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1 Introduction

Recently, Boos and his collaborators have presented classes of infinite matrices A such that
the matrix domain E 4 has a certain gliding hump property whenever a given sequence space
E has this property in [1]. In this note we discuss the F-WGHP and WGHP of (¢p)¢,, , then
give the F-WGHP and WGHP of the almost-null sequence space fj.

The gliding hump technique of proof was originally introduced by Lebesgue (see [2]).

n?

Now this kind of method has been used to treat numerous topics in analysis, and this
kind of property was generalized extensively and used to establish some important results,
and you can refer to [3], [4] for detailed information. While there are known examples
of sequence spaces possessing the various gliding hump properties, there are few known
examples of spaces with signed gliding hump and signed F-gliding hump properties so it
would be of interest to have constructions which provide examples of sequence spaces with
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various gliding hump properties. In [1], Boos and his collaborators introduced a general
procedure for constructing a sequence space from a given sequence and an infinite matrix.
In this note we continue to use this procedure given by J. Boos to construct examples of
sequence spaces with singed F-weak gliding hump and F-weak gliding hump properties.

2 Notations and Preliminaries

We begin by fixing the notations and describing the general procedure which we employ
for generating sequence spaces from infinite matrices. Let E be a vector space of scalar
sequences which contains the subspace cyg of all sequences which are eventually 0. Let

A = [ai;]

be an infinite matrix. If x = (z;) is a scalar sequence, let
(o)
Az = ( Z aijxj)
j=1
o0

be the image of # under the matrix A provided each series > a;;z; converge for every i.
j=1
We use the sequence space E and matrix A to generate a further sequence space. We define

E 4 to be the vector space of all sequences = such that Az € E. Then A is a linear map from
E,4 into E. Some of the familiar sequence spaces can be generated by this construction.
In particular, ¢4 and (¢p)a are the spaces of all sequences which are A-summable and A-

summable to 0, respectively. Note, F4 is an F'K-space whenever F is.

Example 2.1 Let B = [b;;] be the matrix with b;; = 1 for j < i and b;; = 0 otherwise.
Then % = bs, the space of bounded series, and cg = cs, the space of convergent series.

Example 2.2 Let n be an arbitrary nonnegative integer and C),, = (¢;;) be the matrix
with ¢;; = 1/iforn +1 < j <4i+n and ¢;; = 0 otherwise. Then C,, becomes the Cesaro
matrix when n = 0. So we call C,, to be generalized Cesaro matrix. In particular, [ is the

vector space of sequences with bounded averages
k+n

1
I :{x:sup‘— :c-‘<oo}.
Ch reN k; J

Example 2.3 More generally, we consider Riesz matrices (means) R, (instead Cp) also
known as weighed means: we consider exclusively real sequences p = (px) with

n
p1>0, pp>0 (k€N), and P,:=) p (k€N) (2.1)
k=1
Then the Riesz matrix R, = (r;;) (associated with p) is defined by

S I 705
" 0, otherwise.

Note that if p = (1,1,---), then R, = C;. Each Riesz matrix R, is conservative and is

either regular (being equivalent to p ¢ I*) or coercive (see [5], Section 3.2).
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Example 2.4 Let By = [b;;] be the matrix with b;; = 1, bi41,; = —1 and b;j— otherwise.
Then

11131 = bv,
the space of sequences of bounded variation. Also csp, = ¢ and bsp, = [*°.

Example 2.5 Let D,, = [d;;] be the matrix with d; ;4n = 4, dit1,i1n = —i and d;j=0
otherwise, in which n is a nonnegative integer. Then (I )p, = 1*°. Also ((co)c,)D, = Co-

3 An Algebra Problem

In [1], the authors posed the following general (algebraic) problem:

(A) If the sequence space E has the (algebraic) property P, for what matrices A does
the space E 4 have the property P?

We now consider problem (A) for the weak gliding hump, F-weak gliding hump, signed
weak gliding hump and signed F-weak gliding hump properties. In [1], the authors have
discussed the problems (A) for the weak gliding hump property and signed weak gliding
hump property. They obtained some beautiful results and, in the same time, posed some
open problems on these two kinds of gliding hump property; it is suggested to see [1] for
more information. An interval in NV is a set of the form

[m,n] ={k e N:m<k<n}, m < n.
A sequence of intervals (I) is increasing if for all &
max [, < min Jj4;.
If x = (zx) is a scalar sequence and I is an interval, then x;x denotes the coordinatewise

product of x and x; the characteristic function of I. Let F' be a finite subset of N. Then F
is a net if F' is directed by inclusion.

Definition 3.1  The space E is said to have the signed weak gliding hump property (simply
signed WGHP) if whenever x € E and (Ii) is an increasing sequence of intervals, there is a
strictly increasing sequence (ny) and a sequence of signs (sg), (sg) = 1 for every k, such

oo
T = E SpXIn,x
j=1

belongs to E. The space E has the weak gliding hump property (WGHP) if the sign sj above

that the coordinatewise sum

is equal to 1 for each k.

Definition 3.2 E is said to have the signed F-weak gliding hump property (signed F-
WGHP) if whenever x € E and {0k} is an increasing sequence of subsets of F, there is a

sequence of signs {si} and a subsequence {ny} such that the coordinatewise sum of the series
o0

SkXon, T belongs to E; if all the signs s are equal to 1, E s said to have the F-WGHP.
k=1
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Of course, the difference between the signed WGHP and the property defined above is
the use of increasing sequences of arbitrary finite subsets of N or intervals.

Remark 3.1 Any monotone space obviously has signed F-WGHP. An example which is
a non-monotone space with F-WGHP was given in [6]. Obviously, signed F-WGHP (F-
WGHP) implies signed WGHP (WGHP). The converse implication does not hold. In fact,
bs has signed WGHP but it does not have signed F-WGHP. The proof is contained in the
example 31 in [6].

Example 3.1 The space cs has WGHP, but we show that it does not have F-WGHP. Let

1 1
x={1, -1, 3 T -} €cs.
Set

og = {1}; 01 = {37 57 7}7

where o}, consists of 3* consecutive odd integers. Let

Yk = j{:-ty

JjEok

o0 n
Yoy =lim) y;=oc,
j=0 j=0

We show that

which implies that

EXo,, T & cs.
In fact, for each j € N, we have
@1-1)/2
1,2 2
yi=d w= ) ;g Ty
j€on J=(3+1)/2

A similar argument shows that > x,,z ¢ cs for any subsequence {n}, so ¢s does not have
F-WGHP.

Theorem 3.1  If E has F-WGHP (signed F-WGHP) then Ep has F-WGHP (signed
F-WGHP) for any diagonal matriz D.

Proof. The proof is similar to that of Theorem 3.2 in [1].

Corollary 3.1  Suppose that E does not F-WGHP (signed F-WGHP) and WGHP (signed
WGHP). Let D be the diagonal matriz with d, # 0 down the diagonal. Then Ep does not
have F-WGHP (signed F-WGHP) and WGHP (signed WGHP).

Proof. If D be the diagonal matrix with d, # 0 down the diagonal, then D~! be the
diagonal matrix with 1/dy # 0 down the diagonal. So if Ep has, for example, F-WGHP,
then E = (Ep)p-1 would have F~-WGHP by Theorem 3.1, which contradicts the assumption
of E. For the case of other properties, the proof is similar.

Since bs does not have WGHP and signed F-WGHP, ¢s does not have F-WGHP, and ¢
does not have signed WGHP, we have the following
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Corollary 3.2  Let D be the same as in Corollary 3.1. Then bsp does not have WGHP
and signed F-WGHP, csp does not have F-WGHP, and cp does not have signed WGHP.

Example 3.2 Note that ¢y is a monotone space, so it has WGHP, signed WGHP, signed
F-WGHP and F-WGHP. But (¢g)p, (in Example 2.5, when n=0, D,, becomes Dg) has none
of the four GHPs. It is clear that F-WGHP and signed F-WGHP imply WGHP and signed
WGHP respectively. So if (¢o)p, does not have WGHP (signed WGHP), then it does not
have F-WGHP (signed F-WGHP). Thus it is sufficient to check that (¢)p, does not have
F-WGHP and signed F-WGHP. It is obvious that

1 1
$:{17 5) 'aEa"'}E(CO)D(N

since

Dol‘:(l, 0, 0, "')GCO.

But if (Ix) is an increasing sequence of intervals and (ny) is an arbitrary subsequence of {k},
then

o0
T = E XI,., T & (Co) Dy
k=1

since DoZ has infinite many zeros and ones, i.e., DoZ ¢ co. Thus it is to say that the
conclusion is true for WGHP. In the case of signed WGHP, z, (I};) and (ny) are the same
as described above. Let (sx) be a sequence of signs. Then

y= E SnpXIn, T ¢ (CO)DO
k=1
since Doy has infinite many zeros, ones, and negative ones, i.e., Do ¢ co.

Example 3.3 Note that [*° is a monotone space, so it has signed F-WGHP, but (%Y = bs
does not have signed F-WGHP. So Theorem 3.1 does not hold for arbitrary triangular ma-
trices. On the contrary, though bs does not have signed F-WGHP, bsp, = [*° has signed
F-WGHP.

We next consider the case when the space E has a locally convex Hausdorff topology
under which F is a K-space, i.e., under which the coordinate functionals
x = (xg) — Tk
are continuous. We say that F has the property AK if each p,, is continuous and
PnT — X, Ve € E,
in which p,, is the section map F — E which sends z = (21, 22, ---) to (z1, Z2, -+, Tn, 0,
-+). Let P be a family of semi-norms which generates the topology of E. We give E4 the
locally convex topology generated by the semi-norms
pa(x) = p(Ax), peP
and
pr(z) = |xgl, ke N.

Note that E4 is a K-space and A : F4 — FE is a continuous linear map.
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In [1], it is shown that for any p satisfying (2.1) the space (co)r, has WGHP. Boos did
this by showing that (co)r, is an F'K-AK-space (see its definition in [5], p. 357) and any
such space has WGHP (see [7], Theorem 3.31d and also [8], Theorem 3.1 where it is shown
that F'K-AK-spaces enjoy even the so-called absolute strong P_.GHP which is essentially
stronger than WGHP).

Remark 3.2[% In general, there is no comparison between WGHP and AK. For example,
let E = lo with the sup-norm. Then E has WGHP but not AK. While (¢, w(c, 1)) has
Ak but does not have WGHP, since scalar sequence space A is AK for w(\, \9).

Let w be the space of all scalar sequences

x = (zk)

and
H:={h € wlhy =0 or hy =1 for all k}.
Let
H¢ = H ﬂ Co0-

Then the set Hy is a directed set under the relation

h" =1
defined by

hy > hj, Vk.
The space F is said to have the property UAK if for each
T = (Zk)a
the net
h-xz= (hkl'k),

where h = (hy) ranges over Hg, converges to  under the topology of E.
Proposition 3.1 FK-UAK space E has the F-WGHP.

Proof. Suppose o be an increasing sequence of finite subset of F' and x € E. Then there
is a subsequence nj such that {Xugnk:c : k € N} is a Cauchy sequence with the assumption
that this space has the UAK-property. So when k — oo, there exists another element z,
such that

o0
XUo’,LkZ = ZXJ"kI’ =z€k
n=1
since the space F is an F K space, i.e., F has F-WGHP.

Example 3.4 For each nonnegative integer n, (co)c, does not have UAK-property and
F-WGHP.

It is obvious that
:L':{]-a -1, -, 1, -1, }G (CO)Cnv
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since
(_ 1 )n+k

T = _1n+1
Cur = (=1 0, )

_— 0,..., ,07...}600.

Set
oo = {]‘}’ o1 = {37 57 7}7

where oy, consists of 3% (k=0,1,2,---) consecutive odd integers. Let

oo
T = E Xop 2
k=0

In the following we show that = ¢ (c¢g)c,, . In fact, we have

C~_{ 1 1 2 i i }
Tl nt2 nt3 ntd U nt2i-1 n+2 L
which implies that C,,T ¢ co since
) 1 )

nt2) 20 T
In the same time, for each j € N, let

xkzxakx, p=3k.
We have ) ) ) )

Cnxk:{oa"'aoa ’ ’ ) y T
p+n+1 p+n+2 p+n+3 p+n+4

p p 0 }
3p+n’ p+n+1" 7 '

This implies that
"l

lz*llc,, = ICna®|| - 0

since
P 3k 1
= - =,
p+n+1 3Fl4n4+1 3
So (¢o)e,, does not have F-WGHP and U AK-property.

k — oo.

The following two problems were presented in [1]: For what further classes of (triangular)
matrices A, does (¢p)a have the AK-property (WGHP)? If E has WGHP, does E¢, (or even
Er,) have WGHP? The remainder of this section is devoted to solve these two problems.

Theorem 3.2  For each nonnegative integer n, (co)c, has WGHP.

Proof. C, is defined in Example 2.2 and (¢g)¢, is an FK-space under the semi-norm

n

z = |lzllc, = [Crzlloo,
where || - || is the supremum norm, and the semi-norms g defined by
qr(x) == |z|.

So it suffices to show that (co)c, has the AK-property which is equivalent to

n—1
k
T — zre” — 0
j=1

with respect to [|Cy, 7 s, where ¥ is the canonical unit vector with a 1 in the kth coordinate
and 0 in the other coordinates.
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Let z € (co)c, - It suffices to show that
n—1
t”:szxkekHO
j=1

with respect to ||Cpz| s, that is,
r+p

1
sup |- Z ack‘—>0 (n — o0).
r>n ke
=n+p
Let € > 0. Since C,,x € ¢g, there exists N such that
1'&?
—‘ Z :L'k‘ < =, m > N
k=p
Suppose that n > N, r > n. Then
1 r+p 1 r+p 1 n+p—1
- < Z -
7" Z xk}_ 7" Z Ik}—i_r‘ Z Ik}
k=n+p k=p+1 k=p+1
€ 1 n+p—1
< = x
2 Tz 1‘ > ’“}
k=p+1
< €.
Hence,
It" e, <e, n > N.

Obviously, the following proposition is easy to prove.

Proposition 3.2  Let {A,} be a sequence of matrices. If for each n, E and Ey, have
WGHP, then (\Ea, and \JEa, also have WGHP.

The space f was introduced by Lorentz[®). We say that (zx) € f if and only if there
exists | € C such that

1 p+r
—‘ E xk‘ —1 (r — oo, uniformly in p > 0).
r

k=p+1

If we take [ in the above equal to 0 only, then f becomes the almost-null sequence space
fo. We have
coC foC fClI™®

with strict inclusions, and ¢y, fy, f are closed subspaces of [*°, which is a Banach space with
||| = sup |z| for each z = (z,) € I*°.

But it is interest that fp can have the following representation

o)

fo= N (co)ey-

n=0

Thus we can obtain the WGHP of fy by Theorem 3.2 and Proposition 3.2.
Corollary 3.3  The space fo has WGHP.

Though the space fy has WGHP, we have the following result about F-WGHP and
U AK-property of fo by the Example 3.4 and Proposition 3.2.
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Proposition 3.3  The space fo does not have the F-WGHP and U AK -property.

Theorem 3.3  If the local convex space E is an FK-AK-space and Ec, C bs, then for
each nonnegative integer n, Ec, has the FK-AK-property.

Proof. Because FE is a local convex and F K-space, F is considered to be a separate complete
paranormed space, and || - || is paranorm of E and
z]lc,, = [|Cna]]
is the paranorm of E¢,,.
It suffices to show that

n—1
"=z E e’ =0
i=1

with respect to || - ||¢,, , that is,
||(07 Tty 0; Tny, Tn+l, "')|C,L
Tntp Tntp T Tniptl
=0, ---, 0, =F, ”pn+7{p )l =0 (n—o0).
Since x € E¢, C bs and E has AK —property, so we have
1 n+p n+p+1
”(Ovvoaﬁ Z szv' ‘4’0 (TLHOO)
k=p+1 k=p+1
In the same time
1 n+p—1 n+p—1
0+ 0.2 3 a2 w0 (o)
k=p+1 k=p+1
Thus when n — oo
||(O7 Tty 0) Tny, Tp41, )HC
n+p n+p+1
= /(0, - Z T, +1 > w, o
k_ p+1 k=p+1
n+p 1 n+p—1
- (0, - Z Tk, +1 > wp, cer)
k_ p+1 k=p+1
n+p n+p+1
< I, - Z R — > a,
k_ p+1 k=p+1
n+p 1 n+p—1
+||(07 Z T, +1 Z Tk, - ”*)0
k_ p+1 k=p+1
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