COMMUNICATIONS

MATHEMATICAL
RESEARCH
29(1)(2013), 61-67

Existence and Blow-up of Solutions
for a Nonlinear Parabolic System
with Variable Exponents®

GAO YUN-zHU? AND GAO WEN-JIE!
(1. School of Mathematics, Jilin University, Changchun, 180012)
(2. Department of Mathematics, Beihua University, Jilin City, Jilin, 132013)

Abstract: In this paper, we study a nonlinear parabolic system with variable expo-
nents. The existence of classical solutions to an initial and boundary value problem
is obtained by a fixed point theorem of the contraction mapping, and the blow-up
property of solutions in finite time is obtained with the help of the eigenfunction of
the Laplace equation and a delicated estimate.
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1 Introduction

In this paper, we study the existence and blow-up of solutions to the nonlinear parabolic

system
uy = Au+ af (v), (z,t) € Qr,
v = Av + Bg(u), (z,t) € Qr, (L1)
u(z,t) =0, wv(z,t)=0, (x,t) € S,

u(z,0) = up(x), v(x,0) = vo(x), x € 2,
where o > 0, 8 > 0 are constants, £2 C R" is a bounded domain with smooth boundary
9 and Qr = 2 x [0,T) with 0 < T < oo, St denotes the lateral boundary of the cylinder
QT; and

fv) = Upl(x)’ g(u) = uP2 (@)
are source terms. We also assume that the exponents

pi(z), p2(x): 2 — (1,+00)
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satisfy the following conditions:

1 <py = inf pi(z) <pi(x) < pf = sup pi(x) < +oo, (1.2)
TE zeN

1<p; = ilgzpz(x) < pa(x) < 102+ = sugpg(ac) < 4o00. (1.3)
z €

When p1, ps are constants, Escobedo and Herrerol!l

investigated the boundedness and
blow up of solutions to the problem (1.1). Furthermore, the authors also studied the unique-
ness and global existence for some solutions (see [2]), and there have been also many results
about the existence, boundedness and blow up property of the solutions (see [3-6]).

The motivation of our work is mainly due to [7], where the authors studied the following

parabolic problem involving a variable exponent:
up = Au+ f(u), (x,t) € 2 x[0,T),

u(z,0) = up(x), x € {2, (1.4)
u(z,t) =0, (z,t) € 002 x [0,T),
where 2 € R" is a bounded domain with smooth boundary 942, and the source term is of
the form
f(u) = a(a)u?™
or

f(w) = a(z) /Q wt@ (y, 1)dy.

The parabolic problems with sources as the one in (1.4) can be used to model chemical
reactions, heat transfer or population dynamic, etc. The readers can refer to [8-14] and the
references therein.

However, to the best of our knowledge, there are no results about the existence, blow-up
properties of solutions to the systems of parabolic equations with variable exponents. Our
main aim in this paper is to study the problem (1.1) and to obtain the existence and blow
up results of the solutions.

Our main results are stated in the next section, including some preliminary results and
local existence of solutions to the problem (1.1). The blow-up of solutions is obtained and
proved in Section 3.

2 Existence of Solutions

This section is devoted to the proof of existence of solutions to the problem (1.1). We give
the following definition.

Definition 2.1  We say that the solution (u(x,t),v(x,t)) for the problem (1.1) blows up
in finite time if there exists an instant T* < oo such that
I(w, v)]]] = o0 ast —T%,

where

I1(u, 0)[l = sup {[Ju()]loc + [[v(t)]loc},
t€[0,7T)
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and
[w®)lloo = [lul, ) |L=(2) [v@)lloo = llv(, D)l Loe (0)-

Our first result is the following theorem.

Theorem 2.1  Let 2 C RN be a bounded smooth domain. Assume that pi(x) and ps(z)
satisfy the conditions (1.2)-(1.3), and ug(z) and vo(x) are nonnegative, continuous and
bounded. Then there exists a T® with 0 < T° < oo such that the problem (1.1) has a
nonnegative and bounded solution (u,v) in Qro.

Proof. Let us consider the equivalence systems of (1.1)

t
U(fc,t)z/{zgl(x,y,t)uo(y)dera/o /le(x,yyt—S)v”l(y)(y,S)dyds,

t
ola,t) = /Q g2(@, 9, D)vo(y)dy + B /0 /Q ga(,y,t — $)uP* W) (y, 5)dyds,

where g;(x,y,t) (i = 1,2) are the corresponding Green functions. Then the existence and
uniqueness of solutions for a given (ug(x),vo(x)) could be obtained by a fixed point theorem.

We introduce the following iteration scheme:
up(x,t) =0,
U1 (1‘, t) = 07

t
U (2, 1) = /Q @y, Duo(y)dy + a /0 /Q g1z, .1 — s)r @ (y, s)dyds,

t
Onga (2 8) = /Q gy, uo(y)dy + B / /Q g, — 8)ur2(@ (y, 5)dyds.

The convergence of the sequence {(un,v,)} follows by showing that

t
81(v) = a / / g1 (2,9, t — $)oP @ (), 5)dyds,
0 0

t
ta0) =5 [ [ galercgnt = 9)um (g, 5)dyds,
0 Jo
is a contraction mapping in the set Ep which will be defined later. Now, we define

T (u,v) = (P1(v), P2(u)),
where

t
él (’U) = Oé/ / g1 (SC, Y, t— S)Upl(y) (y7 S)dydsv
0o J

t
Bo(u) = B / / ga(z,y,t — $)uP® (), s)dyds.
0 0

We also denote
W(u,0) = (w,2) = (81(0) — By(2), Bo(u) — By(w).
For an arbitrary T > 0, define
Er ={C"*(02r) N C(2r) | |l|(u, )| < M},
where 27 = 2 x [0,T], M > |||(uo(z),vo(z))||| is a fixed positive constant.
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Then we claim that ¥ is a strict contraction on Ep. In fact, for any fixed x € 2, we

have
e — @ = py (@) P e — )
and
& = = paayul (& — ),
where
wr=s16+ 1 —s)m,  s1€(0,1)
and

wy = 8262 + (1 - 52)7723 s2 € (07 1)
And we always have

lps(2)w?" P& — 0| < pf @M)P Y[g —milloos i=1,2. (2.1)
Now, we define

wi(t) = sup / / gi(z, y, t — s)dyds, 1=1,2.
z€R,0<7<t

It is obvious that
wi(t) =0 ast—0F.

Then by (2. 1) we get
[21() = @1(2)lloo + (| P2(w) — Po(w)]|oo

H/ /91 T y,T—s)(vpl() zﬁl(z))dydsH
(o]

+ 5 / [ a9 — wrayas|
0 2 o0

max{ptT pti—
(i (8) + 2 (£) D 2M ) PEP2 3 ([1py oo+ [[p2lloo) ([0 = 2lloo + [Ju — wl|oc)
max + + -
(2 (1) + p2(8)) L 2M ) PEPEI (o + ||p2||oo)ts[up (o = zlloo + [lv = wlloo)

s

I /\

IN A

max +op—
= (ua(t) + p2 ()L 2M) TP (| py | oo+ [[p2llso) [ (0 — 2,0 — w)],
where I' = max{«, }. Since u;(t) (i = 1,2) are sufficiently small as ¢t — 0, we get

119 (u, v) = ¥ (w, 2)||
= [(21(v) = @1(2), Po(u) — Pa(w))]

< sup {[|D1(v) = D1(2)|oo + | P2(u) — P2(w)l|oc}
te[0,T)

max tpli—
(1 (8) + pa (D) T M) PP2 31 (1) o + [[palloo) (v = 2,0 — w)]]|-
Hence, ¥ is a strict contraction mapping. This completes the proof.

IN

3 Blow up of Solutions

This section is devoted to the blow up of solutions to the problem (1.1). We first give the
following lemma.
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Lemma 3.1  Let y(t) be a solution of
y'(t) = ay"(t),  y(0) >0,
where r > 1 and a > 0. Then y(t) cannot be globally defined, and

vt > (yoy— -1y

This lemma follows by a direct integration, and gives an upper bound for the blow up
time. The following theorem gives the main result of this section.

Theorem 3.1  Let 2 C RY be a bounded smooth domain and (u,v) a positive solution
of the problem (1.1) with p1(z) and p2(x) satisfying the conditions (1.2)-(1.3). Then for a
sufficiently large initial datum (ug(z), vo(x)), there exists a finite time T* > 0 such that

sup ||[(u, v)||| = +o0.
0<t<T*

Proof. Let A1 be the first eigenvalue of
—Ap = Ap, x €

with homogeneous Dirichlet boundary condition and ¢ a positive eigenfunction satisfying

/ pdx = 1.
Q

n(t) = /Q (u + v)pda.

Set

We get

n'(t) = /Q(ut + v;)pdx

/ (Au+ Av)pdz + / (awP*@) 4 BuP2®))pdx
Q Q

= —/\T]—|—/(ow”1 )+ BuP2 (@) pdz.
Q

We now deal with the term

/ (avpl(””) + Bum("”))cpdm.
I?)

For each t > 0, we divide {2 into the following four sets:

D ={x € 2:v(x,t) <1, ulx,t) <1},
Do ={ze€ R :v(x,t) <1, u(:c,t) > 1},
Doy ={z € 2 :v(x,t) > 1, u(z,t) <1},
Qoo ={z € 2 :v(x,t) > 1, ulz,t) >1}.
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Then, we have
/ (av? @ & Bur2@))ody
2

_ / (0”@ 1 Bur@)pd + / (00" @ 1 Bup @)y
911 -(212

" / (07 @ 4 BuP()pda + / (P @ 4+ BuP2(®)pda
221 2

22

v

/ Bupgodx—&—/ owpgodx—&—/ (P + BuP))pdz
212 0221 $222

> BuP pdx +/ avPpdr +/ (P + BuP))pdx
212 21 ]
- / (av? + fuP)pdx — / (av? + puP)pda — / (P + BuP))pdz
212 221 211

zf/(v”—i-up)gpdx—F/ vpgod:v—['/ upgodm—]"/ (vP 4+ uP))pdz
2 212 291 211

> F/ (Up+up)gpdx—4f/ edx,
Q Q
where
p=min{p;, py}, I =min{a, 5}.
In view of the convex property of
flw) =w", r>1
and by using Jensen’s inequality again, we obtain

/ (avP @) 1 BuP2(®))pdy
Q

zf/(vp—l—up)godx—élf/ pdx
2 Q

P
> F/ 2(”“‘) <pdx—4f/ odz
Q 2 Q
r

> L) - ar
Then, we get

n'(t) > =Ain(t) + sl (8) AT
Since

n(t) = /Q (u+ v)pde

< (Hu('vt)”LM(Q)+||v('vt)HL°°(Q))/QSDdI

< (s )11,

we know that the result follows from Lemma 3.1 for 7(0) large enough. The proof is com-

pleted.

Remark 3.1  Assume that the source terms in (1.1) are of the form

f0)= [ @, g = [ w
0] 0]
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Then Theorem 3.1 also holds.

In fact, defining

n(t) = /Q(u + v)pdz

and repeating the previous argument, we can obtain the same result.
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