ,.(Z); > % a.s..

Lemma 3.2. [21] Consider the following one-dimensional stochastic Logistic model

X(t
dX(t) = eX(t) (1 - %)dt + o1 X ()dBy (1) (3.1)
with X(0) = N(0). If ¢ — %f > 0, model (3.1) has a unique ergodic stationary
2e—0f 2
distribution v(-) with stationary density u(z) = Cx °i e K”fx, where C' =

(2¢/Ko?)2e=oD/7% /T ((2¢ — 0%) /o), and

t—o0

]P{ lim 1/0tf(X(s))ds -/, f(w)u(w)dx} —1,

where f is a function integrable with respect to the measure v.

Remark 3.1. From stochastic comparison theory it follows that N(t) < X (¢) a.s.

and
t

lim 1 o(X(s))ds = /000 o(x)p(x)dz, a.s. (3.2)

t—oo 0

Theorem 3.1. Assume that ¢ — 03/2 > 0. Let (N(t), P(t)) be a positive solution
of model (1.3) with initial value (N(0), P(0)) € R%.

(i) If A :== —y — %’g‘ + bfooo o(x)p(z)dr < 0, then the predator populations go to
eztinction a.s.

(i) If X > 0, then system (1.3) will be persistent in the mean.
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Proof. (i). An application of Itd’s formula to the second equation of (1.3) shows
that

P 2
dlog P(t) = _Q+9PY) + bp(N) — %2 ) at + o2dBs(t)
1+ P(t) 2 (3.3)
) .
o3 (0—7)P(t)
(-v- - B 4 b0 e oaaat)
Integrating above inequality from 0 to ¢ and dividing ¢ on both sides, we get
log P(t) —log P(0) o3 P b [* Mo(t)
t === B - -Nph+t | (s 2D
2 ¢ Mo(t
<—7- 248 [ oisas + 220
2 "t ), t
o3 My (t)

where M;(t) = fot 0;dB;(t), i = 1,2 are real-valued continuous local martingales.
By strong law of large numbers [22], we have lim;_, o, MT =0a.s., i =1,2. Applying
(I) in Lemma 3.1 we obtain

log P(t 2 o
lim sup og P(t) < —y— % 4 b/ p(z)u(z)de.
t—o0 2 0
Obviously, the predator populations P(t) tends to zero a.s. when A < 0.
(ii). Applying It6’s formula to the first equation of (1.3) and (3.1) respectively,
we have

o2
dlog N(t) = (5 (1 - N;(t)) — GQW — 21> dt + 01dB4 (1),

and og X (1) - <€ ( B X}(j)) _ f’j) dt + o1 dBi ().

Then integrating above equality from 0 to ¢ and dividing ¢ on both sides, we get

log N(t) —log N(0) o2 1 [t a ["o(N(s))P(s) M (t)
; —fT 571 OEN(S)dS_E/O NGBt T
and
logX(t);logX(O) :g_%_%/o %X(s)ds—i— Mlt(t)
These imply that
logN(t) —log X(t) 1 [*¢ a (" o(N(s))P(s)
0> ; =i/ —(N(s)fX(s))dsfg/O st
€ e(N)P
Z—?<N—X>t—a< N )t
2 — ?<N—X>t —CL01<P>t,



502 H. Peng & X. Zhang

that is to say,
X — N>t S acy <P>t (34)

From (6) we obtain

dlog P(t) = (—'y _%2_0=7)P) + bap(N(t))) dt + o2dBs(t)

2 1+ P(1)
(-4-Z- W +hp(X (1)~ b((X(0) — $(N(1))) )t
+ 02dBs(t)
> ( oy %5 — (6 = 7)P(t) + bp(X (1)) — b(so’(s(t))(X(ﬂ - N(t)>)> dt
+ 02dBs(t)

> ( = T (5= )P0 + b)) — ber ((X(1) N<t>>)>dt
+ 02dBa (1), (3.5)

where £(t) € (N(t), X(t)),t € (0,00). Integrating (3.5) from 0 to ¢, combining (3.4),
one can derive that

log P(t) = log P(0) , _ _ %3 — (6 = N(P)r +b{p(X)) — ber (X — N) + M%w
52 acy 2
>~y ?2 = (0 = Y)(P)e + b{p(X)) — ber EK<P>t + MT(t)
02 a 02 2
=-7-5 - @-+ b 117{)<P>t+b<<p(X)>t+ Mt(t)’

for sufficiently large t. By virtue of arbitrariness of e and (II) in Lemma 3.1, we
derive that \

liminf(P); > ————

t—o0 §—~+ abch

>0, a.s.

That is to say model (1.3) will be persistent in the mean when A > 0. The proof is
complete. O

4. Existence of stationary distribution

Consider the stochastic equation:
k
dY(t) = f(Y(t))dt + Z UT(Y)dBT(t)7 (4.1)
r=1

where Y (t) is a homogeneous Markov process in l-dimension Euclidean space R!.
The diffusion matrix A(Y) = (ai;(Y)), ai;(Y) = S2F_, 0i(Y)oid (V).

r=1-7r
In the section, we will give a lemma which illustrates a criteria for the existence
of a unique stationary distribution, (see [23]). For the convenience, we give the

definition of stationary distribution.
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Definition 4.1. [23] Let P(¢,Y,-) be the probability measure induced by Y (t) =
(N(t), P(t)) with initial value (N (0), P(0)). That is,

P(t,Y,:) =P(Y(t) € B|Y(0) = (N(0), P(0))), for any Borel set B C R%

If there exists a probability measure p(-) such that lim; o, P(¢,Y, ) = u(B) for all
Y (t) € R2, then we say that Eq.(4.1) has a stationary distribution u(-).

Lemma 4.1. [23] The Markov process Y (¢) has a unique ergodic stationary dis-
tribution p(-) if there exists a bounded domain D C E; with regular boundary I'
and

!
By : there is a positive number H such that Y. a; ;(y)&& > HIE?, 2 € D, & € R

ij=1
B, : there exists a nonnegative C?-function V such that £V is negative for any
E\D.

Then

T—o0

Pl im / U () = /R oy} =1

for all y € E}, where f(-) is function integrable with respect to the measure p.

Theorem 4.1. Assume that k1 = b“’/(K), ko = max{O,—ch3 +k1} and A =

€ 2¢e
2
—y — % + bp(K) — KQk"‘ 0? > 0, then the model (1.3) admits a unique stationary
distribution and has the ergodic property.

Proof. It follows from Theorem 2.1 that for any initial value (N(0), P(0)) € R,
there exists a unique global positive solution (N (¢), P(¢)). In the following analysis,
for the simplification, we denote N(t), P(t) as N, P respectively.

Define a C?-function

N\ aKeyky +6—
V(t, N, P) :M(flogpfklNJrkz(N*K*Klog—> +%P>

K
0+1
(N + %P)
0+ 1
—MVi(N, P) + Va(N, P),

+

here 6 € (0,1), M are positive constants satisfying the following conditions respec-
tively

0
5‘75 < (0 =), (42)
—AM + f¥ + g% < =2, (4.3)

and positive constant A and functions f(z), g(z) will be determined later. Applying
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It6’s formula, we obtain

B _ytéP 2
L(—1logP) = e (N)Jr—2
2
o3 , (6—7)P
= —bp(N
TSt W)

L(-N)=— 5N<1 - 5) +ap(N)P,

K
+ 0P
L(P) =~ "5 P +bp(N)P,

and

c (N—K—Klog g) = (1 - ][5) (5N(1 - %) —aga(N)P) + gaf

N K
(N — K)* —ap(N)P + aK%P + 50%.

_ £
K

2

NS Y Clale) L i _ _N

LVIN, P) =y + 7 + 5 — be(N) kieN (1 K) + akyp(N)P
S N_K)? - o) p K o

+k2( (N = K)? — ap(N)P+aKZ 2P + 08

aKciko+6 — v+ 0P
+ - ( - P+bgo(N)P)

2
k
<y + 5+ (0= 7)P = bp(N) = “=N(K = N) + akip(N)P

K
+k‘2(— %(N—K)2+CLKC1P+ 50’%)

n aKClkgﬁ’(S*’Y

-
3 Kk
<y+ 2 = bp(K) + =20}

2
+ (= bo(N) + bp() — SEN (K~ N) - (v - k)

aKciky +6 —
1K2 ’Yb)w

(=P + bp(N)P)

+ (ak1 + (N)P

aKciko +6 — 7

—— A+ F(N) + (aki + b)p(N)P, (44)

where ) N
K
—A =+ 2 = bp(K) + =20t

and
F(N) = =bp(N) + bp(K) — %N(K —N)— %(N — K)2.

Then let us calculate
klé'

F/(N) = ~bg(N) + == (2N — K) ~

2k2€
K

(N_K)a
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and
2k‘15 _ 2k525

K K

Let k1 = w and kg = InaX{O7 —bg{;a + k‘l}. So we get

F'(N) = =bg"(N) +

F'(K) =0,
2k‘1€ 2k‘2€
F'(N) < — - :
(N) < —bes + K K <0
Thus, we can have
F(N)< F(K)=0.
This, together with (4.2), implies that
Kciko 4+ 6 —
LV(N, P) < = A+ (aky + =202 Tp) o) P
<~ A+ ksp(N)P (45)
S—A—FkgCgP.
where k3 is a positive constant and k3 > ak; + al{clk’vﬂb. Also
a_\? N a v+ 0P
LVQ(N,P):(NJrgP) (eN(l—g) —a<p(N)P+EP(— S +b<p(N)))
0 a _\9-1 a®
+§<N+5P) (a%Nz—kb—zong)
a _\Y 5 a(§—~)P?
<(N+-P N—-—_N?-
*(er)(g K bl+P)
0 a NV o @ 5
+ §<N+ EP) (O’lN b—QUQP )
a _\? a _\?¢ a _N\%a (6 —~)P?
<(N+-P) eN—(N+-P) =N?—-(N+-P) —— 1
—<+b)€ (+b)K <+b)b1+P
0 0—1 2
At e+ )
0 0+1 p2+o
<90 o, (4 _Ea2vre_ (2 _
QSN(N +(bp)) V= (3) 0 NP
0 onito  BraNot 5 11
HaotN S (5) AP
§295N1+9+29_15a9N2—%N“e—i—gafN“e
o—1_(a 0 29 Q a 0+1 o pite (O 0+1 B p2+o
+2e(G) PP S(5) AP ()6 NP
= g . .
f(N) +g(P) (4.6)

Clearly
f(N) = —o0, as N — +o0.

Applying inequalities 0 < 6 < 1 and (4.2) yields

g(P) = —o0, as P — +o0.
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From (4.5) and (4.6), we obtain
LV (N, P) < M(=A+kscoP) + f(N) + g(P),

where M satisfy
—AM + f* 4+ g* < —2.

To confirm condition By in Lemma 4.1, we consider the following bounded subset

1 1
D,={a<N<= a<P<—}
€1 €1

where 0 < €; < 1 is a sufficiently small constant. In the set R2\D,,, we can choose
€1 sufficiently small such that the following conditions hold

— MA+ Mkscoer + f* + g% < —1, (47)
— MA+ (Mkscs P+ g(P)" + f* < —1, (4.8)
u a\?%*t1in 1
~MA+f +B—<g) pa <L (4.9)
u e 1

where inequality (4.7) can be derived from (4.3), the constants 7, B and C will be
determined later. Then

R2\D,, = Dy UDy U D3 U Dy,
with
Dy :{(N,P) eRi\0<P<el}, Dy = {(N,P) eRi|0<N<el},
1 1
_ 2 = _ 2 =
Dy ={(N,P)eR? | P> 61}, Dy ={(N,P)€R2 | N > 61}.
Case 1. If (N, P) € Dy, (4.7) implies that
LV < M(—A+kscoP)+ f(N)+ g(P) < —MA+ Mkscaer + f* + g% < —1.
Case 2. If (N, P) € Do, we obtain that
LV < M(=A+kzcaP)+ f(N) +g(P) < —MA+ (Mkzea P + g(P))" + f* < —1.

Case 3. If (N, P) € D3, we have

-1

b

)

a 0+1P2+0 a 9+1n 1
£V§—MA+f“+B—n(—) g—MA+f“+B—( ) I <
b) 1+P 2+

which follow from (4.9), where n and B satisfy 403 < (§ — ) — 7 and

B= Pes(l(l)?oo) {Mk302P+29*15(%)6P20+g (%)Q—HJSPHGf(%)eﬂ(éf*yfn) fjf;} < 00.
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Case 4. If (N, P) € Dy, we have by (4.10)

3

€
LV < —MA+Mksco P+g(P)+C——N?T0 < M A+(Mkscs P+g(P))*+0—— —— < —1
< +Mksco P+g(P)+ K < +(MkscoP+g(P))"+ 2K5§+9 < -1,
where
N2+9
C= sup {295N1+9+29_15a‘91\72—%72 +§U%N1+9}<oo.

Ne(0,00)
From the above discussion it follows that
LV < 1, (N,P) e RZ\D,,.

Thus, the co&dition B, in Lemma 4.1 satisfied. We take D, to be a neighborhood
of D, with D, C R%. It is obvious that there is H = min_ {67N? 03P?} > 0,

(N,P)ED,
such that

2
> eij()€iE; = oIN?E + 03 P2¢E > HIE)?, (N, P) € D,, £ €R2.
i,j=1

Then the condition B; in Lemma 4.1 holds. According to Lemma 4.1, we know
that the model (1.3) has a unique stationary distribution. The proof is completed.
O

5. Numerical simulations

In this section, in order to verify the above results, we will numerically simulate the
solution of system (1.3) based on the Milstein’s Higher Order Method proposed by
Higham [24]. At the same time, we will select a functional response for numerical
simulation. we choose the function (1.6), so the model (1.3) will be transformed
into the following form:

am 2
dN = (5N(t) (1 - %) - %) dt + oy N(t)dBi(t),

+6P(t bmN (t)*
aP = P(t) (~ 55 + vty ) dt + 02 P(1)dBa(t).

(5.1)

Example 5.1. In autonomous stochastic model (5.1), let the parameters be
e=0.08, K=100, a=1, a=2, m=1, =0, vy=0.2, §=04, b=0.9.

and the initial value (N(0), P(0)) = (0.9,0.6).
Case 1. Let the environmental noise intensities be 01 = 03 = 0.1. Then ¢ > 0% /2
and we will use Theorem 3.1 to verify.

2
_9%

A= —v 5

+ b/ o(x)p(z)dr = 0.2450 > 0.
0

It can be seen from Theorem 3.1 that the stochastic model (5.1) is persistent in
the mean. As shown in Figure 1.
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Deterministic system Stochastic system

o 50 100 150 200 250 300 o 50 100 150 200 250 300

Figure 1. The left figure is the solution (N(t), P(t)) of deterministic model (1.2). The right figure is
the solution of autonomous stochastic model (5.1) with o1 = o2 = 0.1.

Case 2. We choose environment noise o1 = 0.1, oo = 0.8. Then € > 07 /2 and
0.2 o]
A=—y— ?2 + b/ o(z)p(z)drz = —0.07003 < 0.
0
According to the result of Theorem 3.1, we can know that the predator populations
go to extinction and the prey is persistent in the mean. As shown in Figure 2.

Hence large environmental noise can make population species extinct.

Deterministic system Stochastic system

NG
PO

NG
PG

100

o 50 100 150 200 250 300 o 50 100 150 200 250 300
Time T Time T

Figure 2. The left figure is the solution (N(t), P(t)) of deterministic model (1.2). The right figure is
the solution of autonomous stochastic model (5.1)with o1 = 0.1 and o2 = 0.8.

Case 3. Let the environmental noise intensities be oy = o5 = 0.05. Then

2 Kk
Y/ % +bp(K) — =570t = 0.2487 > 0



The Dynamics of Stochastic Predator-prey Models 509

Theorem 4.1 means that stochastic system (5.1) admits a unique stationary distri-
bution, Figure 3 confirms this.

x10*

2 04 06 08 1 12 14 16 18

Time T The density function of N(t)

x10*

o 50 100 150 200 250 300 0 01 02 03 04 05 06 X3 08

Time T The density function of P(t)

Figure 3. The left figure is the solution (N(t), P(t)) of autonomous stochastic model (1.2). The right
figure is density function diagrams of (N(t), P(t)) with o1 = o2 = 0.05.

6. Conclusion

The present paper is concerned with the dynamics of stochastic predator-prey mod-
els with non-constant mortality rate and general nonlinear functional response. By
constructing suitable stochastic Lyapunov functions, we establish sufficient condi-
tions for persistence in the mean and extinction of system (1.3). In addition, we also
establish sufficient condition for the existence of ergodic stationary distribution to
the stochastic system (1.3). In addition, the predator-prey models may be disturbed
by the coloured noise, that is, the telegraph noise which can make the system switch
from one environmental regime to another. This noise means a random switching
between two or more environmental regimes will distinguished by factors such as
nutrition and rainfall. For this problem, we can construct a new model. We will
leave these investigations for future work.
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