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STRUCTURE-PRESERVING NUMERICAL METHODS FOR A
CLASS OF STOCHASTIC POISSON SYSTEMS

YUCHAO WANG, LIJIN WANG, AND YANZHAO CAO*

Abstract. We propose a type of numerical methods for a class of stochastic Poisson systems with
invariant energy. The proposed numerical methods preserve both the energy and the Casimir
functions of the systems. In addition, we provide a new approach of constructing stochastic
Poisson integrators which respect the Poisson structure and the Casimir functions of stochastic
Poisson systems based on coordinate transformations on the midpoint method. Numerical tests
are performed to demonstrate our theoretical analysis.
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1. Introduction

Stochastic Poisson systems (SPSs) are generalizations of stochastic Hamiltonian
systems ([2, 9, 19]) and have the following form ([9]):

dy(t) = B(y(t)) (VHo(y(ﬁ))dt +> VH,(y(t) o dWr(t)> ,

r=1
(1) y(0) = yo,
where y = (y',...,y™)7T € R™, H.(y) (r = 0,...,s) are smooth functions of
y, W(t) .= (Wi(t),...,Ws(t)) is an s-dimensional standard Wiener process de-
fined on a complete filtered probability space (2, F,{F;}t>0,P), ‘©’ denotes the
Stratonovich differential, and B(y) = (b;;(y)) is a smooth m x m matrix—valued
function of y which is skew-symmetric (b;;(y) = —b;:(y)) and satisfies

o ((Obis b, O
2) ;( A y(ly>blk<y>+;y<f/>bh(y)+ gy(ly)bmy)): N

for all i, 5,k € {1,...,m}.
If the dimension m = 2d is an even integer, and

_ -1 (0g 14
Bw=7"= (3 )

where I; denotes the d-dimensional identity matrix, then SPSs (1) degenerate to
stochastic Hamiltonian systems ([17, 18, 19]). It was proved in [9] that almost
surely the phase flow of a SPS ¢, : y — ¢,(y) possesses the Poisson structure:

T
® a%tgiy)B(y)&%t;y) = B(pi(y)), Vt>0, as.

Moreover, if the rank of B(y) is not full, there exists at least one Casimir function
C(y) with the property VC(y)T B(y) = 0 (Vy) ([7]). Casimir functions are invari-
ants of the SPSs almost surely ([9]), i.e. C(y(t)) = C(y,) along the solution y(t)
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of (1) V¢ > 0 almost surely, since
dC(y) =VC(y)" dy

r=1

=VC(y)" B(y) <VHo(y)dt +) VH,.(y)o dWr(t)>

=0.

A numerical method {y,, : n € N} of (1) is said to preserve the Casimir function
C(y) if

CYpe1) =Cy,), YVneN, as.
It is not difficult to see that, for any i € {0, ..., s}, if

{H;(y),H;(y)} :== VH;(y)"B(y)VH;(y) =0 forall j =0,...,s and all y,
where {H;(y), H;(y)} is called the Poisson bracket of H;(y) and H;(y), then
dH;(y) = VHi(y)"dy = 0.

In this case H;(y) is an invariant Hamiltonian of (1). When H, =0forr =1,...,s,
SPSs (1) degenerate to deterministic Poisson systems ([7, 13]).

Poisson systems find applications in many scientific and engineering areas such as
astronomy, robotics, quantum mechanics, electrodynamics and so on ([31]). Given
the characterization of the Poisson structure (3), a numerical method {y,, : n € N}
is said to preserve the Poisson structure of the system if it satisfies (see e.g. [7, 9])

w W, Wens
0 dy
Numerical methods for Poisson systems that can preserve both the Poisson struc-
ture and the Casimir functions are called Poisson integrators. Even for determin-
istic Poisson systems, it is challenging to construct general Poisson integrators in
case the structure matrix B(y) is nonconstant (p. 270 of [7], [10]). During the
last decades, there have been numerous studies exploiting special structures of
particular deterministic Poisson systems to construct Poisson integrators or other
structure-preserving numerical methods for them. Such methods have been shown
to produce much better long-time numerical behavior than other general-purpose
methods (see e.g. [1, 3,4, 5, 6, 7, 15, 16, 21, 22, 23, 24, 28, 29, 30] and references
therein).
Stochastic Poisson systems were recently proposed and numerically studied (see
e.g. [2,8,9,12, 25, 26]), where stochastic Poisson integrators or energy (Hamiltonian)-
preserving methods were investigated. For the following stochastic Poisson system

(5) dy(t) = B(y(t))VH(y(t))(dt + c o dW (1)),

where B(y) is a skew-symmetric matrix satisfying (2) and ¢ is a non-zero constant,
H(y) is obviously an invariant Hamiltonian and called the energy of the system
([2]). [2] proposed a class of numerical methods that can preserve the energy H(y)
and quadratic Casimir functions of the system. [12] constructed a class of explicit
parametric stochastic Runge-Kutta methods which preserve the energy H(y) for
suitable parameters and can achieve any prescribed mean-square orders.

In (5), when ¢ =0 and

B(y) = (0%y'y’) = diag(y",...,y™)Bo diag(y",...,y™),

(6) H(y) =Y By’ —pilny’,
1=1

= B(y,,1) (as. in stochastic cases), n € N.

n n
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where By = (b?j) is a skew-symmetric constant matrix, and 8; # 0 (i = 1,...,m),
the system is a deterministic Lokta-Volterra system studied in [20] where the Pois-
son structure of the system was revealed. Therefore the system (5) with B(y) and
H(y) defined by (6), denoted by (5)—(6) in the sequel, is a stochastic extension of
the Lotka-Volterra system in [20], which includes the test Lotka-Volterra model in
[2] as a special case.

For the system (5)—(6), motivated by the discussion in [14], we proved in [27]
the almost sure existence and uniqueness of the solution under certain conditions,
which we call the well-posedness conditions, and further verified that the solution
is almost surely positive given positive initial values and bounded under the well-
posedness conditions. It is not difficult to verify that the functions

(7) Cly) =arlny' + -+ aplny™

are Casimir functions of the system (5)—(6) where o = (a,...,,)T € KerBy.
Obviously, these Casimir functions are not quadratic so that they are not guaran-
teed to be preserved by the energy-preserving method in [2].

In this paper, we propose a new numerical method for the system (5)—(6) which
preserves both the energy and the Casimir functions of the system. For brevity we
call it the energy-Casimir-preserving scheme in the sequel. In addition, we prove
that the scheme also inherits the almost sure positiveness (given positive initial
values) and boundedness of the exact solution under the well-posedness conditions,
and the root mean-square convergence order of the scheme is 1. Furthermore, we
shall show that the midpoint scheme applied to a stochastic Poisson system with
constant structure matrix is a Poisson integrator, and that Poisson integrators are
invariant under invertible coordinate transformations. Based on these we construct
Poisson integrator for the system (5)—(6) by firstly transforming it via coordinate
transformation to a system with constant structure matrix to which we apply the
midpoint method, and then using the inverse coordinate transformation to trans-
form the midpoint method back to a Poisson integrator for the original system
(5)—(6). Numerical tests confirm our theoretical analysis.

The rest of the paper is arranged as follows. In Section 2 we construct the energy-
Casimir-preserving scheme for (5)—(6), and prove its preservation of the positiveness
and boundedness of the exact solution in addition to its preservation of the energy
and Casimir functions. In Section 3 we analyze the root mean-square convergence
order of the method. In Section 4 we show that the midpoint method is a Poisson
integrator for any SPS with constant structure matrix, and that Poisson integrators
are invariant under invertible coordinate transformations. Then we construct a
stochastic Poisson integrator for the considered system (5)—(6) via transforming a
midpoint scheme. In Section 5 we conduct a variety of numerical experiments to
demonstrate our theoretical results, followed by a brief conclusion in Section 6.

2. The energy-Casimir-preserving scheme

In the following we write a vector @ > 0 to mean that each of its elements is
positive.
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2.1. Construction of the numerical scheme. For convenience we write the
system (5)—(6) more compactly as the following system (8):

dy(t) = B(y(t))VH(y(t))(dt + co dW (t)), y(0)=1y,, wherey, >0, and
B(y) = (0%y'y’) = diag(y", ...,y"™)Bo diag(y", ...,y™),
m
(®8) H(y) =Y _ Biy' —pilny'.
i=1
We first state its well-posedness conditions in Assumption 2.1 which also guarantee

the almost sure positiveness and boundedness of the solution ([27]):

Assumption 2.1. ([27]) For the parameters 3 = (B1,...,Bm) ,p = (1, ,pm)T
of system (8), there exists a real number sg € R and a vector a € KerBg such that

Soﬂ > 0,
—sop +a < 0.
In the sequel we assume that Assumption 2.1 is valid. We propose the following
numerical scheme for (8):

(9)

1
Ynt+1 — Yn ( 117 )
= B VH — dr (h+ cAW, ),
yn+1 yn + (hl |yn+1| _ hl |yn|> /O (yn + T(yn+1 yn)) T +c n
where
T
Ynt+1 — YUn — ( yi+1 - y}, Yn1 — Yn' )
Iy, =Infy,) " \Infyg | =Injy; " oy, | —Infyel)
and A/Wn is a truncation of the Wiener process increment AW, := W(t,41) —

W (t,,), which was proposed for implicit stochastic schemes in [18] and AW, =
V¢, with

Ah7 gn > Aha
Ch,n = §n> |£n‘ < Ah7
_Ah7 gn < _Ah7

where Aj, = \/2k|Inh| for k > 2, &, ~ N(0,1) and AW,, = Vhé,.
2.2. Properties of the scheme.
2.2.1. Preservation of the energy and Casimir functions.

Theorem 2.1. Applied to system (8), the numerical scheme (9) exactly preserves
the energy and the Casimir functions of (8).

Proof. From the fundamental theorem of calculus, we have

1
H(y7L+1) - H(yn) = /O VH(yn + e(yn-l-l - y7L))T(yn+1 - yn)de

By the scheme (8),

1
/ VH(yn + e(yn—i-l - yn))Tde
0

Yni1 — Y ! =
B “ . / VH(y, + 7(Ypi1 — Yn))dT (A + cAW, ) =0,
(i) ) ¥ vl v )

due to skew-symmetry of the structure matrix B(y).
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The gradient of the Casimir function C given by C(y) = Y~ a; Iny’ is (“—11, .

Yy
O
ym

T
) . By straightforward calculations we obtain

1
0

B <alln|y%+1|—lny%| N 1n|y7T+1|—1n%T>
_ O
yrlprl - yrlz y:LnJrl —Yn'

T
_ VC ( yn+1 - Y, > )
In |yn+l‘ —In |yn|

Therefore,

1
Clynir) — Cly,) = / VW + 0nss —9n)) " Wes — ¥,)d0

T
- vC ( Ynt+1 — Yn ) B ( Ynt+1 — Yn )
1n|yn+1| 71n|yn| 1n|yn+1| 71n|yn|

1
' / VH(yn + T(yn+1 - yn))dT (h + CAWH) = Oa
0

owing to the definition of Casimir functions. O

2.2.2. Positiveness and boundedness of the numerical solution. For any

given initial value y, € R, the almost sure existence (global non-explosion) and

uniqueness of the solution of the system (8) can be ensured, and the solution is

positive and bounded almost surely([27]). Next we show that the almost sure

positiveness and boundedness can be preserved by the scheme (9). In what follows,

equalities and inequalities between random variables are in the ‘almost sure’ sense.
Write B(-)VH(-) as (BVH)(-). From

1
Ynt+1 — Yn
VH(y, +7(Ynt1 — YUn deVH( ),
/O ( ( i )) 1n|yn+1‘ _ln|yn‘

the scheme (9) can be rewritten as

_ Ynt1 — Yn ( W, )
_ BYH h+cAW, ),
Ynt1 Yo+ ( ) <1n|yn+1 _ln|y"|> e

Calculating B(y)VH (y) out, we have that system (8) is equivalent to

dy* (t) y' (E#l 0, (Biy’ — Pj))
: = : (dt +codW(t)),
dy (t) ym (Z];&m b?nj (ﬁjyj - p]))
and the component form of the scheme (9) is
i i I
i 4 Yn+1 Yn 0 Yn+1 Yn 7
+ In|y; 4| — Infyp,| ; ! ( Jln|yﬁb+1| —In|y3| J)

for i = 1,...,m. Note that bY; = 0 since By is skew-symmetric.
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We denote [I, L™ :=[I, L] x --- x [l, L], i.e. the m-fold Cartesian product of [I, L]

for the following lemma, and a vector y = (y*,...,y™) € [I, L]™ means y* € [I, L]
fori=1,...,m.

Lemma 2.1. Given Assumption 2.1 and y, > 0, for any vectory = (y*,...,y™) €
R which satisfies H(y) = H(y,) and C(y) = C(y,), there exist positive numbers
1>0 and L >0 such thaty € [I, L]™.

Proof. By Assumption 2.1,
(a1,a2,...,Gm) = sof >0,
(dl,dg,...7dm) = —sop+a <0.

Now we construct the function G(y) for y > 0:

Gly) = soH(y) + Cy) + ) _ dj — d;jIn(~d;/ay)
j=1
=Y ay’ +djny’ +d; —d;In(—d;/a;) = > G(y’)
j=1 j=1
with
Gi(y’) == a;y’ +djIny’ +d; —djIn(—d;/a;), j=1,...,m.

Clearly, the function G;(y’) has the minimum value G; (7%) = 0 which implies
Gi(y?) >0 on (0,+00) for j =1,...,m. Since H(y) = H(y,) and C(y) = C(y,),

we have

Gly) = soH(y) + +Zﬁ—dh1dMﬂz( o).

j=1

Therefore,

(10) Gy’ ZG )<Glyy), j=1,....m
i#]

The second derivative G//(y7) = —(yd%)z > 0. Tt is not difficult to see that, for
j=1,...,m,
i) G;(y’) convexes down on (0, +00);

(11) i) lim Gj(y) =400, lim G;(y') = +oo.
”

J—0+t yJ ——+oo

(10)—(11) implies that there exist I > 0 and L > 0 such that y/ € [I,L] (j =
1,...,m). More explicitly for L, the equation of the tangent line of G; at the point

(=22, Gy(=31)) is
. 2d; 2d;
=3 (e 2 e (),
J J
(v

Then by the convexity of G;(y), we obtain

§<¢+M)+G< M)<G<)<mmx

a; a;
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which implies
2[G(yo) —d;In2]

yJS =: Ly, jzla"'ama
aj
which concludes the proof of the lemma with L := maxjc(y . m) Lj- O
In the following, for vectors p = (p*,...,p™)T and r = (v1,...,r™)T |p| < |r|
means that |p?| < |rf| for i =1,...,m, and || - || denotes the Euclidean norm.

Theorem 2.2. Under the Assumption 2.1 and y, > 0, there exist constants K > 0
and hg > 0 such that for any h < hg, solution y, ., n = 0,1,---, of the scheme
(9) is positive and

K(h + chh,n'\/E) 1
Y| < Y-
1— K(h+ clhnlVh) 2

(12) ‘yn-ﬁ—l _yn| S

Proof. We prove the theorem by induction. Given y,, > 0 and h, let

8() =y, + (BYH) (2 ) (4 AT, )

Then the scheme (9) can be written as

which we solve by the fixed-point iteration with an initial value z satisfying

K(h+ c[Chn|Vh)
1- K(h + C|<h7n|\/ﬁ

for certain K > 0 and hy > 0 such that when h < hq

1 K (h + c|Chn|Vh)
37 1= K(h+clGhnlVh)

(13) 0<]z-y,l<

)Iyn\

(14) K(h+ ¢|Cun|Vh) < <

1
2’
which implies

1
so that z > 0. Since y,, > 0 satisfies H(y,,) = H(y,) and C(y,,) = C(y,), it

follows from Lemma 2.1 that there exist [ > 0 and L > 0 dependent only on the
system (8) such that y,, € [, L]™. (15) then implies that z € [£,2L]™.

_ 1.1 m_.m T
By the mean value theorem, lnz_ﬁl"yn = (111;—{1?3;}1 e T im_ﬁjy:{l) is a vec-
tor between y,, and z, thus
(16) 2= Un <lz—y, et TR YIS
Inz—Iny, Yn| = Ynl» Inz—Iny, 2’ '

Next, we show that the vector ¢(z) form the iteration also satisfies the inequality
(13), i.e.,
K(h+ c|Cun|Vh
0.< 16(2) — gl < —- GV
1- K(h + C|<}L,TL|\/E

)\ynl-
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We consider the i-th component of ¢(z), i € {1,...,m}:

i i Zi_y% 0 Zj_y% 7%
: — S0 (85 _ _p, h+ cAW,
¢ (z) Yn ln|21|—1n|y$l| 17 (6] : j| p]) ( & L)

In|z7] — In|y;,

J#i
:yi + yn Zb %—px (h—l—cA/W )
" lnzl—lnyn gy lnzj—lny% ’ ")

Due to (16), there exists K71 > 0 such that for i =1,...,m
(17) S (5- Gt ) <K
por " ]lnzj—]ny?l bi )| ="

Now we update the K by letting K := max{K, K;}, and adjust the h; for the
validity of (14) accordingly. Then by (16), (13) and (14) we have

Sty (B 5y )| el V)

J#i Inyn

il [, (szj_y”—m) (h + clCunlVE)

por Inz/ —Iny),

< K |2 —yi| (h+ clonalVR) + K [h] (A + cl¢hn| VR)

K(h+C|Ch,7l|\/ﬁ) i
K(h+c|<h,n|\/ﬁ) (1 _ K(h+c|<h7n|\/ﬁ) + 1) |yn|

"
Inz' —Iny}

’QSZ(Z) - y;z| <

_yn

—K(h+c|€h\\f) =3

for i = 1,...,m. Since h + c(h,n\/ﬁ # 0 a.s., ¢(z) # y,, a.s.. Therefore, almost
surely the mapping ¢ maps [£,2L]" \{y,} to [§,2L]™ \{y,,} itself. Next we show

Iynl

that ¢ is also a contraction mapping on [f ]m \{y,, } for sufficiently small h. For
€ [£,22]" \{y,}, denoting

£6) = (BYH) (28 ) = (o )

Inz—-Iny,

we have
¢(2) =y, + F(2)(h + o Vh),
and fori=1,...,m,
o (2 Y (52 ),
Inz" —1Iny;, poy ! Inz/ — Inys,
For k = 1,...,m, the partial derivative of f*(z) with respect to z* is
o RS Sty (BT ) k=

fi(2) = 5o (2) =

Zoyh 30 g Imzf-lnyr—(F—yr)/z" .
Inz—Iny? bik (Tn zF —In yk)2 5 k 7é 2.
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k k
k k2 -y
Inz"—Iny, ——F"2

i = 1 (see also (19)), wherefore

A simple calculation gives lim_«_,x

defini lnzkflnyifzkz%}ﬁ 1 h k k he f . 1nzk*1nyifzi;kyﬁ .
efining T 2F—TnyF)? = 5 when 2* = y,, the function T 2F—nyF)? 1S
continuous on z* € [é, 2L] and thus bounded by a certain my, > % fork=1,...,m.

Owing to (16) and (17), there exists M} > 0 such that |fi(z)| < M} for i,k =
1,...,m, which implies that || f'(z)|| < M on [L,2L]™\{y,,} for certain M > 0.
Thus for 21,20 € [£,2L]™\{y,}.

l¢(21) = d(z2)ll = 1 £ (1) = F(z2)l|(h + cl¢h.nl VD)
(18) < M(h+ c|GralVh)llz1 — 22|
Note that there exists ho > 0 and Cy > 0 such that for h < ho,
M(h + ¢|Cun|VR) < Co < 1,

which means that ¢ is a contraction map on [4,2L]™\{y,}. Then by the con-
traction mapping theorem, when h < hg := min{hq, h2}, the iteration based on ¢
converges and y,, ., € [5,2L]™\{y,,} almost surely. Since H(y, ;) = H(y,) and
C(Yni1) = Clyy), Lemma 2.1 indicates that y, ,, € [I, L™ almost surely. There-
fore, given y, € R7', the numerical solutions {y,,n = 0,1,...} form the scheme
(9) are positive and bounded almost surely. O

Remark 2.1. Note that the bound for the numerical solution derived in the proof
of Lemma 2.1 is the same with that of the exact solution given in [27].

From the above analysis, since the scheme (9) preserves the positiveness of the
solution, we can rewrite it without the absolute value notations as

Ynt+1 — Yn

1
CYnt1 = Yn . ) o
1nyn+1lnyn>/0 VH(Y, +7(Ynp1 — Yn))dr (h+c Wn)

yn+1:yn+B<

3. Root mean-square convergence order of the method

In this section we derive the root mean-square error estimate of our numerical
method proposed in Section 2. To this end, we need the following three lemmas.

Lemma 3.1. ([2]) For all v € [1,400), there exists a positive constant C,, > 0
such that, for allm € Ny and all h € (0,1), we have

(B(AW,[)7 <Cht and (B (‘AWH 7))7 < Ot
Define a function 47 as
! ! 0]
%(x) — {lnm—lnwo’ r 7& L0,
Zo, T = Zo,

with z € R and z¢ > 0.

Lemma 3.2. The function J is at least three times continuously differentiable at
xg, and has the following expansion

H@) = w0+ 5w = w0) = (& — o) + ShO @)z — w0,

where & is between Ty and x.
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Proof. Clearly s (x) is continuous on (0, +00), and when x # x,

(Inz —Inzg) — (x — z0)

A (z) =

(Inz —Inxp)?

By the derivative limit theorem,

o (Inz—Inzg) — L(x —x0)
/ — 1 T

H (o) vt (Inz — Inxg)?

?10(33 —x0) — ﬁ(m —20)2 +O((z — 20)®) — L(x — x0)

€T

= lim

T—x0 (%(m —x9) + O ((z — l‘o)Q))Q
= lim Tim(x - 370)2 - ﬁ(x - mO)Q +0 <(‘T - $0)3)
- T—T0 %(x—xo)Q +O((x—$0)3)
. Tio—ﬁwLO((x*xo)) 1
(19) T T 20w 2

Using the derivative limit theorem again, we obtain the second derivative function

%H(x) _ {Q(x—on)Z—(l(lzfl-x(l)I)l(;;)ﬂg—ln 330)) 2 # a0,

1

TR T = Zo,

and similarly,

(z4220)(In z—1In 20)%+6z0(In z—1In x9) —6(x—20)
%0(3) ({L‘) — ° wg(lnwflon z0)* . . y X 7& Zo,
é, Tr = Xg.
Then by the Taylor’s formula, Lamma 3.2 holds. (]

Lemma 3.3. If the numerical solutions {y,,,n =0,1,...., N} of system (8) based
on the scheme (9) are positive, then y,, has the asymptotic expansion:

(20)
Ynsr — Y = a(y,,)(h+ cAW,) + b(y,,) (h + cAW,)? + c(y,) (h + cAW,,)® + R,

where a(y,) = BVH(y,), b(y,) = (BVH) (y,) (BVH) (y,)/2, c(y,) is a con-
tinuous function of y, € [I, L™ and independent of y,,,, and AW, and R, de-
pends on Yy, and satisfies:

(21) E[|Ra|] < O(?).  (E[|Ra|*)Z < O(?).

Proof. For simplicity, we write g := V H in the following discussion, and R denotes
random vectors or matrices whose norms possess finite moments bounded by a
constant independent of h. Since {y,,} are positive, the scheme (9) can be written

as
(22)
1
Ynt+1 — Yn ( 117
=y, +B (o —y,))dr (h+cAW, ).
Y1 = Yn + <lnyn+1_lnyn>/0g(yn+7(yn+1 Yn))dr (h+c )

By the mean value theorem,

Ynt+1 — Yn

23 S
( ) In Ynt1 — In Yn

=Y, + en(yn-‘,-l - yn)
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with 6,, € (0,1). Thus

B (1 yn+1 — Y, ) _ B('yn) + < yn+1 — Yy . yn>
nyn+1 —In Y, In yn+1 —In Yn

1 J—
/ B/ (yn +’T< yn+1 Yn _ yn>> dr
0 In y71,+1 —In Yn
1 —
:B(yn)+9n/ B (yn+T<M_yn>>dT
0

In Ynt1 — In Yn
(24) “(Yng1 = Yn)-

By Lemma 2.1 and the proof of Theorem 2.2 we know that given y, > 0, y,, €
[I, L]™ almost surely for n € N, wherefore almost surely z, ¢ := ¥, +0(y,,11—¥,) €
[I, L)™ for 6 € [0,1]. Since B(y), B'(y) and g(y) = VH(y) are continuous functions
on [I, L]™, they are bounded almost surely at y = 2z, ¢ by a constant independent
of h for all n € N and § € [0,1], implying that their moments at y = z, ¢ are
bounded by constants independent of h, n and . Substituting y,,,; —y,, from (22)
into the right-hand side of (24), we can write

Y1 — Yn ) 7
25 B Y179\ _ By )+ (h+cAW,)R,
(25) (i ) = Bl + )

where R represents a random matrix whose norm has finite moments bounded by
constants independent of h.
Similarly,

/0 9, + T(Ypi1 — Yp))dT
1 T
:/ {g(yn) +/ 9 Y+ 51 —Yn))ds(Yy 1 —y,) | dT
0 0

1 T
=9(Y,) +/O /O 9 WY+ 51 — ¥,))dsdT (Y, 1 — Y,)
(26) =g(y,) + (h+ cAW,)R,

where R is a random vector whose norm has finite moments bounded by constants
independent of h. Taking the product of (25) and (26), we obtain the coefficient of

the first power of (h + CAWn) in the expansion (20)
(27) Ynir = Yn = B)gW,) (b + cAW,) + (h+ cAW,)°R.

Next, we deduce the explicit form of the coefficient of (h + cAﬁ/\n)2 in the ex-
pansion (20). For the function #(z) in Lemma 3.2, if z € R™ we let J#(x) =
(H(xt),...,5(x™))T. Then by Lemma 3.2 and the equality (27) we have:

Ynt1 —Yn 1 1 . 2
_In4l " In . T _ - _
ln yn+1 — ln yn yn 9 m(yn+1 yn) + 2% (gn)(yn-ﬁ—l yn)
1 o~ —
(28) = iB(yn)g(yn)(h + cAW,) + (h + cAW,)*R,

where £, is a vector between y,, and y,,,; and I, is the m-dimensional identity
matrix. Note that, for a vector y € R™ and a tensor 7 that can function on y, we
write 7 (y)? to represent T (y,y) for brevity. Thanks to the smoothness of B and
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g, and using (28) we have

B (y”“ —Yn ) = B(y,) + B'(y,) (y"“ —n__ yn>
In yn-‘,—l —In Yn In yn+1 —In Yn

2
/ / B// (yn +s ( y7z+1 Yn _ yn>) dsdr < yn—i—l Yn _ yn>
In yn+1 In Y, In ynJrl —In Yn

:B<yn> + 3B/ (5,) (Bu,)9(w,)) (h+ cAW,) + (h + cAW,)’R,

and
/O 9Y, +7(Ypg1 — Y,))dT = g(y,) + %g'(yn)(ynﬂ - Y,)
+ /0 /0 A g”(yn + Sl(yn+1 - yn))dsldeT(yn—i—l - yn)2
(30)  =g(yn) + =0’ (w,) (Byn)a(y,) (h+ cAW,) + (h + AW, 2R,

2
Taking the product of the two equalities (29) and (30), we obtain

+ % (B'(4,,)(B(Y,)9(¥,,), 9(,.)) + B(y,)9" () (B(y,,)9(y,,))) (h + cAW,,)?
(31)
+ (h+ cAW,)R.

Following this procedure, we can futher obtain the coefficient ¢(y,,) of (h+cAWn)3
in the expansion (20), which is a continuous function of y,, € [I, L]™ and indepen-
dent of y,,,, and AW, and R,, = (h+cAWn)4R. By Lemma 3.1 and the moment
boundedness of R we have

E(|R.|) = (H h+ cAW, 4RH) ((h+cAWn)4HRH)
< (B+eaT®) (BIRP)" <002,
and
(BOR) = (£ C< (B0 el (BIRY)

( (h+cAW) IR ))

IN

O

We are now ready to prove the following result on the root mean-square conver-
gence order of the method (9).

Theorem 3.1. Under Assumption 2.1 and y, > 0, the numerical scheme (9)
applied to the system (8) is of root mean-square convergence order 1.

Proof. The energy-preserving scheme proposed in [2] applied to the system (8) has
the following form

32) s =5+ B (P2 2t

/ VH @ + 7@ — §2))dr(h + cAT,).



206 Y.C. WANG, L.J. WANG, AND Y.Z. CAO

According to Lemma 3.2 of [2], the scheme (32) has the expansion:
(33)
Uni1r = Un = a(@y,)(h+ cAW,) + b(G,,) (h+ cAW,)* + e(y,,) (b + cAW,)* + Ry,

where the functions a and b are the same with those in the expansion (20) for the
scheme (9), €(9,,) is a continuous function of g, > 0 independent of g, , and
AW, and R,, satisfies the following estimates:

1
- - 3
(34) E(I1R)) =002), (B (I1R2))" = 0(h?).
Therefore, starting from the same point y,, = 9,,, the local difference between y,, ,
and y,, ,; produced by the scheme (9) is

(35) yn—i—l - ’gn-i-l = (C(yn> - E(yn)> (h + CAWn)3 + (Rn - Rn)
By (21) and (34), we have

|E(Ry — R)| < E (|| Ra — Ral) < O(R2),

E|R, — Ry < B||R,|* + E| R, | = O(h*).
Since ¢(y,,) and €(y,,) depend only on y, (€ [, L]™a.s.) and are continuous on
[[, L]™, they are almost surely bounded such that E(|lc(y,,) — ¢(y,)[) < M1 with
M independent of h and n. Consequently,
1E[(e(y,) — e(yn))(h + c AW, ]| = || Ele(y,,) — ey, E(h + cAW,)?
< (h* +3¢h*) B e(y,) — e(y,,)|
= 0(h?).
Therefore,
IB(Yni1 = Fnr) |l SIE[(e(y,,) = Ey,)) (h+ cAWL)]|| + [|E(R, — Ryl
(36) <O(h?).
Moreover, El|le(y,) — ¢(@,)||?> < M, with a certain constant M independent of h

and n, due to the almost sure boundedness of ¢(y,,) and ¢(g,,) as discussed above.
Thus we have

ElYni1 = Gniall® < El(e(y,) = Ey,))(h+ AW, + E| R, — R, |?
= Blle(y,) — &y, (h + cAW,)® + E|| R, — R, ||?

(37) < O(h?),
that is,
(38) (El¥ns1 = Gnsall)® < O(h2),

It has been shown that the energy-preserving scheme (32) is of root mean-square
order 1 ([2]). With the local difference between y,,; and y,,,, given in (36) and
(38), the Lemma 2.1 in [17] with p; = 2 and p» = 2 then implies that the numerical
scheme (9) also has root mean-square convergence order 1. ]

Remark 3.1. Similar to the discussion in Remark 3.5 of [2], the validity of our
result of Theorem 3.1 is based on the fact that, the coefficient B(y)VH (y) =: a(y)
of the system (8) is smooth such that all its derivatives are bounded on [I, L]™ where
the numerical solution {y,,} and the exact solution y(¢,) almost surely locate for
all n € N, given y, > 0 and the Assumption 2.1. Moreover, denoting the exact
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flow of the system (8) by @, : y — @,(y), it is not difficult to see that also ¢,(y,,)
and @,(y(t,)) belong to [I, L™ almost surely for all ¢ > 0 and n € N, under the
given y, > 0 and the Assumption 2.1. Owing to these, the Lipschitz continuity of
a(y) on [I, L™ can guarantee the applicability of Lemma 2.1 in [17] to our problem,
similar to the case for Theorem 3.3 in [2].

4. The midpoint-related Poisson integrators

In this section we give an approach of constructing Poisson integrators for sto-
chastic Poisson systems based on the midpoint scheme, and apply it to the stochas-
tic Poisson system (8).

4.1. The midpoint scheme for stochastic Poisson systems with constant
structure matrices. For stochastic Poisson systems with constant skew-symmetric
structure matrix B defined by

(39) dy(t) = B (VHo(y(t))dt + Z VH,(y(t)) dWr(t)> ;

we consider the following midpoint scheme:

(40) Yo =y, +B (VHO (yﬁj“) Y VH, (y+;/+> Awm> _

r=1

First we prove the following theorem.

Theorem 4.1. The midpoint scheme (40) is a Poisson integrator for the stochastic
Poisson system (39).

Proof. Rewrite the midpoint scheme (40) to the following form:

= Yn T Yn
u(ynvyn+1) =Ynt+1 —Yn — B <VH0 <2+1> h

- Yy + Yni1 17
+ ; VH, <2 ) AWM>
(41) =0.

By the implicit function theorem, we have

ayn+1 _ <8u(yna y77,+1) > ! au(yna yn+1)

42
( ) ayn ayn-{-l ayn

3yn+1 B 3yn+1 T

oy oy = B is equivalent to show

Thus, to prove

T T
(43) 8u(yn7yn+1)Bau(yn7yn+1) — au(ynvynJrl)Bau(ynvynJrl)

8y'rH»l ayn+1 ayn ayn

(41) implies

8u(yn7 yn+1) = | h Yn + Yn+1 : AWTTL n A Yn + Ynt1
——F—=-1-B|-H, | ——— H -
oY, 270 2 > 2 2

r=1

B L=
(44) =-I1-7 <hQO + ; AWMQT> ,
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" YntYn " (Yt : :
where Q,, := H, (%), Q, =H, (%) are both symmetric matrices.
Similarly,

au(y71,ayn+1) 71-73 [hH (yn+yn+1> + - AWrn <yn+yn+1>‘|
- 0

0Y, 11 = 2 2
B —~
(45) =I1- (hQO + Z AWMQT> .
r=1
Then the transposes of (45) and (44) are
a’u’(yna yn+1) ’
(46) = =1 + hQ, + Z AW,,Q,
n r=1
and
au(yn? yn+1> T
(47) — =1 + hQO + Z AWT’!LQ
8yn+1

respectively. By (44) and (46) we have

au(y’rw yn-‘,—l) B 8u(yn? yn+1) r

Jy,, dy,,
_|.; B hQ +ZS:A’W o \|B|-1+1(n +ZS:AW Q. |B
- 9 0 L rmr 9 0 = rngr

B-7 (hQO + Z AW,.Q, ) (th + Z AW, Q, )

Similarly (45) and (47) give

au(yna yn+1) B 8u(yn7 yn+l) r

8yn—i—l 8yn+1
_ B S _ S _
=B~ (hQO + ZAWMQ,) B (hQO + ZAWMQ,) B
r=1 r=1

Thus (43) holds, which implies the midpoint scheme (40) preserves the Poisson
structure of the stochastic Poisson system (39).
Meanwhile, if C(y) is a Casimir function of the system (39), we have

C(yn—i-l) - C(yn) = vc(y:;)T (yn+1 - yn)

= VC(y;)"B <VHo(y"+2y”“>h +> VHAW)A@)

r=1

:O’

since VC(y)TB = 0 (Vy) according to the definition of Casimir functions, and
Yy =Y, + 0,1 —y,) (0 € (0,1)). Then we can conclude that the midpoint
scheme (40) is a Poisson integrator of the stochastic Poisson system (39). O
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4.2. Invariance of Poisson integrators under coordinate transformations.
For the general stochastic Poisson system (1):

dy(t) = B(y(t)) (VHo(y(t))dt +> VH,(y(t) o dWr(t)> ,
r=1
we consider an invertible coordinate transformation & = ¢(y) which transforms (1)
into the following system

(48) da(t) = B(a(t)) <VK0(ac(t))dt + Y VE(z(t) 0 dWT(t)> :

r=1

where
(49) B@)=¢ (¢ (@) B(¢7 (@) ¢ (6 (@) .
and K,.(z) = H.(y)(r = 0,...,s). Obviously B(z) is skew-symmetric. If in

addition its elements l;Z](w) satisfy the cyclic permutation property of summation
analog to (2), then the system (48) is still a stochastic Poisson system.

Here we consider whether a numerical method {y,} for (1) resulted from the
inverse coordinate transformation y, = ¢ ' (x,) from a Poisson integrator {,}
for (48) is still Poisson. In general we denote a stochastic numerical scheme for the
system (48) by

0= fw(mnamn+la h) = f($na Lp+1, haw(Anaw))v
where W = (Wq,..., W), Ay = [tn, tnt1], w € Q and W(A,,w) := {W(t,w),t €
[tn, tnt1],w € Q}. We have the following theorem.

Theorem 4.2. Let x = ¢(y) be an invertible coordinate transformation that trans-
forms the system (1) to (48). If the numerical scheme f (xy,Tni1,h) =0 is a
stochastic Poisson integrator for the system (48), and y, = ¢~ *(x,), then the nu-
merical scheme f ($(Y,), d(Yni1),h) = 0 is a stochastic Poisson integrator for
the system (1).

Proof. By the Stratonovich chain rule and (49), we have
8fw (¢(yn)7¢(yn+1?h)) 8.fw (¢(yn)7¢(yn+l>7h’)T

oy, B(y,) oy,
0 ) n 7h 4 4 0 w nts n 7h‘ ’
T
(50) :afw(mg;cmn-l-l? h) B(mn) afw(mg;nmn—FM h) ’
and similarly
a.fw (¢(yn)7 ¢(yn+1)7 h) B(y )afw (¢(yn)7 ¢(yn+1)7 h’) g
8yn+1 et ayn—‘,—l
_6-fw(scn7mn+lvh) - afw(wnamn-i-l)h)T
I IR

Similar to the discussion by (42)—(43), the right-hand sides of (50) and (51) are
equal since f (@, Tn+1,h) = 0 is a Poisson integrator. Thus the left-hand sides of
(50) and (51) are equal which implies that the scheme f_(¢(y,), ®(¥,41),h) =0
preserves the Poisson structure.
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In addition, under the coordinate transformation ¢ the C~asimir f1~1nction C(y)
of the system (1) can be written as C(y) = C(¢ ' (x)) =: C(x) = C(¢(y)), and

then V,C(¢(y)) = g—vayC(y). Due to (49), we have

70y Oz oxT

Te sy PWa, — VyC(y)"B(y)¢'(y) =0,

where the last step is because C(y) is a Casimir function of (1). (52) indicates that
C(x) is a Casimir function of (48). Therefore, ¥n > 0,
(53) CWnt1) = C(@n11) = Cl@n) = Clyy),
which means that the scheme f,(¢(y,), ¢(y,,.1),h) = 0 preserves the Casimir
functions of (1).

Preserving both the Poisson structure and the Casimir functions of (1), the
scheme f_(&(y,); ®(Y,i1),h) = 0 is therefore a stochastic Poisson integrator of
(1). O

(52) VoC(z)"B(z)=V,C(y)

4.3. Stochastic Poisson integrator for the system (8). It has been proved
([27]) that under Assumption 2.1 and given y, > 0, the solution y(¢) of the system
(8) is almost surely positive. By the invertible coordinate transformation

(54) i=Iny’, i=1,...,m,

the system (8) can be transformed to the following stochastic Poisson system with
constant structure matrix:

(55) da(t) = BoVK (x(t))(dt + ¢ o AW (1)),

where K(z) = >, Bie® — pix’, and By is just the skew-symmetric constant
matrix By in (8).

Based on Theorem 4.1 and Theorem 4.2, we can apply the midpoint method to
the system (55) to obtain the stochastic Poisson integrator {zx,} for it, and then
let y,, = exp(x,) := (expzl,...,expaz™)T to get a stochastic Poisson integrator
{y,,} for the system (8), which we call the transformed midpoint method (the TM
method) for the system (8) in the following. We will illustrate this by numerical
tests in the next section.

5. Numerical experiments

In this section, we demonstrate the numerical behavior of the energy-Casimir-
preserving scheme (9) and the transformed midpoint method via numerical exper-
iments on several models of the form (8).

5.1. The energy-Casimir-preserving method. We test the method on a three-
dimensional model and a four-dimensional model.

5.1.1. A three-dimensional Lotka-Volterra model. Consider the stochastic
Lotka-Volterra system ([2])

0 Uy1y2 bvylyS
(56)  dy(t)=| —vy'y> 0 —y*y® | VH(y())(dt + codW (1)),
—bvy1y3 y2y3 0
0 v
where H(y) = aby' +y*> +vyIny? —ay® —pulny3, Bo=| —v 0 —1|. By simple
v 1 0

calculation one can verify that KerBo = {ka : k € R}, where a = (—1/v, —b,1)T.
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Then a Casimir function of the system is C(y) = —1/vIny! — bIny? + Iny? for
y € RY.

In the experiments, we take a = —0.6, b=—-1,¢=0.5,v=—-05,v=1, p =2,
Yo = (2,0.9,1.5)T and h = 1073. We use the energy-preserving method (32) ([2])
as one of the comparing schemes, which we call for brevity the EP method in the
sequel.

16 16
14 Our method
— — EP method 14 in
12
12 12
10
1 10
L2l 8 N (V]
> > 08 >8
5 0.6 6
4 04 4
2 S L
0 0 0

0 5 10 15 20 0 5 10 15 20 0 5 10 15 20

FIGURE 1. Sample trajectories of y*(t) (i = 1,2,3) produced by
our method and the EP method.

Figure 1 illustrates one sample path of y!, y? and y3 produced by our method
(9) and the EP method (32), respectively. Clearly, numerical solutions from both
methods are positive and bounded on the observation time interval.

Hamiltonian Casimir

—=— Our method
4 EP method ] —o—Qur method
o 6] ——EP method
5| —*— Midpoint method 1 —— Midpoint method
—=— Euler-Maruyama method —— Euler-Maruyama method
>GD 50 100 150 200 250 300 350 400 450 500 >BD 50 100 150 200 250 300 350 400 450 500
t t
(a) Energy (b) Casimir

FIGURE 2. Preservation of the energy and the Casimir function
by our method, the EP method, the midpoint method, and the
Euler-Maruyama method.

For the energy (H(y)) and Casimir (C(y))-preservation, we compare our method
(9) with the EP method (32), the midpoint method ([18]):

(57)  Ypy1 =¥, + B (W) VH <y"+2y”“> (h + cATF,),
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and the Euler-Maruyama method ([11]):

(58)
2
c* 0(BVH)
Yn+1 = Yp +h ((BVH) + ?T
From Figure 2, it is clear that our method and the EP method can preserve the
energy, while the other two methods can not. For the Casimir function, only our
method is Casimir-preserving, and the other three methods all fail to preserve the
Casimir function.

<BVH>> (y,) + c(BVH)(y,) AW,

Midpoint method EP method

Euler-Murayama method Our method

F1GURE 3. The phase orbits produced by the four methods.

Given y, € R, the manifold {y € R* : H(y) = H(y,),C(y) = C(y,)} should
be a curve in R3. Figure 3 illustrates one sample phase orbit created by our method,
the EP method, the midpoint method and the Euler-Maruyama method, respec-
tively, on the time interval ¢ € [0,500]. One can see that only the panel (d) arising
from our method is a curve, which demonstrates that our method preserves both
H(y) and C(y).

Figure 4 panel (a) is the “loglog”-plotting of the root mean-square error against h
for our method and the EP method when ¢ = 0.5, which indicates that both method-
s are of root mean-square convergence order 1. Here h = [2711 2710 99 9-8 9-7]
and 1000 samples are taken to approximate the expectation. The exact solution is
simulated by the midpoint method with the tiny time step h = 2712.
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MS errors MS errors

—e—Our method ] ——0ur method
——EP method —+—EP method
— — line of slope 1

— —line of slope 2

(a) c=0.5 (b) c=0

FIGURE 4. Root mean-square orders of our method and the EP method.

When ¢ = 0, the system (56) degenerates to a three-dimensional deterministic
Lotka-Volterra system studied in [20], where the Hamiltonian H (y) and the Casimir
function C(y) are still invariants of the system. Our method (9), the EP method
(32) as well as the midpoint method (57) become deterministic solvers for the
system. Figure 5 illustrates the evolution of the Casimir function C(y) and the

Casimir Hamiltonian
T T T 2.086 T T T

—e—0ur method —e—Our method
—+—EP method ——EP method
——Midpoint method 2085 ——Midpoint method |1

2.084

~* % ~x
D 1685 2083
] I

1695

169

2.082

168

2.081

1675

L L L L L L L L L 208 L L L L L L L L L
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 60O 700 800 900 1000

t t

(a) Casimir (b) Energy

FIGURE 5. Casimir and energy evolution by our method, the EP
method and the midpoint method when ¢ = 0.

energy H(y) produced by our method, the EP method and the midpoint method.
It can be seen that our method preserves both the Casimir function and the energy,
while the EP method fails to preserve the Casimir function, and the midpoint
method preserves neither the Casimir nor the energy. Parameters here take the
same values with those for Figure 2.

The “loglog” graph of the errors against the time steps h in panel (b) of Figure 4
shows that both our method and the EP method are of convergence order 2 when
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¢ = 0. Other parameters and settings for producing the figure here are the same
with those for panel (a) of Figure 4.

5.1.2. A four-dimensional system. Let us consider the following four-dimensional
stochastic Poisson system:

0 —yty? =2ty —2ytyt
1,2 2,3 2,4
Yy 0 2y%y dy“y
59) dy(t) = VH(y(t)(dt +codW(t)),
(59) dy(t) 2y1y3 _2y2y3 0 4y3y4 (y(®)( (t))

gty —dyPyt —dytyt 0

where y = (y,9%,9%,yH)T, H(y) = By — pilny' + Boy? — p2lny? + Bsy® —
0 -1 —2 —2

p3lny? + Bay? — palny?, and By = ; 5)2 (2) i One can verify that
2 -4 -4 0

Ci(y) = —4Iny! — 2Iny? + Iny* and Co(y) = —2Iny' — 2Iny? + Iny?® are two
different Casimir functions of the system (59). In the experiments, we set the
parameters 51 = 0.4, p;1 =0, o =1, po =1, B3 =0.6, p3 = 0.5, B4 =1, ps = 2
which satisfy the Assumption 2.1, y, = (1, 1.5,0.5,0.8)” and ¢ = 0.3.

2
~ 15 2 i
> o
>
1
s
5 10 15 2

0.5} —— EP method
Our method

1
0 5 10 15 20 0

15-
3
m> 1- v>
2
05
1
5 10 15
t

0

0 5 10 15 20 0 20

FIGURE 6. One sample trajectory of y* (i = 1,2,3,4) produced by
our method and the EP method.

From Figure 6 one can see that both our method and the EP method produce
positive and bounded sample trajectories.

Figure 7 shows the evolution of the two Casimir functions arising from our
method, the EP method and the midpoint method, respectively, from which we
can see that our method preserves both Casimir functions while the other two
methods can not preserve the Casimir functions.

Panel (a) of Figure 8 is the evolution of the energy H(y) resulted from our
method, the EP method and the midpoint method. Clearly our method and the
EP method preserve the energy, and the midpoint method does not preserve the
energy. Panel (b) is the “loglog” graph of the root mean-square errors against
the time step times A for our method and the EP method. It can be seen that
both methods are of root mean-square convergence order 1. Here for panel (b),
h = [2710,279 278 2-7] 1000 samples are taken approximating the expectation,
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FiGURE 7. Casimirs evolution by our method, the EP method and

the midpoint method.

Hamiltonian
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FIGURE 8. (a) Evolution of the energy by our method, the EP
method and the midpoint method; (b) Root mean-square orders
of our method and the EP method.

and the exact solution is simulated by the midpoint method with the tiny time step
h=2712,

5.2. The transformed midpoint method. We still consider the stochastic Lotka-
Volterra system (56), which can be written more explicitly as

dy? 0 vyly?  buyly® ab
60 dy* | = —vy'y® 0 -y 14+ % | (dt+codW(t)).
Yy
dy’ —buy'y®  yPy? 0 —a— 15
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By the inverse coordinate transformation z¢ = Iny® (i = 1,2,3), it can be trans-
formed to the following stochastic Poisson system with constant structure matrix:

daxt 0 v bu abe®
(61) 2| = —v 0 -1 N4 | (dt+codW(t)),
da? -bw 1 0 —u— ae”’
0 v bu
where the constant structure matrix Bo = | —v 0 —1 |, and the Hamiltonian
—bv 1 0

K(z) = abe® + a2 + € — pa® — ae® .
Applying the midpoint method to the system (61) we have

(62) Tni1 = 2o+ BoVE (“’JF;’"“) (h n cAI//V\n) .

According to Theorem 4.1, (62) is a stochastic Poisson integrator for the system
(61), and by Theorem 4.2 the integrator transformed from (62) by the inverse
coordinate transformation

(63) yi =exp(z!) i=1,2,3, n€N

is a stochastic Poisson integrator for the system (60). In the following we call the
integrator (62)—(63) the transformed midpoint (TM) method for the system (60).

Next we perform numerical tests to demonstrate the behavior of the TM method
and compare it with the midpoint method:

n + n =
(64) Yoir =y, + (BVH) (y;”) (14 cATF,).

We set the parameters a = —0.6, b= -1, c =03, v = —0.5, vy =1, p = 2, and
Yo = (2,0.9,1.5)7, h =1073.

— — TM method
— — Midpoint method

SIAA N ,J
g ol J \\_/ %\\ ,w}/ L\w‘/ U\\H,-/ \\\J/‘
5 10 ltS 20 25

©

o

[} 30

FIGURE 9. A sample trajectory of y¢ (i = 1,2, 3) produced by the
TM method and the midpoint method.

Figure 9 shows that the TM method and the midpoint method produce positive
and bounded samples trajectories.
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FicURE 10. Hamiltonian and Casimir evolution by the TM
method and the midpoint method.

Panel (a) of Figure 10 is the evolution of the energy (Hamiltonian) created by
the TM method and the midpoint method, and Panel (b) is that of the Casimir
function produced by the two methods. One can see that the TM method nearly
preserves the energy and exactly inherits the Casimir function, while the midpoint
method preserves neither the energy nor the Casimir function.

MS errors
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5 x10 .

—o—TM method
— —line of slope 1
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t h

(a) Evolution of the structure error (b) Root mean-square order of the TM
method

FI1GURE 11. Poisson structure preservation and the root mean-
square order of the TM method.

Panel (a) of Figure 11 shows the evolution of the Poisson structure error

I 35;:1B(yn)3181;:1T — B(y,,41)||F arising from the TM method, where | - ||z de-
notes the Frobenius norm of a matrix. It can be seen that the error is within the
machine accuracy, indicating that the TM method preserves the Poisson structure.
Panel (b) illustrates that the root mean-square convergence order of the TM method

is 1, where time steps take the same values with those for panel (a) of Figure 4.
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The exact solution is simulated by the midpoint method with time step 272, and
1000 samples are taken to approximate the expectation.

6. Conclusion

The stochastic Poisson systems (SPSs) under consideration are stochastic ex-
tensions of Lotka-Volterra systems. For these systems, we proposed a class of
energy-Casimir-preserving methods and analyzed the structure-preserving proper-
ties of the methods. We also proved that the convergence order of the methods
is one in the root mean square sense. In addition, we proposed stochastic Pois-
son integrators based on midpoint method for systems which can be transformed
to SPSs with constant structure matrices by invertible coordinate transformations.
Numerical tests illustrate the numerical behavior of the proposed methods, and
show validity of the theoretical results.
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