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Abstract

For an integrator when applied to a highly oscillatory system, the near conservation
of the oscillatory energy over long times is an important aspect. In this paper, we study
the long-time near conservation of oscillatory energy for the adapted average vector field
(AAVF) method when applied to highly oscillatory Hamiltonian systems. This AAVF
method is an extension of the average vector field method and preserves the total energy of
highly oscillatory Hamiltonian systems exactly. This paper is devoted to analysing another
important property of AAVF method, i.e., the near conservation of its oscillatory energy
in a long term. The long-time oscillatory energy conservation is obtained via constructing
a modulated Fourier expansion of the AAVF method and deriving an almost invariant of
the expansion. A similar result of the method in the multi-frequency case is also presented
in this paper.

Mathematics subject classification: 65P10, 65L05.
Key words: Highly oscillatory Hamiltonian systems, Modulated Fourier expansion, AAVF
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1. Introduction

This paper is concerned with the long-time oscillatory energy behaviour of energy-preserving
methods for the highly oscillatory Hamiltonian system

{ ¢=VyH(q,p), q(0) = qo,
p=-V.H(q,p),  p(0)=po,

where the Hamiltonian function is given by

H(gp) = 5 (ol + 120 ) + Ula). (12)

Here U(q) is a real-valued function. According to the partition of the square matrix

Q _ ( Od1><d1 Oded2 ) (13)
Od1 X dy o‘)Id2><dQ
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with a large positive parameter w, the vectors p = (p1,p2) € R4 x R% and ¢ = (q1,¢2) €
R4 x R? are partitioned accordingly. As is known, the oscillatory energy of the system (1.1)
is
1 1 5

Ha,p) = 5pip2 + 507432 (1.4)
and it is nearly conserved over long times along the solution of (1.1) (see [17]). Our attention
of this paper will particularly focus on the near conservation of the oscillatory energy (1.4) for
energy-preserving methods over long-time intervals.

In order to preserve the total energy of Hamiltonian systems exactly by numerical methods,
energy-preserving (EP) methods have been proposed and researched. In the recent decades,
various kinds of EP methods have been derived, such as the average vector field (AVF) method
[4,5,31], discrete gradient methods [26,27], the energy-preserving collocation methods [7,13],
Hamiltonian Boundary Value Methods (HBVMSs) [2,3], energy-preserving exponentially-fitted
methods [29,30], and time finite elements methods [1,22,37]. By taking advantage the frequency
matrix of second-order highly oscillatory systems, a novel adapted AVF (AAVF) method has
been formulated and studied in [36,41] for the highly oscillatory Hamiltonian system (1.2). It
has been proved in [36,41] that this AAVF method exactly preserves the total energy (1.2) and
it reduces to the AVF method when the frequency matrix vanishes. However, most existing
publications dealing with EP methods focus on the formulation of the methods and the analysis
of the EP property. It seems that the long-time behaviour of AAVF method concerning other
structure-preserving aspects has never been studied in the literature, such as the long-time
numerical conservation of oscillatory energies. As is well known that an important property of
highly oscillatory systems is the near conservation of the oscillatory energy over long times.

On the other hand, in the recent two decades, modulated Fourier expansion has been present-
ed and developed as an important mathematical tool in the study of the long-time behaviour
for numerical methods/differential equations (see, e.g. [6,9,11,16,39]). It was firstly given
in [15] and has been used in the long-time analysis for various numerical methods, such as for
the Stormer—Verlet method in [14,16], for trigonometric integrators in [6,17], for an implicit-
explicit method in [28,33], for heterogeneous multiscale methods in [32], for splitting methods
in [10,12] and for a filtered Boris method in [18]. However, it is noted that, until now, the tech-
nique of modulated Fourier expansions has not been well applied to the long-term analysis for
energy-preserving method in the literature. Very recently, the authors of [35] studied long-time
momentum and actions behaviour of energy-preserving methods for semilinear wave equations.

Based on the facts stated above, the main contribution of this paper is to analyse the
long-time oscillatory energy conservation for the AAVF method. To this end, the technique
of modulated Fourier expansions with some adaptations will be used in the analysis. To our
knowledge, this paper is the first one that rigorously studies the remarkable long-time oscilla-
tory energy conservation of EP methods on highly oscillatory Hamiltonian systems by using
modulated Fourier expansions.

The rest of this paper is organised as follows. We first present the scheme of AAVF method
and carry out an illustrative numerical experiment in Section 2. Section 3 derives the modulated
Fourier expansion of the AAVF method and analyse the bounds of the modulated Fourier
functions. In Section 4, we show an almost invariant of the modulation system and then the
main result concerning the long-time oscillatory energy conservation of AAVF method is derived.
Section 5 extends the analysis to multi-frequency case and studies the long-time conservation
of AAVF method when applied to multi-frequency highly oscillatory Hamiltonian systems. The
last section includes the concluding remarks of this paper.
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2. The AAVF method and Illustrative Numerical Experiments

2.1. The AAVF method

The highly oscillatory Hamiltonian system (1.1) can be rewritten as a system of second-order
differential equations

q'(t) + Qq(t) = f(q(t),  q(0) =qo, 4'(0) = po, (2.1)

where f is the negative gradient of the real-valued function U(q). For effectively integrating
this second-order highly oscillatory system, a novel kind of EP methods was derived in [36,41].

Definition 2.1 ([36,41]). The adapted AVF (AAVF) method for solving (2.1) is defined by

1
n+1 = ¢O(V)Qn + hoy (V)pn + h2¢2(V)‘/0 f((l - T)QH + an-i-l)dTv
(2.2)

1
Pn+1 = —hQ2¢1(V)Qn + ¢O(V)pn + hor (V)/(; f((l - T)qn + an+1)d7,

where h is the stepsize, and ¢g, ¢1 and ¢o are matriz-valued functions of V = h?Q? defined by

0 kvk

Z . 1=0,1,2. (2.3)
|

= (2k+1)

It is noted that in terms of this definition, we have
(V) = cos(hQ), ¢1(V)= sinc(hf) :=sin(hQ)(hQ) ™, ¢o(V) = (I — cos(hQ))(h2) 2
It can be observed that this method (2.2) reduces to the AVF method when 2 = 0.

Theorem 2.2 ([36,41]). The AAVF method (2.2) is symmetric and exactly preserves the total
energy (1.2).

In this paper, we pay attention to its long-time numerical behaviour in oscillatory energy
preservation and prove the result by modulated Fourier expansions.
2.2. Numerical experiments

As an illustrative numerical example, we apply this method to the Fermi—Pasta—Ulam prob-
lem, which can be expressed by a Hamiltonian system with the Hamiltonian

2 m

12m 1
H(y,z) =2 Z Z x?n-l—i + _[(551 - $m+1)4
23 i=1 4
Z (Zig1 — Tmtio1 — i — Tngi)* + (T + 22m)?].
For the AAVF formula (2.2), we consider applying midpoint rule, Simpson’s rule and four-
point Gauss-Legendre’s rule to the integral and denote the corresponding methods by AAVF1,

AAVF2 and AAVF3, respectively. Following [17], we choose m = 3 and

B0 =1 p(0) =1, 24(0) = =, 1a(0) =1
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with zero for the remaining initial values. The system is integrated in the interval [0, 1000]
with h = 0.02,0.01 and w = 200. We remark that the values of hw are 4 and 2. The errors of
the oscillatory energy I against ¢ for different methods are shown in Figs. 2.1-2.3. From the
results, it can be observed a fact that these three methods approximately conserve the oscillatory
energy I very well over a long term. Moreover, it seems that no matter which quadrature is
used, there is no difference in the oscillatory energy conservation. All the phenomena will be
explained theoretically in the rest of this paper. For comparison, we also apply the AVF method
with midpoint rule to this problem and the corresponding results are shown in Fig. 2.4. It can
be seen that this energy-preserving method dose not have a good conservation of oscillatory

energy.
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Fig. 2.1. AAVF 1: the logarithm of the oscillatory energy errors against t.
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Fig. 2.2. AAVF 2: the logarithm of the oscillatory energy errors against t.
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Fig. 2.3. AAVF 3: the logarithm of the oscillatory energy errors against ¢.



74

B. WANG AND X.Y. WU

Oscillatory energy conservation with h=0.02 Oscillatory energy conservation with h=0.01
10r pisoung

log, (GED
=
log, (GED

oo

_100 200 400 600 800 1000 0 200 400 600 800 1000
t t

Fig. 2.4. AVF: the logarithm of the oscillatory energy errors against ¢. (The errors are too large and

thus the results are not shown in the left graph.)

3. Modulated Fourier Expansion

In this section, we derive a modulated Fourier expansion of the AAVF method. The following

assumptions are needed in our analysis.

Assumption 3.1.

e The initial values of (1.1) are assumed to satisfy
1 5 1 2
2 lPO” + 5 1R¢(0)I" < E (3.1)
with a constant E independent of w.
e The numerical solution of the AAVF method is assumed to stay in a compact set.

e The stepsize is required to have a lower bound such that hw > ¢o > 0.

e We assume that the numerical non-resonance condition is true

1
sin (§khw)’ >cvVh  for k= 1,...,N with N >2. (3.2)

These assumptions have been considered many times in the long-term analysis of other

methods without EP property and we refer to [8,15,17] for example.

In this paper, we define five operators by

~

1(hD) := e"P — 2cos(hQ) + e P,

—1

(

Lo(hD) = e3hD | ¢ 3hD.
(
(

~

3(hD) == (e"P — 1)(e"? 4+ 1)71, (3.3)
a(hD,7,k) := (1 — T)e*i%k”e*%D + relzhwes D

L(hD) := (Ly'L1)(hD),

™~

where D is the differential operator. The following properties of these operators will be used in

our analysis.
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Proposition 3.2. The Taylor expansions of L(hD) are given by

0 0 1/ 4 0 .
L(hD) = ( 0 1—cos(hw) ) 8 ( 0 3+ cos(hw) > (#hD)* + -
)sin®(&2) 0 )

L(hD + ihw) = < —desc(hw . .

3+cos(hw w w
n ( Stcos(hw) 2( )sec(%)tan(%) 0

0 2sin(2) )“hDH”"
—4 csc(khw) sin® () 0 )
0 (cos(khw) — cos(hw)) sec( a2

73“052(%“)) sec(Ehw) tan(khT“’) 0
+ 0 2+cos(khw)+cos(hw)
2

L(hD + ikhw) = (

Sec(khw)

for |k| > 1. The operator L3(hD) can be expressed in its Taylor expansions as follows:

1
Ls(hD) = §(hD) - ﬂ(hD) ;
khw 1
Ls(hD + ikhw) = — )it —
3(hD +ikhw) = tan( it 1 + cos(khw)

hD) + ---
. (hD) +
for |k| > 0. Moreover, for the operator Ly(hD, T, k) with |k| > 0, the following result holds

1 kh 1 kh
La(hD, =, k) = cos(“=2y 4 = sin(“"2Y(ihD) +
2 2 2 2
Proof. These results can be derived by carefully computing the Taylor expansions of the
operators. g

Theorem 3.3. Suppose that the conditions given in Assumption 3.1 are true. The numerical
solution of the AAVF method (2.2) admits the following modulated Fourier expansion for 0 <
t=nh<T:

Gn = Z eikwtC ()+RhN Z eﬂcwt k +ShN() (3'4)

[k|<N |k|<N
where N is a fized integer determined by (3.2) and the remainder terms are bounded by
Run(t)=0MR"Y),  Sun(t)=0RN). (3.5)

According to the partition of the square matriz Q (1.3), the vector (} = (C,’f)l, C,’f)2) € R4 x R%:
and n,’j = (77;15717772,2) € R x R% are partitioned accordingly. The coefficient functions C’,f,n,’j
as well as all their derivatives are bounded by

Gi=00),  a=001), Q=00 R, =00,
Cilz,l = O(h?), 77i11.,1 = O(h), Cilz.,z = O(h), ni,z = WCilzz +O(h), (3.6)
C}lj,l = O(hkﬂ)a 77}13,1 = O(hk)v Cl}iz = O(hkﬂ)a 77}6,2 = O(hk)

Jork=2,...,N —1. Since the numerical approzimation is real, the Fourier coefficients satisfy

C,;k = C’,j and n,;k = n_,li The constants symbolised by the O-notation depend on the constants
from Assumption 3.1 and the final time T, but are independent of h and w.



76 B. WANG AND X.Y. WU

Proof. In this proof, we will construct the functions

w®) = 3 W, ) = Y ) 57

|k|<N |k|<N

with smooth coefficient functions ¢} and 7}, such that there is only a small defect when (3.7)
is inserted into the numerical scheme (2.2).

I. Construction of the coefficients functions.
It follows from the symmetry of the AAVF method that

dn+1 — 2 COS(hQ)Qn + dn—1

:h2¢2(V)[/0 F((1=7)qn + Tqny1)dr + /0 F{(1=7)gn + an_l)dT]

1 1
:h2¢2(V) [/ f((l — T)qn =+ an+1)d7' + / f((l — T)Qn—l + an)dT] y (38)
0 0

where we have used the following property

/0 S =7)gn + Tqn-1)dr = /0 S =7)gn-1 + 7qn)dr.

For the term (1 — 7)¢, + Tqn+1, we look for a function of the form
~ h ikw h h
qn(t + 5,7—) = Z ekt 3) ek (4 4 577.)
|k|<N
as its modulated Fourier expansion. Then one has

h

qn(t + §,T) =(1-7) Z eik“’tc,’j(t) + 7T Z eik‘“(”h)g}’f(t +h)
[k|<N |k|<N
i h . 5 . . ’ . h
- Z etheltt3) ((1 - T)e_‘k“%e_%D + Te"“"%e%D)Cﬁ(t + 5),
|k|<N
which yields
k h —ikwh —hD ikwh hD\ ok h
fh(t+§,7):((1—7)e se 20 4 retfwses )Ch(t+§)
h
—Lu(hD, T R)GE(E + 5). 39)

Similarly, for (1 — 7)¢n—1 + 7¢n, we have the following modulated Fourier expansion

~ h ikw(t—n h
Qh(t—gﬂ'): Z ettt 2)55@—5,7)

|k|<N
with
h H g3 L N L g3 h
gt —5.m) =((1 = mpe e Eem B o reke ke ) et - 2
2 2
h
=Ly(hD, 7, k)G (t — ). (3.10)

2
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Inserting these modulated Fourier expansions into (3.8) implies
qn(t +h) — 2cos(hQ)qn(t) + qu(t — h)

=12 [ 1@+ §ovar+ [ slante 5 rir].

According to the definitions given in (3.3), this result can be rewritten as

Ly (hD)an(t) = W26a(V) Lo(hD) / F(@n(t.m))dr,

which means

LD (t) = h2n(V) / f(@n(t,))dr

By expanding the nonlinear function f at &} (¢) into its Taylor series, and comparing the coef-

ikwt

ficients of €'"*?, one arrives at

1
LD)GRE) = eV [ (#Eem)+ 3 e/ e €t )" ar

m>2
s(a)=0

L(hD + ikhw)GF (t) = h>¢a(V / > —f<m> (&R (t,7))(En(t, 7)) d k#0,

m>1

s(a)=k
where a = (a1, ..., ay,) with integer a; satisfying 0 < |a;| < N, s(a) = X0, oy, (&(t, 7))
is an abbreviation for (& (t,7),...,£™(t,7)). Here we used the result L(hD)el*!(k(t) =
e*tL(hD + ikhw)(F(t) which was given in [17]. This formula as well as (3.9) and (3.10)
gives the modulation system for the coefficients Q’f (t) of the modulated Fourier expansion g,.
Considering the dominate terms in the relations motivates the following ansatz:

1

52,1( ) = G- )‘H/—Gill(') +ey CI?,Q(t) =2 ( Yoo )‘H/—Gizl( )+ )7

X —h? cos(%“’) L L
Cha(t) = Lsin? (k) (G:tlo(')"i_\/ﬁG:tll(') + - ')7
<h o(t) = 5 ismc(%‘))(Glizo(')‘i‘\/ﬁGlizl(') +- ')7 (3.11)

X —h? cos(%) i
Cralt) = W( Eo()HVRGE () + ),

2
2 w) co khw

haft) = LD OTF) (G (VG () + ).

—2sin(EH hw) sm(%hw)

where the dots stand for power series in vh and the coefficient functions of the series are

denoted by G. It is noted that the functions depend smoothly on the variables () ,, 6271, Ch.o-

The functions G* (for k > 1) contain at least k times the factor ¢} , and thus C,’f)l(t)’: O(hk+1)

and C’,;z(t) = O(h**1). Following [15,16], we truncate the ansatz after the O(h™V*1) terms.
Using the scheme of the AAVF method (2.2) again, it is obtained that

dn+1 = (bO(V)Qn + h(bl (V)pn + h¢2(V)¢1_1(V)(pn+1 + h92¢1 (V)Qn - ¢O(V)pn)v
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which can be simplified as

1 — (60(V) + Vo (V) gn = ho (V)1 (V)pns1 + h(d1(V) — ¢ (V) (V) $2(V)) pn.

According to the definition of ¢-functions given by (2.3), it can be verified straightforwardly

that
(V) +Vea(V) =1,

G (V)67 (V) = 61(V) — 60(V)or (V)6a(V) = tan(ZhO) (h)

We then obtain 1
Qg1 — qn = Q71 tan(ihﬂ)(pmrl + pn)- (3.12)

By the definition of L3, this relation can be expressed as
1
L3(hD)qn(t) = Q7! tan(EhQ)ph(t).

Therefore, we get the modulation system for the coefficients n’,fb(t) of the modulated Fourier
expansion p, as

n(t) = Qtan_l(%hQ)Lg(hD)gg(t), nr(t) = Qtan_l(%hQ)Lg(hD +ikhw)CF(t)  (3.13)

for k # 0. In the light of the Taylor series of L3, one has the following relationship between ¥
and (F:

0 0 2 COS(hTW) 0
N1 (t) = Cpa(t) + O(h%), Nh2(t) = 7= Ch2(t) + O(h),
sinc(%2)
1 . sinc(%" 1 1 Lol
Npa(t) = iw——-m=22G 1 (2) + O(h), N2 = 1w(j, o + O(h), (3.14)
cos(5?)
. sinc(khe) . tan(khw
Mha(®) = e TEE G0+ O), 1 o(8) = et G+ O,
2

where |k| > 1. This presents the modulation equation of n,’j.

IT. Initial values. By the conditions that (3.4) is satisfied without the remainder term
for t = 0 and ¢ = h, the initial values for the differential equations of ¢}, and ¢} , can be
determined as follows. ’

Considering the conditions pp,(0) = po and ¢, (0) = qo, we get

Do,1 = 772,1(0) +O(h) = 62,1(0) + O(h),
Q0,1 = (5 1(0) + O(h?),
q0.2= G 2(0) + ¢, 5(0) + O(h?) = 2Re((} 5(0)) + O(R?).

This gives the initial values

¢n1(0) = qo + O(h?),
¢h1(0) = po + O(h), Re((h5(0)) = qo2/2+ O(h?).

Moreover, it follows from (3.1) that go.» = O(w™"), which implies that Re((} ,(0)) = O(h). In
what follows, we derive the value of Im(; ,(0)).
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From ¢5.1(h) = q1.1, qn,2(h) = q1,2 and the first formula of AAVF method, it follows that
q1.2 — cos(hw)qo.2 = hsinc(hw)po 2 + O(h?).
We compute

q1,2 — cos(hw)qo .2 = qn,2(h) — cos(hw)gn,2(0)
=3 derch () — cos(he) 3 ¢k 4(0)

|[k|<N |k|<N
=2 (h) + "G, o (h) + e G 5 (h) — cos(hw) (C;?,z(O) +Gr2(0) + C{,i(O)) +0(h?).
Expanding the functions ¢f) 5(h), ¢} 5(h), ¢, 3(h) at h =0 yields
q1,2 — cos(hw)qo,2 =(1 — cos(hw))(j 2(0) + isin(hw) (G 2(0) — G 5(0)) + O(h?).

It is clear that
(1~ cos(hw))f5(0) = 2sin® (hwo/2)¢0(0) = O(h).

Thus it is confirmed that
isin(hw) (¢, 2(0) = ¢, 5(0)) =hsinc(hw)po,> + O(h?),
which yields 2Im (¢ (0)) = —w™'po.2 + O(h) = O(h).
III. Bounds of the coefficients functions. Based on Assumption 3.1, the ansatz given

by (3.11) and (3.14), and the initial values presented in the above part, the bounds shown in
(3.6) are easily derived.

IV. Remainder. For t = nh, let
Ba(t + 1) =an(t + 1) — 6o(V)an(t) — s (V)pa(t)
~ o) [ F = T)an(t) + ranlt + W),
Sp(t + h) =pn(t + h) + B ¢1 (V) qn(t) — do(V)pr(t)
) [ 50 Do)+ e+

It is clear from the two-step formulation that &,(¢ + h) + d,(t — h) = O(hN+2). According to
the choice for the initial values, we obtain §,(0) = O(hN*2). Thus letting ¢ = h, 2h, ..., yields

5,(2h) = 20(hNF2), 6,(3h) = 30(RN T2, ..,

which gives §,(t) = nO(hN*2) = O(thN*1). Then according to (3.12), one gets §, = O(h).
By letting R,, = ¢, — qn(t) and S,, = p,, — pr(t), we obtain the following error recursion

(Ot )< (o) ) ) (95 )

. hg (V') | (F(( = 7)an + Tans1) — (L= T)an(t) + 7qn(t + h)))dr
+

¢ (V) /0 (F((1 = T)an + Tqns1) — f((1 = 7)an(t) + 7qn(t + h)))dr

s,
+< 5, >
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By using the Lipschitz continuous of the nonlinearity, one obtains

(X =T)an + Tgnt1) = F((1 = 7)gn(t) + 7an(t + W) < | Rull + [ Rnial -

Using the norm [|(R,, Sy)||, = [|(2R., Syn)]| , we have
[(Bnt1, Snn) e <N(Bns Sn)ll, + RO Rl + [[Rnga]]) + (0, 3p)l. (3.15)

Then the remainder (3.5) can be derived by solving the error recursion (3.15) and the application
of a discrete Gronwall inequality. The proof of this theorem is complete. O

4. Long-time Oscillatory Energy Conservation

This section is devoted to showing the long-time oscillatory energy conservation of the AAVF
method.

Denote ¢ = (C{NH, e ,C{l,cg,@b, cee }11\771)' The modulation functions of the AAVF
method have the following almost invariant.

Theorem 4.1. Suppose that the conditions of Theorem 3.3 hold. For the coefficient functions
of the modulated Fourier expansion, there exists a function Z[C] such that

Z[c)(t) = Z[c](0) + Oh™),
where 0 <t < T. Moreover, this almost invariant can be expressed as

hw)
hw)

N [=

COSs
w 2 (

Zlc =2 sinc(

(Cra) TGho + O(B2).

N [=

Proof. With the proof of Theorem 3.3 proposed in the previous section, one obtains

1
LD)an(t) = 10a(V) [ F@(t.m)dr + OU+2),
0
where we use the following notations:

qn(t) = Z q;’i(t), qn(t,7) = Z (jili(tﬂ—)'

|[k|<N |k|<N

Here ¢f and ¢ are defined as ¢ (t) = e**CF(t) and §F (¢, 7) = e**!¢k (¢, 7), respectively. By
considering the definitions of §j,, g, and comparing the coefficients of e*“!, we obtain the
equations in terms of q’,j :

L(hD)qp(t) = —=h*¢o(V)V_xU(G(t, 7)) + O(RNT?),

where U(q(t, 7)) is defined as

1 1 1
uae.) = [ v e+ 3 o [ om@en@enra

s(a)=0

and ¢(t,7) is given by

at,7) = (@GN T), AT, ().
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Define a vector function ¢(A,t,7) of A as below
- i(— ~— N ~ (N — ~N—
q(/\,t,T) _ (el( N+1)>\wqh +1(t,7’),~-- 7q2(t,7),_._ 7e1(N 1))\wqh 1(t,7’)).

It can be observed from the definition (4.1) that U(G(\, ¢, 7)) is independent of A and 7. Thus,
considering its derivative with respect to A implies

— S5Ot 7) = (e 7)) )

= Y kwe (G L 7)) TVRU(G(A L, 7).
|k|<N

0

The choice of A =0 and 7 = § yields Y. ikw(gr (¢, 3))TVild(G(t, 3)) = 0. Therefore, one gets

|k|<N
0= 37 ikl ()T UGGl 3))
|k|<N
= 3 k@it )T g (VIL(D)E(D) + O™, (42)
|k|<N

Inserting the expressions of ¢F and gF into (4.2) gives

Oy = 3 ikl (1, )T =303 (V)LD + ikwh)ch (1)
|k|<N

=> 1kw(L4(hD,%,—k)g,;k(t))T_imqs;l(V)L(hD+ikwh)g,’§(t). (4.3)
|k|<N

By Proposition 3.2, we get

La(hD, % —k)G(8) = (G +RCICE + B2 ICE + -+
LD + ikeoh)Gh = (¢b +ih()EE + B2k +---

Looking closer to the right-hand side of (4.3), using the above expressions of Ly and L, and
considering the formulae on p. 508 of [17], it can be verified that the right-hand side of (4.3)
is a total derivative. Therefore, there exists a function Z such that %i[(](t) = O(hY). An
integration of it immediately implies the first statement of the theorem.

Considering the expressions of L4 and L, the formulae on p. 508 of [17] and the bounds of
Theorem 3.3, the construction of Z is obtained by the right-hand side of (4.3) as follows:

~ 2hwsin(1 hw) cos(Lhw) 1
T — 2 2 S (1T ,1 h2
K] h2¢2(hW) 2 (ChﬁQ) Ch,2 + O( )
cos($hw) ,
—9? 2 INT A1 O(h2).
v sinc(%hw) (Ch’2) Cha T (%)
We complete the proof of this theorem. O

We are now in a position to present the main result of this paper.
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Theorem 4.2. Define I[¢] = Z[¢]/o(hw), where o(hw) is given by o(hw) = <os(h) g e

sinc($hw)
the conditions of Theorem 3.3 and that }cos(%hw)} > ch™ for some m, we have the following
relation between Z[C] and I(qn,pn):

Z[¢](nh) = I(gn,pn) + O(h).
Moreover, it holds that
1(gn,pn) = 1(q0,p0) + O(h)

for 0 < nh < h~N*L The constants symbolized by O are independent of n, h,w, but depend on
N, T and the constants in the assumptions.

Proof. According to the definition of Z and under the conditions of this theorem, one obtains
T[¢) = 20% (G 0) Gh o + O(R?). (4.4)

On the other hand, it follows from (3.6) that 7;; }(t) = Fiw¢j, 3(t)+O(h). Thus using the bounds
of Theorem 3.3, we have

wan,2 = w(e“'Ch (1) + e, 5 (1) + O(h),
iw (e o (t) — e 5 (1) + O(R).

Pn,2
This implies

1 1
I(Qnupn) = —Pz,gpng + _W2Q;r172%z,2

2 2
1 . . 2 1 ) ) 9
= 5 [iwleict o) — e gi@)|| + 5 [l o) + e G Am)|
= 20%(G2) "Gz + O(h), (4.5)

where we have used the fact that ||v + 9||* + |[v — 3] = 4 ||v|*. A comparison between (4.4)
and (4.5) gives the first stated relation of this theorem. Following the identical argument given
in Section XIIT of [17], it is arrived that

I(gn,pn) = Z[¢](nh) + O(h) = Z[¢]((n — 1)h) + O(h) + O(KNT)
= T[C)(0) + O(h) + O(nh™ )
= I(qo,po) + O(h) + O(nhN+1),

which gives the second statement of this theorem under the condition 0 < nh < BN+ ]

Remark 4.1. We remark that the above analysis is given for the AAVF method with the
integral appearing in (2.2). However, it is noted that the integral usually cannot be solved
exactly and a quadrature formula is needed. For this case, we will show that the main result for
the AAVF method with the integral is still true for the AAVF method with some quadrature
rule. As example, let us consider the following AAVF method with the midpoint rule

{ @1 = b0(V)an + ht (V)pn + B2 02 (V) f((gn + an+1)/2), (4.6)

P = —hL2o1(V)gn + ¢o(V)pn + bt (V) f((an + Gns1)/2),
By some modifications for the operator and the nonlinearity in previous sections, the main
result given in Theorem 4.2 is still true for this method.

Remark 4.2. From the analysis stated above for oscillatory energy conservation, it follows
that the result of Theorem 4.2 cannot be improved even if high order quadratures are chosen
for the AAVF method (2.2), which explains the numerical phenomenon shown in Section 2.
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5. Generalization of Multi-frequency Case

This section is devoted to extending the analysis to a muti-frequency highly oscillatory
Hamiltonian system with the following Hamiltonian function

A2
Higp) =53 (Il +F gl ) + Ul (5.1)

1

2 j=0
where q = (QO7q15 v aql)v p= (p07p17 v 7pl) with qdj, Dj S Rdjv )\0 =0 and )\J Z 1 are distinct
real numbers for j > 1, € is a small positive parameter, and U(g) is a smooth potential function.
It is well known that this system has the oscillatory energy of the jth frequency as

1 2 AL
Li(g,p) = 5 (llpill” + = llgill” ),
2 €

and its total oscillatory energy is I(q,p) = Zé‘:l Li(q,p).

Muti-frequency highly oscillatory Hamiltonian system often arises in a wide range of appli-
cations, such as in physics and engineering, astronomy, molecular dynamics, and in problems
of wave propagation in classical and quantum physics. There have been many efficient nu-
merical methods for solving this system and we refer to [17,19,20, 34,40, 42] as well as the
references contained therein. This muti-frequency Hamiltonian system can also be rewritten as
the highly oscillatory second-order system (2.1) with Q = diag(wolg,,w1ld,,--.,wilg,), where
wj = Aj/e. Thus the AAVF method (2.2) can be used to solve this system. In what follows,
we briefly discuss the long-time oscillatory energies conservations of the AAVFE method for this
muti-frequency highly oscillatory Hamiltonian system. The technique used here is the muti-
frequency modulated Fourier expansion of the AAVF method, which can be obtained by the
generalization of Sections 3-4 of this paper and following the way used in [8]. For brevity, we
just present the main results and omit the details of proof.

5.1. The main results for multi-frequency case

Let
A=A, 0, N), k=(ki,..., k), k-A=k i+ - +k\,

and denote the resonance module by
M={keZ: k-A=0}. (5.2)
Following [8], we use the following notations
w=(wi,..,w), G)=(0,...,1,...,0), |k|=|k1|+ -+ |kl

For the resonance module (5.2), denote by K the set of representatives of the equivalence classes
in Z'\ M which are chosen such that for each k € K the sum |k| is minimal in the equivalence
class [k] = k + M, and that with k € K, also —k € K. For the positive integer N, we let

N={kek: |k <N}, N*"=M{0,...,0)}.

The multi-frequency modulated Fourier expansion of the AAVF method is presented in the
following theorem.
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Theorem 5.1. The initial values are supposed to satisfy H(qo,po) < E. Assume that h/e >
co > 0 and the following numerical non-resonance condition is true

|sm(2ﬁ(k.A))| > eV for keZ\M with k| <N
€

for some N > 2 and ¢ > 0. Then the AAVE method admits the following multi-frequency
modulated Fourier expansion

g =)+ Y FNER+ oMY, pa=n(t)+ D FE ) + OB,
keN™ keN™
for 0 <t =nh <T. The coefficient functions as well as all their derivatives are bounded by

Go(t) = O(1), no(t) = O(1),

¢(t) = 0(h?), ni () = O(h),
GUm=om, 0w =00),

()= ORIy, nf(t) = O(hH), ke N7,
¢r(t) = O(hFH), nk(t) = O(R*), k # +(j),

forj=1,...,1

An almost-invariant is obtained for the functions of the multi-frequency modulated Fourier
expansion.

Theorem 5.2. Under the conditions of Theorem 5.1, there exists a function f[(] such that

L)) = Zu[d](0) + O@th™) + Ot )
for all p € R and 0 <t < T. Here M = min{|k| : 0 # k € M}. The almost-invariant satisfies
L)1) = Zu[(0) + O(th™)
foru LMy :={keM: |k| <N} and 0 <t <T. Moreover, iu can be expressed in
! pj cos(hw;) ; -
Z 25 J (C;(J>)T<J<J>+O(h)

i Aj sine(3hw;)

Consider the following modified oscillatory energies
l i
I(q;p) Za th / I (¢,p),
=1

SC::C(( g)) We then obtain the result about the long-time modified
2

oscillatory energies conservations of the AAVF method for multi-frequency highly oscillatory
systems.

where o is defined as o(§) :=

Theorem 5.3. Under the conditions of Theorem 5.1, we have

iﬂ[a 7(nh) = I;(qnapn) + O(h).
Moreover, it holds that
L™ p") = I;(¢" %) + O(h)
for 0 <nh <h Nt e R and p L My. The constants symbolised by O are independent of
n, h,Q, but depend on N, T and the constants in the assumptions.
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5.2. Numerical experiments

In order to illustrate the numerical conservation of the modified oscillatory energies for the
AAVF method, we consider a Hamiltonian (5.1) with | = 3 and A = (1,v/2,2) (see [8]). It is
shown in [8] that there is the 1 : 2 resonance between A\; and Ag: M = {(—2ks,0,k3) : ks € Z}.
For this problem, the dimension of ¢ = (q11,¢12) is assumed to be 2, and that of all the other
q; are assumed to be 1. We consider ¢! = w = 70, the potential U(q) = (0.001qo + q11 + qo2 +
¢ +q3)*, and

q(0) = (1,0.3¢,0.8¢, —1.1¢,0.7¢), p(0) = (—0.75,0.6,0.7, —0.9, 0.8)

as initial values. For A = (1,/2,2), it is chosen that u; = (1,0,2) and ps = (0,/2,0) for I,, and
the corresponding results are I,,, = I 4+ 13 and I,,, = I. We still consider the methods AAVF1-
AAVF3 which are given in section 2.2. We integrate this problem on the interval [0, 10000] with
h =0.1,0,01. The modified oscillatory energies conservations measured by

err] = ‘I;l (qnspn) — I, (q(nh), p(nh))|, errl2 = ‘1;52 (qnspn) — 1, (g(nh), p(nh))|

are shown in Figs. 5.1-5.3.

Modified oscilatory energy conservation with h=0.1 Mocified oscilatory energy conservation with h=0.01

Ioglo(GEl)
log, (GED

o enl?
-10

0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
t t

Fig. 5.1. AAVF1: the logarithm of the modified oscillatory energy errors against ¢.

Modified oscilatory energy conservaton with h=0.1 Mocified oscilatory energy conservation with h=0.01
i 0
Y ' Y
0 ¢}
g 4 5
0 el 0
0 ‘ ‘ ‘ ek ‘ ‘ ‘ o em
0 200 4000 6000 §000 120000 0 2000 4000 6000 00 10000
{ t

Fig. 5.2. AAVF2: the logarithm of the modified oscillatory energy errors against ¢.
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Mocified oscilatory energy consenvation with h=0.1 Modified oscilatory energy conservation with h=0.01

Ioglo(GEl)
log, (GED

o enl? o2

0 200 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
t t

Fig. 5.3. AAVF3: the logarithm of the modified oscillatory energy errors against ¢.

6. Conclusions

In this paper, we presented a long-term analysis of the adapted average vector field (AAVF)
method for highly oscillatory Hamiltonian systems. This AAVF method can exactly preserve
the total energy of the underlying systems, but the main theme of this paper is to study its
oscillatory energy and the corresponding numerical conservation. We analysed the long-term
behaviour in the oscillatory energy conservation by developing modulated Fourier expansions
for the method. A further extension of the analysis to multi-frequency case has also been
discussed.

Last but not least, it is noted that some trigonometric energy-preserving methods have
been well developed for solving wave equations and see [23-25, 38] for example. The long
time behaviour of oscillatory energy conservations for other energy-preserving methods will be
discussed in future.
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