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1 Introduction

Consider the following linear model:

/ .

vi = ;080 + €5, 1=1,2,---,n, n €N, (1.1)
where x; (i =1,2,--- ,n) is a known p-dimensional vector, 8, is an unknown p-dimensional
regression parametrlc vector, and ey, ey, -+, e, are random errors. Let f be a convex

function on R. The M estimator of 3y is B satisfying the following equation:

n

/ Q) —
Z;f(yﬁwi = rrelglpi (1.2)
-

The scope of M estimator is very Wlde containing the least squares estimator, maximum
likelihood estimator ete. Since Huber™ studied the M estimator of regression parameter in
linear model, many authors have shown great interest in this field and obtained many useful
results; see, for example, [2-5].

Throughout this paper, we use the following notations: Let

a:(ah az, -+, a’p)/
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be a p-dimensional vector, and
|| = E a? = a, || = max |ay.
1<i<p

Denote
n
/
S, = E ;.
i=1

Assume that S ! exists, and

. —1
d, = max .S "x;.
i< i

Let f be a convex function, ¥_ and ¥, denote the left derivative and right derivative of

function f, respectively. a, = O(b,) denotes that there exists a positive constant C' such

An

that < C for all sufficiently large n. C and C; (i > 1) are positive constants which

n
may be different in various places.

As for the sufficient condition for the strong consistency of M estimator, Chen and
Zhao!? obtained the following result:

Theorem 1.12  Let ey, es, -+, €n, --- be a sequence of independent random variables
with identical distribution, and f be a convex function satisfying the following two conditions:
(1) There exist constants Iy > 0 and ly > 0 such that

E(f(er +u) = f(er)) > Liu?, ul < lo;
(2) There exists a constant A > 0 such that
Elyi(er £ A)|™ < by, < 00, m=12,.--
If there exists a & with 0 < § < 1 such that d,, = O(n~°), then, B,, is the strong consistency
estimator of By.

Yang!® improved the result of Theorem 1.1 and obtained the following Theorem 1.2 and
Theorem 1.3.

Theorem 1.2B]  Leteq, es, -+, en, -+ be a sequnce of independent random variables with
identical distribution, and f be a conver function satisfying the following two conditions:
(1) There exist constants Iy > 0 and la > 0 such that

E(f(er +u) — fler)) > hiu®,  |u] < lo;
(2) There exist constants hg >0, A >0 and 0 < 6 <1 such that
Elpy(e1 £ A)¥° < hy < 00
and

dp = O(n™°).

Then, ,@n is the strong consistency estimator of B.

Theorem 1.38]  Let ey, ey, -+, €y, -+ be a sequence of independent random variables,
and f be a convex function satisfying the following two conditions:
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(1) There exist constants Iy > 0 and la > 0 such that
E(f(ei +u) — f(e)) > Liu?, i=1,2,-- n, |lu|l <l
(2) There exist constants hg >0, A >0,0<6 <1 andt > % such that
dn = O(n_é)a
sup Bl (e; & At < hg < c0.

Then, Bn is the strong consistency estimator of B.

Unfortunately, e1, es, -+, €,, --+ are not independent in most cases. So it is valuable
to extend the result for independent samples to the case of dependent samples. Some
authors have shown great interests in this field and obtained some valuable results. Wul*
studied the strong consistency of M estimator of regression parameter in linear model for
p-mixing, ¢-mixing and 1-mixing samples (see [4]), the strong consistency of M estimator of
regression parameter in linear model for g-mixing samples (see [5]), the strong consistency
of M estimator for NA samples (see Theorem 3.3.1 of [6]), and so forth. In this paper, we
investigate the strong consistency of M estimator of regression parameter in linear model
for a class of @g-mixing samples and greatly reduce the moment condition of |14 (e; = A)].

Let {X,,, n > 1} be a sequence of random variables defined on a fixed probability space
(2, F, P). Write

Fs =o0(X;, i€ S CN).
Given o-algebras B, R in F, let
o(B, R) =sup{|P(B|A) — P(B)|; A€ B, P(A) >0, BeR}.
Define the @-mixing coefficients by
p(k) = sup{p(Fs, Fr) : finite subsets S, T C N such that dist(S, T') > k}, k> 0.
Obviously,
0<@k+1)<@(k)<1,  ¢(0)=1

Definition 1.1 A sequence of random variables {X,,, n > 1} is said to be ¢-mizing if
there exists a k € N such that ¢(k) < 1.

It is easily seen that independent sequence is the special case of p-mixing sequence.
The concept of @-mixing was introduced by Wu and Linl”. Some authors have studied the
concept and got some valuable results, for example, Wu and Linl”!, Wang and Hul8!, Wul?!,
and so forth.

The following lemma plays an important role to prove the main result of this paper. The
proof is similar to which of Lemma 5.1.1 in [6], so we omit the details.

Lemma 1.1  Let {X,,, n > 1} be a sequence of p-mizing random variables with
EX, =0, FE|X,|? <0, n=12,---, q>2.
Then there exists a positive constant C depending only on $(-) and q such that

n n n /2
Xiqgc E|X;|7+ EX?q , n>1.
| X i
=1 =1 i=1

E
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2 Main Result and Its Proof

Theorem 2.1  Let ey, €3, ---, €, -+ be a sequence of p-mizing random variables, and
f be a convex function satisfying the following two conditions:
(1) There exist constants Iy > 0 and la > 0 such that

E(f(ei—ku)—f(ei))leuQ, 221727 ) 1y |u‘<127
1
(2) There exist constants hg >0, A>0,0<d6<1andt>1+ 5 such that
dn, = 0(n™°), (2.1)
sup B[y (e; £ A)[" < hy < o0, (2.2)

Then, B,L is the strong consistency estimator of B.

Proof. Without loss of generality, we assume that 3, = 0. Let

wm’:S';%wia ﬂnO:Sé/GO7 1<i<n.
Then the model (1.1) can be replaced by
yi = @,,8,0 + €i, i=1,2,---,n, neN, (2.3)
and N .
o/ .= - 2 e = - 2
2 Tni Ty, = Ip, Zl Ha:mll D, dy, 1r£iagxn ||wn2H . (2-4)
Let 3, be the M estimator of 3,,, under the model (2.3) based on the function f. Then
B.=5."8.
Take ]
1 . = n
- 1, A, ), bnz[ ] 2.
€= 0 < n < min{ 2} NG (2.5)
-Dn = {6 = (Blaﬂ?? to 76}7)/ : _Bn < Bz < Bna 1 < i < p}- (26)

4
Let m be a positive integer such that m > 5 3. Each side of the hypercube D,, can be

divided into 2?);’”1 equal parts. Thus, the hypercube D,, can be divided into (2l~)nm+1)p small
hypercubes denoted as {B; : 1 < j < N,}, N,, = (2b*1)P. The length of B; is b;™, and
the center is denoted as b;. Denote

¢ni(5) = f(ei) - f(ei - "B;Lz’ )a an(ﬁ) = ¢nz(/6) - E¢nz(ﬁ)a

E, =13 sup R,:(B ‘2652 :
|2
n 82

Enl = { sup an(bj) > 571},

1<G<N, | 5 2

n €~,'27

By = { sup  sup | Y (Rni(B) —Rm(bj))‘ > 2'}.

1§]§Nn ﬁij i=1

According to the proof of Theorem 3.1 in [2], we can see that
{”Bn” > 60} - Enl U E’n,27 Eo > 0.
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Thus, in order to prove Theorem 2.1, we only need to show

iP(Enl) < 00,
n=1
iP E

Firstly, we prove (2.8). Denote

9(x) = max{|y (z + A)], [¢4(x — A)[}.

By (2.2) we have
sup Eg'(e;) < 2hg < oo.

1
Since t > 1+ 5 > 1, it follows that
sup Eg(e;) < oo.

By the convexity of f, we can see that

[f(a) = fO)| < [b—alg(z), abe(z—A, z+4).

If 3 € D, then by (2.5) and (2.6) we have
|@),;b;] < V/dupbs < 7 < min{1, A},
|#,i8] < V/dupb, <7 < min{1, A},
which imply that for 3 € B;,
|f(ei — a4, b5) — f(ei — 24, 8)]
< gleq)|a,: (8 — b)|
< glei)V/dup|B = by

< gle)Vdupb,™, 1<) < Ny,

and
n

Y (Rui(B) = Rui(b)))

i=1

sup  sup
1<j<N, BEB,

< sup SUDZIf bj) — fle; —

1<j<N, ﬁEBJl 1

w;mﬁ)l

+ sup sup ZE|f(ei—a:;Libj)—f(ei—

1<j<N, BEB; i

Vb, ™ _Z 9(e0) + V/duph™ 3 By(e:)

IN

< \/dnpb Zg e;) +n\/dy b supEg (e;)-

It follows from (2.1) and (2.4)— ( . ) that

n
d, < n”°, by, < n?, Z |, b;]* < n®.

(2.7)

(2.8)

(2.12)

(2.13)

(2.14)
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1
By (2.9) and ¢t > 1+ 5> 1 we can get
sup Eg(e;) < oo.
4 Lo .
Note that m > 57 3, which implies that
]
1— M < —1
2
and
7 —m—2 1 S0m43)
nb, V dppsup Eg(e;)) < n 2 =0, n — o0.
Therefore, for all n large enough,
. eb
nb, ™/ dppsup Eg(e;) < =" (2.15)
i

By Markov’s inequality and (2.13)—(2.15), we have for all n large enough

n

P(E,2) = P( sup  sup
1<j<Nn BEB;

i=1

B n B n 72
< P(b;m\/dnpz g(e)) +5,"/dp > Egler) > Tn
A i=1

<rfin s %)

<Cl

(2m) \/72E9 e;)

< Cznb;(Z-&-m) /d d,

(m+3)8

< anl_ 2

)

4
which together with m > 57 3 implies that

i P(Enz) < 0Q.
n=1

This completes the proof of (2.8).
Now we prove (2.7). We discuss it for two cases.
1) If 0 < § < 1, we denote

= eb2 Inn,

> (Rui(B) - Rm-(bj))’ > 552)

2

N)ﬁ
N—

where .
"= 5D <1
Let
€457(b)) = Gni (b)) 1(|dni(b))] < ),
E2(b)) = dni(b)I(|6ni(by)] > 1),
0 (b) = €9 (b)) — B (b)), k=12,



38

COMM. MATH. RES. VOL. 29

It is easy to see that

which yields that

> Ru Zn(” D+ 0P (),
=1 =1

En C {1<Su<p Zn(l) 3l}U{ sup e (b)| > éf}
J<Nn | ;= 1<G<Nn | ;5
= En11 +En12-
Take
M —20T+6+1 9
q > max 50— 1) ,p(m—i—l)—&—g, 2}.

By Lemma 1.1 we have

Therefore,

n=1

ZP ni1) < C i QqZE

q rn n ‘Z/2
w| < ZE|n£?<bj>|‘I+(ZEM&?@)P) ]
Li=1 i=1
) q/2
<C ZE|¢m )T (ni(by)] < 7) + (ZEM” ) }
-i=1
q/2
< €[S Blouiby)ers? + (ZE|¢m(bj)|2) }
-i=1 =
q/2
< o[ S b Ee ) (Dwmb PEFE) |
- i=1

< C[n‘ré(q—2)+5(1n n)q—Q + n&q/2].

Ny,

Zn(l)

=1

o0
Z[ 6(m;1)p*5q+r5(q*2)+6(lnn) T(q=2) 4 2 FE %}

< 00.

Finally, we prove that

Z P(Enlg) < 00
n=1

It follows from (2.14) that

€2 (b;)

IN

ZE|£(2)

ZE|¢’M |I |¢'m( _])| > Tn)

IN

ZE|¢m )W bni (b)) I (1 fni(b)] > )
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S sup Z"’B’mb | Eg (61) -t
1<J<N"1’ 1
< b 7Y,

which implies that for all n large enough

2
@4, b
su E .
1<g<pN Z 5
Since
|Pni(b;)] < g(es)|a,; b;l, 2,0 < 1,

it follows that

sup < sup
1<4j< Ny, Zﬁ 1<j<Nn Z ‘5
<2, S lonoontt) > )

IN

A
wn
%

Pﬂ
EH
Q"

Therefore,

P(En12) < b; pl=t > 0
7;1 ( 12)— ( sup Z‘wnz | n 8)

n—1 1<j<N,,

IN

NgE

Yy b;? su x,;b;|°F 1=t
> 1<J<pNn;\ *Eg" (ei)ry

oo

C Z n~t(nn)tt

=1

IN

< 0.
2) If § = 1, we can also get
Z P(En12) < 0
n=1

by using the similar method of the proof of the Theorem in [5].
The proof is completed.

S Z\cﬁm ) 6ni(0)]' 1 (|6ni(b)] > 1)
<j<

Remark 2.1  We have pointed out that ¢-mixing sequence contains independent sequence

as a special case, and thus Theorem 2.1 generalizes the result for independent sequence. On
the other hand, the condition (2.2) reduces the moment condition of |4 (e; = A)| (for

2 1
0<d<1, 5 >1+ 5), which greatly improves and extends the results of Chen and Zhaol?!

and Yang!®.
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