Journal of Nonlinear Modeling and Analysis http://jnma.ca; http://jnma.ijournal.cn
Volume 1, Number 4, December 2019, 545-560 DOI:10.12150/jnma.2019.545

Steady-state Solution for Reaction-diffusion
Models with Mixed Boundary Conditions*

Raoqing Ma', Shangzhi Li' and Shangjiang Guo®'

Abstract In this paper, we deal with a diffusive predator-prey model with
mixed boundary conditions, in which the prey population can escape from the
boundary of the domain while predator population can only live in this area
and can not leave. We first investigate the asymptotic behaviour of positive
solutions and obtain a necessary condition ensuring the existence of positive
steady state solutions. Next, we investigate the existence of positive steady
state solutions by using maximum principle, the fixed point index theory, L,-
estimation, and embedding theorems, Finally, local stability and uniqueness
are obtained by linear stability theory and perturbation theory of linear oper-
ators.
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1. Introduction
A number of biologists and mathematicians have devoted themselves to ecological

mathematical models and have achieved many impressive results [1,3,5-7,9, 12,
17,18,20,22-25,27, 28] since Lotka [11] and Volterra [26] established the following

classical predator model
@ —ru(1- L) —cuw
at ! k1 ’

@*rv 17E + mcuv
ot 7 ks ’

(1.1)

where u and v represent the densities of prey and predator, respectively, r1, 7o are
the intrinsic growth rates of the prey and predator, respectively, riu(1 — k%) repre-
sents prey’s natural growth rate, k; represents the maximum number of prey that
the environment can support, rov(1l — ;—2) denotes predator’s natural growth rate,
ko is the maximum number of predator that the environment can support. More-
over, cu represents the number of prey that can be captured by the unit predator per
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unit time, which is also called the functional response function, and m is predator’s
transmission rate after capturing prey. This model has some obvious deficiencies
and has been improved by using some suitable functional response function f(u,v)
instead of the simple function cu in different applications.

In this paper, we shall investigate a diffusive Lotka-Volterra model under the
Neumann boundary condition combined with the third type of boundary condi-
tion: the prey species satisfy the Neumann boundary condition, while the predator
species satisfy the third type of boundary condition. Let Q be a bounded domain
in R™ (n > 1) with smooth boundary 99, and w be the outward unit normal vector
on 9f. Define :’fzg as the response function of the prey species, and f;jﬁ as the
response function of the predator species after predation. Let d; and ds be the diffu-
sion coeflicients of the prey and predator, respectively, which implies that when the
population is unevenly distributed in the region, the species spontaneously return
to a uniform state. Denote by a positive constant « the proportion of predators
escaping from the regional boundary 0€2. Thus, we shall investigate the following
diffusive prey-predator model

ou 5 Mmuv

E—dlAU—au—u L (x,t) € Q x (0,00),

Ov 9 cuv

E_dQAU—bU_'U +m7 (CE,t)EQX(0,00),

Oou Ov (1.2)
a—wza—w—f—avzo, (x,t) € 90 x (0, 0),

u(z, 0) = uo(x), x €,

’U(SC,O) = ’Uo(l'), MS Qa

where wug(x), vo(x) : © — R™ are continuous initial functions. The steady state
problem of (1.2) is

—dlAu:au—zﬂ—%, x €,
Y u
cuv
*dgA’U:b’U*U2+W, ZEGQ, (13)

One of our purposes is to investigate the existence of positive steady state so-
lutions of system (1.2), which is equivalent to the existence of positive solutions
of system (1.3). We first notice that (1.3) has a trivial solution 0 = (0,0) and a
semi-trivial solutions u, = (a,0). We shall employ the in-cone fixed point index
theory to calculate indexes at points 0 and u,, and then make use of the maximum
principle, L,-estimation and embedding theorem to show that system (1.3) has at
least one positive solution.

The paper is organized as follows: In Section 2, we give the necessary condi-
tions ensuring the existence of positive steady state solutions and the asymptotic
behaviour of the positive solution. In Section 3, we investigate the asymptotic be-
haviours of positive solutions of (1.2) and give some necessary conditions ensuring
the existence of positive steady-state solutions of (1.2). Section 4 is devoted to the
existence of positive steady state solutions of system (1.2). Section 5 is devoted to
the local stability and uniqueness of the positive solution of system (1.3).
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2. Preliminaries

In this section, we review some definitions and lemmas, which would be used in
the subsequent analysis. Denote by LP(€Q) (p > 1) the Lebesgue space of integrable
functions defined on Q, and by W*?(Q) (k > 0, p > 1) the Sobolev space of the
LP-functions f(x) defined on 2 whose derivatives an”f (n=1,...,k) also belong
to LP(Q). In particular, we rewrite W*2(Q) as H*(1).

To obtain the existence of positive solutions of equation (1.3), we shall calculate
the index of a operator at the trivial solution and non-trivial solutions in order to
apply the in-cone fixed point index theory. Similar to the method in [19] and [21],
the indices of operators in spaces with mixed boundary conditions is defined as
follows. Let X = W) x Wy, Y = C(Q) x C(Q), and Z = C%(Q) x C?(), where

_ 1o ~. |0
Wi =ueCQ) |t =0,2€dQ s, Wa=1ve Q)| +av=02€cd .
Ow Oow
Let E be a closed convex subset in P = {(u,v) € X |u,v 20,2 € Q} and K : X —
X be a Fréchet differentiable compact operator satisfying K(E) C E. For a given
¢ € X satisfying K¢ = ¢, define a wedge Wy by

Wy = closure{¢) € X |¢+ sy € E, s > 0}.

Assume that Xy is the biggest subspace in W. If there exists a subspace Y in X
such that X = X4@Yy, then computing the index of operator K at ¢ is equivalent to
calculating the eigenvalues of the associated eigenvalue problems of K’ (¢) in spaces
X, and Yy, respectively, where K’ (¢) denotes the Fréchet derivative operator at the
point ¢. If K’ (¢) has no fixed points in Wy, then the index of operator K at point
¢, denoted by Index(K, ¢), exists. Let T : X — Yy be a projection from X onto
Y, along Xy4. If TK'(¢) has an eigenvalue greater than 1, then Index(K, ¢) = 0.
Otherwise,
Index (K, ¢) = Indexx, (K'(¢),0) = (-1)",

where Indexx, (K'(¢),0) denotes the index of linear operator K at the point 0 in
space X, and r is the number of eigenvalues of K’ (¢) restricted to the space Xy
satisfying A > 1.

For convenience, let A\1(p) < A2(p) < As(p) < --- be the eigenvalues of the
following eigenvalue problem

— An+ p(x)n = A, T €,

0
an +an =0, x € 01,
Ow
where p is some suitable continuous function. In particular, set p; = A;(0) for s € N.
In addition, we also need the following three lemmas (see [2] for the detailed

proof). Consider

— dyAv + p(z)v = bv — v?, x € €,
(2.1)

@—i-owzo, x € 00.
Oow

Lemma 2.1 ( [2]). Suppose |p(x)||,, < C for some positive constant C.
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(i) If b < da <%), then v = 0 is the unique non-negative solution of (2.1).
(i) If b > dao)y (%), then (2.1) has exactly one positive solution.

Let 6 be the unique positive solution of (2.1) with p(z) = 0 in the case where
b > dopy, and define a linear operator L by Lv = —dsAv + (20, — b)v for v €
C?(Q) N C(Q) subject to the following boundary condition g—: + av = 0 on 0Q.
Consider the following initial value problem

% — doAv = by — 02, (z,t) € Q x (0,00),

ov +av =0, (z,t) € 002 x (0, 00), 22
Ow

v(x,0) = vo(z), z €,

where vg(z) > 0 and vy Z 0. Now, we denote by vp(z,t) the unique positive solution
of (2.2).

Lemma 2.2 ( [2]). Suppose that b > dapui1, then vy(w,t) converges to 6 uniformly
on Q ast— oco. If b < dauy, then (2.2) has a globally asymptotically stable trivial
solution 0= (0,0).

Lemma 2.3 ( [2]). (i) The mapping from b to 0, is strictly increasing, and is
continuously differentiable in (dapiq,+00);
(ii) On Q, 0, tends to 0 as b approaches daj1. Moreover, 0 < ), < b;

(iii) All the eigenvalues of operator L are positive.

3. Asymptotic behaviour

In the section, we investigate the asymptotic behaviour of the positive solutions.

Theorem 3.1. Denote by (u(x,t),v(x,t)) the non-negative solution of (1.2), if
b+ C < dgpy and C = ﬁ, then (u(z,t),v(x,t)) = (a,0) as t = oo.
Proof. The second equation of (1.2) satisfies % —dyAv < (b+C)v — v? for
(z,t) € 2% (0,00). It follows from b+ C < dapq and Lemma 2.3 that v(z,t) — 0 as
t — 00, and hence that there exists 7' > 0 such that 0 < v(z,t) <e < a for ¢t > T.
Note that the first equation of (1.2) can be rewritten as

ou 9  muv 9

E—dlAu:au—u i <au—u®, (x,t) € Qx(0,00).

Then we have 0 < u(z,t) < uq(z,t), where uy(z,t) is the solution of the following
system

%—mAu:au—uQ, (z,1) € % (0,00),
ou (3.1)
o = 0, (z,t) € 00 x (0, 00),
u(z,0) = ugp(x), z €.

Note that u,(x,t) — a as t — oo, then we have limsup,_, . u(z,t) < a. In addition,

the first equation of (1.2) becomes %—dlAu > au—uz—%e for (x,t) € Qx(T, 00).
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Let ¢ — 0%, using the same method as above, we obtain liminf, ,. u(x,t) > a.
Thus, (u(z,t),v(z,t)) — (a,0) as t — oo.

4. Existence of steady-state solutions

Assume that (u,v) is a positive solution of system (1.3), then v satisfies

b —v? < —diAv < (b+ C)v —v?, x €,

4.1
@-i-owzo, x € 00. 1)
ow

If b > dypq, it follows from Lemma 2.1 that 6, < v < 0o < b+ C. Thus, the first
equation of system (1.3) can be rewritten as

—diAu + m9bu2 < au —u?, x €,
e’
5 (4.2)
vy, € 99
ow

It follows from the existence of positive solutions that a > diA; (’a’,ﬁ”) From
Harnack’s inequality and the maximum principle, it follows that u < a. Hence, we
have the following result.

Theorem 4.1. If system (1.3) with b > dyp1 has a positive solution (u,v), then

a>d1)\1(70’;19j;),0<u<aand9b<v<0b+c<b+0.

System (1.3) is equivalent to the following system

A _1 9 muv
u=Ki(u,v) = (M —d1A) (au—u —7+u2+Mu>,
- K 2 (M —doA) " (b —0?+ 2 M)
v = K(uyv) 2 (M — dyA) (bv P A

Define a differentiable compact operator K: X — X as K (u,v) = (K1 (u,v), Ka(u,v)).
By the fixed point theory, we shall calculate the indices of the operator K at the
trivial solution and semi-trivial solution, respectively. If the sum of these indexes is
not equal to 1, then there exists a constant R > 0 such that K has a positive fixed
point in the spherical area Br(0), which is different from the trivial and semi-trivial
solutions. Therefore, to investigate the existence of positive solutions of (1.3), it
suffices to solve the fixed point problem of operator K.
First of all, we choose a closed convex set

F= {(u,v) eP

u+ mv2 <a+M,v<b+M},
Y+ u
and its subset
E:{(u,v)EP’u—l—’y_lmvga—i—M,vgb—&—M},

which is also a closed convex set. To prove K(F') C F, we only need to prove the
following proposition.
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Proposition 4.1. K(FE) C E.

Proof. For (u,v) € E and (p,q) = K(u,v), we have
5 muv

cuv
(=doA+ M) g = (b+ M)v —v? +7+u2, z €1, (4.3)

To obtain (p,q) € E, it suffices to prove p > 0 and ¢ > 0, where p = a + M —
v~ tmg—pand G=b+ M — q. It follows from (4.3) that

_ . muv
(—diA+M)(a+ M —~ 1mq—p):(a—i—M)u—zf—m, x €,
. cuv
(B4 M) (b M =) = (b+ M)v—v* + T, zeQ.
and hence that
dlfy_lmAq—i-dlAﬁ—&-M(a+M—7_1mq—ﬁ):(a+M)u—u2—M, x € Q,
v+ u?
. . cuw
daAG+ M (b+M —§) = (b+ M)v — v? +7—|—u2’ x € .

This together with the second equation of (4.3) implies that

do
_dlAp—f—Mp—d—lm {v — (b+M—|— +u2>v] 42

do —d
—<a+M—mv2>u+<a+M— 2 1’ylmq>M, x € Q,

v+u da
— dyAG + MG = v? <b+M+ +“ >v+M(b+M) reQ,
Y ’LL

p

— =amgq >0, x € 08},
Ow

9q N

%+qu:a(M+b)>0, x € 0N.

(4.4)

Choose M sufficiently large such that (b+M)M — 1(b+C + M)* > 0, then we
have

- <b+M+ « 2>v+(b+M)M
Y+ u

>0 —(b+M+C)v+ (b+M)M
1
>(b+M)M—i(b+C+M)2>O.

In view of the second equation of (4.4) and the maximum principle, we obtain ¢ > 0,
which is equivalent to ¢ < b+ M.

Denote § = % — 2‘1; Wdlm > 0 with 0 < m < 1 and suppose M is large enough

such that M > d2 dl mb and hence that

M(a+M—d2_d1mq> >M[a—d2_d1mb+<l—d2_d1m> M} > M (a+8M).
dQ’}/ dz’}/ dg’}/
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Set

dy o My o do
G(m,y):mmx +'y+y2+y —d—lm(b+C+M)x—(a+M)y+M(a+5M)

for (z,y) € R, where R = {(z,y) | gi(z,y) > 0,i=1,2,3,4} is a feasible region of
the following quadratic programming problem

min G(z,y),
gl(x’y) =z 20,

gg(l’,y):b+M7{E>0,
ga(z,y) =a+ M —mx —y > 0.

Similarly to the proof of [19], by the Kuhn-kucller theory for quadratic programming
problems, we obtain that for arbitrary (z,y) € R, there exists min G(z,y) > 0.
From the first equation in (4.4) and the maximum principle, it follows that p > 0,
that is, a + M — mq > p. Thus, when M is large enough, we have K(F) C E, i.e.,
K(F) C F. Thus, the proof is completed. [J

Next, we shall calculate the indexes of operator K at the points 0 and wu.,
respectively. Here, the method for calculating eigenvalues and eigenvectors is similar
to that in [16].

Proposition 4.2. (i) Index(K,0) = 0;
(i) 16> doi (— g ). then Index(K,u) = 0;

(iii) Ifb < do) (*Wi)) then Index(K, u,) = 1.

Proof. We start with the calculation of Index(K,0). At the point ¢ = 0, we have
Wo=P,Xo=0,Yy=X,To =1. Let K'(0) be the Fréchet derivative operator of
K at 0. If (§,n) € Wy — {0} is an eigenvector of K’(0) associated with eigenvalue
A, then

—d1 A = aé + (a+M)E x € Q,
1-A
—dzﬁﬂ:bﬂ‘FT(b‘f‘M)m T €, (4.6)
96 on _
a—aw—i—an—o, x € 0f.

Note that (1,0) is a solution of (4.6), then we have a + 152 (a + M) = 0, which
means A > 1. Hence, Index(K,0) = 0.

At point ¢ = u,, we have W,,, = {(u,v)|v > 0}, X,,, = {(u,0)|u € W1}, Y,, =
{(0,v)|v € Wa}, T, : (u,v) = (0,v), where the definitions of W7 and Wy are the
same as them in Section 2. Let K’(u.) be the Fréchet derivative operator of K at
point u,. If (§,n) € W, — {0} is a fixed point for K’(u.), then (£,n) satisfies

ma

_dlAfz_ag_m'fL .'L'EQ,
An = «“ Q
—do 77—b77+m777 x €il (4.7)
0 0
5——”+an=0, x € 0N,

dw  Ow
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Note that ¢ > 0 and b > 0, then it follows from the second equation of (4.7) that
1n =0, and hence £ = 0. This is a contradiction, and so Index(K, u.) exists.

If X is the eigenvalue of T,,, K'(u,) with an associated eigenvector (0,7n), then 7
satisfies

A+ | A (b ) A —hy, zeq,

A v+ a? v+ a? (4.8)
@—kan:O, x € 0.
Ow

It follows that

A—1 ca ca
b=do); b+ M + —
A (v ) - me e

for some 7 € N. Thus, if

ca
> ()

then A > 1 and hence Index(K,u,) = 0. If

ca
b - | d
<>\1 < d2 (,y_’_a/z)) 2,

then A\ < 1 and hence Index (K, u,) = Indexx, (K'(u.),0) = (=1)".
Assume that A, is the eigenvalue of K’'(u.), and (&4,7.) is the eigenvector in
Xy, associated with the eigenvalue Ay, then 1, = 0 and &, # 0 satisfies

1— X
—dlAf*‘Fig* = ——M¢,, z €,
o Ax Ae (4.9)
* = 0N
Ow ’ T € 0%
and hence 1AM
Q=AM =a, S0 s,

As
which implies that A, < 1 and hence that the number of eigenvalues larger than
one is zero. Thus, r = 0 and

Index(K, u,) = Indexx, (K'(u.),0) = (-1)" =1.

This proves conclusions (ii) and (iii) and hence completes the proof. O
Now, we can state the existence of positive solution of (1.3).

Theorem 4.2. Assume that
0
b>daopy and a > di )\ (m b) ,
diy

or
ca

dod [ ——————— ) <b < dop,
N (g ) <

then there exists at lest one positive solution of system (1.3).
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Proof. Let M be a sufficiently large positive constant and consider the following
system

—diAu+t(M-1Nu+u=t[(M-1)u+ fi(u,v)], x € Q,
gd2A2+tMU:t[MU+f2(u7v>]7 er, (410)
% %Jrow:O, z € 0%,
where muw
(aJrl)ufuzfi27 >0,v>0,
YU
fi(u,v) = (a+1)u—u2, u 2= 0,v<0,
0 u < 0,
and cuv
bv—v2+7’y+u2, v20,u >0,
falu,v) = Q gy — o2, v > 0,u <0,
0 v <0.

Let 1 = {z|z € Q,u(z) < 0}, Q2 = {z|z € Q,v(z) < 0}, and (u,v) be a solution
of (4.10). In €, the solution u of (4.10) are equivalent to

—diAu+u =0, x € Qy,

u < 0, T € Q, (4.11)
%:07 xe@ﬂﬂaﬁl

Ow

Integrating system (4.11) on Q, we have

0:d1/ %dx:/ udx
00,00 Ow 931

and hence Q7 = . In Qs, the solution v of (4.10) can be expressed as

— doAv =0, T € Q,

U<0, $6927 (412)
@Jrow:O, x € 00N INs.

ow

Integrating (4.12) on Qs results in

0= Avdxr = / @dx = a/ vdx.
Qo 802N Ow 892NN

and so v|aQZ = 0. According to the maximum principle, it is easy to see that
v|g, = 0, which contradicts the fact v < 0 on Q. Hence, Qg = (. Thus, if (u,v) is
a solution of (4.10), then it is a non-negative solution to the following equations:

—diAu+t(M—1Nu+u=t (M—l—a)u—uz—M , x €,
v+ u?
9 cuv
—dyAv+tMvo =t |(M+Db)v—v el zeq, (413)
au—av—i—av:Q x € 0N.

dw  Ow
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By the maximum principle and the fact that u > 0 and v > 0, we have

Ccu

o ShHC

max |u| <a+1, max|v| <b+
Q Q
By the Lj-estimation and the embedding theory, we have

Ul s [olse < C2 (Jlullyy + 0l ) < € (2w, + 12l ), + Dl + 0, )

This implies there exists R > 0 such that every solution (u,v) to (4.10) satisfies
| (u, )|, < R, and that equation (4.10) has no solution on the boundary dBg(0)
for all ¢t € [0, 1].

Denote the operator as

Ki(u,v) = ((—dlA FHM = 1)+ 1) (M = u+ f1)t, (—deA+tM) "' (Mo + f) t) .

Obviously, Ky = K at t = 1. It follows that Index (K7, Br(0)) = Index (K, Br(0)).
Note that for arbitrary ¢ € [0, 1], there is no solution of (4.10) on the boundary
OBR(0), that is, there is no fixed point for K; on 0Bgr(0). According to the ho-
motopy invariance of the index, we have Index (K1, Br(0)) = Index (K, Bg(0)) =
Index (Ko, Br(0)). An easy calculation yields that

Kolu,v) = ((—dlA N (—dzA)_l) .

By Lemma 2.1, if b < p1ds, us = (a,0) is the unique semi-trivial solution of (1.3).
If

b> /,l,ldg and a > di )\ (Tnﬂb) y
di7y

then we have
0 = Index (K, 0) + Index(K, u.) = Index(K, Bg(0)) = Index(Ky, Br(0)) = 1,

which is a contradiction. Thus, there exists a positive fixed point of K in Bg(0),
that is, system (1.3) has positive solutions. Assume that

ca
doh | ————— | < b < dap,
2 1( (fy+a2)d2> 2M1
then the semi-trivial solution v, = (0,6;) does not exist and
0 = Index (K, 0) + Index(K, u.) = Index(K, Bg(0)) = Index(Ky, Br(0)) = 1,
which is a contradiction as well. Therefore, there exists a positive fixed point of K
in Br(0), that is, (1.3) has positive solutions. This completes the proof. a
5. Local stability and uniqueness
Theorem 5.1. If b > dopy and there exists a constant dg > 0 such that
0 0
dl)\l <Tnb) <a< d1>\1 (m> +50,
diy diy

then the unique positive solution of (1.3) is locally stable.
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Proof. We first prove the uniqueness of the positive solution of (1.3). According
to the Crandall-Rabinowitz bifurcation theory [4], the bifurcation point of (1.3) is

(a,u,v) = (a*,0,0;), where
m9b
f=diM | — ).
¢ i (dW)

Within the neighbourhood of the bifurcation point there exits exactly one positive
solution curve of (1.3), which can be expressed as

(a,u,0) = (a(s), u(s), v(s)) = (a(s), s(So + B(5)), O + 5(10 + U (s)))

for 0 < s < 1, where g = (—d2A + 260, — b)f1 (%%50), &o is a positive eigenvector

associated with the eigenvalue a* such that [, &dz =1, a(s), ®(s) and U(s) satisfy
a(0) = a*, ®(0) = 0 and ¥(0) =0 in C*.

To prove the uniqueness of the solution to (1.3), we only need to prove that
for every sequence {a;} converging to a* as i — oo, the solution (u;,v;) of (1.3)
with a = a; converges to (0,60,) in Z. Assume on the contrary that the sequence
{(u;,v;)} has a sub-sequence, still denoted by {(u;,v;)}, converging to (ug,vo) € Z,
and (ug,vo) # (0,6y). Then (ug,vp) is a non-negative solution of

mby Mg
—diAug =di | — —u? - Q
1Aug 1 1(d1)uo Uy ,y_’_u%a S
— dyAvy = bug — v + 0% Q 5.1
2 Avg Vo U0+7+u%’ T €, (5.1)
8U0 6’00
-0 _Z0 = Q.
oy 8w—|—avo 0, x €0

If (ug,v9) = (0,0) or (ug,vp) = (a,0), then using a similar method to the study
of the operator index Index(K,v,), we can have a contradiction. If (ug,vp) is a
positive solution of (5.1), then a = a* and ug satisfies

—di1Aug + <u0 + mv02> up = a*ug, z €,
Y+ U

0

qu _ z € 00,

ow

By Lemma 2.1, we have

moy U mug )
A (D) Zy (Yo M )
1<d17> 1<d1 di (7 + ug)

By Theorem 4.1, we have vy > 6, 0 < ug < a, and hence

mby Uo mug
. (dl’Y) = (dl ’ d1(7+u(2))> ’
which yields a contradiction. Therefore, system (1.3) has a unique positive solution.
Next we shall discuss the stability of the unique positive solution of (1.3) by
linear stability theory (see [8] for more details). Suppose that the linearisation
operators of (1.3) at point (a,u,v) = (a,0,6,) and point (a,u,v) = (a(s),u(s),v(s))
are Ty =T (a,0,0p) and Ty = T (a(s),u(s),v(s)), respectively. Then T} : XNZ =Y
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is continuous. When a = a(0) = a*, Ty =T (a,0,60,) = T (a*,0,6,), and 0 is an -
simple eigenvalue, which means that there are two functions in the neighbourhood
of point (a*,0,0;): One is a continuous differentiable mapping a — (a(a), k(a))
from the neighbourhood of the bifurcation point a¢* into R x Z; The other is a
continuous differentiable mapping s — (8(s), x(s)) from the neighbourhood of 0
into R x Z. Both of them satisfy the following conditions (see [15] for more details):

(a) a(a”) = 5(0) =0, x (a”) = x(0) = (§0,70) ;

(b) Tir(a) = afa)r(a) with |a —a| < 1;

(€) Tox(s) = Bls)x(s) with 0 < Js| < 1

(d) o (a*) # 0 and the symbol of sa’(s)a’ (a*) is opposite to that of 3 (s);
(e) if s = 0, then %%—lwiths#OaHdB(s)#O.

Hence, to investigate the stability of (u(s),v(s)) with 0 < s < 1, it suffices to
determine the symbol of sa’(s)a’ (a*). Since the eigen-functions of operator T; take
the form of (£,0) and (0,7), the elements in the spectral set o (T1) are real, and
o (T1) can be given by

(T(Tl)O'(dlACL‘FM) UU(*d2A7b+29b)
Y

Let k(a) = (k1(a), k2(a)), then we have (k1 (a*), ka2 (a*)) = (€0,m0). Tt follows from
the condition (b) that

—d1Akq(a) + (mjb - a) k1(a) = ala)ki(a), x €1,
Imla) _ € O0.
Ow

Note that & is an interior point of W;™ = {u € Wi|u > 0,2 € Q}, then k(a) > 0 for
all a satisfying |a — a*| < 1. It follows that

ala) =\ <m021—7a'y) dy =a" —a,

and hence that o/ (a*) = —1.
Substituting a = a(s), u = s (§o + P(s)) and v = 6, + s (1o + ¥(s)) into system
(1.3) yields

— diA[s (& + (s))] = als) [s (&0 + B(s))] — [s (&0 + B(s))]?
m s (& + ©(5))] [0 + s(m0 + ¥(s))]
+[s (&0 + ©(s))]

=0, x € 0N.

, x €, (5.2)

d[s (& + 2(s))]
Ow

Dividing by s both sides of system (5.2), differentiating it with respect to s at s = 0,
and noticing that a(0) = a*, ®(0) = 0, and ¥(0) = 0, we have

— A (0) = (a* - mj’?) B(0) + 0 (0) — €2 — 0 e q

99/(0) K (5.3)
=0, x € 0fN.
ow
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Multiplying by &y both sides of system (5.3) and integrating it over 2, we have

mb m
—d; /Q AP (0)¢odz = /Q <a* - f)@’(O){de—#a’(O) i Eda— /S 2 (;70 + go) €2da.

It follows that
0
/ {—dlAgo + m;&)] &' (0)dz = a* / £ (0)dz + a'(0),
Q Q

and hence that
a'(0) = / (771770 + {())fodx > 0.
Q 0

This together with the conclusion o’ (a*) = —1 implies that (s) > 0 and hence that
the unique positive solution of (1.3) is locally linearly stable when a* < a < a*+ dp.
This completes the proof.

Theorem 5.2. Assume that

a>di\ (’rneb

),b>d2,u1 and 0 < ek 1
dyy

or
0

a>di\ (mb) ,b > dopy and v > 1,
dry

then (1.3) has exactly one positive solution, which is linearly stable.

Proof. Here, we only discuss the first case because the second can be dealt with
analogously. First, we shall prove the uniqueness of the positive solution of (1.3).
When ¢ = 0, system (1.3) becomes

—dlAu:au—zﬂ—M, x € Q,
v+ u?
— dyAv = by — v, x €, (5.4)
0 0
az—a—::—&—ow—O x € 09,

which has exactly one positive solution (u*, 6,) when a > A\; ( g ) di and b > dapg.

Define a function F: RT x (C%(Q) N W1(Q)) x (C*(Q) NnWa(Q)) — C(Q) x C()

F(C»U»U)Z(dlAquau—uz Wj_vQ,dgAzH—bv—v + Cj_wz)
v +u

Solving solutions of (1.3) is equivalent to solve F(c,u,v) = 0. Moreover, it is easy to

see that (u*, ;) is a unique positive solution of F'(0,u,v) = 0 when a > A; (’;ﬁ;’) dy

and b > dop;. The linearized operator of F' at (0,u*,0;), denoted by
G = D(y,)F(0,u,0;) : (CQ( ) NW1(Q)) x (02( ) NW2(Q)) = C(Q) x C(9Q),

is defined by

57, d2 An+(b—204)1n )

*2 *
G(f, 7]) = <d1A£+ (a_Qu* _ mb 2mbyu ) mu

,y_’_u*Q (7+U*2)2 ,y_'_ u*
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Suppose that there exists 0 < g9 < 1 such that for every sequence {(c;,u;,v;)} of
zero points of F satisfying ¢; — 0 as ¢ — oo, we have ||u; — v*|| +||vi — s, = €0-
Then, it is easy to see that 0, < v; < 0(4.¢,) and
e
C; = max{ —, —
’ {%L%ﬁ

Thus, v; — 6, uniformly on Q as i — oo and so |lu; — u*||, > 5. Note that

}—)Oasi—>oo.

- 2 mu;v;
_dlAui—aui—ui—’y_'_u%, T €,
ou;

L =0, x € ON.
ow

According to the elliptic equation regular theory, there exists a subsequence in
C?(Q), still denoted by {u;}, such that u; — ug and ug > 0. Obviously,

5 muoby

— di1Aug = aug — ug — ——, x €,

Dot (5.5)
9o _ z € Q.
Ow

Let @; = u;/ ||will - If ug = 0, then 4; — ¢ in C*(2) with ¢ > 0 and ¢ # 0 satisfying
the following equation

0
—dlAq:aq—mbq, x €,
Y

9 _
dw

0, x € 0N.

It follows that a = di )\, (Z%’)), which contradicts the assumptions. Hence, ug is

the non-negative non-trivial solution of system (5.5). From Harnack’s inequality, it

follows that ug is a positive solution in (5.5). The uniqueness of the positive solution
of (5.4) implies that uyp = u*, which contradicts ||u; — u*||oc > 5. Therefore, for
every sequence {(c¢;, u;,v;)} of zero points of F' satisfying ¢; — 0 as i — oo, we have
i —u*|| o + [Jvi — Obll .. = 0 as i — oo.

Assume that G(&,n) = (0,0), we have

mb, 2mbyu*? mu*
—dA 2u* - =al— ——57, €
1 “(“ PR T e )T T e T
— doAn + (291, — b)n =0, x €,
o On
= 2 = Q.
9~ D +an =0, x €0

According to Lemma 2.2, [—d2A + (20, — b)] ™! exists and so n = 0. The above
system can be rewritten as

mb, 2mbyu*?
—diA 2u* - = af, €,
1 §+<u +7+U*2 (7+u*2)2 E=a€ z
o€

w

07 x € 090.
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Suppose £ # 0, then there is some ¢ € N such that

2u* 6 2mlpu*2 . 6
a:dm(” b Y );AdlAl(“erb)_

di  di(y+ut?)  dy (7 4 ur?)? di  di(y+u?)
(5.6)
Besides, u* is a positive solution of the following equations

% me

—d1Au+ (v + 5 | u=au, x €,
v+ u

ou
— =0, 9.
R S

Therefore, we have

*

u mby
=diM|—+-——"—7
a=dy 1<d1 +d1(7+u*2)),

which contradicts (5.6). Therefore, £ = 0. This implies that the linear operator G
is invertible and hence F has a unique zero point (¢, u,v) in the neighborhood of
the point (0,u*,8,). Note that (u*,8;) is a unique stable positive solution of system
(1.3) with ¢ = 0, then we conclude that system (1.3) with 0 < ¢ < 1 has a unique
positive solution, which is linearly stable. This completes the proof. O
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