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A Consumption Behavior Model with Advertising
And Word-of-Mouth Effect

Peidi Nie', M. A. Abd-Rabo', Yutong Sun? and Jingli Ren"?1

Abstract It is widely-held belief that people’s consumption behavior is partly
determined by advertising and word-of-mouth effect especially in monopolis-
tic competitive market. Owing to this, we propose a mathematical model to
interpret consumer behavior under the advertising and word-of-mouth effects,
which is divided into continuous and discrete types for dynamic behavior anal-
ysis. Our research indicates the continuous model undergoes fold bifurcation,
Hopf bifurcation, and degenerate fold-Hopf bifurcation; the discrete model un-
dergoes flip bifurcation and Neimark-Sacker bifurcation. Moreover, bifurcation
diagrams are given by using MATLAB to illustrate the model. Based on the
theory of Hopf bifurcation or Flip bifurcation, the system undergoes supercrit-
ical Hopf bifurcation or Flip bifurcation under certain conditions. This lead to
both advertising impacts periodically on consumer behavior, and a short-term
reduction cause no effect the publicjs recognition of the brand, which can guide
precision advertising investment.

Keywords The consumption behaviour model, Hopf bifurcation, fold bifur-
cation, Flip bifurcation, Neimark-Sacker bifurcation.
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1. Introduction

As the main way for consumers to understand product information, commercial
advertising spreads new consumption concepts, supplies new consumption methods,
and guides consumer demand. Advertisement also play an important role in four
different market conditions, namely perfect competition, monopolistic competition,
oligopoly and monopoly. Under the oligopoly competition market, for example,
the international company Coca-Cola invest huge amounts of money in a large
number of advertisements, creating fashion slogans all the time, planning creative
advertisements, and leads young people’s demand for Coca-Cola. As a corporation
in monopolistic competition market, Apple company promoted the Spring Festival
brand advertisement in China since 2015. We note in Figure 1 (Data are from Apple
quarterly earnings *) that revenue in Greater China have increased significantly in
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2015 Q1, 2016 Q1, 2017 Q1 and 2018 Q1 (Q1 indicates the first quarter). This
conveys that the effective advertising is able to raise the maximum price consumers
are willing to pay, product sales and eventually to boost profits.

The Greater China's Revenue

Revenue (Billion USD)
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Figure 1. Apple’s quarterly earnings report for Greater China.

Advertising is vital in our daily life. It mainly determines the impact on our
thinking as well as on the attitude towards different and new products. An excellent
and creative advertisement can disseminate, arouse people’s desire to buy and thus
realize the commodity value. While the impacts of advertising and sales promotion
in revenue are often used interchangeably, advertising and sales promotion designate
different parts in enterprise marketing strategy. Advertising has to do with building
brand recognition and taking measures in order to secure long-term profitability,
whereas sales promotions are short-term strategies infusing immediate revenue into
a business by directly affecting the price of goods or services.

In one social science study [1], the negative and positive effect of word of mouth
marketing on consumer purchasing behavior have been examined. The study is
based on primary data collected from numerous households and university students
from the area of Rawalpindi and Islamabad cities of Pakistan, the results have
revealed that consumers tend to rely on word of mouth for the purchase of not only
everyday items, but long-term goods as well. The person who have a great influence
on the decision of consumers are close family, friends and acquaintances. Moreover,
the research imputes the failure of revenue-poor companies mostly to adverse word
of mouth. Viral Marketing is gaining rapid popularity among consumers as it is
depicted in the results. Finally, a negative word of mouth travels faster and more
widely spread than positive comments.

In view of the fact that advertising and word-of-mouth effects are dynamic eco-
nomic phenomena, many studies have used the Innovation diffusion theory because
of its great economic importance since its appearance in the previous century sixties.
Numerous mathematical models have been established to market new products.
Sales Promotions were widely discussed in many studies from both mathematical
and economic standpoints. Many of these models aim to explain the spread of a new



A consumption behavior model with advertising and word-of-mouth effect 463

product among potential customers of the population, by considering the effects of
oral speech, advertising, other forms of communication, etc.

In [4], Feichtinger divided the consumer groups into potential consumers and
costumers so as to study how the effectiveness of advertising affects the spread of
goods in consumer groups. Subsequently, Landa considered the attractiveness of
marketing activities, improved the model of Feichtinger and analyzed its dynamic
behavior [5]. In [17], Nicoleta considered that the advertising effect was delayed by
economic, cultural, social and other factors; studied the advertising diffusion model
with time lag. In [23], Yang and Zhang established a random diffusion model based
on the effects of word of mouth and advertising on product diffusion. In [6], Paolo
et al. used statistical correlation models to study consumer behavior and describe
some methodological problems related to the implementation of discrete graphical
models for market basket analysis data. In [10], Jiang and Ma studied the differen-
tial advertising model with internet sales promotion, and used bifurcation theory to
analyze the conditions for the existence and stability of periodic solutions. Promo-
tion have been envisioned as parameters that can change the stability of differential
advertising model by flipping bifurcations and lead to chaos. In practical appli-
cations, when total cost stays constant, corporation can make optimal promotion
strategies to gain most revenue by adjusting the value of promotion parameters,
and ultimately to maximize profits.

In the market, advertising influence does not increase linearly with time. So
how can we describe advertising effect in mathematical language? In [18], Sun et
al. studied the factors that affect people’s coming to China by observing the spend-
ing of the United States and South Korea, GDP and other information. As a way of
information dissemination, advertising can deliver information to the public at the
same time. Wang and others [22] put forward Logistic diffusion model considering
the dissemination of information in time and space dimension, and used the real
dataset collected from Digg social news site, the results highly consistent with the
actual data. For further study of the dynamic behavior of multi-information prop-
agation, Ren and Yu [14] constructed a two-dimensional discrete model to study
the interference of two pieces of information. They partition the model into three
cases: anti-transformation, suppression and mutual aid, respectively, studied 1:2,
1:3, 1:4 resonance, and given two control strategies. In [16], Ren et al. studied
multiple information diffusion models with free boundary conditions, and gave the
situation that information is gradually developed under several different conditions,
and countless examples are given to demonstrate the initial extended region and
the extended ability to the free boundary.

Based on their work, we consider that advertising and word-of-mouth effects
in the market affect sales of goods at the same time, meanwhile propose a three-
dimensional consumer behavior model. Based on bifurcation Theory according to
Reference [9,13,15,19,20], this paper analyzes characterize the dynamic behaviors
from two types of continuous and discrete types, also provides theoretical guidance
for merchants to make decisions in response to market changes.

This paper is organized as follows. In Section 2 and Section 3, we analyze
the dynamical behavior of continuous consumption behavior model and discrete
consumption behavior model respectively. Finally, we conclude the paper with a
brief discussion in Section 4.
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2. Dynamic analysis of the continuous consumption
behavior model

In this paper, a consumption behavior model is studied under the background of
information dissemination and economic phenomena.

2.1. Our model

Based on Feichtinger’s advertising diffusion model [4],

Zlfl =k - axla:% + 6.%2,
I]fg = Ol:l?ll’% — (ﬂ + 6)(132,

we classify the consumer groups into two categories: potential consumers and con-
sumers, and assume that word-of-mouth effect is proportional to the number of
consumers. In addition, the dissemination of advertising is regarded as informa-
tion dissemination. Based on the logistic diffusion information model studied by
Wang [22],

2
A =adt+ri(1- 1),
I(z,]) = ¢(x),l <I <L,

(1, t) =% (L, t)=0,t > 1,

the logistic curve is used to describe the change of advertising influence over time.
From this, we build the model

71 =k + br1az — ax173 — cryw3(l — x3) + Baa,
Ty = azx173 + cryw3(1 — 23) — (B + €)1, (2.1)
fg = dIg(l — %),
21(t), z2(t) and x3(t) represent the number of potential consumers, the number of
consumers and the impact of advertising over time, respectively. The parameters

in the model are shown in Table 1, k, €, a, b, e are positive numbers, 3, ¢, d are non-
negative numbers.

Table 1. Coefficient of the model.

k: natural inflow rate of potential consumers in the market;

e: current customers leave the market forever;

B:  the ratio of consumers converting to potential consumers again;

a: the impact rate of Word-of-Mouth on potential consumers;

b:  the impact rate of advertising on potential Consumers;

c:  the ratio of potential consumers buying products due to advertising;
d: one of logistic curve control parameters;

e: one of logistic curve control parameters;
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In order to facilitate the analysis of its dynamical behavior, we obtain the topo-
logical equivalent system of the system through a series of transformations. Let
n=(8+¢),m=(b—c),it’s transformed into

T =k + mxiz3 — ar173 + cr123 + B,
Ty = ar 23 + cry23(1 — 13) — Ny,

{,E'3 = dl‘g( — L;)

The system variables can be represented linearly as follows

ak € €
xzaxl, yzEmg, ZZE.I‘P,, T =nt,
we obtain )
de __ ak 2 me c 2 B
g_ﬁ[l—xy + exz + Saz? + D(y — 1)),
Y _ 2 2
T =ay’ —y— Sw2t + Sz, (2.2)
dz _ dk ,(ec _
E_neez(k Z)
Bv vlaci — ak? — me —c _ B — ce — kd —ec it
y placig my = o, Mg = M3 = ,Me = 5, Ms = 7,Me = o, M7 = 1,1
becomes
g—f =mq[l — 2y? + moxz + mawz? + my(y — 1)],
dy _ .2 2
T =zy? —y —maxz® + msrz, (2.3)
dz _
E =mez(my — 2),

m; >0 (i=1,7), mj >0 (j =3,5,6), 0<my <1 andmg+ms>0.
Due to the new time transformation, systems (2.1) and (2.3) are topologically
equivalent. So we are going to study system (2.3) instead of (2.1).

2.2. Stability of equilibriums
We can easily find that, system (2.3) has a trivial equilibrium Ey(1,1,0). For any

non-trivial equilibrium point F1 (4, Yx, 2« ), it lies on

_ 1—
s = o) W — 1),

vi—yl+ry.+h=0,

Zx = M7,
here
r= 11";14 [m3m7(m4 —1)—mg — m4m5] = —766(mn:£gﬁ+ee))a
—1)ee?
h = mz(mamy —ms) = %7
o _ ee(mn+c(B+e
r+h= _1T,:L4(m2 +ms) = —w < 0.

Since z > 0,y > 0, we only consider the roots of equation y3 —y? +ry+h =0,
which are greater than or equal to 1.
Let u=y—1,y=u+1, hence

u? +2u? + (r+ Du+ (r+h) =0. (2.4)

According to the distribution of the roots of the cubic equation, we can get the
following conclusions
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Lemma 2.1. The non-negative root distribution of the equation (2.4)

1. 7+ h <0, The equation (2.4) has a unique positive root;
2. r+h=0,r>—1, The equation (2.4) has a unique zero root;

3. r+h=0,r < —1, The equation (2.4) has one zero root and one positive root;

4.r+h>0r<—-1,h= %(p = +/1—3r), The equation (2.4) has a

unique positive root;

S r+h=0r<-1,h< %(p = +/1—3r), The equation (2.4) has two
positive T00ts.

According to the lemma (2.1), 7+h < 0, the equation (2.4) has a unique positive
root, and the system (2.3) has a unique non-trivial equilibrium point E7 (2, y«, 2«)-
Next, we will discuss the stability of both equilibriums separately.
The Jacobian matrix for the system (2.3) at any point E(z,y, z) can be expressed
as
my(—y? + maz + m32?) mi(—2zy + myg) my(mex + 2max2)

J(E) = y? — ms2z? + msz 20y — 1 —2mszxz + msx

0 0 me(mz — 2z)
Then, we get the Jacobian matrix at the equilibrium Ey(1,1,0) as

—m ml(—2 + m4) mimso
J(Eo)=1] 1 1 ms

0 0 memrq
The characteristic equation of J(Ey) has the form
()\ — m6m7) ()\2 + (m1 — 1))\ + m1(1 - m4)> =0. (25)

By the straightforward calculation, we obtain A\ = mgmy, and the other two eigen-
values Ag 3 of J(Ep) satisfy the following equation

M4 (myp — DA+ my(1 —my) =0.
With respect to the equation (2.5), we can draw the following conclusions.
Lemma 2.2. The eigenvalues A2 3 of J(Ey) satisfy the following conditions
1. ReXy > O,Re)\g >0 mel <1, my <1;
2. Redo < 0,ReA3 <0 ifmy >1, my <1;
3. Re\i =0,ImA; £0(i =2,3) if my =1, my <1;
Due to lemma (2.2), we obtain the next results

Theorem 2.1. The trivial equilibrium point Eo(1,1,0) is

e an unstable if mg >0, my < 1;
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e a hyperbolic saddle if mg >0, my > 1;
e a non-hyperbolic point if the parameter satisfies one of the following conditions
1. mg=0, my #1;
2. mg >0, m =1;
3. mg =0, m; =1.
In order to facilitate the study of the stability of (2.3) at the non-trivial equilib-
rium E1 (2, Y«, 2+ ), we bring E; to the origin by using the following transformation

U=T — Ty, V=10 — Ys, W =2 — M7,

which yield that

du
T =a11u + a12v + a13w + my[—2y.uv + (Mg + 2mgmr)uw — k(Y. — 1)1}2
+ wma(ys — Dw? — wv? + mauw?,
dv
T =ap 1 + a20 + agzw + 2y,uv + (ms — 2mamy)uw + k(Y. — 1)v*
— wma(ys — Dw? + uv? — mauw?,
dw
— = — mgw(w + my),
dr
(2.6)
where

1—m4
R=—""—"™—,
m7(m2 + m5)

ajr = mi(—y2 +mamy +mam?),  aia = mq(—2ky2 + 2ky. +ma),
a3 = mik(ma + 2mamy)(ys — 1),  ag1 = y? + msms — mam2,
age = 2Ky (y. — 1) — 1, ag3 = k(ms — 2mamy)(ys — 1).
By straightforward calculation, the characteristic equation of E; is given as
FO) = A +memr)(A\? —ar A +az) =0, (2.7)
where

(Ao e 20
)

a1 = . — —————————Yx + mimy(me + masmry) — 1,
1 M7 (ma + ms m7(m2+m5)y 1mz(ma 31M7)

as =3m1 (1 —my)y? — 2my (1 — ma)y. — mlmy(mg + mgms + mamy (1 — m4)).

One can verify an eigenvalue is A\; = —mgmy, and the other two eigenvalues Az 3

are satisfy the equation
A2 —aiA+ag =0.

By lemma (2.2), the following results can be obtained.
Theorem 2.2. The non-trivial equilibrium point F1(1,1,0) is

e q stable if mg > 0,a1 < 0,as > 0;

e a hyperbolic saddle points, if the parameters satisfy one of the following con-
ditions
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1. mg > 0,a1 > 0,a9 > 0;
2. mg > 0,a2 <0;
e a non-hyperbolic point if the parameters satisfy one of the following conditions
1. mg =0,a1 # 0,a2 > 0;
2. mg =0,a2 <0;

8. mg > 0,a1 #0,a2 =0;
4. mg >0,a; =0,a9 > 0;

5. mg>0,a1 =a2 =0;
6. mGZO,(h?éO,OQ:O;

7. mg=a1 =0,as > 0;
8. m6=a1=a2:O.

The characteristic equation (2.7) is written as
) =N+ AN +BA+C =0, (2.8)
where
Ay =mgmr —ay, By = as — aymgmy, Cp = aomgmy.

By the criterion of Routh-Hurwitz, the real part of the characteristic roots are
all negative if and only if

megmy —ay > 0,
(m6m7 — al)(ag — a1m6m7) — (a2m6m7) > 0,
asmemy > 0.

The above analysis can be summarized as the following theorem.

Theorem 2.3. The equilibrium point E1 of system (2.3) is asymptotically stable if
and only if Ay >0, AyB, —Cy >0, Cy > 0.

2.3. Bifurcations analysis of trivial equilibrium
In this part, we study the bifurcations of the system at the trivial equilibrium.

Theorem 2.4. In case my = 1,mg > 0, then system (2.3) undergoes Hopf bifurca-
tion at the equilibrium point Ej.

Proof. In order to analyze the bifurcation for system, we bring the Ey(1,1,0) into
the origin , let z =2 — 1,y =y — 1, Z = z, the original system becomes

L =my(—Z+ (my — 2)J + meZ — 28Y + maZZ — §* + m3z> — TY* + myTz?),
L =T 4§+msz+ 2Ty +msTz + Y + TY° — mgz® — mazz?,

T; = mﬁi(m7 — 5).

(2.9)



A consumption behavior model with advertising and word-of-mouth effect 469

For the sake of convenience, we write it as the form

T —my mi(mg — 2) myms
X=13], A= 1 1 ms |
z 0 0 memy

my(—2%Y + maZz — §° + maz? — 2y? + marz?)

F(X)= 27 + msTZ + 2 + TY? — M3z — maTz>
fm522
Therefore, system (2.9) can be written as

X = AX + F(X). (2.10)

Next, we prove that system undergoes the Hopf bifurcation at the origin if
my = 1,mg > 0. It is not difficult to find that the Jacobian matrix J(E) of system
(4.2) at the origin has three eigenvalues as the form

1—-my \/(17m1)274m1(17m4)
A2 = + )

’ 2 2
In order to prove the appearance of the Hopf bifurcation, we need to verify
the cross-sectional condition of the Hopf bifurcation in the system. Recall that
0= 1‘% is the real part of a complex root of A1 2. Let m; = 1, mg > 0, immediately,

the matrix A has a pair of single complex eigenvalues on the imaginary axis,
/\17 2 = ﬂ:i\/l — Mmy.
Therefore, we select mq as the bifurcation parameter, which satisfies

d

1
—— = —C #0.
dm1 27é

)\3 = MmegMmr.

In addition to transversality condition, also, we need to verify that the first
Lyapunov coefficient I; # 0. Let us recall that ,, is the nth Lyapunov coefficient of
the equilibrium FEj. Next, we will give a method for calculating the first Lyapunov
coefficient [; of the equilibrium point Ey. For convenience of calculation, we will
analyze the topologically equivalent system (2.10) .

As can be seen from the theorem (3.1) in the references [3], the above system
can be expressed as

X =AX + %B(X, X) + %E(X, X, X),

since
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multi-linear function B and C are Taylor expansion of function F(X) at origin.

To obtain the first Lyapunov coefficient, we should calculate the eigenvectors of
matrix A for the eigenvalues \;  and the eigenvector of matrix A”. Let the complex
eigenvector qp; corresponds to complex eigenvalues Ao, and pg; is the conjugate
eigenvector, which satisfies < pg1,qo1 >= 1.

According to Agor = A1qo1, ATpo1 = Aapor, we get

1—i\/1—m4 —m6m7—z’\/1—m4
qo1 = 1 -1 , bor = ca | (megmy +iv/1 —my)(—1+iv1—my) |,
0 m2—|—m5—im5\/1—m4

where

c1 =+vV1—myg —1tmgms,

1
2v/T—mg(1 —my +m2m2)’

Cy =

Then, we calculate

1
A7'B(go1, go1) = —2(1—my+mgm3) | 0 |,
0
-1
B(qo1, A™'B(qo1, qo1)) = 4(1 — ma +mgm3)(vV1 —mq —imems) | 1 |,
0

—\/1—"’)’1,4—27:

(2i0oI3 — A) "' B(qo1, qo1) = (1 — 2T —my) 2i ;

2
3\/1 — My

0
Bl(go1, (2i0ols — A)"'B(qo1, qo1))
) 1
4,
:—3(17%(2'—#2\/1—7714)(@'4—2\/1—m4—im4)(\/1—m4+im6m7) —-11,
—my
0
1

C(go1, qo1, go1) = —2c1(1 —ma +mgm3)(3 —iv/I—maq) | -1 |,
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The expression of the first Lyapunov coefficient can be obtained as follows

1
h :mReroh Clgo1, qo1, go1)) — 2(por, Blgor, A~ B(qo1, qor)))
+ <p01’ B(Qﬁl’ (22@0[3 - A)_lB(qOL q01))>]7
1

o/l —my,
1

o/l —my,

Based on Theorem 1 in [8], system (2.3) undergoes

(1 —my — 2megmy + 2mymemy + 3m§m%),

(1 —myg)(1 — 2memyz) + 3m2m3).

e supercritical Hopf bifurcation if 1 — my < T,
e subcritical Hopf bifurcation if 1 —my > T,

e degenerate Hopf bifurcation if 1 —my =T.

3m2m?
where, ' = —6 17— O
? 2megmy—1

Theorem 2.5. In case m; = 1,mg = 0, then the system (2.3) undergoes degenerate
fold-Hopf bifurcation at equilibrium Ejy.

Proof. Let my =1+ a1, mg = asg, then

7(1 —+ Oél) (1 —+ al)(m4 — 2) (1 + Otl)mg

A - 1 1 ms 5
0 0 Qomry
(14 a1)(227 + m2Zz — §* + m3z? — TY> + m3zz?)
F(X)= 27 + msTZ + §° + TP — M3z — maTz>
—04222

The characteristic equation of the system (4.2) at the origin is written as the fol-
lowing form
(A — aom7)[A? 4+ A+ (1 + 1) (1 —my)] = 0.

Thus, the equation has a root A\; = agmy and two conjugate roots Ay 3 = p =+ iv,
where p, v are define p=—%, v = /(oy + 1)(1 —my) — (%)
For eigenvalues A1, A2, we can obtain the corresponding eigenvectors qos, ¢i3,

and their conjugate eigenvectors pgs, p13, which satisfy

< Po3, Qo3 >=< p13,q13 >= 1.

By computation
Agoz = Aiqos, Aqiz = Aeqis, ATpos = Mipos, ATp1s = Aspis,

we get
P1 )\2 —1 0

g3 = | p2 |, Q13 = 1 , pos=——101,
P3



472 P. Nie, M.A. Abd-Rabo, Y. Sun & J. Ren

)\3 — QiaMy
(14 a1+ A3)(A3 —aomy) |
(1 + al)(mg + m5) + msAs

1
p1s = /\3(2 — 20omry + 041)

where
p1 = (14 a1)((=2 + ma)ms + ma(=1+ mraz)),

p2 = (14 a1)(mg +ms) + agmsmy,
ps =1+ a1)(mg —1) — aamr(aq + aamy).

Let X = uqos + vq13 + 0¢13, then, the system (2.10) turn into

{u =T'(a) + aomru + g(u, v, 0, a),
b= 0(a) + (ule) + v(@)o + h(, v,5, ),

where

_ 1 P ke _
g(u,v,v,a) = Z ngkl(a)ujvkvl =< po3(a), F'(ugos +vq13 + Uqi3, @) >,
jkriz2 T

1 .

h(u,v,v,a) = Z Whjkl(a)ujvk@l =< p1s(a), F(ugos + vqis + 0qis, o) > .
JHk+1>2 Jeht:

Due to the complexity of calculation of the real number gjkl(a) and the complex

number A (a), we will not give them specifically here. One can calculate gagp = 0,

which means that the system (2.3) has a degenerate fold-Hopf bifurcation [21]. O

2.4. Bifurcation analysis of nontrivial equilibrium

In this part, we give a theoretical proof that the system undergoes fold bifurcation
and Hopf bifurcation. For the sake of convenience, we write system (2.3) as the
form

u a1 a2 a13 mi (A1 + Ag)
U=1v|, A=]a axx a3 , F(U) = A1+ A3 )
w 0 0 —mgmry —megw?

Ay = —2y.uv — k(Y — D)o* + kma(y. — Dw? — uwv? + mauw?,

Aoy = (mg + 2msmy)uw, Az = (ms — 2mamy)uw
Therefore, the system is converted to
U= AU+ F(U). (2.11)

Theorem 2.6. When as = 0, mga; # 0, then system (2.3) undergoes fold bifurca-
tion at the point Fy if one of the following conditions is satisfied

1. a1 + mgmy # O;
2. a1 +megms =0, a11[2a12y* - “all(y* - 1)} # 0;
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3. a1 + mgm7 =0, a1 =0, 2a2y. — kaz1(y. — 1) # 0.

Proof. C; =0, ie. mg =0 or az = 0, then the system (2.11) at the origin has
the following form

AN+ A\ + By) =0. (2.12)
Then, equation (2.11) has one zero root A\; = 0, and two roots Ag, A3 are not equal

to zero unless (Ap, By) are equal to zero.
Let V1, V5 and V3, are eigenvectors corresponding to Ay = 0, A2 and A3, where

Viu Vau Va1
Vi=|[Vig |, Va=| Voo |, Va=| Va2 [
Viz Vas Va3
hence
Vi1 Va1 Var
P = (Vl Va V3) = | Vig Vaa Vaa |,
Viz Vag Va3
Py Pip Pi3 u
P =Py PyPs| . U=P|5|,
Py P33 P33 w
and
i=3Y"2 | PyFi(u,v,w),
b=3"0 ) PoFy(u,0,w), (2.13)
U._} = szl P3ka(_71_)71I)),
where _
Fu(a,0,0) = 3 o< pi<s Jijklmlﬂjf)k@l,
Fy(0,0,0) = X ociiniics Fimw v*at,
Fs(a,v,w) = mg(Vigti + Vo + Vazw)?,

f200 = =2y V11 Via + (m2 + 2mamz7)Vi1Viz — k(y. — 1)VS + kms(y. — 1)V,
f200 = 20 V11 Via + (m5 — 2mgmz) Vi1 Vas + k(ye — 1)ViS — kms(y. — 1)V,

It is easy to get, the coefficient of u?
h = Pyymy faoo + Piafaoo + Piame Vi

Applying bifurcation Theory [11], the system (2.3) undergoes fold bifurcation if
h# 0.
First, we prove that mg = 0,a1a9 # 0, then we will discuss it in two categories.
First case, we consider that Ay # A3, i.e. A? —4B; # 0, it’s easy to get

ay ai2 Az — ago
1= —as | » Vo = Ao —ar | V3 = a1 )

as 0 0
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where

a3 = a11G23 — A13021, 04 = 412023 — A13022,

ag a2 A3 — a9

P = —az A2 — a1 a21 )
a9 0 0
1

) 0 0 a—QA

-1 _ 1
P = A —az A3 —an 5o (a2a4 + azAz —anag) |
1
A2 —ai1  —ai2 ;2(@11(14 — aghg — Cl12(13)

where A = Det(P) = a%l — 12021 + )\2)\3 - a11(>\2 + )\3)
By calculating

f200 = a4(a2(m2 + 2m3m7) + 2a3y*) + (—ag + agmg)(—l + y*)n,

fgoo = a4(a2(m5 — 2m3m7) — 2a3y*) + (CL% — a%mg)(—l + y*)n,
Fs(a,v,w) = 0.
Here, 42 has zero coefficients.

Second case, we consider that Ao = A3, i.e. ajsa21 = 0,411 = ags # 0, Ay =
% = \/az, as in the previous method, we obtain that %2 has zero coefficients.

Finally, when ay = 0, mg # 0,a; # 0 is proved, then there is Ay = —mgmz, A3 =
a1, and then, we will discuss it in two categories. Firstly, we consider that Ay # Ag,
i.e. a1 + mgmy # 0, therefore

aiz —Mmemrai13 + aq ail
Vi=|-an |, Vo= —MeMmraz3 — as s Va=1an |
0 m6m7(m6m7 + al) 0
where
a3 = a11G23 — A13021, G4 = 412023 — A13022,
a2 memraiz + a4 11
P=1-a1 megmrass —as aox |
0 m6m7(m6m7 + (11) O

as
memy
0 0 - aiial
ai1a1q memz(memz+ar) |’
as
memry+al

—a21 Qi1

—a11 —ai2 -

where
a5 = a12023 + a11013.

Through calculation, we get

f200 = 2y.ar1a12 — K(y. — 1)ady,
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fa00 = —2ysar1a12 + K(y. — 1)aiy,

h = Pyymy fa00 + Piafaoo + PiameViy

a
= %[_QQ*(mlCLZQ +a12) + £y« — 1)(m1ag1 + a11)]
1
ajgzm
— %[211*(1 —ma) + kM (y. — 1)(ma + ms)].
1

Due to y. > 1,k > 0,m7 > 0,mo +ms5 > 0,0 < my <0, then ki #£ 0.

It can be proved that when ay = 0,mg # 0,a1 # 0, and a1 + mgmz # 0, system
undergoes fold bifurcation.

Secondly, we consider that Ao = A3, i.e. a1 + mgm7 = 0, agzass + ajzas; = 0,
As with the above method, when a;; # 0, we calculate

a2 aii 0
Vl = —a1l P V2 = a1 5 V3 = as3 3
0 0 ail
where
a2 aj; O a1 —ai1 23
1
-1 .
P=1|—aj; a0 a P = ayy app —42%23
11 @21 @23 | » ariag | M1 G2 .
0 0 a1 0 0 ap

Through calculations, we get
fa00 = 2ysa11a12 — K(y. — 1)a,,
fa00 = —2y.aniars + K(y. — Vaiy,
h= —Z—;(mz +ms) 2012y« — Ka11(y« — 1)),

which proves that, if 2a12y. — ka11(y« — 1) # 0, then it undergoes fold bifurcation.
When a1; = 0, we get

aze 0 a3 agg 0 —212
1
-1
P=1_— p~t=__ __ai3a21
a1 1 0 |, P a21 Q22 P
0 O as2 0 0 a2

h = myaz1(2a20y. — Kag1(y« — 1)).

If A # 0, then system (2.3) undergoes fold bifurcation at Ej.

In summary, when as = 0, mga; # 0 then system (2.3) bifurcates from the point
E,, if one of the conditions of theorem (2.6) is satisfied. O

Theorem 2.7. If ay = 0, ay > 0, the system (2.3) undergoes Hopf bifurcation at
the non-trivial equilibrium FE1.
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Proof. From formula (2.7), one can find easily that the Jacobian matrix J(E) of
system (2.11) has three eigenvalues as the following forms

a " \/a% —4daq

A= — Ap3g = —
1 memsy, 2,3 5 5

In order to prove the appearance of the Hopf bifurcation, we need to verify the
cross-sectional condition of the Hopf bifurcation in the system. Recall that x = 4t
be the real part of a complex root of the characteristic equation (3.5),If a;(y.) =0
and az(y«) > 0. In order to preserve the generality, we select mgg = mgo(ms) as
the bifurcation parameter, which satisfies

a1(y«(msg), mso) =0, as(y«(mso), msg) > 0.

At this point, the system (5.1) has two eigenvalues Ay 3 = :I:i\/ag(y* (ms0), mMs30)
where 7 represents an imaginary unit.

Due to p ) )
X /
dms = §a1(y*(m30), msp) = §m1m$ # 0,

the system creates a cross-sectional condition for the Hopf bifurcation at the equi-
librium.

Next, we calculate the first Lyapunov coefficient [;0f the equilibrium point E;.
For convenience of calculation, we will analyze the topologically equivalent system
(5.1).

By the straightforward calculation, the characteristic equation at the origin with
a1 = 0,mg > 0,a2 > 0, can be given by

()\ + m6m7)()\2 + ag) =0,
Assume that, the characteristic roots are respectively
/\172 = ﬂ:iQ(Q = \/CLQ), /\3 = —Mgmr.

We can see that the above system can be expressed as

. 1 1

U=AU + 5%(U, U)+ EG(U’ U, U),
where, A = A(msp) and multi-linear function B and C can be written as

m1[=2y.p1 + (M2 + 2mamyz) p2 — 26(yx — 1)p3 + 26m3(y — 1)pa]

B(E, 1) = 2y.p1 + (ms — 2mame)pa + 26y« — 1)p3 — 26ms(y« — 1)pa ;

—2mgpy

2my(—ps + maps)
¢, n, Q)= 2(ps — mape)
0
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_ . _ s
For planar vector £ = (&, &, &)1, 7= (m, m,m)" and ¢ = (G, (.¢3) . we

have
pr="CEp+ &, P2 =+, P = o,
pi=E&Ms,  p5 =&+ E2mle + &Gy o = E13Cs + &3 Gs + EaB Gl
In the following, to obtain the first Lyapunov coefficient we should calculate the
eigenvectors of matrix A(mgg) for the eigenvalues Az 3 and the eigenvector of matrix
AT (m3p). Let the complex eigenvector qi; corresponds to complex eigenvalues Mo,

and pp; is the conjugate eigenvector, which satisfies < p11,q11 >= 1. Aq1 =
A1, ATpii = Xopay, then we get

UV — a2 —621(m6m7 - iQ)
q1=0¢ |an—io|, pu=d2| (mems—io)(an +io) |
0 agz + iaz3Q

where
asz = aj1az3 — a210a13,
¢1 = (memy7 —ip)(az — ia110),

— 1
2 =— .
i 2a3(mgm3 + az)(az + af;)

The expression of the first Lyapunov coefficient can be obtained as follows:

1
h = ?QRerll» S(q11, 15 q11)) — 2{p11, Blqur, A'DB(qu1, q11)))

+ (p11, B(qu1, (2iols — A)"'B(q11, q11)))].

Overall, we can draw the following conclusions

(1) if I; < 0, the direction of bifurcation is supercritical;

(2) if I; > 0, the direction of bifurcation is subcritical;

(3) if I; = 0, system undergoes degenerate Hopf bifurcation. O

2.5. Numerical simulations

In this section, we use the numerical simulation method to calculate the first Lya-
punov coefficient of the Hopf bifurcation. Selection of parameters as shown in Table
2, and the initial point is (0.85, 0.95, 0.18), the relevant simulations are shown in
Figure 2(a)-(d).

Table 2. Coefficient of the system.

Parameter ma mo ms my ms me mry

Value 09 0.05 002 055 05 01 0.2
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Table 3. The Calculation Results.

Fig.2 | Hopf bifurcation point | The first Lyapunov coefficient
(a) (0.784,1.192,0.2) -0.311
(b) (0.881,1.215,0.2) -0.237
(c) (0.944,1.048,0.2) -0.239
(d) (0.948, 1.039, 0.033) -0.24

With m; as a free parameter, the bifurcation diagram is shown in Figure 2(a). As
we can be seen from the graph, when the parameter m; changes to 0.617, Hopf bifur-
cation occurs in the system (2.3), and the first Lyapunov coefficient I; = —0.311 < 0.
This means that the system will generate a supercritical Hopf bifurcation under this
set of parameters. Recall this equilibrium point is H7(0.784,1.192,0.2), which is the
supercritical Hopf bifurcation point.

There are respectively mg, ms, m7 is a bifurcation graph of free parameters in
Figure 2(b)-(d). It can be seen from the figure that there is a Hopf bifurcation point
in the system (2.3), and the value of the first Lyapunov coeflicient can be obtained
by calculation. The results are shown in Table 3 below, and the system undergoes
a supercritical Hopf bifurcation.

01 02 03 04 05 06 07 08 09 1 0.7

(a) (b)

0 01 02 03 04 05

Figure 2. Bifurcation diagrams with m1, ms, ms, m7 as a free parameter respectively.

Table 4. Coefficient of the system.

Parameter mi mo ms my ms me mry

Value 1 05 002 055 0.05 0.001 1.5
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Let’s select another set of parameter values as shown in Table 4. With help of
MATLAB, the time series diagrams of x, y and z varying with time are shown in
Figure 3(a)-(c), and the phase diagram of system variables x and y varying with
time is shown in Figure 3(d). At this time, the supercritical Hopf bifurcation of the
system produces a stable limit cycle, which indicates when the advertising effect
increases with time, the number of potential consumers and consumers changes
periodically over a certain period of time.

5
t

() (d)

Figure 3. (a)-(c) Time series diagrams; (d) The phase diagram.

3. Dynamic analysis of the discrete consumption
behavior model

However, in daily consumption, the consumer group variables and market adver-
tising effects of washing products, food and other necessities change continuously
with time; For luxury goods, cars and other general needs, the number of con-
sumer groups and market advertising effects change periodically over time. Then
the continuous consumption behavior model is discretized to obtain the following
model

z1(n+1) = 21(n) + k + bz (n)x3(n) — azi(n)x3(n)
—cxy(n)rs(n)(1 —x3(n)) 4 fr2(n),
w2(n+ 1) = 22(n) + az1(n)23(n) + cz1(n)zs(n)(1 — 23(n)) — (B + €)22(n),
w3(n+1) = w3(n) + dag(n)(1 — 200,
(3.1)

the parameters are the same as those described in the continuous model.

In order to facilitate the analysis of its dynamic behavior, we obtain its topolog-
ical equivalent system through a series of transformations. Let so = (8 +¢€), m =



480 P. Nie, M.A. Abd-Rabo, Y. Sun & J. Ren

(b — ¢), it’s transformed into

zr1(n+1) = 21(n) + k + ma1(n)zs(n) — azi(n)z3(n) + cr1(n)zd(n) + Bra(n),
xo(n + 1) = 22(n) + az123 + cr1(n)z3(n)(1 — x3(n)) — spz2(n),
w3(n+1) = z3(n) + drs(n)(1 — 2200y,
(3.2)
here, the parameters a, b, k, €, e are positive, (3, ¢, d are non-negative and sg > €.
The variables of system (3.2) are linearly scaled as follows

v(n) = Las(n), y(n) = Sa(n), 2n) = Sasfm),
Sp€
we get
2(n+1) = 2(n) + %2 [1—2(n)y(n) + eax(n)2(n) +Ex(n)22(n) + £ (y(n) — 1),
y(n+1) = y(n) + sole(n)y?(n) — y(n) — x(n)2® + Ea(n)z(n)],

2(n+1) = 2(n) + Lz(n)(§ — 2(n)),
(3.3)
, 85 = ok’ S¢ = %, S7 = %, lt iS sunphﬁed

BN
o]
(o)

Let 51 = 25, 55 = ¢, s3= £, 5y =
to
x(n+1) = z(n) + s1[l — z(n)y*(n) + s2a(n)z(n) + szx(n)z*(n) + sa(y(n) — 1)),
y(n+ 1) = y(n) + so[z(n)y*(n) — y(n) — ssx(n)2*(n) + ssx(n)z(n)),
z(n+1) = z(n) + s¢z(n)(s7 — z(n)),
(3.4)
where, s;, >0 (i=1,7), s; >0 (j =3, 5, 6), 0<s4 <1, and s2 + s5 > 0.
Through linear transformation, system (3.1) is equivalent to system (3.4). The
following analysis discusses the system (3.4) which is topologically equivalent.

3.1. Stability for fixed points

Similar to the method of system (2.4) analysis of equilibrium points, it is not difficult
to analyse that system (3.4) exists a trivial fixed point E°(1, 1,0), a positive non-
trivial fixed point E*(x*, y*, Zx), which satisfies the following equation

x 1—s *
= 57(52+455)(y —1),
(v*)? = (y*)? +r*y" + h* =0, (3.5)
Z* = sy,
here
T = 2-[s3s7(sa — 1) — 82 - 5455] = ——ee(msoj,fz(ﬂﬂe)),
c(e—1)ee

h* = s7(s3s7 — 85) = =75,
7’*+h*:—1s7 (82+S5)2—%<0-

—54

Next, we discuss stability of these two fixed points separately.
The Jacobian matrix of system (3.4) at any point F(z,y, z) can be expressed as

s1(—y? + 50z + 8322) + 1 s1(—2zy +54) 81(527 + 25322)
J(E) = so(y? — 5322 + 552)  s0(2zy — 1) + 1 s9(—2s322 + 857)
0 0 se(s7—2z)+1
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Therefore, the Jacobian matrix at the trivial fixed point E° can be expressed as

—s1+1s1(—2+s4) 8152
J(E°) = S0 sg+1 5085
0 0 Ssgs7+ 1

That is, the characteristic equation of the fixed point E°
g(A) = (A= Qo)(A\* + RoA + S;) = 0, (3.6)

where Qo = sgs7 + 1, Ry =51 — 80 — 2, So = S0 — s1 + s0s1(1 —s4) + 1.
By calculation, the eigenvalue at E° is Ay = Qq, \; (i = 2, 3) satisfy the equation

A2+ RoA+ Sp = 0.

In order to study stability of its fixed point, the following lemma is introduced.

Lemma 3.1. [12] Let F(\) = A% + BA + C, the two roots of A1, \a are F(\) = 0.

A1) <1, M| <14fF(-1)>0, C<1;

Al <1, A2l > 1 or (JA] > 1, |A2] < 1) 4f F(—1) <0;

A1l > 1, A2l >14f F(-1)>0, C>1;

M=1 M| #1if F1) =0, B#0,-2;

M =—1, [A| #1if F(-1) =0, B#0,2;

A1, Ag is plural and |A| = |A2| =1 if B> —4C <0, C = 1.

S S e v =

Note G(\) = A2 4 RoX + S,
‘bo = G(—l) = 2(50 — 81+ 2) + 5051(1 — 54),

P, =5—1=355— 51 +8051(1 — 84).
By lemma(3.1), the following results can be obtained.

Theorem 3.1. The trivial fized point E° is

o a source if s¢ >0, ;>0 (i =0, 1);

e a saddle if s¢ >0, ®9g <0 orsg >0, &g >0, ¢; <0y

e a non-hyperbolic if the parameter satisfies one of the following conditions
1. s¢ =0, ®gP; #0;

se =0, g <0, &, =0;

se >0, &g =0, Ry #0, 2;

s >0, &1 =0, 0 <81 — 809 <4;

se =0, &9 =0, Ry #0, 2;

s¢ =0, &1 =0, 0 < s1 — 59 < 4.

S v o
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In order to facilitate the study of stability of the non-trivial fixed point E*, we
move the fixed point of the system to the origin

u=zx(n)—z*, v=y(n)—y*, w=zn)—=z"

system (3.4) becomes

U u+Thu+Tv+Tisw+E;
v | = | v+ Toru+Tov+ Tosw+ Es | (3.7)
w w — sgw(w + s7)
here ) s
e s7(s2+ s5)
Ti1 = s1[=(y")? + s2s7 + s357), Ty = s1[—2R(y*)* + 2Ry" + s4],
T3 = s1R(s2 + 2s3s7)(y* — 1), To1 = so0[(y*)? + s587 — 8352,
Tos = so[2Ry* (y" — 1) — 1], Tos = SoR(ss — 2s3s7)(y" — 1),

21 =s1(—2y"uv + (s2 4 2s357)uw — R(y* — 1)v?

+ Rs3(y* — Dw? — uv? + szuw?)

Zo =50(2y*uv + (85 — 28387 )uw + R(y* — 1)v?

— Rs3(y* — Dw? + uv? — szuw?)
That is, the feature matrix at fixed point E* is

14+Ty Tio T3
J(E*) = To1 The+1 1o 5
0 0 1— SgS7
the characteristic equation is
h(A) = (A + sgs7 — 1) (A2 = ThA 4+ T3) = 0,

and

Ty = (2Rso — 51)(y*)? — 2s0Ry™ + s157(s2 + s357) — 50 + 2,

2
Ty = [3s051(1 — s4) + 2Rso — s1]y™ — 2[s0s1(1 — s4) + Rso]y”
—|—S1S7[82 + 8387 — 80(82 + 8485) + 808387(84 — 1)] +1— sp.

By calculation, the feature value at the fixed point E* A\; = 1—sgs7, A; (i = 2,3)
satisfies the equation
N T\ +Ty,=0.

Let

2
©0 =[3s051(1 — 54) + 2(2Rs0 — 51)]y" — 2s0[s1(1 — 54) + 2R]y"
+ 8187[2(32 + 5387) — 50(32 + 8485) + 803337(84 — 1)] + 4 — 2sq,
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2
©1 =[3s081(1 — 84) + 2Rsp — s1]y* — 2[s0s1(1 — s4) + Rsoly”

+ s157[s2 + sgs7 — So(s2 + S455) + Soszs7(54 — 1)] — s0,

Oy =3s051(1 — 34)y*2 — 25081(1 — s4)y™
+ s0s187[— (82 + s485) + s3s7(s4 — 1)].
By lemma (3.1), we get the following result
Theorem 3.2. The non-trivial fized point E* is

o g sink if 0 < sgsy <2, By >0, ©1 <0;

e a source if sgs7 > 2, ©; >0 (i =0, 1);

e a saddle if one of the following conditions holds
1. 0< 8687 <2, ©;,>0 (i=0, 1);
2. s¢s7>2, ©g >0, O; <0;
3. sgs7#0, 2, ©g <0;

e a non-hyperbolic if one of the following conditions holds
1. 5657 =0, 0001 £0 or Og <0, O, =0ALA
2. s¢s7#£0, 2, O =0, T1 #0, 2;

sgs7 =2, ©p01 #0 or ©g <0, ©1 =0;

sgs7#0, 2, ©1 =0, Ty #0, —2;

sgs7 £ 0, 2, Ty =0, Ty = —1;

86877'507 2, 2<T1 <2, Tr=1;

sgs7 =0, —2<Ty1 <2, Th =1;

s¢sT =2, —2<Ty <2, Th =1;

sgs7 =0, Th =0, Th = —1;

10. s¢gs7 =0, Ty =0, Th, = —1.

© NS> G o

3.2. Flip bifurcation
In this part, we prove existence of flip bifurcation and get the theorem (3.3).

Theorem 3.3. If parameters satisfy FL = {s; (i = 1, 2,..,7)|s¢ > 0, ®g =
0, Ry # 0, 2}, system (3.4) undergoes flip bifurcation. In addition, note ®3 =
s1— 80— 4, if &3 < 0 (> 0), then flip bifurcation is supercritical (subcritical), the
period-2 orbital at E° is stable (unstable).

Proof. Leta=2x(n)—1, v =y(n)—1, © = z(n), system (3.4) moves the ordinary
fixed point to the origin to become

U U+ 5123
v | = V4 SpZ24 s (38)
w w + 86@(87 — II))

here

[1]

3= —0+ (84 — 2)0 + 520 — 200 + oUW — V> + 83W> — V> + s3U0°,
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[1]

1 =T+ T+ S50 + 200 + S5UW + 02 + U0° — $3W? — s3Uw>.

Note
a —s1+1s1(—2+s4) s182
V===1%5|,Jo= S0 so+1 S0S5 )
w 0 0 sgs7 + 1

51(—200 + sotiw — V2 + s3w? — Uv? + szuw?)

F(u, v, w) 50(200 4 8500 + 72 + 0% — s30% — s3UD?)

2

)

—SgW

that is change to
Vs JoV + F(u, v, 0) (3.9)

Based on the analysis in the previous section, when sg > 0, &g = 0, Ry #
0, 2 (s1 —so # 2, 4), system (3.9) has a unique eigenvalue at the origin u =
—1. Let its corresponding eigenvector and companion eigenvectors are qo4, pos. By
calculating Jogos = pqoa, J§ pos = ppos, and < pos, qoa >= 1, we get

s0+2 —50(2 + s657)
1
o4 = m —Sp y Doa = m (2 — 81)(2 + 8687)
0 80(8185—|—8182 —285)

According to Reference [24], we decompose V € R? into

V =eqos + W.
For variable e, W, there is
=< pos,V >,
€= Poa _ (3.10)
W =V—<pos,V > qos,
In the coordinate system (3.10), system (3.9) is converted to
E=—e+1oe” +& < poa, Blgoa, W) > +le® + O([ul?), (3.11)
W = JoW + 3le® + O(e?), '

where function B, C are the multiple linear functions of function F(u, v, w). We
can calculate

S1

_ 2(80 =+ 4) 50 = 6(80 + 2)
B - 2std) o =
(o4, qoa) 1 s ) 11, (qo4, o4, qoa) so(51 — 50 — 4)°

0 0

—51

S0 5
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thereby getting
2(80 + 4)
(81 — S0 — 4)2 ’

2(80 + 2)
(81 — S0 — 4)‘37

lo=— i =

s% — 8180 —4s1 +2s9 +4
2(50 + 4)

o= ———~ 7
2 80(81 — S0 —4)3

s% + 259 — SpS1

0
Because sg > 0, Ry = s1 —sg — 2 # 2, so lg # 0. By the central manifold theorem
[2], the system exists the central manifold W§(0, 0) as shown below

1
WEO, 0) = {W e R*|W = §w252 +O0(e]*)},

here
1 2—54 —285+8485—82
s1(1—s4) so(1—sa) ses7(1—s4)
J _ E -1 — _ 1 _ 1 S2+S5
(Jo - E) si(l—sa)  so(1—sa) ses7(l—sa) |’
0 0 L
SeST

Wy = —(JO — E)71l3
5%54 — S0S1S4 — 5% — 25184 + s9s1 +2s¢g + 4
2(81 — S0 — 2)

0

_ 2(50 + 4)
s081(s1 — s0 — 4)3(1 — s4)

The limit on the central manifold is

E=—¢+ae® + bpe + O(|e[*),

and a( 5
_ So +
= l = -
aop 0 (81 — 50 — 4)27
1 L1, L
by = 6<p04, C(qoa, o4, qoa)) — Go~ — §<p04, B(qos, (Jo — E) " B(qosa, qo4)))
2(s0+2)  4(so+ 4)? _ 4(s0+4)
o (81 — S0 — 4)3 (81 — S0 — 4)4 (81 — S0 — 4)3
2 2
= —m(so + 5189 + 659 + 6s1 + 8),

The critical canonical coefficients are calculated as follows
o = do” + bo
2(80 + 6)
(81 — S0 — 4)3 )

These parameters satisfy sg > 0, ¢y # 0, which means that the system satisfies
the non-degenerate condition for the occurrence of flip bifurcation, at this time, the
bifurcation occurs at the fixed point E°. Note @9 = s1 — 59 — 4, if 3 < 0 (> 0),
then flip bifurcation is supercritical (subcritical), and the period-2 orbit at E° is
stable (unstable).

In summary, we get the theorem (3.3). O
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3.3. Neimark-Sacker bifurcation

In this part, we prove that system undergoes Neimark-Sacker bifurcation.

Same as section (3.3), we translate the fixed point E° to the origin, then the
system becomes map (3.9). Thus the eigenvalue equation of map (3.9) at the origin
is

(A = Qo)(\? + RoA + Sp) = 0,
where
Qo = ses7+ 1, Ro =51 — 50— 2,
So =80 — 81+ s0s1(1 —s4) + 1,
Dy =8y — 1 =80 — 51+ 5081(1 — 54).
The eigenvalues are respectively
o1, 02 = —% + w

Next selecting s, as the bifurcation parameter, when ®; =0, 0 < s1 — 59 < 4,
let’s assume that there are polynomials of s4 = s49, sg, $1 about s40 respectively.
Now

, Moz = Qo.

d~/So(s 1
|M01, 02| =V 50(84), M |S40: —=50s1 # 0.

d84 2
Therefore, the system has a cross-sectional condition of Neimark-Sacker bifur-
cation at the fixed point.
Next, we analyze the satisfaction of its non-degenerate conditions. Considering
s6 >0, &1 =0, 0< 83 — sp < 4, the eigenvalues of map (3.9) at the origin have a
pair of complex eigenvalues on the unit circle o1, g2 = eiio(coso = Lo gino =

2
\V4—R3

5—), where o = arccos(—%), and 0 < o < 7. If e #£ 1(k =1, 2, 3, 4),
namely, Ry # —2, 2, 1, 0, system satisfies one of the non-degenerate conditions.
Also, we analyze the satisfactoriness of another non-degenerate condition.

Let gos, pos € C? be the complex eigenvector and adjoint eigenvector corre-

sponding to po1. By calculating Jogos = po1q04, J& pos = fo2pos, and < pos, qos >=
1, we obtain

so+1— o1 so(1 + sgs7 — po2)
dos =T —350 v Pos = | (s1— 14 po2)(1+ ses7 — to2) | »
0 So(—s185 — S182 + S5 — S5pl02)

where r =

1

so(14+ses7—po1)(so—s1+2—2p01) °

Available from reference [3], system (3.9) can be expressed as

_ S D 1. -

Vi JoV + iB(V’ V) + BC(V’ VvV, V), (3.12)

where function B, C are the multiple linear functions of function F(u, v, w). We
can calculate

S1

B(qos, qos) = 2s07*(s0 +2 — 2p01) | —s0 |
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S1

B(qos, qos) = 2s0|7|*(so +2 — 2cos0) | —sq | ,

S1
B(qos, qos) = 2507 (s0 +2 — 2p02) | —sp |
0

—s
C(qos, o5, qo5) = 2rsg|r|*(3s0 + 3 — 2001 — po2) | so | »
0

thus calculated
Koo = 25512 (s0 + 2 — 2p01) (1 + s657 — po1) (1 — pio1),
Kqi1 = 25%|T|2(50 +2— 20050)(1 + S6S7 — ,U()l)(l — ,um),
Kog = 2537 (50 + 2 — 2p02) (1 + 8657 — po1)(1 — po1),

Because the calculation of K»; is complicated, here we only give its expression

K1 = (pos, C(qos, qoss Go5)) + 2(pos, B(qos, (B — Jo) 'B(qos, qo5)))
toz2(1 — 2p01)

+ (pos, Blaos, (1315 — Jo) ' B(qos, dos))) + 1= Jiog KooKy
2 Ho1
— Knl? - — Koo,
1—Mo2| ul M31—1| l

_ 2
And K = Re(to2Ka) _ Re(%[@olﬁl) — LK 2 — LKool Tf the map-
ping (3.9) occurs Neimark-Sacker bifurcation, then it needs to satisfy K # 0. By

literature [7], available

Theorem 3.4. If parameters satisfy NS ={s; (i =1,...,7)|sg >0, &1 =0, 0 <
s1— 80 < 4, Ry # 1, 0} and K # 0, system (3.4) undergoes Neimark-Sacker
bifurcation at the fixed point E°. If K < 0(> 0), then an attractive exclusive
invariant curve is generated from the fixed point.

4. Conclusion

Word of mouth and advertising effectiveness are of great significance application
value in the commodity economy. This paper studies the consequence of adver-
tising and word-of-mouth effects in consumer behavior model, which is divided
into continuous and discrete types for dynamic behavior analysis. According to re-
search/statistics, the continuous model undergoes fold bifurcation, Hopf bifurcation,
and degenerate fold-Hopf bifurcation; the discrete model undergoes flip bifurcation
and Neimark-Sacker bifurcation. Furthermore, numerical simulations using MAT-
LAB including bifurcation diagrams, time series diagrams and phase diagram.
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Bifurcation theories provide a theoretical basis for explaining some economic
phenomena and enhancing the effectiveness of merchantsA]A decision-making. In
the consumer market, public recognition of a brand is proportional to the effects of
advertising and word-of-mouth. When the influence reaches a certain level, however,
the number of consumer groups decelerates.

Based on the theory of Hopf bifurcation, the continuous system undergoes su-
percritical Hopf bifurcation under certain conditions. This point out that the adver-
tising impacts periodically on consumer behavior, whereas a short-term reduction
affect little publics recognition of the brand. At this time, merchants consider the
investment tradeoff between advertising and product services, rationally optimize
resource allocation from product quality, packaging design, service level, creative
advertising, etc., to improve its market share and maximize their profits.

The discrete system undergoes super-critical flip bifurcation and produces a
stable period-2 orbit, resulting the analysis of flip bifurcation. This indicates that
when advertising effect reaches a certain level, the number of potential consumers
and consumers changes periodically over time. In the meanwhile, selling high-end
luxury goods, long-term goods and other general needs can allocate resources from
product innovation, expanding consumer groups, and so on, so as to maximize
benefits.
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