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ERROR ESTIMATES AND BLOW-UP ANALYSIS OF
A FINITE-ELEMENT APPROXIMATION FOR THE
PARABOLIC-ELLIPTIC KELLER-SEGEL SYSTEM

WENBIN CHEN, QIANQIAN LIU, AND JIE SHEN

Abstract. The Keller-Segel equations are widely used for describing chemotaxis in biology.
Recently, a new fully discrete scheme for this model was proposed in [46], mass conservation,
positivity and energy decay were proved for the proposed scheme, which are important properties
of the original system. In this paper, we establish the error estimates of this scheme. Then, based
on the error estimates, we derive the finite-time blowup of nonradial numerical solutions under
some conditions on the mass and the moment of the initial data.
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1. Introduction.

Keller and Segel first proposed a nonlinear model in the 1970s to describe the
effect of cell aggregation in [27, 28]. A simplified Keller-Segel model in 2-D is given
by

(1) % =Au—xV - (uVv), z€Q, t>0,
(2) 0=Av—v+au, z€Q, t>0,

where 2 C R? is a bounded domain with smooth boundary 9€2. The unknown
u = u(z,t) and v = v(x,t) represent the concentration of the organism and
chemoattractant respectively. The parameters x, a are positive constants with y
being the sensitivity of chemotaxis. The model is supplemented with initial condi-
tions

u(z,t =0) = ugp(x), v(z,t =0) =uvo(z), z € Q,
and no flux boundary conditions

ou ov ov
%_XU%_O7%_O7 x €N, t>0,

where n denotes the unit outward normal vector to the boundary 92, 9/0n repre-
sents differentiation along m on 0f2.
A different version of the Keller-Segel model consists in replacing (2) by

(3) %:Av—v—kau, xe, t>0.

The equation (1) describes the motion of the organism u. The term F = —Vu +
xuVv is the flux, and the effect of diffusion —Aw and that of chemotaxis xV -
(uVv) are competing for u to vary. The equation (2) describes the change in
concentration of the chemoattractant v, it is influenced by the diffusion and the
decay of the chemoattractant as well as the growth of the organism. In general,
the chemoattractant particles are much smaller than the organism particles, thus it
diffuses faster, which means that the diffusion of the chemoattractant will reach the
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equilibrium state in a relatively short time. The model (1)-(2) is called parabolic-
elliptic system. On the other hand, (1) with (3) is a parabolic-parabolic system.

The solution of the Keller-Segel model (1)-(2) has several well-known properties,
particularly, it may blow up in finite time. Various aspects and results for the
classical Keller-Segel model since 1970, along with some open questions, are sum-
marized in [25]. Positivity, mass conservation and energy dissipation of Keller-Segel
equations can be found in [35],[36],[47],[29] and [6], which plays an important role
to study the Keller-Segel system. Blanchet, Dolbeault and Perthame presented in
[3] a detail proof of the existence of weak solutions when the initial mass is below
the critical mass, above which any solution to the parabolic-elliptic systems blows
up in finite time in the whole Euclidean space. In [37], Nagai demonstrated the
finite-time blowup of nonradial solutions under some assumptions on the mass and
the moment of the initial data. As for the parabolic-parabolic systems, Blanchet
proved in [2] the optimal critical mass of the solutions in R? with d > 3. Wei proved
that for every nonnegative initial data in L'(R?), the 2-D Keller-Segel equation is
globally well-posed if and only if the total mass M < 8 in [49].

Although the large time behavior of the solution of the Keller-Segel model (1)-
(2) has been well studied, there is still much to explore on the numerical side.
Since the Keller-Segel equations possess three important properties: positivity, mass
conservation and energy dissipation, it is preferable that numerical schemes can
preserve these properties at the discrete level. In [26], the existence of weak solutions
and upper bounds for the blow-up time for time-discrete (including the implicit
Euler, BDF and Runge-Kutta methods) approximations of the parabolic-elliptic
Keller-Segel models in the two-dimensional whole space are established. Liu, Li
and Zhou proposed a numerical method in [34] which preserves both positivity
and asymptotic limit, the proposed numerical method does not generate negative
density if initialized properly under a less strict stability condition. Saito and
Suzuki presented a finite difference scheme in [42] which satisfies the conservation
of a discrete L' norm.

Some finite element methods are proposed in previous works. Saito presented a
finite element scheme for parabolic-elliptic systems in [43] that satisfies both posi-
tivity and mass conservation properties. Under some assumptions on the regularity
of solutions, the error estimates were established. Saito further constructed the
finite element methods to the parabolic-parabolic systems in [44] and derived error
analysis by using analytical semigroup theory. Gurusamy and Balachandran pro-
posed a finite element method for parabolic-parabolic systems and established the
existence of approximate solutions by using Schauder’s fixed point theorem in [23].
Further the error estimates for the approximate solutions in H!'-norm were derived.

The discontinuous Galerkin methods can be also used to solve the Keller-Segel
equations. Epshteyn and Kurganov developed a family of new interior penalty
discontinuous Galerkin methods and proved error estimates for the proposed high-
order discontinuous Galerkin methods in [15]. Epshteyn and Izmirlioglu further
constructed a discontinuous Galerkin method for Keller-Segel model in [16] and
obtained fully discrete error estimates for the proposed scheme. In 2017, Li, Shu and
Yang applied the local discontinuous Galerkin (LDG) method to 2D Keller-Segel
chemotaxis model in [30], they improved the results upon [15] and gave optimal
rate of convergence under special finite element spaces before the blow-up occurs.
In 2019, Guo, Li and Yang constructed a consistent numerical energy and prove
the energy dissipation with the LDG discretization in [22].
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Another important numerical methods for Keller-Segel models are finite volume
methods since the positivity property can be naturally preserved. Filbet proposed
in [18] a finite volume scheme for the parabolic-elliptic system, and by assuming the
CFL condition xAtDr; < 1 and the initial datum n® > a® > 0, he proved existence
and uniqueness of the numerical solution by using the Browder fixed point theorem,
and showed that the numerical approximation converges to the exact solution under
some assumptions. In 2016, Zhou and Saito proposed a finite volume scheme in
[52], and established error estimates in L” norm with a suitable p > 2 for the two
dimensional case under some regularity assumptions of solutions and admissible
mesh. By focusing on the radially symmetirc solution, they derived some a prior
estimates to study the blow-up phenomenon of numerical solution.

There have been growing interests in positivity-preserving analysis for gradient
flows with logarithmic energy potential. Some theoretical analysis of the positivity-
preserving property and the energy stability have been explored for these numerical
schemes for certain systems, such as Cahn-Hilliard systems in [7, 10, 11, 51, 12], the
Poisson-Nernst-Planck-Cahn-Hilliard systems in [41], the Poisson-Nernst-Planck
systems in [32], the thin film model without slope selection in [31] and a structure-
preserving, operator splitting scheme for reaction-diffusion systems in [33]. The
techniques of the higher order consistency analysis combined with rough error es-
timate and refined one have been presented in [32, 13, 14] which will be utilized in
the following to obtain the convergence analysis.

Recently, a new approach for constructing positivity preserving schemes was
proposed in [46]. The key for this approach is to write Au as V - (uVlogu) in
(1), and then use a convex splitting idea to construct mass conservative, bound
preserving, and uniquely solvable schemes for (1)-(2) and for (1)-(3). The main
purposes of this paper are to establish the convergence of the fully discrete scheme
proposed in [46], and to show the finite-time blowup of numerical solutions under
some conditions on the mass and moments of the initial data. More precisely, let
u’,?L be an approximation of u(-, k7), where 7 > 0 is the time step and k € N. Let
6 = (up, 1) be the initial mass, and M* = (uf,¢); be the moment of uf. Our first
goal is to establish the error estimates for the fully discrete scheme proposed in [46]
(cf. Theorem 6). Another important feature of the Keller-Segel system (1)-(2) is
that the solution may blow up in finite time under certain conditions on the initial
data. Our second goal is to show that the numerical solution will also blow up in
finite time under similar conditions on the initial data (cf. Theorem 15). Many
previous works (see [42, 43, 46]) show that the numerical solution seems to blow up
under large initial data by several numerical experiments. However, there is still
much to explore on the theoretical proof of blowup phenomenon besides the radial
numerical solution in [52] mentioned before.

The rest of the paper is organized as follows. In Section 2, we recall some
properties of the classical Keller-Segel equations, including its finite-time blowup
behavior. In Section 3, we introduce the fully discrete scheme constructed in [46]
and carry out a rigorous error analysis. In Section 4, we show that the numerical
solution will blow up in finite time under suitable conditions on the initial data.

2. The Keller-Segel equations

In this section, we recall some properties for the Keller-Segel system (1)-(2)
with no flux boundary conditions. In addition, we assume the initial value uy €
W?2P(Q), 1 < p < oo, and satisfies

up >0 and wuyZ0, Vxe.
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It was shown in [35] that there exist some T > 0 such that (1)-(2) is well posed in
the time interval [0, T]. Moreover, it holds that
THEOREM 1. The Keller-Segel system (1)-(2) satisfies the following properties:
(i) Positivity preserving:
u(z,t) >0, wv(x,t)>0 on Qx(0,7T).

In fact, it is a consequence of the strong mazimum principle [8] .
(i) Mass conservation:

/u(x,t)dxz/uo(x)dx, forall t>0.
Q Q

It is immediately follows from

d Oou ov
@/ﬂu(aﬁ,t)dx—/{m ((%L_uan> dS=0.

As a consequence of (i) and (ii), we obtain the conservation of L' norm,
namely

”u(t)”Ll(Q) = HU0||L1(Q)~
(iii) Energy decay:
M — f/ u‘v . (IOgU*X’U)‘zdSC < 0,
dt Q
where the free energy of (1)-(2) is defined by

X 2, X 2

r = 1 -1) - S s .
[u, ] /Q (u( ogu—1) — xuv + 2a|Vu\ + 5" ) dx

The following result is shown in [37].

LEMMA 2. [37] Let ¢ € Q and 0 < r1 < 1o < dist(q,0N), where dist(q,0Q) is the
distance between q and 0. Then there exist positive constants C1,Cs depending
only on ri,ry and dist(q, OQ) such that for t € (0,T],

d

x J, u(z, t)®(x)dx

< 4/Qu0(:r)d f% </Qu0(x)d:c>2+01 (/Quo(x)dx) (/Qu(:c,t)cb(:r)dx)
+Cy (/Q uo(m)d:r)3/2 (/Q u(x,t)@(:r)dx)l/27

where ®(z) = ¢(Jx — q|) with

r? if 0<r<rg,
o(r) =< ar’+asr+as if ri<r<ry,
172 if r>nrg,
b - 1 _ 21170 _ 7’%7"2
where a; = — y ag = s a3 = — .
To —T1 To —T1 To —T1

The finite-time blowup behavior is then proved using the above result.

THEOREM 3. [37] Assume that [,uo(x)dr > 87/(ax), if [quo(z)|z — ¢|*dx is
sufficiently small, then the solution (u,v) to (1)-(2) blows up in finite time.
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Moreover, the following pointwise estimates for v is established in [19]. An
application of the Neumann semigroup leads to

el 1 iam 2
v(x,t) > / ﬂe_(“r(d ) dt /u(m,t)dx
0 (47Tt)2 Q

o0
1 _(p4 (diam)?
= ||UOHL1(Q)/O W@ ( 4t )dt,

for all z € Q, t € (0,T], whenever (u, v) solves (1)-(2) in £ x (0, T] for some T > 0.
In this paper, we assume that

u(z,t) > ey for some ¢ >0, (z,t) € Q2 x (0,7).
3. The fully discrete scheme and error estimates

In this section, we describe the fully discrete scheme in [46] for (1)-(2), construct
the error equations and establish the error estimates.

We now give a precise description of our finite element space Xj,. Given a
triangulation 7 for 2, we let Zj, consists of all the vertices excluding those where
Dirichlet boundary conditions are prescribed. We define X}, to be the finite element
space spanned by the piecewise linear continuous functions based on 7. Let e be
a triangle of the triangulation 7, and Pe;,% = 1,2,3 be its vertices, we define the
quadrature formula

Qu(f) = 1amea(e)iﬂp )~ / fda
e 3 v el .
We recall that [48]
1Qu(f) — / fda < Ch2 3" D% fllpr o).

le]=2

We then define the discrete inner product in X3 by

(u,v)p = Z Qe(uv),

eeT

the corresponding norm is defined by || - [[12. We have the following estimates in
[48] for the quadrature error.

LEMMA 4. Let ep(+,+) = (-, )n — (-, ) denote the quadrature error, then we have
len(u, )] < CR*|[Vul| L2 () [Vl 22()s ¥ 1,0 € Xn.
Applying Lemma 4, the norm || - || r2 has the following property
(4) [Vullzz ) = [IVullr2(0), ¥V u € X

Let I, : C(Q) — X be the Lagrange interpolation operator, which has the
approximation property [4] that for all g € H2(Q) N H}(Q),

(5)  Mng — gllr2@) < CR*|lgllm2@) and  [[V(Ing — 9)llr2(@) < Chllgllmz(o)-

The fully discrete scheme proposed in [46] for (1)-(2) is to find (uf ™ vf ) €
X}, x Xp, such that for all (p,9) € Xp x Xp,

(6) (5uﬁ, <p)h + (quV (Ih log quH) ,Vga)h —X (quVvlfb, Vg@)h =0,
(7) (Vor™, Vo) + (vp ' 9) — aup ), = 0.
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Here, the (-, -) represents the usual L? inner product, the (-, ), is the discrete inner
product defined above, and 8u’,§ is the forward Euler difference quotient approxi-
mating to dyu(t*) defined by

In this setting, the authors in [46] proved the following.

LEMMA 5. [46] The numerical scheme (6)-(7) has the following properties:
(i) Unique solvability:
The scheme (6)-(7) has a unique solution (uf™ vF+1) € X, x X,
(ii) Positivity preserving: If u* > 0, then uF*+1 > 0.
(iii) Mass conservation:
(uZJrl? 1)h = (ulfia Dy = (u%, 1)h7
It is immediately derived by taking ¢ =1 in (6).
(iv) Energy decay:
FM— PP < —7 (uf V(I (log up ™ — xof)), V(In(loguf*' = xo})))
where the discrete energy of (6)-(7) is defined by

<0,

h

= X X
F*lu, ] = (uj(loguy, — 1), 1) — x(uj, vf)n + ﬁllvvﬁll2 + £||v§|\2~

We denote by (u,v) the exact solution pair to the original equations (1)-(3),
and all the upper bounds for the exact solution are denoted as C. We set u* =
u(ty), v* = v(t}), and denote

ek i=ub —ul, eFi=0F 0k VEeN.

The following theorem is the main result of this section.

THEOREM 6. Assume ug € W2P(Q)(1 < p < o0) and the exact solution pair
(u,v) is smooth enough for a fized final time T > 0. Then, provided 7 and h are
sufficiently small and under the mild mesh-sizes requirement T < Ch, we have the
following error estimates

m—1

ez o) + €5 ey + (7 Y IVER ™ I72 o)) /* < C(r +h), ¥mEN,

k=0

where t,, = mr < T, C > 0 is independent of T and h.

The proof for this theorem will be carried out with a sequence of procedures that
we describe below.

REMARK 7. The mesh-sizes requirement T < Ch in Theorem 6 is proposed to obtain
a higher order consistency analysis via a perturbation argument, which is needed to
get the separation property and the W bound for the numerical solution.

3.1. Higher order consistent approximation to (6)-(7). In this subsection,
we apply the perturbation argument method in [32] to the finite element scheme to
construct f1, fa, f3 such that

u:=u-+ hf1 + h2f2 + hgfg,

is consistent with the given numerical scheme (6)-(7) at the order O(h*). The
following lemma is used to construct fi, fo, f3 and the proof is given in Appendix.
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By applying a perturbation argument, a higher order O(h*) consistency is sat-
isfied for 1, which is needed to obtain the separation property and a W1> bound
for the numerical solution.

LEMMA 8. Suppose that 7 < Ch and u is smooth enough, then there exist bounded
smooth functions fi, fa, f3, such that 4 = v + hfi + h%fo + h3 f3 satisfies

(8) (9%, 9), + (@"VIylogd™ !, V), — x (a"VAR", Vo), = (R*(@), ¢),

for all p € Xy, k € N, where Ay, = a(—=Ap, + 1)71Qp and (-,-) denotes the duality
product satisfying

(9) [(RF(@%), )] < Chlg]

where C' depends on the regularity of the solution u.

REMARK 9. Under the conditions that the exact solution u > eqg for some eg > 0,
and h is sufficiently small, we obtain that

€
10 >0

Since the correction functions f;,j = 1,2,3 only depend on the exact solution u,
they are bounded in W1 norm. Then, we can obtain the following W1 bound
for a:
(11) @1, < C,  Vk > 0.
3.2. A rough error estimate. In this subsection, we derive the strict separa-
tion property and a uniform W bound for the numerical solution. Define an
alternative error function:
a* = naf —uf, VkeN.

Subtracting the numerical scheme (6) from the consistency estimate (8) implies
that
(12) (90", ) = —(@ VYV +u Vi, Veo)u + (R¥, ),
where

VE .= I loga*t — y At

k+1 k+1

ﬂﬁ = I logt — I, loguy, — xApi*.

Since V¥ only depends on the exact solution, we can assume

(13) Vi llwze < C.

LEMMA 10. The numerical solutions of the scheme (6)-(7) have the strict separation
property and a uniform W% bound:

k< €0 k
up > 1 |up w0 < C7,
for all0 < k < T/7, where g and C* are positive constants.

Proof. We shall first make the following assumption at the previous time step:
(14) [@*]la < C (/% 4 B19/1).

Then, we will demonstrate that such an assumption will be recovered at the next
time step.
Using the inverse inequality and 7 < Ch, we obtain a W bound for the
numerical error functions:
Cllat]ls _ C(r'* + 1)
h - h

(15) ||ﬂ’€||Oo < < C(711/4 +h11/4) <1,
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C||@¥]| o B C/(711/4 4 p11/4)
h - h

A combination of the above with (11), we get a W bound for uﬁ at the previous

time step:

|Vi* o < <COETr 4+ AT <1

[ufilloo < [l8°[loo + 8"l < C +1 < C%,
IVuilloo < V@ [loo + [VE*[lo < C+ 1< C*

Because of (15), taking 7 and h sufficiently small, we have
€

”uk” < C(T11/4 +]7111/4) < o
Then the strict separation property is valid for u’,fL:
(16) up > @ — [ > =
Taking ¢ = 7iF in (12) leads to
(A7) (@, )+ 7 (u Vg, Vig)n = (@, fu)n = (@ V5, Vg +7(RE, ).

Now we deal with the left hand side of (17). To proceed the first term on the left
hand side of (17), using the Holder inequality, we have

(@ k), =@ I log 0F Y — I, log uf ™), 4 (@M, —x Apa®)),

_ 1. - _
> (uk-‘rl7 Euk-i—l)h _ CHuk-‘rIHQHUkHQ

(18) )
> S - R - ollat3
= —Cl|a"|3,
where ¢ lies between @1 and uk+1 As for the second term on the left hand side

of (17), using the strict separatlon property of the numerical solution (16), we have

~ ~ € ~
(19) (h Vi, Val)n = 7 IV

Next, we deal with the right hand side of (17). We apply the Holder inequality and
the Young inequality:

- - - - N 6C . €0T
(20) (@, @)nl < l@¥[2llagllz < Clla®||2Viglle < onllukllg Hv:uuH2
An application of the Cauchy-Schwarz inequality and (13) leads to
| = @V, Viga! < 1@V Vgl < VY slla® o)V g2
6C  “kp2 . €0 gk 2
< — — .
< 2t + 53 IVAL3
Using the inequality (9), we have
. 6C €0 1o~
(21) [(RF, )] < ChY|[ Vg2 < fh8 4IIV/waiH%

Substitution of (18)-(21) into ( ) leads to

6C 6C

€0 ~k k ~k T~k €T ~k
—7IViglls — Clla*|3 < || I3+ ——Ila* |13 + —h®7 + — I Vak|5.
4 0 €0 8

Then we have

(22) IVillz < C(TH/4 4 R,
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1

Again, taking ¢ = @**1 — @¥ in the error equation (12) leads to

_ _ B B 1
(23) i - it < (|v @V + IV - bV o + h|Rk||H1) .

Now we estimate the first term on the right hand side of (23). Using the Young
inequality, we have

IV - (@ VV))ll2 < [d*AVglle + VA"V V]2
< [AVE [aol@ ] + [VVE o[V
< C([[@*)2 + [Vak])
< OV 4 pl/Yy),

(24)

where (14) has been used in the last inequality. For the second term on the right
hand side of (23), we have

IV - (uiVig)ll2 < IVupVakllz + ui A2
< Vg oo IVik N2 + l[uf oo | ARE 12
< C*(IIViigll2 + || AfL]l2)
<>+ hT),

(25)

where (22) and the inverse inequality have been used in the last inequality. Substi-
tution of (24)-(25) and (9) into (23) leads to

||,ak+1 _ ,ak”2 < C(T11/4 + h11/4).
Then, we can obtain a rough estimate for @*+1:

[l < a4 = s + 2] < O+ R,

An application of the inverse inequality and 7 < Ch implies that

)

Zk+1
3" o < M <oEt Rt <1

Clla* o
h
We take 7 and h sufficiently small such that

IVE#E | < <O+ R <1

@5+ || oo < 0(7,7/4 +h7/4) < %0'

A combination of above with (10) leads to the strict separation property:

€0

’U,];LJrl > ﬁk+1 _ ||7-Lk+1||oo > e

In addition, we can obtain the following W1° bound for the numerical solution uy,
at time step ¢*t1:

gy oo < @ oo + 3" oo < C+1 < 07,

IVup oo < VA oo + V@ o < C +1 < CF,

which completes the proof. (I
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3.3. Proof of Theorem 6. In this subsection, we shall make use of the strict
separation property and the uniform W1 > bound for the numerical solution derived
in the above to prove Theorem 6.

We recall the following inverse estimate in [4, p.111, Lemma 4.5.3].

LEMMA 11. Given a quasi-uniform triangulation T on domain Q@ C R™, and X}, be
a finite-dimensional subspace of WHP(K)NW™4(K), where 1 <p < 00,1 < ¢ < o0
and 0 < m < [. Then there exists a positive constant C' such that for all u € Xy,
we have

lullwio ey < CR™ P74 | ym.a ),

where C' is independent of u.
We will also use the following discrete Gronwall inequality in [45, 50].

LEMMA 12. Assume that 7 > 0,B > 0,{ax}, {bx}, {7x} are non-negative sequences
such that

m—1
am—i—TZbk <7'kaak+B m > 1.
k=1 k=1
Then
m m—1
am—i—TZbk < Bexp (T Z 'yk> ,m>1.
k=1 k=1
A weak formulation of (1)-(2) is
(26) (ut, ) + (Vu, Vi) = x(uVv, V) = 0, Yo € Hy(9),
(27) (Vo, Vib) + (v, ) = alu, ), Vi € Hy(9).

Substituting Inu(t) into (26) at ¢ = tx41, we have
(Elhuk, <p) (VIhuk+1 V<p) —x([hukVUk, Vgp)h

= (0u" —uf™, @) + (OLu" — OuF, @) + (V(IxuF Tt — T )
+x (W = LuF)Vok, o) + x (WP VT —uF vk o)
+ (3Ihu ,cp)h — ((’ﬂhuk, <p) (thuk"‘l, Vap)h — (Vlhuk‘H, Vap)
+x (Ihuvak, Vap) - X (Ihuvak, V(p)h

=L+ L+ I3+ 1+ 15+ I+ I7 + Is := Ry,

(28)

where R represents the truncation error. Similarly, substituting Ipu(t), Iv(t) into
(27) at t = t;, leads to

(20) (I, V) + (1o, ¥) =allye, ¥) + (V(Io(te) — o), 0)
+ (Ino" =%, Y) + a(u® — It ¥).
We rewrite the numerical scheme (6) as

(Ouy, ¢), + (Vupt', Vo), — x (upVoi, Vo),

(30) = (uf V(I - I,) log uj **, Vo), + + (Ut —uf)Vieguyt, Vo),
=Ig+ g := Rs.
We split the error functions as
ek =ub —uf = (WF — Lb) + (b —uf) = pF 4ok,
eb =k —of = (vF — L") + (Io" —of) = pk 4ok
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Then using the property of the interpolation (5), we have

(31) 105l 20y + BIVPE 220y < CR?|lull2(0),
0%l 20y + AV LI L2(0) < CR2|v] 2 ()

Subtracting the numerical scheme formulation (30) and (7) from the weak form
28) and (29), we obtain the following error equations:

(
(32)  (dos, @), + (Vou™, Vo) =11+ Ri — Ro,
(

33)  (Voi, Vo) + (oF, ¥) = aloy, ¥) — aen(uf, ¥)+ (V(Iw —v), )
+ (Inv — v, ¥) + a(u — Iyu, ),

for all ¢, € Xp,k > 1, where Ry, Ry are defined before and I;; is defined as
follows

I =x (Ihu(tk)Vvk —uf vk, ch)h .

Taking ¢ = o**! in (32) leads to

u

1
(39) o (Ioh I, — 08125 + ok = okl12, ) + Vo2, = Iy + By — Ro.

Now we estimate the terms on the right-hand side of (35). For the first term
111, applying the Cauchy-Schwarz inequality and the Young inequality yields

|I11| =[x (05 VV" +upVel, Vofj“)h |
(35) < logVor |z @ IVos Iz @) + lun Veliz @ IVos Iz o)
< Cllok 12 @ + 551905 @y + CIVeR 2 g
In order to estimate ||Vefj|\2Li(Q) above, taking ¢ = ¥ in (33) and applying Lemma
4 leads to

||VU5||2L2(Q) + ||Uf||%2(9) < 0‘|\05||L2(Q)||05||L2(Q) + Oh2||vu2||L2(Q)||VU5||L2(Q)

+ Ch|v|| g2 o8 120y + CR? ||ull 2@ lo k] 2
1
< Cllofliz) + lob 72 + §||V‘75||2L2(Q) +Ch?,

where the property of the interpolation has been used in the first inequality. Thus
we obtain the following estimate for [|[Vol|12(q):

(36) Vo172 < Cllosliz@ + Ch*.
Applying Lemma 4 indicates that

||VU§||2LfL(Q) < C||05||2L;A‘L(Q) + Ch2HVUZH%2(Q) +Ch®.
A combination of the above estimates for ||V0§||Li(ﬂ) with (31) leads to
(37) ||V€§||2L§(Q) < C”USHQL%(Q) + ChQHVUSH%%Q) +Ch*.
Substitution of above into (35) leads to

1
(38) || < C||UZH2Lg(Q) + %”VUIZHH%(Q) +Ch?|Voy|Za () + OB,
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Next we estimate the second term Ry = Iy + Is + I3+ Iy + I5 + I + I7 + Ig. For
the first term, we can derive [48]

_ tht1
L] = | (a“k - ufﬂa UZH) | < 071/2(/t HuttH%z(Q)dS)lmHUIZH”H(Q)
k
(39) tht1 ) 1 1 12
<Cr [ Jula@yds + 5l Vok Iy
ty

An application of the property of the interpolation and the Young inequality leads
to

|I5| =| (5Ihuk — our, 05+1) |

1
;||Ih(ukJrl —uF) — (W — ) |2 lon | L2 o)

1
;||
Ch? |ugll ) IV i | 120

IN

(40)

(Thuy — Ut)THL2(Q) ||05—H ||L2(Q)

IN

1
< Ch' + %”VUZJA”QL?(Q)'
Using the Cauchy-Schwarz inequality and the property of the interpolation, we have
I =| (V(Ipuftt — M), Vot |
VIR = a2 ) Vo T 22 @)

41
(41) <O+ 2y [|Vo*+ [ 120

<Ch? + 2—10||va’;+1||iz(m.
Similarly, we have
|14 =|x ((uk — Lk Vok, VUZH) |
< Xl = Lu¥ | 2o [ V0¥ Lo (@ [ Vo 20

42
(42) < CR2||u" | 20y IV | 120

< Ch* + 2*1O||V05+1||%2(Q)-
Now we apply the Cauchy-Schwarz inequality and the Young inequality:
|I5| =|x (TutVUk+1 + ruF Vo, VJﬁJrl) |
(43) < C (llutll e @ IVl oo @) + Null Lo @I Vorll L @) TIVOL L2 ()
<O+ %HVUﬁHHQH(Q)-

Notice that

1

1
k+1 k k+1 k+1 k k+1
IG = ; (Ihu +1 _ Ihu 5 O—u+ ) — ; (Ihu +1 _ Ihu , O_U+ )h

k+1) ,

= —en (Inue, oy,

therefore, using Lemma 4 leads to the following estimate for Ig:

1
(44)  |Is| = len(Inue, o3 th)| < CR?|VIue || Vo | < Ont + %HVUfi“H%z(m'
We recall the quadrature formula defined before and Lemma 4, and arrive at

(45) = (L1, Vb ™), — (1™, Vokt!) =0,
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An application of the Cauchy-Schwarz inequality and the property of the interpo-
lation leads to

I = I (V¥ Tk ) - x (T 0ok, Vo),
= |X (Ihukv(l - Ih)’Uk, V0'5+1) - X (]hukv(l _ Ih)vk, VU§+1)

< ChllIyu || ol || 22 (@) IV oy [ 220

nl
(46)

1
S Ch2 + %HVUEJ'_IH%}(Q)
Substituting estimates (39)-(46) into R; and applying the property (4), we obtain

|1

tht1 7
SOT/ ||Utt||%2(9)d8+ %HVJIZJAH%Q(Q) +Oh2+07'2
(47) . :
2 k4112 2 2

_CT/tk ||utt||L2(Q)ds+ %HVUuJF ||L}2L(Q) +Ch +C7‘ .

It remains to bound each term of Ry = Ig+ I15. Now we use the Cauchy-Schwarz
inequality and the Young inequality:

Io| =| (uy V(I — I) log uj ™, Vol ) |

< [ub V(I = In) log ug | 2 () I Vo 22 o

48
(48) < b e |V = I log a1 (o V0% 12 e

1
< Ch* + %HVUS-HHL,QL(Q)a

where we have used the following inequality:

||V(I—Ih)loguh+1||Lz < Chz Z /\Da log uf 1 2dz)/2

E\oz|2e

<ChZ/ k+1 |Vuk+1|4dx)1/2

k+1143,.11/2
< 60/442:/|Vu 1*dz)Y/
<Ch.

An application of the strict separation property and the W' bound of the nu-
merical solution leads to

[T1ol =| ((uf™ = uf))Viogup ™, Vol |

“?_1 uﬁ k1
> ||TVU,L+ ||L2 Q)||VU b HL2(Q)
k+
49 [Vup " |l 2= ()
(49) < o (b = ol + ) Yok g o

| /\

(||(7k+1 - Uﬁ”Li(Q) =+ CT)HVUszHHLi(Q)
1
< Clloy*t - UﬁHii(Q) +C7% + %HVU’;+1”%%(Q)
Combining the estimates (48)-(49), we obtain

1
(50) |Ba| < Cllog™ = oilliz o) + 15 IVou Iz @) + Ch* + CT2.
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Finally, combining (38),(47) and (50) in (34), we find
1
5= (105712 ) = b3 (o) + Nk ™ = 0122 ) + IV 132 )
1
(51) < Clloll72) + Cllog™ - USH%g(Q) + §HVUZ+1H%3(Q) +Ch* +Cr?
2 k12 bt 2
ORIV ey +C7 [l
tr

Multiplying by 27 on both sides of (51) and summing up from k£ =0 to m — 1, we
get

m—1

||U;n||%g(sz) - ||02||2L%,(Q) +01- 207’)”‘771#1 - O-SHQL%(Q) +7 Z ||V0-5+1||2L%(Q)
k=0
m—1 m—1 T
< C7 3 |lohl12s @y + Ch2 + Cr* + Crh? 3 [Vok| 2o + Cr? / tae]|32s.
k=0 ' k=0 0

Assuming 1 — 207 > 0, 1 — Ch? > 1/2 since 7 and h is small enough, and
applying the discrete Gronwall inequality (Lemma 12) to the above leads to

_

-
lom 1z o + (7 3 IVOEHH 2 0) Y2 < Clh 4 7), ¥ € N.
k=0

A combination of the above estimates for [|o7[| 12 ) and ||VJZ+1||L?L((2) with (31)
leads to the desired error estimates for u. Finally, we obtain the error estimates for
v from (36) and (37).

The proof of Theorem 6 is complete.

4. Finite-time blowup

In this section, we discuss whether the solution of the fully discrete scheme (6)-(7)
will blow up in finite time.

We first prove a discrete analog of Lemma 2. Taking ¢ = I;,® in (6), where ® is
defined as in Lemma 2, then from (5), we have the following error estimate

(52) e — @[l L2@) + hlle — llL2@) < CR2 1P| m2(0)-

LEMMA 13. Assume that u is smooth enough for a fix time T > 0, let M* =
(uf, ©)n, 0= (u,1). Under the mild mesh-sizes requirement 7 < Ch, if (u, p)n <
00, then (uf, ), < co and the following inequality holds
Mk+1 _ Mk
T %92 + C1OM™ + Co0%/2(M* + Ch)Y/2 + Coh.
™

p
Proof. We rewrite (6) as

8
(Vur ™ V®) + x(uFVok, V) +>
=1

Mk-‘,—l _ Mk
-
(53) 8
<46 — X074 C16(u*, @) + Co6*2(uF, @) 2 1+,
2

i=1
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where Lemma 2 has been used in the last inequality, and J; (i = 1,---,8) are
defined as follows

Ji =(Vur" V(@ - ¢)),

Jy =(V("T —uith), Vo),

Js = (Vupt', V) = (Vu ™, V),
Jy = ((u’ffl —uf)Vlog uﬁ“, Vgp)h ,
Js =x (u"VoF, V(o — @)),

J6 :X(uﬁvvili - ukvvk:’ V@)a

Jr =x(upVop, Vo), — x(upVof, V),
Js = (uf V(I — In) loguf ™), V), .

Thanks to (52), we obtain

(u*, ®) = (u*, ® — @) + (u* —uf, ) + (ug, ) — (ur, )n + (uf, ©)n
< uFll 2@ 1@ — ll2) + lleb Iz lelliz @) + CR2 Vgl 2@ IV el L2 @) + M*
< Ch+ M*,

where the error estimates and 7 < Ch have been used in the last inequality. Sub-
stitution of above into (53) leads to

MEFY — 0k &
(54) ——— <4 3‘492 + CLOM* + O (M* + Cn)V2 + 3 .
™

T ;
i=1

Next, we estimate J; (i = 1,---,8) respectively. Utilizing the property of the
interpolation operator in (52), we have

(55) 1| < IV 2 [ V(@ = @)l 2() < Ch.
We derive from Theorem 6 that

| o] = (V@ —upth), V(e — @) + (VT —ufth), vo)|
=[(V@* ! —upth), V(e — @) — (u*F! —upth), AD)|
< Ch||Vel |2l @)l 2 + ekl 2@ | AR 12 (q)
< Ch,

(56)

where the property of interpolation and 7 < Ch has been used. Noticing the
definition of (-, ), we have

(57) J3 = (Vuy ', Vo) — (Vuyth, V), =0.
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An application of the strict separation property, the W bound for the numerical

solution and 7 < Ch indicates that
e

|J4| = |( k+1 VUZ+17VC)0)’1|
Up,

“Z—H - “ﬁ k+1
Hiuk“ Vup e @) IVl L2 )
h

IN

k1
58 IVup” lle=@ k1 n
(58) co/4 lup, ™ = upllez @) IVellrz @
C* k+1 k
< 60/4(”% - eu”Lﬁ(Q) + CT)”V‘PHL,{(Q)
< C(Heﬁ—HHLi(Q) + ||€ﬁ||L;"L(Q) +CT)IVellLz (o)
< Ch.

Utilizing the property of the interpolation operator in (52), we have

| J5] < x[|uF Vo || p2)l V(e — @) r20)

(59) < Chl[u*|| oo @) V0" | L2 () 1@ ]| 120
< Chl|u¥|| oo o) 1u* | L2 | @l £r2(02)
< Ch.

An application of the Cauchy-Schwarz inequality and the error estimates leads to
ol = | = x(u;Vey + e Vo, V)|
(60)  <x(lugll=@ IVesll 2@l Vel L2 + lebllLz@ I V0" | L2 IVl L= 2)
<Ch,

where 7 < Ch has been used in the last inequality. An application of Lemma 4 to
Jy leads to

(61) | J7| = [x(uE Vol Vo) — x(uf Vo, V)| = 0.

Using the property of the interpolation operator I, as in the proof of the Theorem
6, we have

(62) [Js| = (ui V(I = In)loguy 1), V), | < Ch.
Finally, a substitution of (55)-(62) into (54) implies that
Mk+1 _ Mk
i T I %92 + C1OM" + CL03/2(M* + Ch)Y/2 + Coh.
T T

The proof is complete. O

REMARK 14. The positive constant Cy in Lemma 18 depends on the reqularity of
the exact solutions.

We can then derive the following discrete analog of Theorem 3.

THEOREM 15. Assume that 0 = (u,1) > 87 /(ax). If (u, )y is sufficiently small,
h and 7 < Ch are sufficiently small, then the solution (uﬁ,v,’f) to the fully dis-
crete scheme (6)-(7) will blow up in finite time, namely the mazimal existence time
Tiax = kmaxT of the discrete solutions is finite.
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Proof. Obviously, we can derive the following inequality from Lemma 13
Mk+1 _ Mk
T

Denote 8 = — (46 — %02 + C3h'/?), we have the following inequality

<40 - %92 + CLOMF + o032 (M*)V2 4 Cyh}/2,
Y8

Mk+1 _ Mk
(63) < B+ COMF + Cy0%/2V MF.

T

Under the condition that 6 = (u,1) > 8m/(ax), we can choose sufficiently small h
such that 8 > 0. Since M° = (u, @)}, is sufficiently small, we have

Bo := B — C1OM° — C20°/2/ MO > 0.
We claim that the following inequality holds for all £k € N
(64) MEL < MP — 15,.

We prove the above inequality by induction. Using the inequality (63) for k = 0,
we have

M < M® — 7(8 — CLOM® — C260%/>V/MO) = M° — 74,.
Now assume that (64) holds for k — 1, we have
MF < MF1 — 18,.
Notice that M* is decreasing about k, we have
MF < MF — 7(8 — CLOM* — Co0°/2V/ MF)
< MF —7(8 — CLOM® — CL6°/2V/ MDO)
= MF — 18,.
Next summing (64) over k shows that
MY < MO — (k4 1)7 0.

Hence, if the solution (uﬁ,vﬁ) exists for all & > 0, then M**! becomes negative
provided that 7' > M°/j3,. This is a contradiction to the positivity of M*. Thus,
the proof is complete. O

REMARK 16. Note that in the classical Keller-Segel system, the solution may blow
up in finite time. Based on the error estimates, we prove that the numerical solution
can also blow up under large initial value. There are several numerical examples in
[46] to wvalidate the blowup behavior of the numerical solution to the fully discrete
scheme (6)-(7). The analysis of Theorem 15 depends on the regularity of the so-
lution, it is very interesting whether we can still have similar results under weak
regularity, we will continue to conduct on this issue in the future.

5. Conclusion

In this paper, we established error estimates for a fully discrete scheme proposed
in [46] for the classical parabolic-elliptic Keller-Segel system, and showed that the
numerical solution will blow up in finite time under some assumptions, similar to
the situation for the exact solution of the classical parabolic-elliptic Keller-Segel
system.
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A. Appendix

LEMMA 17. Denote A = a(=A+1)7"1, Ay = a(—=Ap+1)71Qn, where Qy, is defined
as (Qnu,¥n) = (u,¥n)n, then the following estimate holds for all u € H*(),

(A1) [ Apu = Aul| 20y + hl| Apu = Aullgi) < Ch®|lu]l g2 (q)-
Proof. Let w = Au and wy, = Apu, we have the following equations:
(Vw, V) + (w, ) = a(u,y), V¢ € H',
(Vwn, Vip) + (wn, ¥) = a(u, ¥)n, Vi € Xp.
Then we have
(V(wn —w), V) + (wn —w,9) = a((u, ¥)n — (u,¥)).

Taking ¢ = wp, — 9y, and denoting wy, — w by wp — ¥y — (w — ¥y) in the above
equation leads to

lwn = nllFrs < lw —nll e llwn = dnllae + a((uywn = n)n — (u,wn —Pn)).
From [48] and Lemma 4, we have the following estimate
|(w, wn = n) — (w, wn — Pn)al
=|(u = Ihu,wp — Pn) — (= In,wp — Yp)n + Tpus wp — Pn) — (Lpu, wh — Yp)n|
<Chlul gt |[wn — Pnlle + CR?||Val 2|V (wn — ¥n)l| 2
<Chlulg|lwn — Vn a2
Combing the above estimates with the elliptic regularity estimate leads to

lw —wnllg < € infjw —nfg+ Chlula

< Chluwlgs + Chlulm < Chllull:.
The L? error estimate can be obtained by using the duality argument
lw — w2 < Chllw —wh g + Ch?|ulyz < Ch?[|u] .
Combing above estimates with the definitions of A and A shows that
[Anu — Aul|r2) + Al Apu — Aull (o)

=[|wn — wl||L2(q) + hllwn — w1 (q)

<OW?||ull 29
which completes the proof. O

In order to obtain Lemma 8, we proceed in several steps. Firstly, we deal with
11 := u+ hf; and construct f; as follows.
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LEMMA 18. Assume that 7 < Ch and u is smooth enough, then there exists a
bounded smooth function fi, such that 41 := u + hfi satisfies
(A2) (94}, ), + (afVI,log ™, V), — x (5 VALY, V), = (RY, ),
for all p € Xy, k € N, where Ay, is defined as in Lemma 17 and
(R, )| < CR?||p| -

Proof. From (A.2), we have the following equality:

o0l . . "
(7 @)+ (Vi Vo) = x(in V Air, Vo)
ot . . "
A8 (G 0)+ (Vin, Vi) = x(@ VA, V) + (R}, o)

— (0dF, @), — (afVIylogaf ™, Vo), + x (af VALY, Vo), |

where the operators A and Aj, are defined as in Lemma 17. Moreover, the left hand
of (A.3) can be rewritten as

o1 . A
(%7 @) + (Vig, Vo) — x (1 Ay, V)

(2 )+ (V1 9) — xS, Vo) — x40, V)

— R (f1Af1, V),

where equation (26) has been used.
Step 1: Construction for fi. For any ¢ € H', define (RE(u),¢) as

ou =
(RE(u), ) =(g ~ O, ) + (V(u—u"t1), Vo) — (uFV (I, — I)(logu* ), V),
— ((u* = ") Viog u, Vo), 4+ (Vb V) — (VU Vo),
+ x(uFV AP — uV Apu, Vo), + x(uV (A, — A)u, Vo)
=(N(u), ) + x(u*VAuk —uVAu, Vo), + x(uV (A, — A)u, V),

we can show that +RE(u) € H™' is well defined. Using the Cauchy-Schwarz in-
equality and the property of the interpolation, we obtain

(VUM V) — (Var V)| =(V(I = In)u* T, Vo) = (VI = I)u*, Vo),
SChlu* | 2| Vel 2,
then the following estimate holds for (N (u), ¢):
(A1) (N(w), ) < Cibllglm,
and the positive constant
Cy = Cu(l|lullwz.e0,7;m2) + [[ullwr.ee0,1;12) [ 108 ul| o< (0,7;12))-
An application of Lemma 17 leads to
[(uV(An — A)u, V)| <[lullL~[V(Anu — Au)|[ 12 Veoll L2
<Chllul| e [lull 2] V| L2

Combining (A.4) with few direct calculations shows that the following estimate
holds for (RE(u), ¢):

(R (w), )| < Cshllelmm,
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where
Cs = Cs([[ullw2.(0,7:12) + llullwre 0,7;25) 1108 ]| oo (0,7 12) + lullfyrr.o0 (0. 7150 )

then +(RE(u),¢) is well-defined. Combining (Rf(u),¢) with (A.3) leads to the
following linear partial differential equation for fi:

%7 ©)+ (Vf1,Ve) — x(uVAf,Ve) — x(f1iVAu, V) = %<R§(U)v ©),

for all ¢ € (tg,tg+1]. From [17, Chapter7.1, Theorem 3], there exists a weak solution
f1 of (A.5). In addition, from [17, Chapter7.1, Theorem 7], suppose that u is
smooth enough such that R (u) is smooth enough in Q x [tg,t;41], and the m!"-
order compatibility conditions hold for m = 0,1, -- -, then the problem (A.5) has a

smooth enough solution f; in Q x [tg, try1].
Step 2: Construction for (R¥(iy1),¢). Let (R¥(1), ) be

(RY(01), ) :=h{N (1), ) + xh((uV (An — A) f1 + LV (An — A)u, Vo))
+xh((uFV AL fF —uV AL f1, Vo) + (fEVAuE — £V AL, Vo))

(AB) (

h k+1
—(uPV I, (log(u* Tt + hfF) — logub*+t — ukl“ ), Vo)n
k . by S
—h(u*V (I}, — I)me)h — h((u® —u*t )Vukﬂ,w)h
- - k+1
+ (0uF, ) — (Ou*, ), + hQ(f{“V#, Vo) + xh2(f1VAf, V)

+x((uVARu, V), — (uVApu, Vo)).
Similarly, the following estimate holds for (N'(f1), ¢) as discussed in (A.4):
(A.6) N(f1);0) < Cohllpllan,
where the positive constant
Cs = Cs (|| f1llw=.0,1312) + [ f1llwr. 0,750 | log ul| oo (0,7; 12) ) -
Combining (A.6) with few calculations yields the following estimate for (R¥(4i1), ¢):
[(RY (@), )| < Crh?||ollan,

where the positive constant

f1
Cr = Cr(lullwroe o, 2y + ([|ullwi.o 0,750y + Hf1||L°°(O,T;L°°))||E||L°°(0,T;H2)

Hllullwroe 0,125y [ F1llwiios 0,100y + [l Fe 0,12y + 11l E e (0,752.5)) + Co
then the O(h?) consistency for @4, = u + hf; is obtained, which leads to Lemma
18. O

After repeated application of the perturbation argument as illustrated in Lemma
18, Lemma 8 can be proved.

Proof of Lemma 8. The duality product 75 (R¥(@1), ¢) is well-defined since the fact
that 75 (R§(@1),¢) is uniformly bounded as h — 0,7 — 0 and 7 < Ch. We can
construct fo by solving the following linear partial differential equation:

0

for all ¢ € (tg,tp+1)- As discussed in Step 1 above, the problem (A.7) has a smooth
enough solution fy in Q X [tx, tkr1].

(A7) (
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By repeated application of the methods in Step 2 above, we can construct
(RE(112), ) by g := @1 + h%fa such that the O(h®) consistency for s is arrived:
(A8) (9u3,¢), + (45VInloguz*, V), —x (@5V A3, Vi), = (R5(i2), ),
for all p € Xy, k € N, where

(R (112), )| < Ch?|lpllm,

where C is a positive constant depending on the derivatives of s, such that
75 (R5 (12), ) is well-defined.

Again, by using Step 1 in Lemma 18, the correction function f3 can be con-
structed by the following linear partial differential equation:

13} 1 N
(A.9) (g, #) + (Vf3, V) = x(uVASfs, Vo) = X(FsVAu, Vo) = -5 (R5(ik2), 0),
for all t € (tg,tx+1], and the problem (A.9) has a smooth enough solution f3 in
Q x [tk7tk+l]'
Combing equations (A.5),(A.7) and (A.9) leads to
i . A
(E’ QD) + (VU’ VQO) - X(UAU, VSO)
(A.10) =(Rg(w), ) + (RY (), ) + (R5(d2), 0) — h*x((f2V Afa, Vip)

+ (/IVASs + [3VAS, V) — Bx(foVAfs + [3VAf2, Vo)
— hox(f3sVAfs, Vo).

Denote (RF(1), o) as follows

(RE(), ¢) = W@~ 02, 0) + (Bff o) — BF, )
k+1

(fS (Ih - )logﬁ§+1,<,0)h - ((uk+1 - uk)v Ak_;,_l’v‘p)

+ (VAT Vo — (VAT Vo) + ((f5 — ’““)wog a5t Vo)n)

k+1 A - h k+1
+hO(f3V AkH,W))n + (@*V (log @ — log 5™ akil ), Vo)u
2
k k 1 h2 éﬁ_l 4 k k+1
+ (aQV(lOgﬂ —lo ogu ay - A]H,l )a V‘)O)h =+ h (f2 Ak+1 ’ v‘ﬁ)h
Uy Uy

+12(Of5 0)n = (0f3,0)) + Wx((f5V Anits + G5V Ap £, Vo)

— (fsVAniz + 42V A f3, Vo)) + hOX((FEVALSY, Vo)

— (fsVARSs, V@) + B X((f5VARSS, YV o)n — (f2V Anf2, Vi)

+ IPX((f2V Aptn + @V Ay fo, Vo) — (f2V At + 01V Ap fa, V@)
Combining above with few direct calculations shows the following estimate for
(R* (1), o)

[(R(@), )| < Ch* @l a1,

where C' depending on the derivatives of u, then the ;% (R¥(d), ) is well defined

and the O(h*) consistency holds for @ = u + hf; + h%fa + h®fs, which leads to
Lemma 8. (]



298 W. CHEN, Q. LIU, AND J. SHEN

Shanghai Key Laboratory for Contemporary Applied Mathematics, School of Mathematical
Sciences, Fudan University, Shanghai, 200433, China
E-mail: wbchen@fudan.edu.cn

School of Mathematical Sciences, Fudan University, Shanghai, 200433, China
E-mail: qiangianliu21@m.fudan.edu.cn

Department of Mathematics, Purdue University, West Lafayette, IN 47907, USA
E-mail: shen7@purdue.edu



