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Abstract

In this paper, we present a finite element algorithm for the time-dependent nematic
liquid crystal flow based on the Gauge-Uzawa method. This algorithm combines the Gauge
and Uzawa methods within a finite element variational formulation, which is a fully discrete
projection type algorithm, whereas many projection methods have been studied without
space discretization. Besides, error estimates for velocity and molecular orientation of the
nematic liquid crystal flow are shown. Finally, numerical results are given to show that
the presented algorithm is reliable and confirm the theoretical analysis.
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1. Introduction

Given a bounded and convex domain Q C R? we consider the following hydrodynamics
system modeling the flow of nematic liquid crystal material [1, 18]

u — pAu+ (u-V)u+Vp+ AV (VbO Vb) =f, (1.1a)
b; —YAb + (u- V)b — 4|Vb|*b = 0, (1.1b)
V-u=0, [bl=1, (1.1c)

for (z,t) € Qr, where Qr = Q x (0,T) with a fixed T' € (0,00). Here, u(z,t) : Q- — R? and
p(z,t) : Qr — R denote the velocity field and the pressure of the flow, respectively. Besides,
b(z,t) : Qr — S is the director, which represents the molecular orientation field of the nematic
liquid crystal material and describes the average molecular alignment, where S C R? is a unit
circle. In addition, f(x,t) : Q@ — R? represents a body force on the flow. Three parameters ,
A and v denote the kinematic viscosity, the competition between kinetic and potential energy,
and the microscopic elastic relaxation time for the molecular orientation field, respectively.
Hereafter, |[Vb| or |b| denotes the Euclidean norm of Vb or b. Vb ® Vb is an 2 x 2 matrix
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whose (4, j)-the entry is written by (Zizl gi’? %)m. As in [1], in this paper the system (1.1)
i J

is considered in conjunction with the following initial and boundary conditions:

u(z,0) = ug(x), b(z,0) =bg(z), VzeQ,

(1.2)
u|ST =0, 8nb|5T =0,

with V- up = 0 and |bg| = 1, where ST = 9Q x (0,T) and n is the outer unit normal of Jf.

The Ericksen-Leslie model, established by Ericksen [9,10] and Leslie [16], can simulate
the hydrodynamics of the nematic liquid crystal flows, and it is the macroscopic continuum
description of the time evolution of the nematic liquid crystal materials under the influence
of both flow velocity and molecular orientation. The system (1.1) was derived by Lin [18]
initially as a simplified form of the Ericksen-Leslie model, which is a system of the Navier-
Stokes equations coupled with a convective harmonic map heat flow equation to govern the
dynamics of the director field. Although this system neglects the Leslie stress in the Ericksen-
Leslie model, it still retains some essential difficulties of the Ericksen-Leslie model and keeps
the core of the mathematical structure, such as strong nonlinearities and constraints, as well as
the physical structure, such as the anisotropic effect of elasticity on the velocity field. Thus, the
system (1.1) (the simplified Ericksen-Leslie model) can be regarded as a nice initial step towards
the theoretical and numerical analysis of the original problem (the Ericksen-Leslie model) [2].

Because of the mathematical and engineering importance of the system (1.1), the simplified
Ericksen-Leslie system, there are numerous papers devoted to the theoretical analysis of this
system, such as the existence, uniqueness and regularity of solutions. The local existence and
uniqueness of strong solutions have been proved by using the standard energy method with
rough data [32]. In [15], a blow up criterion has been established for the short time classical
solution of the simplified version of Ericksen-Leslie system in two and three dimensions. Hong
[14] has given a global existence of solutions to a simplified model of the Ericksen-Leslie system
in two dimension with initial data, where the solutions are constructed with at most a finite
number of singular times. Both interior and boundary regularity theorems for this system under
smallness conditions have been established [19]. Then, the authors have given the existence of
global (in time) weak solutions on a bounded smooth domain, which are smooth everywhere with
possible exceptions of finitely many singular times. Besides, the global regularity and uniqueness
of weak solutions are proved by Xu and Zhang [34] and Lin and Wang [23], respectively.

Since the governing equations (1.1) of the simplified Ericksen-Leslie model include not only
the incompressibility, the strong nonlinearity and the physical and nonconvex side constraint
|b| = 1, but also the coupling between the harmonic map flow and the fluid equations of motion,
which make it not easy to solve these equations effectively. Therefore, much effort has been
throwing to the development of some efficient numerical methods for investigating this problem.

On one hand, in order to weaken the nonconvex side constraint, a well-known penalty formu-
lation for (1.1) called the Ginzburg-Landau function is studied by Lin and Liu [20]. In fact, Liu
and Walkington [21] initially considered the numerical approximation of this Ginzburg-Landau
penalized problem in two-dimensional domains. Further, to eliminate the need of Hermite finite
elements, the same authors have constructed some mixed approximations where derivatives of
the director field are approximated “independently” of the director [22]. A fully discrete mixed
scheme, based on continuous finite elements in space and a linear semi-implicit first-order in-
tegration in time, has been shown in [12]. Besides, Cabrales et al. [6,7] have presented a
projection-based time-splitting algorithm, where the velocity and pressure are computed by
using a projection-based algorithm and the director is computed jointly to an auxiliary vari-
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able. An accurate and efficient Legendre-Galerkin method which can preserve energy law in
discrete form has been designed [35]. Du et al. [8] have studied a Fourier-spectral method for
the considered system. The spectral accuracy of this method has established. Further, a linear
fully discrete mixed scheme has been considered in [11] using finite element method in space
and a semi-implicit Euler scheme in time.

On other hand, instead of applying the Ginzburg-Landau function to weaken the nonconvex
side constraint, there are many works which directly approximate the simplified Ericksen-Leslie
system (1.1). Becker et al. [4] have constructed a fully discrete scheme, which used some low
order finite elements and enjoyed a discrete energy law. A fully splitting and decoupled in time
linear algorithm has been designed for the simplified Ericksen-Leslie system with explicit treat-
ment of the unitary constraint for the director field by an augmented Lagrangian technique [13].
Besides, An and Su [1] have shown optimal error estimates for an linearized semi-implicit Euler
finite element scheme for the considered system. The first constraint-preserving, decoupled and
energy-stable scheme has been constructed by Bao et al. [3].

Unlike the above methods for the simplified Ericksen-Leslie system (1.1), a finite element
algorithm based on the Gauge-Uzawa method [24,25] is considered in this paper, which does
not require an artificial boundary condition on pressure and avoids dealing with boundary
derivatives, compared to the gauge method and the pressure-correction projection method for
incompressible flows. Besides, an optimal error estimate has obtained via energy estimate
for the semi-discrete Gauge-Uzawa method of the Navier-Stokes equations [26]. Then, Pyo
has designed second-order time discrete schemes of the Gauge-Uzawa method for the Navier-
Stokes equations [27] and the Boussinesq equations [28], based on a second order backward
difference formula. Furthermore, for the incompressible viscous flows with variable density [29],
the viscoelastic Oldroyd flows [30], the conduction-convection equations [31], the incompressible
magnetohydrodynamics equations [36] and the incompressible natural convection problem with
variable density [33], the efficiency and validity of the Gauge-Uzawa method are shown.

In this paper, inspired by [24,25], we will study a finite element algorithm based on the
Gauge-Uzawa method to solve the simplified Ericksen-Leslie system (1.1). Compared to the
previous model using the Gauge-Uzawa method, the current model has stronger nonlinearity
and physical constraint. Besides, due to the complexity of the current model, we improve
numerical analysis of the Gauge-Uzawa method in the proof and use mathematical induction
method. The paper is organized as follows. In Section 2, we will introduce some notations for
the nematic liquid crystal model, and construct the Gauge-Uzawa finite element algorithm for
the system (1.1). In the next section, we give the error analysis for velocity and director. Then,
in Section 4, numerical results are presented to confirm our theoretical analysis.

2. A Finite Element Algorithm Based on the Gauge-Uzawa Method

In order to introduce a finite element discretization of the system (1.1) based on the Gauge-
Uzawa method, the further notation will be needed.

For the mathematical setting of the problem (1.1) with the boundary and initial conditions
(1.2), we introduce the usual L?(2) norm and its inner product by || - ||o and (-, -), respectively.
Denote by L3(Q2) the subspace of L?(Q) of function with vanishing mean value. The LP(Q)
norm and W"?(2) norm are denoted by || - || Lr(q) and || - [|wm.»(q), respectively, for m € NT,
1 < p < co. In particular, H™() is used to represent the space W2(Q) and || - ||, denotes
the norm in H™(Q).
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Then we define the following particular subspaces of H*(£)?:
V =H;(Q)? ={veH Q) v]|pq = 0}.

Besides, for X being a normed function space in Q, LP(0,T; X) is the space of all functions
defined on Q7 for which the norm

T P
[ullr(o,7;x) = </ |u|§<dt> , pEl,o0),
0

Furthermore, let & = {K} be a shape-regular quasi-uniform partition of € of meshsize h
into closed elements K. Now, set b € H}(K) take the value 1 at the barycenter of K and satisfy
that 0 < b(2) < 1, which is called a “bubble function”. Next, we introduce the following finite
element discrete subspaces for (1.1) as in [2]

is finite.

Vi = {vh e VNC°(Q)? : vi|x € (P (K) @span{b})? VK € 3},
Ty := {r, € C°(Q)? : rp|x € PL(K)* VK € 3},
Py = {gn € L§(Q) N C°(Q) s anlx € Pi(K) VK € S},
where P; (K) is the set of all polynomials on K of degree no more than 1. Next, let N > 0 be a
fixed integer number and {t,}_, be a uniform partition of [0, 7] and t,, = nT with time step
T=T/N.
In addition, we need the following trilinear form

Hh(uh,vh,wh) = —((uh . V)Vh,Wh) — %((uh . V)wh,vh),

2
which satisfies following property [24]

I, (up, v, wr) < Cllugllol|vil2]| VWi llo Yuy,, wy, € Vi, v € H*(Q)% (2.1)

Here and after, we denote C' (with or without a subscript) a general positive constant which is
independent of h and 7 and may stand for different values at different occurrences. In addition,
we need the following inverse inequality [5], which holds for vy € Vp,:

IVallwirz < CRm 205 =3 v may, 1<pg<oco, 0<m<l  (22)

Let ¢ be an gauge variable [24] and a be a function such that u = a+ V¢. If ¢ and p satisfy
equation ¢y — vA¢ + p = 0, then (1.1) can be rewritten as

—pAa+ (u-V)u+ AV - (Vb® Vb) =1,
—~Ab + (u- V)b —7|Vb|?b = 0,
V-a+A¢p=0, |bl=1
Consequently, start with ¢° = 0 and a° = u®. Repeat
@™ —a”) — pAa™t + (0" - V)(@" T + Ve") + AV - (VD" © Vb") = f(t,11),
l(bn—i-l n) ”yAbn+l (un+1 . v)bn-l—l _ "y|Vbn|2bn _ O,
V-a"t 4 A"t =0, b =1. (2.3)

\‘
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Moreover, set "' = a™t! 4+ V¢, Inserting it into (2.3) yields
AT —u) — pATT 4 (- V)T 4 4uVs" + AV - (VD" © Vb") = f(tn11),
71" —b") — AL 4 (ut! . V)BT — 4| Vb ?b" = 0,
Vot 4 aprtt =0, prt =1,

where s” = A¢™ and p"t! = ¢t — o7,

We are now prepared to give a finite element discretization of the system (1.1) based on the
Gauge-Uzawa method.

Algorithm 2.1. Let 5 = 0 and u) € V;,,b) € Tj, be the solutions of (u, wy) = (ug, wy)
and (bY,r) = (bg, 1) for all wy, € V., rj, € Ty, respectively.
Step 1. Find G}t € V), as the solution of
P v )+ T 0 ) (VR V) Y )
= (f(tn+1), wn) + A(Vby © Vby, Vwy,), VYwy, € V.
Step 2. Find p;'t' € Pj, as the solution of
(Vopth, V) = (V- T un), Wiy, € P, (2.5)
Step 3. Update SZH € P, based on
(i an) = (spoan) — (VU5 an),  Van € Ph. (2.6)
Step 4. IUpdate uZH based on
wtt = Ayt vpntt (2.7)
Step 5. Find bZ‘H € T}, as the solution of
“1(b T — b rp) + I (w2 b ry) + (VB V) 25
—(IVb;*by, xs) =0, Vr, € Tp.
Remark 2.1. Based on (2.7), for all ¢}, € Py,
(it Von) = (@, Vo) + (Vo Vibn) =0,
where we have used (2.5). Thus, uZ‘H is weakly discrete divergence free while unJr1 is not,

based on (2.5).

3. Error Estimates

We are now in a position to state and prove error estimates for the finite element algorithm
for nematic liquid crystal flow based on the gauge-Uzawa method. In the following error esti-
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mates, we always assume that the solutions of (1.1) satisfy the following regularity assumptions:

uc LOO(O, Ta HQ(Q)2)5 u € L2(07T7 Hl(Q)2)a Uit S LQ(Oa Ta L2(Q)2)7 (3 1)
b e L>(0,T; H*(Q)?), b, L*0,T;H(Q)?), by € L*(0,T; L*(Q)?%). '

We begin the analysis by introducing a sequence of Stokes equations as follows: For n €
[0, N — 1], find (U™, P*+1) € V x L2(Q) to yield
Tfl(UnJrl _ Un) _ ,LLAUnJrl 4 VPnJrl
=f(tn1) — (w- V)u)(tns1) — (AV - (Vb © Vb)) (tn11), (3.2a)
V.Ut =, (3.2b)
where U° = u,.

Firstly, for the sake of simplicity, we denote errors G"*! = u(ty,y1) — U™ and gt =

P(tnt1) — P
In fact, subtracting (3.2) from (1.1) at t = t,1, we have

tni1
T HG" -~ G™) — pAGMT 4 Vgt = —7*1/ (t — t,)ugdt, (3.3a)
tn

V-Gt =0. (3.3b)

Then, we have the following variational formulation of the problem (3.3): Find (G™*!, g"*1) €
V x LE(Q) such that, for all (w,q) € V x L3(2)

G — G™ w) — (VG Vw) — (V- w, ¢g" )
tn+1
= —7'_1 / (t — tn)(utt, W)dt, (343,)
tn
(V-G" g) =0. (3.4b)
Setting w = 2rG" ™! and ¢ = 27¢"*! and adding the ensuing equations, we deduce that
IG™HE = IG" 5 + IG™F = G™[|§ + 27ul[ VG 13

tnt1
< rul G+ 07 [ fualat (3.5)
t

n

Then, sum (3.5) with respect to n from 0 to N — 1 to get

N-1 N-1
IGMIE+ D IG™ =G 5+ 71 > IVG™ U5 < O wuel T2 0.m:2(52)2) - (3.6)
n=0 n=0

Further, divide both sides of (3.4) by ||[Vw|| and take the supremum over w € V. This gives
g™ 03 < O(21G™ — G 3+ VG 3 + e i) (37

Hence, multiplying (3.7) by 7 and summing the ensuing equation with respect to n from 0 to
N — 1, we arrive at

N-1 N-1 N-1
> g™ tE < C<T1 YIGT -G 4T Y VG TG+ T2> <Cr. (3.8)

n=0 n=0 n=0

Then, based on (3.8) and (3.6), we have the following lemma.
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Lemma 3.1. Under the assumptions of (3.1), we have

N-1 N-1
IGNIG+ Y IIG T = G |5 +ur > VG5 < C7,
n=0 n=0
N-1
Y g™t < o
n=0

Secondly, as [24], we define (U}, Pr) = Gy, (u(tny1), p(tns1)) € Vi, X Py, to be the Stokes
projection of the exact solution at time ¢,1. Next, we denote errors G"+1 =u(tp41) — U"+1
= p(tns1) — PP Further, we have the following bounds.

Lemma 3.2 ([24]). Under the assumptions of (3.1), we get
1G5 lo + AlIV G o + hllgy ™ lo < CB2.

In fact, denote F"*! = U™ — U} and f7*+! = P! — p*! Then, combining Lemma
3.2 and 3.1 leads to

and g,

N—-1
Y IVE"E < O + 12, (3.9a)
n=0
N—-1
N0 +7 > 1[5 < Clr + h). (3.9b)
n=0

Moreover, let b(t,,+1) be the true solution of the director at time ¢t = ¢,,11 and by (t,+1) € Th
be its H!'-projection [17,25], namely,

(Vb (tni1), Vrp) = (Vb(thy1), Vry),  Vrp € Th.
Defining 9"+ := b(t,+1) — br(tn+1), and using interpolation theory, we have [17,25]

19" lo + R VI9" o < Ch2. (3.10)
~n+1
Thirdly, we denote errors E"*! = U" ™! —u ! E oyt ", entl = prtt_pptt

+1 N
and €"t! = b(t,+1)—b} . Similarly, denote errors E; ! = Uyt —ujt? En = urtt gyt
ent = pptt — it and )T = by (tyg1) — by

Then, in order to obtain the error equations, subtract (2.4) from (3.2) to obtain

4 oantl n ~n+1 n =n
YE ' —E"wp)+u(VE ,Vwy) + Oy (u(tng), u(tnsr), wa) — Iy (up, @3, wy,)

=PV - wy) — (st V- wp) + A(Vb(tni1) © Vb(t,y1) — Vbl @ Vb}, Vwy).  (3.11)
Besides, rewrite (1.1) at ¢ = ¢,41 as follows:

T (b(tns1) = b(tn), ) + Y (Vb(tns1), VE) + Th(u(tns), b(tns1), 1)

:~y(|Vb(tn+1)|2b(tn+1),r)+7-*1/tnﬂ(t—tn)(btt,r)dt. (3.12)

n

Then, subtracting (2.8) from (3.12) with r = ry, we have
e — e rn) + (Ve Vi) + Iy (u(tng), b(tne1), tn) — I (u) ™ bt ry)

tnt1
= (bt Pblts). ) 2 (9B b k) + 7 [ = )b (313)
t

n

We are ready to state the main results of this section.
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Theorem 3.1. Under the assumptions of (3.1), if 7 = O(h?) is valid, then we have

() — ||o+wZIIV tn1) = up |G

N-1
+1B(T) = B3 + 77 D [V (b(tnsa) = B[
n=0
<C(r + h?).
~n+1 ~n—+1 ~n+1
Proof. On one hand, set w;, = 2TEhJr in (3.11), and note that Eh+ —E"" _F" and
~n+1
E" =B 4 Vol Then
—1 Sntl . i Sntl _ n+1 n+l _ pn n+1 n+1l _ pn+l
YE E", 2B, ) =2(E"T! + Vprtl —E" BV 4 vprtl - prtl)
= [E"HE — IE™|§ + [IB"T —E"|§ - 28" —E"F) 42| Ve ts, (3.14)
as well as
~n+1 ~n—+1 ~n—+1 ~n+1
W(VE" " 27VE, ) = 2ur(VE L V(E"TT - FrY)
~n+1
= our|VE" |2 — 2ur(VE" !, VET ), (3.15)
Hence, combining (3.15) and (3.14), we have
B[S — B + B~ E"||3 + 27| VB 4 2 V3
~n+ ~n—+1
— 2(E"! — E", F"Y) 4 2ur(VE"T VETY) 4 2r (P VB
~n+1 ~n+1 n ~n4+1 ~n+1

—2ur(si,V-Ey ) = 27(Hp(u(tngr), u(tni1), Eh ) —n(uy,uy" E, )

6
=y A (3.16)

Now, we estimate each term of A; separately. By using the Cauchy-Schwarz and Young
inequality, we have

Ay

IN

1 n n n
SIIB"H = E"§ + ClF G,

Ao

IN

HT mntl n
SIVE G + Cpr [ VETTHG.

Besides, by employing EZ E"Jrl + Vp"+1 which results from (2.7), it follows from Lemma
3.1 that

n ~n—+1 n ~n+1
Az =27(f"" — g/ + p(tnsa), V-E, )=27(f"T",V-E, )

+T(TG T = 2r(Vptnsn), VA + 2077V B
l‘l’ n n T
< BB I3 + IVE )+ Orll R + 07+ VR,

where we have noticed the fact that (P, V- E}t!) = 0.
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Consequently, in view of (2.6), we deduce that [|sP+! — s7|o = |V -@p ™o < ||VE ||
In what follows, we arrive at

Ay < =27(s], V- (U = ™)
< 2r(sp, V-t ) = 2ur(sy — sp Y sp)
= pr(lIslIg = Ish ™15 + llsh —

< pirllspl3 = llsp 3 + pr VR R,

n+1H )

~

+1
In order to estimate As, we add and subtract IT, (u(ty), u(tn+1), EZ ) and note that IIj (uj,

E 7 E ) = 0. Then

—27TTy (u(tn 1) — ltn)s Wtnsn), By ) = 20T (u(ty) — ufl, utngr), By )

R ~n—+1
— 27, (up, u(tn1) — uZ“ E, )

As

—27T, (u(tn 1) — ultn), <n+1> E, ) - 2rI,(G" + E" u(tus1), By )

~n+1
— o (u(ty), G E) ) 4 2010, (G + BN, G E )

According to (2.1) and Young inequality, we have

~n+1
B < CTllu( n+1) — ultn)ollultn1)l2[[VE, o

~n-+1
||VEh 13+ CT ()| p2en s, L2(02)2),

n n ~ntl
BzSCTHG +E"[lof[u(tn+1)l2(IVE, o
uT ~ntl n n
< EIVE, 3 + Cr(IGM I3 + 1B H%;),

n ~n—+1 ~n+1 n
Bs < Crl[uty)|2|GiH ol VE, o < &5 IIVEh 5+ CTIGEIE,

as well as

By < C7(|G"™ + E"[[o]|G} || Lo (2 VE), o + C7I|G

~n—+1
+Eol|GE lwra o2 | Ep 5 ()2
~n+1

< Cr|G" + E"[lo(h MG o + VG Io) IVE, llo

HT ~ntl n n
< 57 IVEn 15+ Crh(IG™ 5+ IE"[5),
where we have employed the inverse inequality (2.2) and Lemma 3.2. Thus, combining these
B; and noticing that (a + b)? < 2(a® + b?), we get the bound of As.

~n+1 n n
A5 < SLIVE, 3 4+ O [uu(®) s g2 + Cr (G + 1B+ 1)

/’LT n n n
< ELIVE" 3+ ELIVE T + or (167 1E + 1B + A*).
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For the last term Ag, we rewrite it as follows

V(b(tns1) — b(tn)), VE, )

)©
+27A(V b(tn+1 b(tn)) © Vb(tn,), VEZH)
(

(
(

Ag = 27’/\(Vb thrl

+27A(V(b(t,) — b}) © Vb(t,), VE; ) +2rA(Vb! © V(b(t,) — b)), VE, )

(
(
(

= 27A(Vb(t41) © <<n+1> b(t.), VE; )
(V(
(V(
(

+27A(V(b(tns1) — b(t,)) © Vb(t,), VE, )

(9" +e)) @Vb( W), VE, ) 4 27A(Vb(t,) © V(b(t,) — b), VE, )

V9" © V(b(t,) — br), VE, ) + 2rA(Vel © V(b(t,) — b}), VE, )

+ 27\

Then, based on the Holder’s inequality and Young inequality, we get
Cy + Ca < CTA([Vb{tnsn) [0y + [Vb(tn)l| w2 ) [V ((ta1) = Bt ) oI VE; o
< B IR+ O oul e sty
Cs + Cy < CTAIVb(t0) | o2 [V (9™ + €00 VE, o
VR R+ Crl v + ey < TUIVELE + 0rn® + |VeRIR)

O5<OTA(HW o2 V9™ [ s(@yz + V9 |\o|\v€hnm<mz)||VEh lo

< ZIVEL B+ o7 (2 + VR IR),
as well as
Co < CrA| Vel =@ V@™ + D)o VER llo
< OT/\h_1|\V€Z|\0(h+ IVeRllo ) IVER " llo

~n+1 _ n n
< ZUVE, R+ or(h 2l + I9eRIR).

where we have applied (3.10) and the inverse inequality (2.2). Further, the bound of the last
term Ag is obtained

Ao <EL(IVE™ I + IV 3) + Cr2bu(®)l 2 on om v
+C7(R2+ |[Vep g + b2 Verlly)-
Finally, inserting the above terms A; into (3.16) leads to
IE" 3 — [E™ (I + lHE"+1 ~E"3+ = HVE”HIIO
HIVor G + W(HS"“IIO - HShHO)
< CT(IIVF"“IIO + B G+ NG I5 + 1* + 17 FHIG +h ™2 VeRlls + IIVe‘ZII%)
+C2 + C|F"HE + CT? b (t) | L2 (m ent1: 11 (0)2).- (3.17)
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Next, sum (3.17) from n = 0 to N — 1 and notice |E°|]2 = (U’ —uf,E?) = (U° — up, wj,) =0
to yield

n n ~n+1 "
IENE + Z B — E™([F + Z IVE" |12 + Z IV o2 + pr| s |12
N-1 _
<Ccr (IIVF"“II% +[IG™[[§ + ||f"+1|\3) +7 Z IE™2
n=0 n=0

N-1 N-1
FOr 1)+ O Y R4 r S (B2 VeRld+ [ 9eR1R)
n=0 n=0

N-1 N-1
<C(r+r ) 4 Y BN R+ Y (R IVeE + IVeRIR), (3.18)
n=0 n=0
where we have used (3.9) and Lemma 3.1. On other hand, noticing (»:Z+1 = el —9ntl we
observe that
2enth — et = LR — e 3+ et - enR — 2(enH - en, 0m ),

and
(Ve Vept) = [|[Ve™ 5 — (Ve T, v th) = |[ve™ |3,

due to the definition of by, (t,+1). Moreover, choosing rj, = 27! in (3.13) gives
™G — lle™ I + lle™* — €™ 1§ + 2yl Ve™ 13

=2(e"™ — e, 9" — 27 (T, (u(tns1), b(tnt1), €p ) — M (u byt et h)

tn+1
+277(|Vb(tn+1)*b(tns1) — [Vbi[*b, ep ™ h) + 2/ (t —t,,)(by, ef™h)dt
tn

I
NE

D;. (3.19)

=1

We now estimate each term of A; in (3.19) separately. Indeed, in view of the Cauchy-Schwarz
and Young inequality, we deduce that

1 n
Dy < 5l —en[F+ Cllom 3,
Dy < (Ve 2 + IV 2 ) + Cr2||bucl
4> 1 € 0 0 T |l L2 (en tnt1;02(0Q)2)

Besides, in order to estimate Az, we add and subtract 2711, (u}™!, b(t,41),e7 ") and bound
A, as follows:

Dy = =271, (u(tng1) — up ™ b(tng), epth) — 2710, (up ™ b(tga) — bpt ep ™)
= =271, (G™ ! + B b(tyy),ep ) — 2710, (G™T + BT 97 en
= 27l (u(tn 1), 9", €T < O G+ B o [b(tni) 2] VeR o

+CO7[[V(G™T + B[ VO™ ol Vey o + OTllultarn) 297 ol Veq o

IN

,77— n n n n
IV + Vo) + Cr (|G + B3 + ht),
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where we have applied (2.1) and (3.10). Further, we rewrite D3 as

D3—27'7(|Vb( )| (b(tn41) — )€ ") + 277 (V(b(tns1) = bltn)) - V(b(tni1)
b(t,))b ( ) "+1)+27'7(|Vb( )P (b(tn) —bj),ep ™)
—477( b}) - Vb(ta)(b(ta) — bj), i t)
+47y(V( b}) - Vb(ty)b(tn), ;")
+27'”Y(|V = by)[*(b(tn) = bh), ;™) = 2my([V(b(ta) = by)I*b(tn),€;™)

7
= ZE
i=1

We now estimate F; in the above equation separately. According to the Cauchy-Schwarz
and Young inequality, the inverse inequality (2.2) and (3.10), we have

Fy < Ve + Or 9B (tns) I e Pl age, 11122002
Fy < 22Vt 3+ Cr2 [V (b(tns1) + Bltn) [ g IBCE) e @21t e, 11 22002y
Fy < TVt 3+ CTlIVb(ta) 1< e (h* + 1€R13).
Fi < —|\ve2“|\3 + OV (b(tn) = B [3IVB(En) 13 g2 Ib(tn) = By I3 2
LIV 3 + Cr(n* + IVer ),
Py < —HVEZ“H% + CTlIVb(ta) 7 e lIb(ta) I3 e (12 + [ VERI )
Fy < 22V 3+ Clib(ta) = B [F 02 [V (b(ta) = B[ Fa(ay2 |V (b(t) = B Fo(ay:
< LIVert i+ or (ht + h2verl).

Fr < Cy7||V(b(tn) — byl ()2 [V (b(tn) — byl a2 [b(tn) || Lo 2 llef o
< Cyrh M|V (b(tn) — b)lI3ller ™ lo
’n,+1 2 2
< LIV 8 + Or (12 + b2 Veqlly).

Hence, we get the bound of D3

T n n
Dy < I (IV 13 + V0™ 3) + O72 Bull3aqe, 4 iz

+C7 (12 +|IVer I + A2 Veq I + h2 | Verll})-
Finally, plugging the above bounds of D; into (3.19), we have

1
111G = lle™ 6 + 5 lle™™ = &™[I§ + my([ Ve[S
< et + 07 (|Ibull3 + [Iblf? )
= ttll L2 (¢ gnt1.02(Q)2) L2 (g1 L2(2)2)

+O7 (G + B3 + B2 + [ Verl + A 2IVeRls + b2 Verl§). (3.20)
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Next, sum (3.20) from n =0 to N — 1 and notice ||€°||2 = (by — b}, €°) = 0 to yield

1 N-—-1 N-1
le¥ I3+ D et =3+ 7y D Ve

n=0 n=0
N-1

<Cr'ht 4+ P+ B+ CT Y ETHR
n=0

N-—-1
+7 3 (IVehld +h=2IVerlis + h=21verls). (3.21)

n=0

where we have applied Lemma 3.1. Then, adding (3.21) and (3.18) to get

N2 1= n+1 ny2 , BT = oantt 2 gy 412
IENG + ) Z |E -E"[g+ D) Z IVE" g + Z IVeR ™ Ilg
n=0 n=0 n=0

N—-1 N-1
s I3+ 1€V I3 + 5 3 e —em3 7y Y Ve
n=0 n=0
N-1
SCr+r+7'mY) +7 ) |E"S
n=0
N-1
+7 3 (W 2IVeRllE + IVerlE + A2 Verll)- (3.22)
n=0

In what follows, in order to derive final estimate for error, we need establish bound of
[VeR||2. First, setting rp, = 7~ (e) ™! — €?) in (3.13) yields

—1
_ T Y

T2 |leptt —ehlls + T(HV&‘ZHH% —IVerllz + IV (Rt —elip)

= _7_2(’0n+1 - 19"5 €Z+1 - EZ) - T_l (Hh(u(thrl)vb(thrl)veZJrl - 62)

(b e — 7)) + 71 (IVb(ta) Pt

tnt1
—|Vb}|?b}, eZH — e’,;) +772 / (t — tn) (b, €Z+1 —ep)dt
t’Vl

4
=y G (3.23)

Then, we estimate these G; separately. Making use of the Cauchy-Schwarz and Young inequal-
ity, we observe that

T _
Gr < Tl — ehlig+Or2ont — 97
T _
< T”EZH —erllo+Cr 1HﬁtH%2(tn,t"+1;L2(Q)2)’

as well as

1
’YT n n
Gi < —— IV (er™ — el + ClibutllF2(in ns1.12 ()2
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In addition, by employing (2.1), we obtain
Gy = —7 "I (G" + E" b(tns1),ep T — €ff)
+r 7 L (G EM T 9 p e el T el
=7 M (u(tng), 9" ey, "+1—€h)
Cr V(G HE" ) [o[[b(tns1) l2llel ™ — eqllo
+ O V(G + B[V + el ol V(er ™ — i)l

+ O utns1)ll2I V(9" +ef)lloller™ —eRllo
72

< Tl = e+ O (IO IR+ VRl + VG 3+ IVE™ )
+ T - el + Or IV G+ [T (19 + 9.
Arguing in exactly the same way as Gs in (3.19), we get

-2
T n n
Gy < T [le"! = "3+ CTlbilliaq, 1, iz
+ C(h? + |[Vep|d + b2 Veqlls + b2 VeR]S):

Plug the above bounds of A; into (3.23) and reorganize the ensuing equation. Then,

T_ n n n n n
T et = el + T (191 — 19eR18) + Vet — el

<C _1”’&75”L2 i pni1;r2()2) F Clbetl|F2en i, p2(yey + C(||VG"+1||0 +[VE™3)
+Cr (VG2 + ||VE"“||O><||W“||O +[IVepl3)
+C(IVO™ B + IVeRI2) + CrlibelZar, oo vin2r)
+C(h + | Veqll} + h2IVeRlis + b2 Ver]S). (3.24)

Second, multiply (3.24) by 72 and sum the resulting inequality from n =0 to N — 1 to get

n /y n n
T Z lep ™ — h||o+—||V e llo + Z IV (er ™ —emlls

N—1 N—-1
<074 0 Y VB4 0r 3 (1G4 VR R (02 + Ve 3)
n=0 n=0

+C7 (12 + VR 1B+ h 2 Vepll§ + b2 Verll})- (3.25)

Now we prove that ||[Vel||2 < 7 for 0 < n < N by using mathematical induction method.
Clearly, this inequality holds for n = 0. If we assume that this inequality holds for n < N — 1,
then the inequality (3.25) and (3.22) reduces to

N-—-1 N-—-1
TIvel I < cr2+ 07 Y IVE 4 Cr(h +1) Y (IVG™ 3 + [ VE™ 1)
n=0 n=0
+Cr(h2 +74+ 7R 4 7'3h72)
N-1
<C(Th?+ 072 4 7 72 4 Or(hE + 1) Y IVEMH R, (3.26)

n=0



40 P. HUANG, Y. HE AND T. LI

and

B3 + Z B —B§ + Z IVE" 3 + Z VoI5 + wrllsi 15

N-1

1 — n n n
+[le™1E + 3 Z et =™+ 7y Y IVe"t 3
= n=0
N-1
< O(T + R+ R R 4 h*27'2) + T Z HE"‘HHg, (3.27)
n=0

respectively. Hence, the Gronwall lemma in combination with (3.27) yields

N-1
1 n n mntl n
IEYIE + 5 D IET —ETS+ Z IVE™ |15+ Z IV o515

n=0

1N N-1

+urllsills + 115+ 5 Z le™™t —e™|§+ 7y Y (IVe™ 3
n=0 n=0
<C(r+h2 47 R R, (3.28)

which implies that
N-—1 gl
7> IVETE <7 Z IVE" )2 < C(T+ I Ry S S ) (3.29)
n=0 n=0

Inserting (3.29) into (3.26), we completes the induction if 7 = O(h?) is valid.
Finally, in right of (3.28), we get

N-1
IEYE + % > IET B+ Z IVE" 3 + Z Vo5 l5
n=0 1 o
+urllsy |15 + [l 15 + 3 Z le" ™ —e™[lg + ZJ VeI
< O(1+ h?). . (3.30)
Hence, from (3.30) and the triangle inequality, we finish the proof. O

4. Numerical Tests

In this section, we assess numerical performance of the finite element algorithm based on
the gauge-Uzawa method for the nematic liquid crystal flow. It will be checked by a known
analytical solution problem. The main goal of the experiment is to verify convergence rates of
Algorithm 2.1, which is shown in Theorem 3.1. Denote errors by

1/2

1/2
Err(ua (ZIIV n+1—u2+1)|3> , Err(b <Z|V (tnt1) bZ“)I%)
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Consider the nematic liquid crystal model with parameters A =1, 4y =1 and v = 1 in the
unit circle Q = {(z,y) : % + y* < 1}. Besides, the initial data are taken as

up =0, by = (sin(a),cos(a)),
with a = 7(2? + y?)2. The body force on the flow is chosen f = 0 and the final time 7' = 0.1.

Table 4.1: Numerical errors and convergence rates.

1/h Err(b) rate Err(u) rate
20 4.949E—-1 — 1.693E—1 —
40 1.482E—-1 1.7 8.201E-2 1.0
60 1.041E-1 0.9 5.698E—2 0.9
80 8.399E—2 0.8 4.385E—-2 0.9

The exact solution to this problem is unknown. Thus, we take the numerical solution by
the standard Galerkin method element computed on a very fine mesh h = 1/150 as the “exact”
solution for the purpose of comparison. Here, we choose the values of h, i.e., 1/20, 1/40, 1/60
and 1/80 with the time step 7 = h?. We display the convergence orders and errors of the
presented method in Table 4.1. From this table, we can see that the presented method works
well and keeps the convergence rates just like the theoretical analysis.
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