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1 Introduction
1 1
Ifp>1, ];+§:17f20,g20,and

0< / fP(z)dx < 400, 0< / g4(x)dx < +o0,
0 0

then the well known Hardy—Hilbert’s integral inequality is (see [1])

// fx+ dady <Sln /fp dx) (/Ooogq(x)dx>é.

Its equivalent form is

[ s | l [ re

where the constant factors in (1.1) and (1.2) are optlmal.

T =

Hardy-Hilbert’s inequality is important in harmonic analysis, real analysis and operator

theory. In recent years, many valuable results (see [2-5]) have been obtained in generalization

and improvement of Hardy-Hilbert’s inequality. In 1999, Kuang® gave a generalization with

a parameter A of (1.1) as follows:
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/ / dxdy
w-i-y
< BE(E, )\—6>Bz(é, A ;)(/Oooxl_)‘fp(x)dx>;(/oooxl g4 )dx)%, (1.3)

1 1
where max {7, f} <A<1,B(-, ) is the S-function. Noticing that the constant factor
p q

in (1.3) is not optimal, and the range of values of A is too narrow, in 2002, Yang!” gave a
new generalization of (1.3) as follows:

= < f@)e)
I
<p(PE=2 RN ([Too ) ([T Agea) ' 0

A—2 A—2
where A > 2 — min{p, ¢}, and the constant factor B(p * , ¢+t ) is optimal.

At present, for multiple Hardy-Hilbert’s integral inequality, many new results have be
obtained (see [8-10]). In this paper, by the method of weight function, a higher-dimensional
generalization of (1.4) is obtained, and its equivalent form is researched. For the sake of
convenience, we introduce the following symbols:

Ri:{m:(m17...’xn):x17...’xn>0}7
lallo = (2f +---+a2)=,  a>0.
Lemma 1.1M Ifp; >0, a; >0, oy > 0,7 = 1,2,--- ,n, and ¥(u) is a measurable

function, then

// o((2)" 4
w1, ,mn >0i(gH) M1+ (52 )en <1 @

T Qn 1 _
+ (*) )x’l’l coogPr gy oo day,

an
ail’l azmp(&) p(@) 1 " .
= pcfl ﬁ" / O (w)uer e T (1.5)
ai anF(— 4 —”) 0
(65} (67%

1 1

Lemma 1.2 Ifp>1, —-4+-=1,n€Zy, a>0, A>max{n(2—p), n(2—q)}, and set
p q

the weight function

2n— A\
1 o *
wmA(m, q) :/ ( dy,
n (o + l2lla)* \NYlla

n(l
)= mZ*anplffi)l) B(”(q q2) A n(p p2) +)\)'

then

wa,)\(m7 q

Proof. By (1.5) one has

(@ q) = llalla® ! Il
wa (T, q) = ||T||a ’ / 5 ||Y dy
e * ey (lalla + Tyl
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[ (&) s ()]

-2
= ||zl lim ~ ——
1 Y >0y oy <re [||w||a _Hn((ﬂ) Foee gt (yi) )“}
r

r——400
r

. yi_l N y}lildyl N dyn

1
o, ’I“”F"(*) 1 1 A—2n ’
— 2)a T lim a. / (ruz) = =-1g,
r—+400 04"_1['(*) 0 (Ha;Ha + rug))\
(6%

1
2n—\ Fn(*> r 1 A—2n
e

= || m u
Il (T ey Tlel+ o
(07

1
- F”(—)
q [0

oo
_ ||$||a a / 1 )\u/\ —2n 4 1w
anflf(f) o (lola+w)
(0%

1
r”(f) ~
n—2X\ a n@=2)+A 4
= ||x U 4 du
Il an_lp(n)/o (EL
(07

= ||z Fn(é) B(”(Q*2)+>\ Ain(q72)+)\)

an—l[‘(ﬁ) q , q
«Q

nfl
— [l r (5) B(”(q —2)+A nlp-2)+ A)
anflp(ﬁ) q ’ p ’
«
and hence (1.6) is valid.
1 1
Lemma 1.3 Ifp > 1, ];-i-; =1,n€Zy a>0 A>max{n(2—p), n(2—q)}, and

0<e<n(q—2)+ A, then

)\Z'ne

w,\wq / Yy dy
. T T e

no At Azznee F”(l) (4—2)+ A (p—2)+ A
= Jlafla " <w—u%2)3(nq e !

Proof. By a method similar to the proof of Lemma 1.2, Lemma 1.3 can be proved.

2 Main Result

1 1

Theorem 2.1 Ifp>1,—-4+-=1,n€Zi, a>0, A>max{n(2—p), n(2—q)}, f >0,
p q

g >0, and

0< / 5= fP(z)de < 00, 0< / 25 9% (z)dz < oo, (2.1)
n R’!‘L
"

+
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NO. 1
then
F(@g(y)
I / . Tl + Tl =%
<hostnpa)( [ el @ae) ([ laligee) s 22
/| ] | ] < o) [ Nl iz, (29
where
n(L
hax(n,p,q) = ajé@ﬁzl) B(n(q —q2) + A7 n(p —p2) + )\)7
[0

and the constant factors ho x(n,p,q) in (2.2) and hY, (n,p, q) in (2.3) are optimal.

In particular,
(1) for A =n, one has

f()g(y)
foo oy T F T
(2t non : i
QB(, ,)( . fp(:c)da:) (/194(m)dm) :

< anfll"‘(ﬁ) p q
1
i) v ()
o Uy e et < o (3)

where the constant factors
r(;)
___\&/ P

an—lf (i

5 )|, o

and .
r(

are optimal;
(2) for a =1, one has

/n/ [ } @00,
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n (A=n)(p—-1) f(il:) ’
> ui l "Ad:c] ’
/1 (izly) /Ri [ 2 @i+ )] ’

< [(ni 1)!B(n(q q2) + >\7 n(p pz) + )\)}p/zi (;Z:l «Ii>n_)\fp(m)d$’

where the constant factors

18

1 n(g—2)+Xx np—2)+X
(nfl)!B( q ’ P )

and

[(n i 1>!B(n(q q2) + )\, n(p p?) + )\)}p
are optimal;

(3) forp=q=2, one has

f@gly)
/1/i Tl + lul)r ¢

n(l : :
o L) o).

/Rz y?‘_n[/m ERsrRER

w1 )
(5 B(3 A)] /R alla A () da

anfll"(ﬁ) 27 2
«

where the constant factors

<

<

r(;) B(A A
an—l[’(g) (2’ 2)
and F”(é) i i é 2
04"71F<ﬁ> (27 2>‘|

(67

are optimal.

Proof. By the Holder’s inequality, one has

o fl2)g(y)
4 // (Tl + Tyl Y
_ f(=) lzllo\ %52 g(y) lolla\ %2,
// ||cc||a+||y|\ >?<llylla) <||m||a+||y||a>3(llwlla) Y

2n—X\ 1

”m”a q >
/ / . |w||a+||y|| () ded]
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lylla\ 25 :

/ / . ||a:||a+||y|| B (nwna) " aeay)
0w 1 ol 22\ 1h
=)’ ("“’>(/Ri ol Tl i)~ 49)4]

. 1 lylar 25> N - 13
1 I (/R1 Tl Tl ) 42)]

= ([ r@nre 0a0) ([ ot nay)’

According to the condition of taking equality in the Holder’s inequality, if this inequality

takes the form of an equality, then there exist constants C; and Cy with C? + C3 # 0 such
that

2n—

C1f?(x) o\ 7 Ca97(y) lylla =7 .
= a.e.in RT x R".
(||w||a+|\yHa)A<HyHa) (lela+||ylla)A(llmlla> o

It follows that
Cy|||>" A fP(x) = Co|y)|>" 9% (y) = C (constant) a.e. in R} x R
Without loss of generality, suppose that C; # 0. Then

C
n—A\ gp _ —n . n
lzl|n~ " fP(x) = o |||, a.e. in R},

which contradicts (2.1). Hence

A< ( - TP (x)wa,(, q)dm)é(/

Further, by (1.6), one has that (2.2) is valid.
For 0 < a < b < o0, set

A—n)(p— f(.'l:) p—1
i ([ ) T <l <
+

[Zlla + [yl
0, 0<|ylla <aor|yla=0,

o) = o ([ I ae) T yery,

Q=

g"()war (v, p)dy)

n

+

ga,b(y) =

1lla + [|ylla)?
By (2.1), for sufficiently small a > 0 and sufficiently large b > 0, one has

0< / Il (w)dy < oo.
a<||ylla<b

Hence, by (2.2), one has

/ l9llz 5 (9)dy

a<[lylla<d

_ (A=) (p—1) @ Vg
[ </R¢ ol + Tl

_ (A=) (p—1) _f@ _ @ g
/a<|y|| <b”y”“ (/Rn 0T+ Tl ) (/ + (alla + Tyla)® )y

gab( )
/R / chHa+HyH (EE S
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<

Fn(é) B(ﬂ(qf2)+/\ n(p*2)+k>
arir(z) S
([ s i) ([l )
Fn(é) B(ﬂ(q—2)+A n(p—2)+A>
o (3) |

q p
([ e @) ([

a<|lylla<b

1
lylz 3" (w)dy) "

which implies that

[l way
a<[lylla<d
1
()
< a
04"—11"(E
a
For a — 0%, b — +o00, we get

/ Il (y)dy
Ry

q

+

)B<n(q—2)+/\ n(p—2)+/\)

<

Fn(é) B(n(q—2)+A n(p—2)+A)

anflf‘<ﬁ> q ’ P
a
Hence, by (2.1), one has

n
+

0< [ ol 9wy < o
R}

By (2.2), one has
()\—n)(p—l) / %d pd
Ylle Y)Y
/Rz 9l ( Ry ([l + [ylla) )

Fn(il B(n(q— 2) +A7 n(p —2) +A)
1 (7) ! 3

'( /R Iz (@)da) " ( /R el )

Fn(é) n(g—2)+A n(p—2)+k)

anflp(ﬁ) ( q ’ P

(07

(@)
Tzl + o> 24

v
+

(/ Nl aae)’ / , il | e ) )

n
+

p
[ lal (@),
RTL

/ 2 £ (@)
R

1
q
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Hence (2.3) can be obtained.

By (2.3), one can also obtain (2.2). Hence (2.2) and (2.3) are equivalent.

If the constant factor hqo x(n,p,q) in (2.2) is not optimal, then there exists a positive
constant K < hq (1, Dp,q) such that

_ f@yly)
/n / HfBHa + ||y|| )
= K</R¢ ”“’||Z_Afp($>dm>;</m IIyIIZ‘qu(y)dy)%. (2.4)

In particular, setting
A—2n—=¢ A—2n—e

fl@) =llzlo * »  g¥)=lyla *

by (2.4) and the properties of limit, we see that there exists a sufficiently small a > 0 such

that .
d d
/w| >a/n I\mHa+\|y|| )A”“’”a Tlyle T dedy
v 1
< K(/ ||w||3_kllw||§‘2"‘€dw) i (/ ||y||g—k||y”3—2n—gdy) a
Il>a 9lla>a

—K [ el de
llzllo>a
On the other hand, by (1.7), one has

[ e g
e [|lzfa " [yl © dzdy
lelo>a Jrn (2l +[ylla)* *

[ e il
= x|, ? ————||ylla ¢ dydx
lella>a ry (2o +lyla)* "

A—2n—e
- /| el Ga(e gae
z||o>a

F”(l) (g—2)+ A (P—2)+A 2"
N anlr?DB(n : q - 2’ WT+2) /|w|a>a fell” e
Hence,
:j(;; B(n(q—2)+/\_§7 M+f) <K
@)

For ¢ — 0T, one has

1
) F"(azl B<n(q 24X nlp-2)+ )\) -
an—1r (,) q p

which contradicts the fact that K < ?La)\(n,p, q). Hence the constant factor hqe (7, p, ¢) in
(2.2) is optimal.

Since (2.2) and (2.3) are equivalent, the constant factor hj, ,(n,p,q) in (2.3) is also
optimal.

The proof of Theorem 2.1 is completed.
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