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Abstract. For a finite discrete topological space X with at least two elements, a
nonempty set Γ, and a map ϕ : Γ → Γ, σϕ : XΓ → XΓ with σϕ((xα)α∈Γ) = (xϕ(α))α∈Γ

(for (xα)α∈Γ ∈ XΓ) is a generalized shift. In this text for S = {σψ : ψ ∈ ΓΓ} and

H = {σψ : Γ
ψ→ Γ is bijective} we study proximal relations of transformation semi-

groups (S , XΓ) and (H, XΓ). Regarding proximal relation we prove:

P(S , XΓ) = {((xα)α∈Γ, (yα)α∈Γ) ∈ XΓ × XΓ : ∃β ∈ Γ (xβ = yβ)}

and P(H, XΓ) ⊆ {((xα)α∈Γ, (yα)α∈Γ) ∈ XΓ × XΓ : {β ∈ Γ : xβ = yβ} is infinite} ∪
{(x, x) : x ∈ X}.

Moreover, for infinite Γ, both transformation semigroups (S , XΓ) and (H, XΓ) are re-
gionally proximal, i.e., Q(S , XΓ) = Q(H, XΓ) = XΓ×XΓ, also for sydetically proximal
relation we have L(H, XΓ) = {((xα)α∈Γ, (yα)α∈Γ) ∈ XΓ × XΓ : {γ ∈ Γ : xγ 6= yγ} is
finite}.

Key Words: Generalized shift, proximal relation, transformation semigroup.
AMS Subject Classifications: 54H15, 37B09

1 Preliminaries

By a (left topological) transformation semigroup (S, Z, π) or simply (S, Z) we mean a
compact Hausdorff topological space Z (phase space), discrete topological semigroup S

∗Corresponding author. Email addresses: fatemah@khayam.ut.ac.ir, f.a.z.shirazi@ut.ac.ir

(F. Ayatollah Zadeh Shirazi), amir.falah90@yahoo.com (A. Fallahpour), mrmardanbeigi@srbiau.ac.ir

(M. Mardanbeigi), zahra.nili.a@gmail.com (Z. Nili Ahmadabadi)

http://www.global-sci.org/ata/ 110 c©2022 Global-Science Press



F. Ayatollah Zadeh Shirazi et al. / Anal. Theory Appl., 38 (2022), pp. 110-120 111

(phase semigroup) with identity e and continuous map π : S× Z → Z (π(s, z) = sz, s ∈
S, z ∈ Z) such that for all z ∈ Z and s, t ∈ S we have ez = z, (st)z = s(tz). If S is a discrete
topological group too, then we call the transformation semigroup (S, Z), a transformation
group. We say (x, y) ∈ Z× Z is a proximal pair of (S, Z) if there exists a net {sλ}λ∈Λ in S
with

lim
λ∈Λ

sλx = lim
λ∈Λ

sλy.

We denote the collection of all proximal pairs of (S, Z) by P(S, Z) and call it proximal
relation on (S, Z), for more details on proximal relations we refer the interested reader
to [4, 8].

In the transformation semigroup (S, Z) we call (x, y) ∈ Z × Z a regionally proximal
pair if there exists a net {(sλ, xλ, yλ)}λ∈Λ in S× Z× Z such that

lim
λ∈Λ

xλ = x, lim
λ∈Λ

yλ = y and lim
λ∈Λ

sλxλ = lim
λ∈Λ

sλyλ.

We denote the collection of all regionally proximal pairs of (S, Z) by Q(S, Z) and call it re-
gionally proximal relation on (S, Z). Obviously we have P(S, Z) ⊆ Q(S, Z). In the trans-
formation group (T, Z), by [9] we call L(T, Z) = {(x, y) ∈ Z× Z : T(x, y) ⊆ P(T, Z)} the
syndetically proximal relation of (T, Z) (for details on the interaction of L(T, Z), Q(T, Z)
and P(T, Z) with uniform structure of Z see [5, 6, 9]).

1.1 A collection of generalized shifts as phase semigroup

For nonempty sets X, Γ and self-map ϕ : Γ→ Γ define the generalized shift σϕ : XΓ → XΓ

by σϕ((xα)α∈Γ) = (xϕ(α))α∈Γ ((xα)α∈Γ ∈ XΓ). Generalized shifts have been introduced for
the first time in [2], in addition dynamical and non-dynamical properties of generalized
shifts have been studied in several texts like [3] and [7]. It’s well-known that if X has a
topological structure, then σϕ : XΓ → XΓ is continuous (when XΓ equipped with product
topology), in addition If X has at least two elements, then σϕ : XΓ → XΓ is a homeomor-
phism if and only if ϕ : Γ→ Γ is bijective.
Convention. In this text suppose X is a finite discrete topological space with at least two
elements, Γ is a nonempty set, X := XΓ, and:

• S := {σϕ : ϕ ∈ ΓΓ}, is the semigroup of generalized shifts on XΓ,

• H := {σϕ : ϕ ∈ ΓΓ and ϕ : Γ → Γ is bijective}, is the group of generalized shift
homeomorphisms on XΓ.

Equip XΓ with product (pointwise convergence) topology. Now we may consider S
(resp. H) as a subsemigroup (resp. subgroup) of continuous maps (resp. homeomor-
phisms) from X to itself, so S (resp.H) acts on X in a natural way.

Our aim in this text is to study P(T,X ), Q(T,X ), and L(T,X ) for T = H,S . Readers
interested in this subject may refer to [1] too.
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2 Proximal and regionally proximal relations of (S ,X )

In this section we prove that

P(S ,X ) = {((xα)α∈Γ, (yα)α∈Γ) ∈ X ×X : ∃β ∈ Γ (xβ = yβ)},

Q(S ,X ) =

{
X ×X , Γ is infinite,
P(S ,X ), Γ is finite.

Theorem 2.1. P(S ,X ) = {((xα)α∈Γ, (yα)α∈Γ) ∈ X ×X : ∃β ∈ Γ (xβ = yβ)}.
Proof. First consider β ∈ Γ and (xα)α∈Γ, (yα)α∈Γ ∈ X by xβ = yβ. Define ψ : Γ → Γ with
ψ(α) = β for all α ∈ Γ. Then

σψ((xα)α∈Γ) = (xβ)α∈Γ = (yβ)α∈Γ = σψ((yα)α∈Γ),

((xα)α∈Γ, (yα)α∈Γ) ∈ P(S ,X ).

Conversely, suppose ((xα)α∈Γ, (yα)α∈Γ) ∈ P(S ,X ). There exists a net {σϕλ
}λ∈Λ in S with

lim
λ∈Λ

σϕλ
((xα)α∈Γ) = lim

λ∈Λ
σϕλ

((yα)α∈Γ) =: (zα)α∈Γ.

Choose arbitrary θ ∈ Γ, then

lim
λ∈Λ

xϕλ(θ) = lim
λ∈Λ

yϕλ(θ) = zθ

in X. Since X is discrete, there exists λ0 ∈ Λ such that xϕλ(θ) = yϕλ(θ) = zθ for all λ ≥ λ0,
in particular for β = ϕλ0(θ) we have xβ = yβ.

Lemma 2.1. For infinite Γ we have: Q(S ,X ) = Q(H,X ) = X ×X .

Proof. Suppose Γ is infinite, then there exits a bijection µ : Γ × Z → Γ, in particular
{µ({α} ×Z) : α ∈ Γ} is a partition of Γ to its infinite countable subsets. Define bijection
ϕ : Γ → Γ by ϕ(µ(α, n)) = µ(α, n + 1) for all α ∈ Γ and n ∈ Z. Consider p ∈ X and
(xα)α∈Γ, (yα)α∈Γ ∈ X . For all n ≥ 1 and α ∈ Γ let:

xn
α :=

{
xα, α = µ(β, k) for some β ∈ Γ and k ≤ n,
p, otherwise,

yn
α :=

{
yα, α = µ(β, k) for some β ∈ Γ and k ≤ n,
p, otherwise,

then:

lim
n→+∞

(xn
α)α∈Γ = (xα)α∈Γ,

lim
n→+∞

(yn
α)α∈Γ = (yα)α∈Γ,

lim
n→∞

σϕ2n((xn
α)α∈Γ) = (pα)α∈Γ = lim

n→+∞
σϕ2n((yn

α)α∈Γ).

By σϕ2n ∈ H for all n ≥ 1 and using the above statements, we have ((xα)α∈Γ, (yα)α∈Γ) ∈
Q(H,X ) ⊆ Q(S ,X ).
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Lemma 2.2. For finite Γ and any subsemigroup T of S we have Q(T ,X ) = P(T ,X ).

Proof. We must only prove Q(T ,X ) ⊆ P(T ,X ). Suppose (x, y) ∈ Q(T ,X ), then there
exists a net {(xλ, yλ, tλ)}λ∈Λ in X ×X × T such that

lim
λ∈Λ

xλ = x, lim
λ∈Λ

yλ = y,

lim
λ∈Λ

tλxλ = lim
λ∈Λ

tλyλ =: z.

SinceX ×X ×T is finite, {(xλ, yλ, tλ)}λ∈Λ has a constant subnet like {(xλµ
, yλµ

, tλµ
)}µ∈M,

so there exists t ∈ T such that for all µ ∈ M we have x = xλµ
, y = yλµ

and t = tλµ
,

therefore tx = ty(= z) and (x, y) ∈ P(T ,X ).

Theorem 2.2. We have:

Q(S ,X ) =

{
X ×X , Γ is infinite,
P(S ,X ), Γ is finite.

Proof. Use Lemmas 2.1 and 2.2.

3 Proximal and regionally proximal relations of (H,X )

Note that for finite Γ, H is a finite subset of homeomorphisms on X and P(H,X ) =
{(x, x) : x ∈ X}, also using Lemmas 2.1 and 2.2 we have:

Q(H,X ) =

{
X ×X , Γ is infinite,
P(H,X ) = {(x, x) : x ∈ X}, Γ is finite.

In this section we show that:

{((xα)α∈Γ, (yα)α∈Γ) : max(card({β ∈ Γ : xβ 6= yβ}),ℵ0) ≤ card({β ∈ Γ : xβ = yβ})}

is a subset of P(H,X ), which is a subset of

{((xα)α∈Γ, (yα)α∈Γ) ∈ X ×X : {β ∈ Γ : xβ = yβ} is infinite} ∪ {(x, x) : x ∈ X}

in its turn. In particular, for countable Γ we prove

P(H,X ) = {((xα)α∈Γ, (yα)α∈Γ) ∈ X ×X : {β ∈ Γ : xβ = yβ} is infinite} ∪ {(x, x) : x ∈ X}.

Lemma 3.1. For infinite Γ, we have:

P(H,X ) ⊆ {((xα)α∈Γ, (yα)α∈Γ) ∈ X ×X : {β ∈ Γ : xβ = yβ} is infinite}.
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Proof. Consider ((xα)α∈Γ, (yα)α∈Γ) ∈ P(H,X ), then there exists a net {σϕλ
}λ∈Λ inH with

lim
λ∈Λ

σϕλ
((xα)α∈Γ) = lim

λ∈Λ
σϕλ

((yα)α∈Γ) =: (zα)α∈Γ.

Choose distinct θ1, · · · , θn ∈ Γ. For all i ∈ {1, · · · , n} we have

lim
λ∈Λ

xϕλ(θi) = lim
λ∈Λ

yϕλ(θi) = zθi in X,

so there exists λ1, · · · , λn ∈ Λ with xϕλ(θi) = yϕλ(θi) = zθi for all λ ≥ λi. There exists
µ ∈ Λ with µ ≥ λ1, · · · , λn, thus xϕµ(θi) = yϕµ(θi) for i = 1, · · · , n. Since ϕµ : Γ → Γ is
bijective and θ1, · · · , θn are pairwise distinct, {ϕµ(θ1), · · · , ϕµ(θn)} has exactly n elements
and {ϕµ(θ1), · · · , ϕµ(θn)} ⊆ {β ∈ Γ : xβ = yβ}. Hence {β ∈ Γ : xβ = yβ} has at least n
elements (for all n ≥ 1) and it is infinite.

Theorem 3.1. We have:

P(H,X ) ⊆{((xα)α∈Γ, (yα)α∈Γ) ∈ X ×X : {β ∈ Γ : xβ = yβ} is infinite}
∪ {(x, x) : x ∈ X}.

Proof. Use Lemma 3.1 and the fact that for finite Γ, H is a finite subset of homeomor-
phisms on X . So for finite Γ we have P(H,X ) = {(w, w) : w ∈ X}.

Lemma 3.2. For infinite countable Γ, we have

P(H,X ) =
{
((xα)α∈Γ, (yα)α∈Γ) ∈ X ×X : {β ∈ Γ : xβ = yβ} is infinite}.

Proof. Using Lemma 3.1 we must only prove:

P(H,X ) ⊇ {((xα)α∈Γ, (yα)α∈Γ) ∈ X ×X : {β ∈ Γ : xβ = yβ} is infinite}.

Consider (xα)α∈Γ, (yα)α∈Γ ∈ X with infinite set {β ∈ Γ : xβ = yβ} = {β1, β2, · · · } and
distinct βis. Also suppose Γ = {α1, α2, · · · } with distinct αis. For all n ≥ 1 there exists
bijection ϕn : Γ→ Γ with ϕn(αi) = βi for i ∈ {1, · · · , n}. Let α ∈ Γ, there exists i ≥ 1 with
α = αi. Since for all n ≥ i we have

xϕn(α) = xϕn(αi) = xβi = yβi = yϕn(αi) = yϕn(α),

we have
lim
n→∞

xϕn(α) = lim
n→∞

yϕn(α).

Therefore

lim
n→∞

σϕn((xα)α∈Γ) = lim
n→∞

(xϕn(α))α∈Γ = lim
n→∞

(yϕn(α))α∈Γ = lim
n→∞

σϕn((yα)α∈Γ),

((xα)α∈Γ, (yα)α∈Γ) ∈ P(H,X ).

Thus, we complete the proof.
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Theorem 3.2. For countable Γ,

P(H,X ) ={((xα)α∈Γ, (yα)α∈Γ) ∈ X ×X : {β ∈ Γ : xβ = yβ} is infinite}
∪ {(x, x) : x ∈ X}.

Proof. First note that for finite Γ, H is finite and P(H,X ) = {(x, x) : x ∈ X}. Now use
Lemma 3.2.

Lemma 3.3. For infinite Γ, we have:

{((xα)α∈Γ, (yα)α∈Γ) : card({β ∈ Γ : xβ 6= yβ}) ≤ card({β ∈ Γ : xβ = yβ})} ⊆ P(H,X ).

In particular,

{((xα)α∈Γ, (yα)α∈Γ) : {β ∈ Γ : xβ 6= yβ} is finite} ⊆ P(H,X ).

Proof. Suppose Γ is infinite. For (xα)α∈Γ, (yα)α∈Γ ∈ X , let:

A := {α ∈ Γ : xα = yα}, B := {α ∈ Γ : xα 6= yα}

with card(B) ≤ card(A). There exists a one to one map λ : B → A. By card(Γ) =
card(A) + card(B) and card(B) ≤ card(A), A is infinite. Since A is infinite, we have
card(A) = card(A)ℵ0 so there exists a bijection ϕ : A ×N → A. For all θ ∈ A let
Kθ = ϕ({θ} ×N) ∪ λ−1(θ). Thus Kθs are disjoint infinite countable subsets of Γ, as a
matter of fact {Kθ : θ ∈ A} is a partition of Γ to some of its infinite countable subsets. For
all θ ∈ A, {α ∈ Kθ : xα = yα} = ϕ({θ} ×N) is infinite and Kθ is infinite countable. By
Lemma 3.2 there exists a sequence {ψθ

n} of permutations on Kθ such that

lim
n→∞

σψθ
n
(xα)α∈Kθ

= lim
n→∞

σψθ
n
(yα)α∈Kθ

.

For all n ≥ 1 let
ψn =

⋃
θ∈A

ψθ
n,

then ψn : Γ→ Γ is bijective and

lim
n→∞

σψn(xα)α∈Γ = lim
n→∞

σψn(yα)α∈Γ,

which completes the proof.

Theorem 3.3. The collection {((xα)α∈Γ, (yα)α∈Γ) : max(card({β ∈ Γ : xβ 6= yβ}),ℵ0) ≤
card({β ∈ Γ : xβ = yβ})} is a subset of P(H,X ).

Proof. If Γ is finite, then

{((xα)α∈Γ, (yα)α∈Γ) : max(card({β ∈ Γ : xβ 6= yβ}),ℵ0)

≤card({β ∈ Γ : xβ = yβ})} = ∅.

Use Lemma 3.3 to complete the proof.
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4 Syndetically proximal relations of (H,X )

In this section we prove:

L(H,X ) =

{
{((xα)α∈Γ, (yα)α∈Γ) ∈ X ×X : {γ ∈ Γ : xγ 6= yγ} is finite}, Γ is infinite,
{(x, x) : x ∈ X}, Γ is finite.

Lemma 4.1. For (xα)α∈Γ, (yα)α∈Γ, (uα)α∈Γ ∈ X , and p, q ∈ X let:

zα :=
{

q, xα 6= yα,
uα, xα = yα,

and wα :=
{

p, xα 6= yα,
uα, xα = yα.

We have:

1). if ((xα)α∈Γ, (yα)α∈Γ) ∈ P(H,X ), then ((zα)α∈Γ, (wα)α∈Γ) ∈ P(H,X ),

2). if ((xα)α∈Γ, (yα)α∈Γ) ∈ L(H,X ), then ((zα)α∈Γ, (wα)α∈Γ) ∈ L(H,X ).

Proof. 1) Suppose ((xα)α∈Γ, (yα)α∈Γ) ∈ P(H,X ), then there exists a net {σϕλ
}λ∈Λ in H

such that
lim
λ∈Λ

σϕλ
((xα)α∈Γ) = lim

λ∈Λ
σϕλ

((yα)α∈Γ).

Thus
lim
λ∈Λ

((xϕλ(α))α∈Γ) = lim
λ∈Λ

((yϕλ(α))α∈Γ),

i.e., for all α ∈ Γ there exists κα ∈ Λ such that:

∀λ ≥ κα (xϕλ(α) = yϕλ(α)).

Hence, for all λ ≥ κα we have zϕλ(α) = uϕλ(α) = wϕλ(α). On the other hand the net
{(uϕλ(α))α∈Γ}λ∈Λ has a convergent subnet like {(uϕλθ

(α))α∈Γ}θ∈T to a point of X , say
(vα)α∈Γ, since X is compact. For all α ∈ Γ there exists θα ∈ T such that λθα

≥ κα, and
moreover

∀θ ≥ θα (uϕλθ
(α) = vα).

Note that for all θ ≥ θα we have λθ ≥ κα, leads us to:

∀θ ≥ θα (zϕλθ
(α) = vα = wϕλθ

(α)).

Hence

lim
θ∈T

σϕλθ
((zα)α∈Γ) = lim

θ∈T
σϕλθ

((wα)α∈Γ) and ((zα)α∈Γ, (wα)α∈Γ) ∈ P(H,X ).

2) Now suppose ((xα)α∈Γ, (yα)α∈Γ) ∈ L(H,X ) and ((sα)α∈Γ, (tα)α∈Γ) is an element of
H((zα)α∈Γ, (wα)α∈Γ). There exists a net {σϕλ

}λ∈Λ inH, with

((sα)α∈Γ, (tα)α∈Γ) = lim
λ∈Λ

σϕλ
((zα)α∈Γ, (wα)α∈Γ) = lim

λ∈Λ
((zϕλ(α))α∈Γ, (wϕλ(α))α∈Γ).
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On the other hand the net {((xϕλ(α))α∈Γ, (yϕλ(α))α∈Γ)}λ∈Λ has a convergent subnet in com-
pact spaceX ×X , without loss of generality we may suppose {((xϕλ(α))α∈Γ, (yϕλ(α))α∈Γ)}λ∈Λ
itself converges to a point of X ×X like ((mα)α∈Γ, (nα)α∈Γ). Hence

((mα)α∈Γ, (nα)α∈Γ) ∈ H((xα)α∈Γ, (yα)α∈Γ) ⊆ P(H,X ).

Now for α ∈ Γ there exists κ ∈ Λ such that:

∀λ ≥ κ ((mα, nα) = (xϕλ(α), yϕλ(α))).

Hence we have:

mα 6= nα ⇒ (∀λ ≥ κ (xϕλ(α) 6= yϕλ(α)))

⇒ (∀λ ≥ κ (zϕλ(α) = q ∧ wϕλ(α) = p))

⇒ lim
λ∈Λ

zϕλ(α) = q ∧ lim
λ∈Λ

wϕλ(α) = p

⇒ (sα, tα) = (q, p)

and

mα = nα ⇒ (∀λ ≥ κ (xϕλ(α) = yϕλ(α)))

⇒ (∀λ ≥ κ (zϕλ(α) = wϕλ(α)))

⇒ sα = lim
λ∈Λ

zϕλ(α) = lim
λ∈Λ

wϕλ(α) = tα

⇒ sα = tα.

Hence for (vα)α∈Γ := (sα)α∈Γ, we have:

sα =

{
q, mα 6= nα,
vα, mα = nα,

and tα =

{
p, mα 6= nα,
vα, mα = nα.

(4.1)

Using 1), ((mα)α∈Γ, (nα)α∈Γ) ∈ P(H,X ) and (4.1) we have ((sα)α∈Γ, (tα)α∈Γ) ∈ P(H,X ),
which completes the proof.

Lemma 4.2. We have:

L(H,X ) ⊆ {((xα)α∈Γ, (yα)α∈Γ) ∈ X ×X : {γ ∈ Γ : xγ 6= yγ} is finite}.

Proof. Consider (xα)α∈Γ, (yα)α∈Γ ∈ X such that B := {α ∈ Γ : xα 6= yα} is infinite. Choose
distinct p, q ∈ X and let:

zα :=
{

q, α ∈ B,
p, α /∈ B.
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By Lemma 4.1, if ((xα)α∈Γ, (yα)α∈Γ) ∈ L(H,X ), then ((zα)α∈Γ, (p)α∈Γ) ∈ L(H,X ). We
show ((q)α∈Γ, (p)α∈Γ) ∈ H((zα)α∈Γ, (p)α∈Γ). Suppose U is an open neighbourhood of
((q)α∈Γ, (p)α∈Γ), then there exists distinct α1, · · · , αn ∈ Γ such that for:

Vα =

{
{q}, α = α1, · · · , αn,
X, α 6= α1, · · · , αn,

and Wα = {p}, (∀α ∈ Γ),

we have
∏
α∈Γ

Vα ×∏
α∈Γ

Wα ⊆ U.

Since B is infinite, we could choose distinct β1, · · · , βn ∈ B such that {α1, · · · , αn} ∩
{β1, · · · , βn} = ∅. Define ψ : Γ→ Γ by

ψ(α) :=


αi, α = βi, i = 1, · · · , n,
βi, α = αi, i = 1, · · · , n,
α, otherwise,

then ψ : Γ→ Γ is bijective, σψ ∈ H and

σψ((zα)α∈Γ, (p)α∈Γ) = (σψ((zα)α∈Γ), σψ((p)α∈Γ)) = ((zψ(α))α∈Γ, (p)α∈Γ) ∈ U.

Hence ((q)α∈Γ, (p)α∈Γ) ∈ H((zα)α∈Γ, (p)α∈Γ). Since ((q)α∈Γ, (p)α∈Γ) /∈ P(H,X ), we have
((zα)α∈Γ, (p)α∈Γ) /∈ L(H,X ), which leads to ((xα)α∈Γ, (yα)α∈Γ) /∈ L(H,X ) and completes
the proof.

The proof of the following lemma is similar to that of Lemma 3.1.

Lemma 4.3. For ((xα)α∈Γ, (yα)α∈Γ) ∈ X × X if {α ∈ Γ : xα 6= yα} is finite and
((zα)α∈Γ, (wα)α∈Γ) ∈ H((xα)α∈Γ, (yα)α∈Γ), then {α ∈ Γ : zα 6= wα} is finite satisfying
card({α ∈ Γ : zα 6= wα}) ≤ card({α ∈ Γ : xα 6= yα}).

Proof. For n ≥ 1, if there exists distinct α1, · · · , αn ∈ Γ with zαi 6= wαi for i = 1, · · · , n,
then let:

Uα :=
{
{zα}, α = α1, · · · , αn,
X, α 6= α1, · · · , αn,

and Vα :=
{
{wα}, α = α1, · · · , αn,
X, α 6= α1, · · · , αn.

Thus
U := ∏

α∈Γ
Uα ×∏

α∈Γ
Vα

is an open neighbourhood of ((zα)α∈Γ, (wα)α∈Γ), and there exists bijection ϕ : Γ→ Γ with

(σϕ((xα)α∈Γ), σϕ((yα)α∈Γ)) = ((xϕ(α))α∈Γ, (yϕ(α))α∈Γ) ∈ U.

Hence xϕ(αi) = zαi and yϕ(αi) = wαi for all i = 1, · · · , n. Therefore xϕ(αi) 6= yϕ(αi) for
all i = 1, · · · , n, which leads to {ϕ(α1), · · · , ϕ(αn)} ⊆ {α ∈ Γ : xα 6= yα}, so n =
card({ϕ(α1), · · · , ϕ(αn)}) ≤ card({α ∈ Γ : xα 6= yα}) (note that ϕ is one to one), which
leads to the desired result.
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Lemma 4.4. For infinite Γ we have:

L(H,X ) ⊇ {((xα)α∈Γ, (yα)α∈Γ) ∈ X ×X : {γ ∈ Γ : xγ 6= yγ} is finite}.

Proof. Use Lemmas 4.3 and 3.3.

Theorem 4.1. We have:

L(H,X ) =

{
{((xα)α∈Γ, (yα)α∈Γ) ∈ X ×X : {γ ∈ Γ : xγ 6= yγ} is finite}, Γ is infinite,
{(x, x) : x ∈ X}, Γ is finite.

Proof. For infinite Γ use Lemmas 4.2 and 4.4, also for finite Γ note that P(H,X ) = {(x, x) :
x ∈ X}.

5 More details

In transformation semigroup (S, W) we say a nonempty subset D of W is invariant if
SD := {sw : s ∈ S, w ∈ D} ⊆ W. For closed invariant subset D of W we may consider
action of S on D in a natural way. For closed invariant subset D of W one may verify
easily,

P(S, D) ⊆ P(S, W), Q(S, D) ⊆ Q(S, W), and L(S, D) ⊆ L(S, W).

Suppose Z is a compact Hausdorff topological space with at least two elements, by Ty-
chonoff’s theorem ZΓ is also compact Hausdorff. Again for ϕ : Γ → Γ one may consider
σϕ : ZΓ → ZΓ (σϕ((zα)α∈Γ) = (zϕ(α))α∈Γ), also S := {σϕ : ZΓ → ZΓ|ϕ ∈ ΓΓ}, and
H := {σϕ : ZΓ → ZΓ|ϕ ∈ ΓΓ and ϕ : Γ → Γ is bijective }. Then for each finite nonenpty
subset A of Z, AΓ is a closed invariant subset of (S , ZΓ) (resp. (H, ZΓ)) and A is a discrete
(and finite) subset of Z. But using previous sections we know about P(T, AΓ), Q(T, AΓ),
and L(T, AΓ) for T = H,S . Hence for T = H,S by:⋃

{P(T, AΓ) : A is a finite subset of Z} ⊆ P(T, ZΓ),⋃
{Q(T, AΓ) : A is a finite subset of Z} ⊆ Q(T, ZΓ),⋃
{L(T, AΓ) : A is a finite subset of Z} ⊆ L(T, ZΓ),

we will have more data about P(T, ZΓ), Q(T, ZΓ), L(T, ZΓ).
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