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Bifurcation of a Modified Leslie-Gower System
with Discrete and Distributed Delays*

1727
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and Hong Xiang?

Abstract A modified Leslie-Gower predator-prey system with discrete and
distributed delays is introduced. By analyzing the associated characteristic
equation, stability and local Hopf bifurcation of the model are studied. It is
found that the positive equilibrium is asymptotically stable when 7 is less than
a critical value and unstable when 7 is greater than this critical value and the
system can also undergo Hopf bifurcation at the positive equilibrium when
T crosses this critical value. Furthermore, using the normal form theory and
center manifold theorem, the formulae for determining the direction of periodic
solutions bifurcating from positive equilibrium are derived. Some numerical
simulations are also carried out to illustrate our results.
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1. Introduction

Recently, the dynamics (including stability, persistence, periodic oscillation, bifur-
cation and chaos, etc.) of predator-prey system has long been one of the dominant
themes in mathematical ecology due to its universal existence and importance (for
example, see [1,7,9,11,19,26,29]). [14] first proposed and discussed the following
predator-prey system

i(t) = x(a — bx) — p(x)y,

i) = vls(1 - b)), -y

where p(z) is the predator functional response to prey, a, s are the intrinsic growth
rate of prey x(¢) and predator y(t), respectively, b measures the strength of compe-
tition among individuals of species x(t), ¢ is the environmental carrying capacity
for the prey, the environmental carrying capacity of predator K, is a function of the
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available prey quantity, where K, = £. The predator subsistence exclusively de-
pendent on prey population in system (1.1). However, in the case of severe scarcity
of the prey zx, the predator y can switch to other population, but its growth will
be limited . By adding a positive constant to the K, that is, K, = IZC, then in
this case, a modified Leslie-Gower predator-prey system with functional response
can be described by the following system

#(t) = z(a — bx) — p(x)y,

(1) = yls(1 — h—)].

(1.2)

The system (1.2) have been studied by many authors(for example, see [3,4,25,30]).
When p(x) is Holling type IT functional response, then system (1.2) can be written
as 0
. ay
i(0) = (t)(ar ~ balt) - S
, c2y(t)
For system (1.3), [2] investigated the boundedness of solution, existence of an at-
tracting set and global stability of the coexisting interior equilibrium.

Time delays in mathematical models of population dynamics are usually due to
gestation time, maturation time, capturing time or some other reasons. Therefore,
a more realistic predator-prey system should be described by delay differential equa-
tions. In fact, delay differential equations are capable of generating rich effective
and accurate dynamics compared to ordinary differential equations (for example,
see [5,6,8,10,15-17,20,22-24,27,31]). [18] investigated the following delayed Leslie-
Gower predator-prey system

(1.3)

#(t) = a(t)(ar — ba(t) — —Y0

iE(t) + kl ’
con _ coy(t —7) (14)
R

For system (1.4), Nindjin et al. investigated the permanence and global stability of
positive equilibrium without considering the effects of time delays on the prey. [4]
studied the following Leslie-Gower predator-prey system with delay and investigated
Hopf bifurcations at the positive equilibrium

i(t) = 2(t)an — ba(t) - =), -
Con coy(t — 1) ’

Based on the above, in this paper, we will investigate the following modified
Leslie-Gower predator-prey model with discrete and distributed time delays

Cly(t)
z(t) = al—b/ f(t—s)x(s)ds o) + k1

coy(t — 1) )
x(t —7) + ko
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where z(t) is the population density of the prey and y(t) is the population density of
the predator at time t. The parameters a1, as,b, c1, co, k1, ko are positive constants:
a1, as are the intrinsic growth rate of prey x(t) and predator y(t), respectively,

b measures the strength of competition among individuals of species z(t), 9 is

the environmental carrying capacity for the prey, %;Hk?) denote the prey-
dependent carrying capacity for the predator, ¢; is the maximum value of the per
capita reduction rate of z(t) due to y(t), and ¢z has a similar meaning as c¢1. ki1, k2
measure the extent to which environment provides protection to prey z(t) and
to predator y(t), respectively. the nonnegative constant 7 can be interpreted as
the hunting delay of the predator population. We consider that past prey x(s)
has negative effect on the present prey x(¢)(t > s), such as consumption of food
resources, the delay kernel function f(¢) is the weight given to the population ()
at t time units ago. Under the assumption that f(t) > 0 for all ¢ > 0 and the

normalized condition
—+o0
/ Fe)dt = 1.
0

The rest of this paper is organized as follows. In Section 2, by analyzing the
associated characteristic equation, the asymptotic stability of the equilibria and
the existence Hopf bifurcations at the positive equilibrium are investigated. In
Section 3, the formulae for determining the direction of the Hopf bifurcation and
the stability of bifurcation periodic solutions are given by using the normal form
method and center manifold theorem introduced by [12]. In Section 4, numerical
simulations are performed to support our theoretical results. A brief conclusion is
given in last section.

2. Stability of equilibria and existence of local Hopf
bifurcation

For system (1.6), the delay kernel function f(t) take the weak generic kernel func-
tion f(t) = oe 7!(oc > 0), where weak generic kernel function implies that the
importance of the event decrease exponentially with t. we define a new variable

¢
u(t) z/ oe” 7= z(s)ds. (2.1)
Taking the derivative of u(t) with respect to ¢ in (2.1), we have

u(t) = ox(t) — ou(t). (2.2)

Then the system (1.6) is equivalent to the following system

olt)(ar — but) - 1),

ox(t) — ou(t), (2.3)

i) = y(0)(az - 22T,

. 3.
—~ ~—~
~ ~
N~— ~—"
I Il



76 Z. Guo, H. Huo, Q. Ren & H. Xiang

The initial conditions for systems (2.3) take the form

z(0) = ¢(0),u(0) = (0),y(0) = w(0),
¢(0) = 0,0(0) > 0,w(0) > 0,0 € [-7,0), (2.4)
#(0) > 0,(0) > 0,w(0) >0,

where ¢(0), p(0),w(d) are continuous and bounded functions in [—7, 0).

It is easy to see that the system (2.3) has a unique solution (z(t), u(t), y(t)) sat-
isfying initial conditions (2.4), and we know from [13] that the solutions of system
(2.3) corresponding to initial conditions (2.4) remain positive for all ¢ > 0. Further-
more, for any positive solution (z(t), u(t), y(t)) of system (2.3), there exsist a T > 0
such that

a
a a1 az(kz + ?)

0<z(t) < —,0<u(t) < —, 0<y(t) < ———e®7, t > T,
b b C2

similarly to the proofs in [18].

Obviously, system (2.3) always has three feasible boundary equilibria E4 (0, 0, 0),

Ey (%, 9-,0), E3(0,0, ai;“? ). From the biological viewpoint, we are more interested

in the positive equilibrium. To guarantee that system (2.3) has always a positive

equilibrium, we assume that the coefficients of system (2.3) satisfy the following

condition

k k
(H1) 225 272
C1 C2
Under the hypothesis (H1), system (2.3) has a unique positive equilibrium
E(z*,x*,y*), where y* = %(x* + ko) and z* is the positive root of the follow-
C2
ing equation
asc ascik
ba® + (bky — ay + —)z + (=22 — a1ky) = 0.
C2 C2

2.1. Stability of the boundary equilibria

Proposition 2.1. The boundary equilibria Ey1, Es are unstable for all T > 0.

Proof. Linearizing system (2.3) at E;, F2, we obtain characteristic equations
A—a1)A+o)(A—a2)=0

and
(N +oX+ai0)(\—ay) =0,

respectively, the characteristic equations exist at least one positive root, respectively,
thus E4, E5 are unstable for all 7 > 0. O

Proposition 2.2. (i) If

k k
a1k > a2 2’
C1 Co
then FEs is unstable for all T > 0;
(ii) If
k k
a1R1 < a2 2’
C1 C2

then E3 is asymptotically stable for T € [0,75) , where 75 = 2L .
az
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Proof. Linearizing system (2.3) at E3, we obtain characteristic equation

crazks

(A —a1+ YA+ o)X+ age™7) = 0.

kica

a k] a Zkg
>

9

C1 C2

then this characteristic equations exists at lest one positive root, thus F5 is unstable
for all 7 > 0.
(i) It

a1 kl a2k2
<

7

C1 C2

in the case of 7 = 0, all roots of this characteristic equation are negative. Then Ej3
is asymptotically stable. Now, we suppose 7 > 0 and let A = iw(w > 0) is a purely
imaginary root of equation

A+ aze™ ™ =0,

which implies that

w — agsin(wt) =0,

{ cos(wT) =0,

then
w = az,
2k
= J,k:0,1,2,~-~.
2&2 as

Define 7, = min{7},that is, 7, = a5+ thus Ej is asymptotically stable for 7 € [0,7s).
This completes the proof. O

2.2. Stability of the positive equilibrium and existence of local
Hopf bifurcation

Let =2 —2%,u=u—2a",y =y—y*. Dropping the bars, ignoring the higher order
terms, then from system (2.3) we obtain the following linear system

x(t) x(t) x(t—71)
wt) | =Alu®) | +But—7) |, (2.5)
y(t) y(t) y(t —7)
where
cix*y* . c1x* 00 0
(1’* +k1)2 x* +I€1
A= . e 0 B=|000
a
0 0 0 = 0-az

The characteristic equation of system (2.5) is det(A\ — A — Be™*7) = 0, i.e.

N di A% 4 do) + (d3\? + dy) + ds)e T =0, (2.6)
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crx*y* ocix*y*
where dy = 0 — ————, dy = ——— + bx*o, d3 = a2, dy = cas —
' (@ +k)2 7T (@ k)2 37 2
*, % * * ok * 2
1y az*  aj c1x*y az* a3
a + —=, ds = bx*oas — axo +0o —=.
2 (l‘* + k.l)Z (.Z‘* + k‘l) Co 5 2 2 (l‘* + k1)2 (.Z‘* + k‘l) Co
The characteristic equation of system (2.5) without time delay is
N (dy 4+ d3)N? + (dy 4+ ds)\ + ds = 0. (2.7)

(HQ) (dl + d3) >0, ds >0, (d1 + dg)(d4 + dz) —ds > 0.

By (H2) and the Routh-Hurwitz criterion, we know that all the roots of Eq.(2.7)
have negative real parts, i.e., positive equilibrium E(x*, z*, y*) is locally asymptot-
ically stable.

When 7 > 0, noting that iw(w > 0) is a root of Eq.(2.6), separating real and
imaginary parts, we have

(ds — d3w?) coswT + dywsinwr = dyw?,

o . 3 (2.8)
— (ds — dsw?) sinwT + dqw coswT = w° — daw.
Squaring and adding the two Egs.(2.8) we obtain
WO+ (=2dy + d? — d2)wt + (d3 — d? + 2d3ds)w? — d2 = 0. (2.9)
Obviously, (2.9) has at least one positive real root. Without loss of generality, as-
suming that it has six positive real roots, denoted by w;(i = 1,2, - , 6) respectively.
So we have

dlwf (d5 — dgw?) + d4w(wf’ — dzwi)
(d5 — dgwf)z + (d4wi)2

(i=1,2,---,6).

COSW;T =

Thus, denoting

: dhw? (ds — daw?) + daw(w? — dow;
Tf:—_arccos{ 1w (ds swi) + daw(w; 20i)

w; (ds — dsw?)? + (daw;)?

Then +iw; is a pair of purely imaginary roots of (2.6) with 7 = Tij . Define

0 : 0
To=T1h = min {0}, wy = wip.
o0 ie{1,2,3,-~,6}{ o ’

Taking the derivative of A with respect to 7 in (2.6), it is easy to have

24204\ + do)—= + (2d3\ + A2 2 L d\+ AL ) =
(3)\ dl/\ dg) ( d3)\ d4)€ (dg)\ d4)\ d5)€ ( )\) 07

AN, (3N2+ 2\ +do) + (2dsA + dy)e N 7

(E) B (d3A2? + dyX + ds)e=*" A A
To simplify our expression, we denote wq, 79 by w, T respectively, then

@
dr

(—3w? + 2dyiw + da) + (2dziw + dy)(cos wT — i sinwT) T
(—dsw? + dyiw + ds) (coswT — i sinwT)iw iw’

()=

Let A = —3w?+ds+2dsw sin wr+dy coswt, B = 2diw+2dsw coswr—dysinwr, C =
w((—dsw?+ds) sinwr — dyw coswt), D = w((—dsw?+ds) cos wr +dyw sinwr), then
(@)71 _ A+iB T
dr - CH+iD  iw’
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d\
Let Q = C? + D? > 0, then QR.e(d—)_1 = AC + BD. Noting that
T

dX

sign[Re(d—
=

) ‘T:T()] = SZgn[Re(%)_l |T:T()]'

To obtain the transversal condition, we also need the condition as following
dX
(H3) sz’gn[Re(d—) lr=r,] >0, i.e., AC+ BD > 0.
T
From Corollary 2.4 [21], it is easy to obtain the following theorem.

Theorem 2.1. Assume that (H1) — (H3) hold, then the following results hold:

(2) The positive equilibrium E(x*, x*,y*) of system (2.3) is locally asymptotically
stable for 7 € [0,70);

(#4) System (2.3) undergoes a Hopf bifurcation when T = 79. That is, system
(2.3) has a branch of periodic solutions bifurcating from the positive equilibrium
E(x*,x*,y*) near 7 = 19.

3. Direction and stability of Hopf bifurcation

In the previous section, we studied mainly the stability of the positive equilib-
rium E(z*,2*,y*) and the existence of Hopf bifurcation at the positive equilibrium
E(x*,xz*,y*). In this section, we study the direction of bifurcation and stability
of bifurcating periodic solutions arising through Hopf bifurcation by applying the
normal form theory and center manifold theorem introduced by [12]. Throughout
this section, we always assume that system (2.3) undergoes Hopf bifurcation at the
positive equilibrium E(x*,2*,y*) for 7 = 79, at which the characteristic Eq.(2.6)
has a pair of imaginary roots +iwy.

Now we re-scale the time by ¢t = s7,&(s) = x(s7) — z*, (s
y(sT) —y*, 7 = 70 + 1, and still denote by z(t) = Z(s
system (2.3) can be written as

@(t) = Lu(or) + (1, 1), (3.1)
where (t) = (z,u,y)7,0(0) = @(t +6),0 € [-1,0], for ¢ = (¢1,¢2,¢3) €
C([-1,0], R?),

L.(9)
Gk v e (a0 (00 0 Y ey
=(10+4) o 0 0 #2(0) |+ 020 0 $2(—1) ;
0 0 0 $5(0) %jof@ 3(—1)
and

1 J
T TR 0080
f(ﬂ,¢):(7-0+‘u) 0 |

FR S (~1)5(~1)¢k(0)

i+j+k>2 Z'J'k"
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where f1) = z(t)(a; — bu(t) — L(t)), @ = y(t)(as M% )=

i+i+k £(1) .ﬁ(fzz Jr(2l;:1 Ca(t—T) kR
dititk g (o) OFHIthf
- ik = m—a e . By the Riesz representation the-
OxtOud Oy* (%2 *) Ik 9xioud Oyk (2% 2 )

orem, there exists a 3 X 3 matrix function n(6, u),6 € [—1,0], whose elements are
functions of bounded variation, such that

0

L) = / dn(6, 1)(0).

In fact, we can choose

cw*y* bt — 1T 00 0
(.’E* +I€1)2 x* +k1
n(aau) = (TU+M) o —0 0 6(9) - 02 00 6(9 + 1)
9 o _
0 0 0 o 0T
For ¢ € C1([-1,0], R?), define
de
2 9e[-1,0)
de’ T 0,6 € [-1,0),
A(p)p = 0 and R(p)p = {f( )0 = (3.2)
[ dnts.mats).6=o. #9),6 =
-1

Then system (3.1) is equivalent to the following abstract ODE

Gr = A(u)pe + R(p) s, (3.3)

where ¢;(0) = (t + 0) for 6 € [—1,0]. For ¢» € C1([0,1],(C?)*) , where(C?)* is
3-dimensional complex row vector. The adjoint operator A* of A(0) is defined as
@, s € (0,1],
A%(s) (3.4)

ds
= 0
/ (=)dn(t.0).5 = 0.

For v € C1([0,1],(C3)*),¢ € C1([-1,0],C?) , we define a bilinear inner product

< (s, 6(6) >= D(0)(0) — /_ e omooger, @

where n(6) = 1n(0,0), which meets < 1, Ap >=< A*, ¢ >. By the discussion in
Section 2 and transformation ¢t = s7, we know that +iwyy are eigenvalues of A(0).
Thus,they are also eigenvalues of A*. Next we need to calculate the eigenvector
of A(0) and A* corresponding to iwgrg and —iwgTy, respectively. Suppose that
q(0) = (1,0, B)Te™070? is the eigenvector of A(0) corresponding to iwgTy, from the
definition of A(0), we have

*

Wy — 70133*34* br* ar
0 (IL’* +k1)2 x* +k1
70 —o iwo + 0 0 q(0) =0.
age—inTo

- 0 iwgy + age ™ *woTo
C2
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Thus, we get
o 6 a%e—zwom
a = e — = n T .
iw+o’ co(iwg + age™iwoTo)

Suppose that ¢*(0) = D(1,a*, 3*)e’om is the eigenvector of A* corresponding to
—1iWwoTo, from the definition of A* , we have

. azr*y* ajeiwomo
—lwg — ———————— —0 - 1
(l‘* + k1)2 C2
7o bx* —iwg + o 0 a* [ =0.
E3
C1x . . *
0 —iwg + age*0T B
¥+ k
Thus, we obtain
cx*
*
* bx * T* + kl
at = - ,B% = - - .
w— 0o Wy — Ae'™070

Since

< q*(s),q(0) >= D(1,a*,5*)(1,a, B)T
— [%, Jy D(1 0%, )0 E=Odn() (1, a, B)T ™ol dg
= D{1 +aa* + B8* — [° (1,0, 5*)0eom0dn(0)(1, a, B)T}
2 Q%
= D{1 + aa* + B3* + To(azcﬂ — agfB*P)e om0},
2

In order to assure < ¢*(s),q(f) >=1 and < ¢*(s),q(#) >= 0, we choose

1
- - a3p* - .
1+ aa* + BB* + 7o( o azf3*B)e~womo
2

D:

In the following part of this section, we use the theory by [12] to compute the
coordinates describing center manifold Cy at p = 0. Define

2(t) =< g%, 01 > W(t,0) = u(0) — 2Re{2(t)q(0)}- (3.6)
On the center manifold Cj , we have W(t,0) = W(z(t), Z(t), 0) where
2 52

W (2(t), 2(t), 0) = WQO% + Wiiz7 + WOQ% ¥, (3.7)

z and z are local coordinates for the center manifold Cy in the direction of ¢* and
q*. Note that W is real if ¢; is real, we are only interested in real solutions. For
the solution ¢; € Cy of (3.3), since p = 0, which together with (3.2) — (3.6) imply
that

2(t) = < q" ¢ >=<q", A0)pr > + < ¢", R(0)¢pr >
= iwoTo2(t) + ¢*(0) £ (0, W (2(t), 2(t), 0) + 2Re{2(t)q(0)}) (3-8)
= iW()T(]Z(t) + g(Z, 2),
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where
9(2,2) = q*(0) (0, W (2(), 2({)2, 0) +2Re{z2(t)q(0)}) = ¢*(0)fo(2,2) 39)

2 _ z 22
=g20% +t 912z + go2 +gnH+

From(3.6) and (3.7), we know that ¢:(0) = (p1:(0), 02:(0), p3:(0))T = W(t,0) +

z(t)q(0) + z(1)q(#), q(0) = (1, o, B) T eiwoo? and
2
©1:(0) = WQ%)(O)% + WD (0)2z + Wég’(O) 3 +24E+-
2
p2:(0) = Wz(g) (O)% + Wl(f) (0)zz + W(g)(()) 5 +az+0z+-
2,2 2
03:(0) = W0V = + WD (0)2z + W (0)2 0)5 +fz+ Bz + -

2
(1) = Wi (-1) 7
72 B
par(—1) = W (-1 >2 FW (-D)ez 4 Wi (1) e om Bz peiom Bz
According to (3.8) and (3.9), we obtain
9(2,2) =¢*(0) fo(2, 2)

2
22 —|-W1( )( )Z?—FW(S)(—I)?—|—6_M0702+€iw07-05+'" ’

1 |
X e e 0,0
:TOD(17 7*a *) 0

F2 G (~ 1)@k (~ 1)k, (0)

ij+h>2 1K
f —2iwo T —2iwo T
=7 D{2*[22 200 +f110 +f1 5+f011045+5 (f200 oo +f(30/8€ 2ioTo

+ ffi%ﬂe’“‘m + fon e )
+ 22 fS5 + b+ @) + £ B+ B) + i (@B + aB) + B (158

BB+ B) + [ (Fe =m0 4 gty 4 42 gR(eim 4 i)
2 fs0d . 1) ()7 e300 2 (2) 3,2i
+2z [T + fli0@ + f101ﬂ + for1a8 + ﬁ*(Te woTo 110 BestroTo

+ flBe T + [l m))
(€3]
+ 222 {75 (W3 (0) + 211 (0))
1(12) (1) (1) (2) (2)
+ (W' (0)ax + 2W71y " (0)ar + Wy (0) + 2W477(0))

f D101 (9 (0)3 + 2w {2 (0) + Wi (0) + 2w 0)

(1)
+ RV (0)5 + Wi (0)a + 217 (0)8 + 27 (0)a)
R (e + 2w (e

(2) o ‘ ‘
+ ﬂ(WQ% (— 1)ﬁezwo7'o_|_2W1(11)(_Uﬂe—wom+W2(3)(_1)6w07-o
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+ 2W1(f)(—1)e_i‘“070)

+ ﬁwv (=15 + 201 (<15 + Wi (0)er ™ 2 (0)eH0m)

2)
+ S (W) (~1)B + Wi (0)Fe™™ +2Wy (-1)8
N , M )
+2W{(0)Be )] + =20 4 (5 + 26)
(1) f(2)
+ 220 @+ 2a) + (@B +aB + ap) + fr[120 e
(2) B ) f(2)
+ 8L (gezions 1 gg) 4 210 um (5 4 5p)

+ 185+ 5 + Bﬁe*mm)}} o

Comparing the coefficients of (3.9) with the above equality, we get
Fiol 1
g20 =270 D 2200+f110 +f1 B"’féli

+5*(f200 ~2iwoTo | f 105 o~ 2iwoTo +f101 e—iwoTo 4 f(2) BQB—WOTO)]’
g1 =ro D 2%% + F(a @) + Fiol (B + B) + Fi (aB + GB) + B*(f55)

+ FNB + B) + F3)(Be om0 4 Beiwomo) 4 ) BA(em 00 4 giomoy)],
e =2 DI 4 3+ F5 + 13505 + 5 FB v 4 2 s

+ flo)ﬁe“m + finBRetom],

gzl—zTD{[f”% D (0)+2wP(0))+ f“@( D(0)ya-+2w ) 0)a+ W (0)
2w+ 0L (1 (0)5 + 2w D (03 + WD) + 2w (0)

ﬁ (2) (7 (3) (3)

+ 29V )7 + Wi (0)a + 217 (0)5 + 2W17 (0)a)]
+5*[]0200
+2Wf“( DfeT i £ W) (—1)eirm 4 2W P (~1)em )

1w To —iwoTo f a_1woTo
(W) (1€t 2w (] (—1)e0m) + “°<Wéé>< 1)Be

+ 0L G 15+ 2w D 15+ WD e + 2w D 0

f011 (W2(3)( 13+ Wz(g) (0)Beio™ 4 2W1(f)(71)ﬂ + 2W1(f)(0)56*iworo)}
(1) 1 (1) _
+%+%(6+25) 2210( +2a)+f111(a,6’+07ﬂ+04,3)
f(z) (2)

+ B2
+ f111(55 + B2 + BBe 20T},

300 72w0T0+ 2201 (ﬂ6721w07'0+25) f221067iw070(5+2ﬂ)
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Now we compute Wao(8) and W11(6). In view of (3.3) and (3.6), we obtain

AW — 2R6{q7*(0)fOQ(9)}7 NS [71, 0)7

def _
_ = AW + h(z,z,0),
AW — 2Re{q (0)foql6)} + fo.0 = 0, (:2,6)

W:gbt—z?q—,éq:{

(3.10)

where
2 =2

h(z,2,0) = h2o(6) 5 + h11(0)22 + hoa(0) 5 + -+ . (3.11)

Taking the derivative of W with respect to ¢, we have
W =W.z+ W:z.
By (3.7),(3.8) and (3.11), comparing the corresponding coefficient, we obtain
(A — 2iwoTo) Wao(0) = —hao(0), (3.12)
AW11(0) = —ha1(9). (3.13)
By (3.10) we know that for 6 € [—1,0),
h(z2.6) =~ (0) foa(8) — o (0) fod(8) = —ga(®) — 3al).
Comparing the coefficients with (3.11) gives that
hao(0) = —920q(0) — §024(0),  h11(60) = —g119(0) — §11G(0)- (3.14)
According to (3.12),(3.13), (3.14) and the definition of A, we know
Wao(0) = 2iworoWao(0) + g20q(0) + o2q(0),  Wi1(0) = g11¢(0) + 11q(0).

Noting ¢(8) = q(0)e“0m% 5o

Wao(6) = ~L22 g(0)et0m0? 4. 2992_g(g)e—iwoml | peiworol, (3.15)
woTo 3WOTO
W (8) = —ig11 iworod | POIT i\ iworod
1(0) = —Lg(0)e 0?4 LLg()e=0m? 4 (3.16)
woTo woTo

where F, E € R? is a constant vector. By (3.12),(3.13) and the definition of A in
(3.2), we have

0
/ dn(@, O)Wgo(e) = 2in70W20(0) — hgo(O), (317)

—1

and

/O dn(0,0)W11(0) = —h11(0). (3.18)

From (3.10), (3.14) and the definition of fy, we have
h2o(0) = —g20¢(0) — G02q(0) + 270(d1,0,d2)", (3.19)

and
h11(0) = —g11q(0) — §11(0) + 7o(d3,0,ds)", (3.20)
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where

f(l)
d = 250 + fliga + flolf + fiiias,

dy = (f"f’% + FIbB)eE0m 4 (F5)8 + FiT)BR)e 0™,

ds = f5on + Faola+a) + £ (B + B) + fi1) (aB + aB),

da = fioh + 2f{10Re(B) + 2f{g) Re(Be™0™) + 2£(1) BBRe(c™ ™).
Substituting (3.15) and (3.19) into (3.17) and noticing that

0 0
(twoTol —/ 070901 (0))q(0) = 0 and (—iwerol —/ e 0700 dn(9))q(0) = 0,

-1 -1
we obtain

0

(ZinTof — / €2iw0T00d’I7(9))E = 2T0(d1, O,dQ)T,
-1

which indicates that

*

% czy” ba* 1T
wg — ——————— x
O (@* + k)2 ¥+ ky
—0 2wy + o 0 E =2(dy,0,d2)",

CL% 672zwg’ro

- 0 2iwg + age”2woTo
2
it follows that
. cx*y* ciz* -1
2iwg — ————=  bx*
0 (z* + ky)2 T* + kp di
E=2 —0 2iwg + o 0 0
a2672iw0‘ro .
-2 0 2iwg + age2iwoTo da

Ca
Similarly, Substituting (3.16) and (3.20) into (3.18), we have

0
- dU(G)F =170 (d37 07 d4)T7

—1

leads to . . .
. Ty ba* 1T
(.’E* + k1)2 * + kl d3
— o 0 F=101,
2
_% 0 ay dy
C2
it follows that
clx*y* - Cll'* -1
(.’IJ* _|_k1)2 x* +k1 d3
F= —0 o 0 0
2
_% 0 ay dy
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Thus, we can determine Woq (), W11 (), Therefore, each g;; in (3.9) is determined
by the parameters of system (2.3). Thus, we can evaluate the following values

) 1 921
0) = g2 — =|gosl?) + P2
c1(0) S (920911 — 2[g11] 3|go2| )+ 5
_ Recl(O)
/‘LQ - Re)\l<7'0)’
. Ime1(0) 4 peImA (7o)
2 = — )

Towo
62 = 2R€Cl (0)7

which determine the qualities of bifurcating periodic solution in the center manifold
at the critical value 79; such that pus determines the direction of Hopf bifurcation:
if pa > 0(p2 < 0), then the Hopf bifurcation is supercritical(subcritical) and the
bifurcating periodic solution exists for 7 > 7o(7 < 79); 2 determines the stability of
the bifurcating periodic solution: if B < 0(f82 > 0), the bifurcating periodic solution
is stable(unstable); and 7 determines the period of the bifurcating periodic solution:
if 75 > 0(72 < 0), the period increases(decreases).

4. Numerical simulations

In this section, we present some numerical simulation to verify the main results
by using MATLAB programming. We simulate the system (2.3) by choosing the
parameters a; = 1.5,a2 = 0.5,b = 10,¢; = 1.5,¢c0 = 1.5,k; = 10,ky = 10,0 = 2,
some of the parameters are taken from the published theoretical results (see [4,28]),
then the system (2.3) has boundary equilibria E4(0,0,0), F2(0.15,0.15,0),
Es5(0,0,3.3333) and one positive equilibrium £(0.1000, 0.1000, 3.3667) , since 10 =
kl‘“ > kzaQ = 2, then Fi, Fy, F3 are unstable (see Figl, Fig2, Fig3). By al-
gorlthms in the prev10us sections, we obtain wy = 0.5024,79 = 3.1235,¢1(0) =
—281.9900 — 258.27007, o = 1294.1000, 75 = 236.0245, B2 = —563.9860, the hy-
pothesis of (H1) — (H3) hold. Thus, E is stable whenr € [0,7)), as depicted in
Fig.4 and Fig.5. When 7 pass through the critical value 7y, F loss its stability and
Hopf bifurcation occurs at 7 = 79 = 3.1235, as depicted in Fig.6 and Fig.7. From
Fig.8 and Fig.9, it is evident that the system (2.3) undergoes a Hopf bifurcation
at E whent = 19 = 3.1235. Since pus > 0,82 < 0,72 > 0 the Hopf bifurcation is
supercritical and the direction of bifurcation is 7 > 7 and the bifurcating periodic
solution is stable and the period increases.

5. Conclusion

In this paper, a modified Leslie-Gower predator-prey system with the Holling-I1
functional response and discrete and distributed delays is investigated. By choosing
the discrete delay 7 as the bifurcation parameter and analyzing the corresponding
characteristic equation, the sufficient conditions for the local stability of the positive
equilibrium and the existence of Hopf bifurcation are obtained. By using the normal
form method and center manifold theorem, the explicit formulas which determine
the direction, stability, and other properties of bifurcating periodic solutions are
derived. Finally, numerical simulations are given to verify the theoretical analysis.
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Figure 1. The trajectory of prey and predator density versus time with different initial conditions near
Ey. E; is unstable.
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Figure 2. The trajectory of prey and predator density versus time with different initial conditions near
Es. E5 is unstable.
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Figure 3. The trajectory of prey and predator density versus time with different initial conditions near
E3. E3 is unstable.
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Figure 4. The trajectory of prey and predator
density versus time with the initial condition
(o, uo0,y0) = (0.01,0.01,2). When 7 = 3 <
To, the equilibrium point E is asymptotically
stable.
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Figure 6. The trajectory of prey and predator
density versus time with the initial condition
(o, uo0,y0) = (0.1,0.1,1). When 7 = 3.3 > 79,
the system(2.3) is oscillatory.
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Figure 8. The relationship between ultimate
oscillation range of prey x,uw and delay .
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Figure 5. The phase portrait of predator den-
sity versus prey density with the initial con-
dition (zo,uo,y0) = (0.01,0.01,2). When 7 =
3 < 79, the equilibrium point E is asymptoti-
cally stable.
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Figure 7. The phase portrait of predator den-
sity versus prey density with the initial con-
dition (zo,uo0,y0) = (0.1,0.1,1). When 7 =
3.3 > 79, the system (2.3) show the bifurcating
periodic solution from E .
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Figure 9. The relationship between ultimate
oscillation range of predator y and delay 7 .
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From these waveforms and the phase trajectories above, it is shown that these
results are in accord with the theoretical analysis.

From the research results of this paper, for the modified Leslie-Gower predator-
prey system with discrete and distributed delays, we can predict the dynamical
behavior of system by choosing parameter 7. If time delays are small enough,
the interior equilibrium of system will keep stable in the long run, which indicates
the state of ecological balance; if time delays are large enough, system becomes
unstable, which suggests that the densities of the predator and prey population
will periodic oscillation in a range and predator and prey population may become
extinct, as depicted in Fig.6. Therefore, when the predator survival is threatened,
his evolution may tend to shorten the hunting delay 7, such as predator run faster
to keep the species survival.

In this paper, Holling type-II functional response is considered, if Holling type-I1
functional response is changed into Holling type-III, IV functional response, what
will the dynamical behavior of system is? This is very valuable from the perspective
of biological diversity, and we leave it as the future work.
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