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This paper is dedicated to Prof. Max Gunzburger on the occasion of his 75th birthday.

Abstract. Finite element discretisations of the modified predator-prey system are examined. In
particular, fully-discrete schemes based on the discontinuous Galerkin time stepping approach for
the temporal discretisation combined with standard finite elements for the spatial discretisation
are considered. Stability estimates are derived for schemes of arbitrary order and error estimates
that maintain a symmetric structure are proved.
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1. Introduction

The scope of this work is the stability and error analysis of fully-discrete schemes
for the predator-prey system. The predator-prey system under consideration, con-
sists of two coupled parabolic pdes, i.e.,

uy — diAu — u(l — |u]) + vh(au) =0 in (0,T) x Q
ZZ —0  on(0,T)xT
u(O,aags = Uy in ((2,7 )
ve — doAv — bvh(au) +cv =0 in (0,7) x Q
g—z =0 on (0,T) xT

v(0,z) =g in Q.
Here, d1,ds > 0 denote diffusion constants, with dy # ds, b,¢,a > 0 are positive
parameters and  C R? is a bounded domain with suitably smooth boundary T.
The initial data are denoted by ug, vy respectively. Our analysis covers two of the
most commonly used functional responses h(.), the Holling type IT and type III
functionals, defined by:
au au?
h(au) = T al or h(au) = TTau?’

respectively, and involves the nonlinear reaction function u(1 — |u|). These type of
functional responses were proposed in [30, 31]. For an overview of the role of such
functional responses in these models we refer the reader to [32]. The above system is
often called the "modified predator-prey system”. Our goal is to establish stability
and error estimates for fully-discrete schemes of arbitrary order. The schemes under
consideration are based on a discontinuous Galerkin -in time- approach combined
with standard conforming finite elements in space. Such schemes are known to
maintain the structural properties of the underlying pde model, in the sense, that it
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possible to prove stability estimates under minimal regularity assumptions. Indeed,
given initial data ug, vy € L?(Q), in Section 3, we prove the following estimate:

lunllw o) + lvnllwory < C (luollrz) + lvoll2)) »

where uy, v, denote the fully-discrete approximations of weak solutions u, v, and
I-llw o,y := -l o, 702 + II-lL2[0, 711 (2)) denotes the natural energy norm as-
sociated to the discontinuous Galerkin approximation in time. The key difficulty
involves the derivation of estimates for higher order schemes at the ||| o [0,7;22(q)
norm in presence of the nonlinear coupling. We note that the above stability es-
timate under minimal regularity assumptions, is the key step in order to develop
a-priori error estimates. In addition, for u,v € W(0,T) N L*[0,T; L*° ()] we es-
tablish the fully-discrete analog of the classical Céa Lemma which in this context,
is an estimate of the form,

= wnllwio.ry + 1o = vnllwiomy < C (= Peullwor + o = Pllweom) -

Here, Pﬁ{’c denotes the standard projection associated to discontinuous Galerkin
schemes that exhibits best approximation properties in terms of the available reg-
ularity of the solution.

We emphasise that this estimate is also derived under minimal regularity as-
sumptions on data and it is applicable when high order schemes are employed.
Such estimate demonstrates that the error of the fully-discrete scheme will conver-
gence at the maximal rate that the chosen approximation spaces and the regularity
of the solution will allow. The estimate is valid for a suitable choice of the temporal
discretisation parameter 7 in terms of the parameters a, b, c,dy, ds, but it can be
chosen independent of the size of the spatial discretisation parameter h. Our work
uses ideas and techniques of [9, 8], developed for proving estimates at arbitrary
time points, combined with a suitable ”boot-strap” argument that decouples the
two involved pdes without imposing additional regularity and / or very stringent
conditions between the discretisation parameters and the physical parameters of our
system. In addition the estimate is derived without making assumptions regarding
point-wise space-time stability on wup,vp. To our best knowledge these estimates
are new.

Various issues related to numerical analysis and computational efficiency of
discretisation schemes for systems of reaction-diffusion pdes that resemble the
predator-prey system have been considered before (see e.g. [5, 6, 7, 14, 23, 24, 25,
27, 28, 33, 34, 35, 36, 40]). In particular, we point out [27] where a-priori estimates
are established for the fully-discrete approximation of the predator-prey system us-
ing semi-implicit Euler scheme in time combined with conforming finite elements in
space and [14] where the analysis of first-order in time implicit-symplectic method
is considered.

Stability analysis and a-priori error estimates involving the Brusselator nonlin-
ear coupling structure are presented in the work of [7]. A finite volume scheme
for the Brusselator model with cross diffusion is considered in [35], while an al-
ternative direction (ADI) extrapolated Crank-Nicolson orthogonal collocation al-
gorithm is analysed in [23]. Both papers include various informative computational
results and are applicable in other nonlinear reaction diffusion systems. In [40],
implicit-explicit schemes for various reaction diffusion systems arising in pattern
formation are considered, while analytical and computational aspects of moving
grid time-stepping schemes are studied in [36]. In [24], optimal error bounds of a
fully-discrete scheme based on the implicit-explicit Euler method combined with
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a lumped surface finite element method for the spatial discretisation of reaction-
diffusion equations on closed compact surfaces are proved. Other works that are
related to somewhat different but still relevant couplings, such as the forced-Fisher
equation, the FitzHugh-Nagumo system, and other parameter dependent systems
can be found in [28, 5, 6, 13, 25, 33]. In [6, 7] various computational examples re-
lated to high order discontinuous Galerkin schemes are presented. In [34] an error
analysis of exponential time differencing schemes for the epitaxial growth model
is presented. An overview of various properties of exponential time differencing
schemes can be found in [15].

There is an abundant literature concerning numerical analysis of general semi-
linear parabolic pdes: we refer the reader to [42] and the references therein. The
discontinuous (in time) Galerkin technique is analyzed in the works [3, 12, 16, 18,
19, 20, 21, 37, 39| for linear and semilinear problems. Other approaches includ-
ing implicit-explicit multistep methods and linear implicit schemes can be found in
[1, 2] respectively. An otherview of results regarding a posteriori error estimation
of reaction-diffusion systems are presented in [17] (see also references therein).

2. Preliminaries

We use standard notation for Hilbert spaces L?(Q2), H*(Q), 0 < s € R, H}(Q) :=
{w € HY(Q) : w|r = 0}, related norms and inner products (see e.g. [22, Chapter
5]). We denote by (.,.) the duality pairing between H'(Q) and its dual H'(Q2)*. For
any Banach space X, we denote by LP[0,T; X], L°°[0,T; X]| the time-space spaces,
endowed with norms,

T 1
lwll Lo r,x) = (/0 ||w||§(dt> Y wllsepo,rxg = esssupyeior llwllx-

The set of all continuous functions w:[0, T]— X, is denoted by C[0, T; X], with norm
llwl|cio,7;x1= maxieqo, 1) |w(t)||x. We refer the reader to [38, 22] for the definition
of spaces H®[0,T; X]. In particular, we will use the space H'[0,T; X] with norm,

T 1 T 1
ol = ([ Tola)” + ([ Judar)”

We define the (weak) solution space by W (0, T)=L?[0,T; H'(Q)] N L>[0, T; L*(Q)]
with norm

”wH%/V(O,T) = ||w||2L2[O,T;H1(Q)] + ||wH2L°°[O,T;W(Q)]'
‘We use the standard bilinear form

aly,w) = /QVwada: Yy, we HY(Q),

which satisfies the classical coercivity and continuity properties,

a(y,y) = IVyllie  aly,w) <yl @lwlmw,  Vyve H(Q).
We will also use the following classical inequalities:
Gagliardo-Nirenberg- Ladyzhenskaya inequalities (GNL): For all w € H'(Q),

1/2 1/2
[wllz,@ < CIIwHL/Q(Q)||wH}{1(Q), for d = 2,

1/4 3/4
lwllz, @) < C||wHL/2(Q)||wa{1(Q)7 for d =3,
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where C' > 0 depends only on ) and it is independent of w.
Young’s inequality: For any € > 0, a,b > 0, p,q > 1 it holds
€eP 1
ab < —aP + —b1
p qe?
Throughout this work we will denote C' > 0 positive constants that might change
at each occurance but depend only on the domain.
The weak formulation is stated as follows: Given data ug,vg € L?(£2), we seek
u,v € W(0,T) such that for every w € L2[0,T; H ()] N H[0,T; H(Q)*],

, where 1/p+1/q=1.

(U(T)7w(T))+/O (= (u, ws) + dra(u, w) = (u(l = |u]),w)) ds

(1) T
+/0 (vh(au), w)ds = (u(0), w(0)),

T
2) (v(T),w(T)) + / (= (v, ws) + doa(v,w) — b{vh(au), w) + c¢(v,w)) ds

0
= (v(0),w(0)).
where we denote by w, := disw the derivative with respect to time.

Existence and uniqueness of (1)-(2) is well known and can be derived by standard
techniques. Indeed, given initial data ug,vo € L?(£2), there exists a unique solution
u,v € W(0,T) of (1) and (2). For the derivation of the symmetric error estimate
we will assume that u,v € W(0,T) N L*[0,T; L>°(Q)] (see for instance [26, 41] for
a related results). Note that we will work solely with the modified model, that uses
the term ftiln,l (u(1—|u]), w)ds. Otherwise, it is well known that the solution of the
predator-prey system, as well as its discrete approximations, may blow up in finite
time and further restrictions on the size of the data will be necessary in order to
guarantee stability estimates in the prescribed time interval.

3. The fully-discrete scheme and its stability properties

Approximations of (1) are constructed on a partition 0 =% <t < ... <tV =T
of [0, T] and we denote the length of each subinterval by 7, = t"—t"~! n=1,...,N.
On each interval of the form (¢t"~1,¢"] a subspace X, of H!(Q2) is specified. We
seek approximate solutions who belong to the space

Xh = {wh € L2[07T,H1(Q)] L Wh (tn—1,tm] € Pk[tn_l,tn;Xh]}.

Here P[t"~1,t"; X}] denotes the space of polynomials of degree k or less having
values in X},. Notice that, by convention, the functions of A} are left continuous
with right limits and hence will subsequently write w” for wy(t"), and w? for
im0+ wy(t" 4 s) := wy (7). The above notation will be also used with functions
u,v,w as well as for the corresponding errors e, := up — u, e, := v — v. Due to
a well known embedding result, it is assumed that the exact solution, u,v, is in
C[0,T; L?(£2)] so that the jump in the error at t*, denoted by [e?], [e?] is given by
len] = [u"] = u} —u™ and [e}}] = v} — v™. The finite element space X, satisfies
classical approximation theory results: If [ > 1 denote the degree of polynomials
(in space), and w € H!*1(Q), then,

(8) inf fw—wnllge) < CHH lwllg ), 0<I<E s=-10,1.
w h

h

We also assume that X, satisfies the inverse estimate: |[wp |1 <% |wnllr2(o),
Ywyp € Xp. Throughout this work we employ a quasi-uniform partition in time,
i.e., there exists 6 € (0,1] such that 87 < min,—y,_ N 7, where 7 = max, =1, N Tn.
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We are ready to define the fully-discrete formulation of (1)-(2). We seek up, vy, € X
such that, for alln =1,.., N and wy, € A},

n

@ g+

tn—1

( — (up, wps) + dra(up, wy) + <vhh(auh),wh>>d5

y
— ) + / (un(1 — fun]), wn)ds,

tn—l

o
(5) (v _,wp_) —|—/ ) ( — (vp, wps) + dea(vp, wp) + c(vp, wh>)ds
tn—
o
= <v2:1,w2_:1> + b/ (vph(aup), wp)ds.
tn—l

Integrating by parts in time, we obtain the following equivalent formulation:

(6) /tt" ((uhs,wh> + dya(up, wy) + (vph(auy,), wh>>ds

n—1

.
(Y wpg) = / (un(1 = fun]), wn)ds,
t

n—1

n—1

(7) /tt" (<Uhs,wh> + daa(vp, wy) + c(vh,wh>>ds

.
o) = [ (onhlaun).un)ds
t

n—1

We will frequently alternate between these two formulations. We are ready to
proceed with the main stability estimate, which is also the key ingredient in the
development of the error estimate. The stability estimate is derived under minimal
regularity assumptions on data. Apart from the nonlinear coupling and the presence
of different diffusion constants, another key technical challenge, when dealing with
high order schemes, is the derivation of the ||.|[1__(0,r;r2()) stability estimates.
Here, the structure of the response functional A plays important role.

Theorem 3.1. Suppose that ug, vy € L*(Q2) and let a, b, ¢, d1, do positive constants.
. 1 1

mlnl{m7m} When < b+d2,

m when 2 b + dQ,

where C}, is a constant depending only on the polynomial degree k of the temporal

N0 N0

In addition, suppose that 7 satisfy 7 < {
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discretisation. Then, the following estimates hold:

T T
8) ol 20 + Z 1112 + 2 / oIl gy ds + ¢ / o122y s
O ||UOHL2 @) when § > b+ da,
=sbl T 06l b+d2)T||vh||L2(Q) when § < b+ dy,
9) ||vh<t>||%m[tn-1 i 12(0)) < CkCat1llvhll72 0y,
T T
(10) [y 1720y + Z g 320y + dl/o IVun 72 ds +/o [un a0 ds

C
<C (”U?LH%%Q) +Cq, T + SC“) = Cist,2,

(11) Huh(t)H%OC[O,T,LZ(Q)] < CiCit 2.

where C' is an algebraic constant and Cy, := % (2 + %dl)s .

Proof. We select wy, = vy, into (7), and since |h(aup)| < 1, we easily deduce,

1 n 1 n— tn
(12) §||Uh||2L2(Q) + 5”[% 1]”%2(9) + d2/ th”?{l(ﬂ)d‘s
tn—l
tn

t‘ll
1 _
o [ onlads < Sl ey + @ +da) [ onlaoyds,
tn— tn—

where we have added dy f::_l ||Uh||%2(ﬂ)d8 term at both sides. Let us point out that
if § > (b+ dz) then summing the above inequalities, we obtain that

T T
o ||L2(Q>+ZH 2. +2s / o2 g dse / lonl122 0 ds < 10211200
0

We focus our attention to the case where § < b+ da. We need to bound the last
term of (12). We will use a technique proposed in [8]. First, we fix z;, € X} and

t € (t"1,¢"). Then, set wy(s) = ¢(s)zn, where ¢ € Py (t"~1,1") satisfies,

¢(tn_1) = 17 ¢¢ '(/)7 '(/) € Pk—l(tn_latn)'

tn—1 tn—1

Note that [8, Lemma 3.2], implies that ||@||pecn-1,n) < Ck, where constant Cy is
independent of the fixed ¢ and depends on the polynomial degree of the temporal
discretisation. Therefore, the above construction with the particular choice of wy,,
allow us to integrate,

n—1

;
/ (Unsy wi)ds + (V7" — 0P~ wl )
t

t
- / (vnss 2)ds + (P21 — o1, (") zn)
t

n—1

n—1 n—1 n—1

= (on(t) —viy ' o) + (i — vt ) = (un(t) — vp " ).
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Therefore, selecting wy, := ¢(s)zp, into (7) and substituting the above equality, (7)
yields,

n—1

(on(t) — 00~ ) = — / (daa(vn, 51 8(5)) + c(vn, 21(5))) ds

+ b/t (vph(aup), znd(s))ds.

n—1
Hence, using the fact the |[¢|| o tn—14n) < Ck, and since z; € X}, is independent
of the integration variable, we deduce,
o

(on(t) — U;?Zl,zh)‘ < Cy (d2||zh||H1(Q)/ lvnll z1 ()ds

tn—1
tn

F O+ anlioe [ onllioeds).
tn-
where we have used Holder’s inequality, and the fact that |h(aup)| < 1. Thus,
using Holder’s inequality with respect to time to bound f:n,l lon(t) || L2(ydt <
1/2 " 1/2
Tn/ ||fUhHL2[tn—1’tn;L2(Q)} and ft"*l ||vh(t)||H1(Q)dt S Tn/ ||UhHL2[tn—1’tn;H1(Q)]’ we

obtain,
(vn(t) —vp=t, zn) < Ci (dQth”Hl(Q)TrlL/z”vhHLQ[t”*l,t”;Hl(Q)]

+ b+ Ollznllz @y onlzpn-1.m:z2(a )
For the fixed t, set z;, = v, (t) and integrate the resulting inequality with respect
to time,

£

tn
J e e PRy R CAC P

tn—1

i
+ Crda (/ ) |Uh(t)||H1(Q)dt> 7—71/2HUh”L?[t"*l,t";Hl(Q)]
e

-
+Ci(b+¢) (/ ||vh(t)|L2<mdt> 2ol L2120
t 1

Using Holder’s inequality once more, Young’s inequality to hide the |jvp |3, (1 4 12(Q)]
on the left, and for all 7,, such that Cy(b+ ¢)7,, < 1/4, we obtain,

n—

t" n
(13) /; . ||’Uh(t)||2Lz(Q)dt S Can <||’UZ_1|%2(Q) + dQ /;n,l ||'Uh||%{1(9)dt> .

Substituting (13) into (12), it yields,

. L . .
(10 G107 ey + 8 Wiy + e [ NonlBsapds e [ lonliaonds
tn— tn—l
%

1 n—
< (5 + 04 dICum, ) 1ok ey + 0+ d)Cirads [ ol
Select 7,, such that (b + do)Ci7nde < do/2 and (b + do)Cr7, < 1 to deduce (8)
upon using the standard discrete Gronwall Lemma. The estimate at partition
point HU}TH%Z(Q) follows by summing from 1 to m where m € {1, .., N}. Returning

back to (13), using an inverse estimate in time, and the estimate in [|.|[ 220, 7,51 ()]
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and the estimate at partition points, we obtain the estimate (9). We proceed with
estimate on wuy. Now, we set wy, = uy, in (6),

1 n 1 n— tn t”
15) gl + i Wi+ [ unllpayds+ [ unliods

tn

1 . t" t"
< gl a0+ a) [ Julaoyds+ [ @nhlam).u)ds

tn—1

1. 3 ¢ 1
< S ey + G ) [ lunlaapds 45 [ onlaayds.
tn—1 tn—1
Ly e 3 5 [t 2 [ 5
< Sl ey + G + i) <3 [t g [ s

I 2 g
+§ - [vnllz2(q)ds.

where at the last two steps we have used Young’s inequality. Choosing § > 0 such
that (3 +di)555 = 5, (15) yields,

1., 1. ¢ 1
(16) 3heRlE ey + e Wi+ [ Tunllnapds+5 [ lonloapds
1 n—1(2 a 1 i 2
< §||Uh 22(0) + Ca Lds + B [vnll72(0)ds,
tn,fl t 1

with Cy, = 1 (24 241)” which implies estimate (10) upon summation and substitu-
tion of ||vh\|%2[0 in:12(q) from (8). It remains to prove (11), for which we will use the

same technique to bound ftt:,l [unllFzq)ds as in (9). Fix z, € Xp, t € (8"71,¢")
and set wy(s) = ¢(s)zp, into (6) to get

(un(t) = wp =" 2n) = — / (dra(uns 200(5)) + (un(1 = u]), zn9(s)) ) ds

n—1

+ /t (vph(auy), znd(s))ds.

n—1

Working identically as for the estimate of u;, and using Holder’s inequality to bound
j;tn,l Jo lunl?|zn]deds < j;tn,l ||uh||2Ls(Q)||zh||L3(Q)ds we obtain,

tn
< Ck(dluzh”Hl(Q)/ ) [unllm () ds
o

|(an () = =" 20)
t’!L

t7l
Hllanllzzy [ Qonllzzy + lunllooy)ds + lenllsiey [ Tunliods):

tn—1 tn—1

Using the Holder inequality with respect to time,
(un(t) — up", Zh)‘ < Cy (dl||Zh||H1(Q)T;/Q|‘uhHL2[t"*1,t";H1(Q)]

+ th”L?(Q)Tyll/z(”uh||L2[t”*1,t";L2(Q)] + HUh||L2[t”*1,t";L2(Q)])

+ Dznll o)’ lunlZaen-s en oy )-
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Set z, = up(t) and integrate with respect to time the resulting inequality to deduce,

(17)

tn t’n' t’n'
[ Ol < maCu (I =+ d [ sl e+ [ onlaopde
t tn— tn—

tn
[ ).
tn—

where at the last step have used Holder’s inequality to bound j;in,l llun(t)|| s )dt <

7—7%/3||Uh||L3[tn71’tn;L3(Q)]. The estimate now follows using an inverse estimate and
substituting the estimates (8) and (10). O

4. Error estimates

4.1. Projections and orthogonality relations. The following projections re-
lated to discontinuous Galerkin time-stepping schemes will be used.

Definition 4.1. (1) P, : L*(Q) — X is the orthogonal L? projection operator
onto Xy, i.e., (Pyw,wy) = (w,wp), Yw, € Xp,w € L*(Q).

(2) The projection P : C[t"~1,t"; L2(Q)] — Pi[t" 1, t"; X},] satisfies (Pl°w)" =
Pyw(t™), and

tn,
/ (w — Pw, wp,)ds = 0, Vwp, € Pr_1[t" 1" X3).
t

n—1

In the above definition, we have used the convention (P!°°w)" = (P°w)(t").
(3) The projection Pi?°: C[0,T; L*(2)] — A, satisfies

PilOCw € A, and (Pélocw)l(tn—l7tn] = P,lnoc(w“tnfl’tn]).

In the following Lemma, we collect several results regarding rates of convergence
for the above projection (see e.g. [8]).

Lemma 4.2. Let X, C H'(Q) satisfy (3) and let P/ denote the projection of
Definition 4.1. Then, for all w € L?[0, T; H*1(Q)] N H*1[0,T; L?(Q)] there exists
constant C' > 0 independent of h, 7 such that

h ||w(k+1) ||L2[0,T;L2(Q)]) )

lw — Piwl| z2po. 7,220 < C (W TH|wl| p2 (0,7 mree1 0y +7
lw = Piwl zepomsms ) < O (R wll p2o s o+ (7" W) [w® V| 2j0, 1, 2(0)

o ® Y e

[w — Piwl| oo jo.7:22(0)) < C(RTH|wl| poojo 7 pr1 ( +7 0,7:L2()])-

If w e L2[0,T; H'TY(Q)] n H*1[0,T; HY(Q)], then there exists constant C' > 0
independent of 7, h such that

k+1 ||w(k+1

lw = Pewl| 2o mm ) < C (B |wll2p0, 7010y + 7 2o, on)-

Let k = 0,l = 1, and w € L%[0,T; H?>()] N H'[0,T; L*(Q2)]. Then, there exists
constant C > 0 independent of h, 7 such that,

lw = Piwl| oo o, 22 (6 Hlw — Py wl| 20,751 ) < C (hllwll2j0,7 2 o)

+ 72 (|wil| 20,122 @ Hlwl 220,752 (00)) -
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Subtracting (1) from (4) and (2) from (5), we obtain the fully-discrete orthogo-
nality condition, which reads as: For every wy, € X}, and for n =1, ..., N,

n—1

(18) (eﬁ_ﬂvﬁ_H/t (=(eu, wns) + dralew, wn) + (vnh(aun) — vh(aw), wp)) ds

- / (W (1~ un]) — (1 — [ulwn)ds + (w7,

n—1

and

(19) (er_,wp_)+ /t (—(ey, whs) + doaley, wpn) — b(vph(aup) — vh(au), wy)) ds

n—1

tVL
+c/ (ey,wp)ds = (e’lﬁl,wZ;l),
t

n—1

where e,, = up —u, e, = vy —v denote the error for the u, v components respectively.
We will split the error as e, = (up — up) + (up — u) = eyp + €yp, and e, =
(vh —vp) + (Vp — V) := ey, + €y respectively, where u,, is the discontinuous Galerkin
solution of a linear parabolic pde with right hand side u; — d; Au, and initial data
upo = Ppug, and v, is the discontinuous Galerkin solution of a linear parabolic
pde with right hand side v; — doAv and initial data v,g = Phvg. Hence, for every
wp, € &, and for n =1, ..., N, we define u,, v, € X}, as follows,

(20) (u;[,w,?f) + /tt" (— (Up, Whs) + dla(up,wh))ds

t”L
= (u;ljl,wifl) +/ (ug — dy Au, wp)ds,
t

n—1

(21) o)+ [ (= () + ol s

n—1

m
= (U;‘_*l?wi*l) —|—/ (vy — doAv,wy,)ds.
¢

n—1

Integrating by parts the last term of the right-hand side and noting that u,v €
C[0,T; L?(f2)], we obtain the equivalent form of the orthogality condition: For
n=1,..,N, and w;, € X}

n—1

-
(22) (e uwp )+ / (= {epswne) + draleywn) )ds = (=" wl ™),
t

.
@) i) [ (= e + daalepwn))ds = (e~ u ™)
t

n—1

We can estimate e, ey in terms of the standard dG projection of Definition 4.1
which is a straightforward application of [9, Theorem 2.2 and Theorem 2.3)):

(24)  lleuplln=(o,7;L2() + di/QHeuP”L?[O,T;Hl(Q)} < Gk (||Phu(0) —u(0)[| L2
+ [lu — Pyeul| oo 1200y + dy*||u — P%OC“HL2[0,T;H1(Q)]>7
1/2
(25) ||evp||L°°[O,T;L2(Q)] =+ dz/ ||€vp||L2[0,T;H1(Q)} < Ok<||Ph’U(0) - U(O)||L2(Q)

+ [ = PEvll pego mizaoy + 3 lo - PZOC””L?[O’T;H““”)'

Here C}, is a constant depending upon §2 and on the polynomial degree of the tem-
poral discretisation. Therefore, using (22) and (23) into (18) and (19) respectively
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we deduce the of following relations for e,; and e,,: For all n =1, .., N and for all
wy, € Xh,

(26)
t’n/
(en,_,wp_) + / (—{eun, wrs) + draleyn, wr) + (vph(aup) — vh(au), wy)) ds
tnfl
t’rL
:/ (u (1 — Jun]) — u(l — [u]), wn)ds + (", w]7Y),
tnfl
(27)
o
(epn—wh—) + / (—(evn, wns) + daa(epn, wn) — b(vph(auy) — vh(au), wy)) ds
tn—l

m
+ c/ (ewh + €uvp, wp)ds = (6:’;_1,11/2;1).
t

n—1

Our goal now is to bound e, and e, in terms of e, and e,p.

4.2. The main error estimate. We proceed by deriving the initial estimate that
bounds norms at partition point ¢" and the energy norms ||euh||%2[tn,1 i1 (Q)] and

2 . . . . .
lleon |72 (=1 n 1 ()] > 11 terms of the similar norms of the projection error ey, €y

plus |leyn |2L2[t"*1,t”;L2(Q)] and ||evh||%2[tn,17tn;L2(Q)] terms.

Proposition 4.3. Let u,v satisfy (1),(2) respectively and up, v, denote their fully-
discrete approximations defined by (4), (5) respectively. Suppose that the assump-
tions of Theorem 3.1 hold, and let u,, v, defined by (20), (21) respectively. Denote
by eun = up — Up, €up = Up — U, and by eyp 1= vV — Vp, €yp := vp — v. Then, the
following estimate holds: For alln=1,.., N

m

1, . 1 o
§||€uh—||2Lz(Q) + §||[€uh] 1||2L2(Q) + dl/ ||€uh|\§{1(g)d$
tn—l

1o, 1 . " c M
+ et sy + gllean” ey +da [ lewlnards+ 5 [ llewlaards
tn* t’Vl*

1. 1.
< §||euh71|‘%2(9) + §||€vhj\\%2(9)

t7l
+ C/ ) (||6vh|\%2(9) + Heuh||%2(9) + ||€vp||%2(9) + ||eup||2L2(Q) + ||6vp||?{1(9)) ds,
tn—
where C := Cmax{Cx,ab,C, d1,dz, C§t72/d:f, Cst2/d1}. Here Cyy o denotes the sta-
bility constant (11) of Theorem 3.1, and Cu 4,5 = max{Cy 4, Cy} where C, 43 :=
Cmax{2, (1 4 3a)|v|| L [0,r;L(0) } max{1,b} and Cy := 1 + ||lul| oo jo ;10 (2)) Te-
spectively.

Proof. We present the proof in case of the Howling type II functional response.
The of case of Holling type III functional can be treated in a similar way (see also
Remark 4.5). We focus on the three dimensional case. The two dimensional case
can be treated similarly and more easily. We need to treat the nonlinear terms of
(26) and (27). We begin first with the two nonlinear terms of (26). For the first
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one, note that standard algebraic manipulations lead to,

avpup avu
1+alup| 14 alul
i

(28) ‘vhh(auh) — Uh(au)‘ =

a|vhuh _ vu‘ a®|\vpup|u| — vu|uh|‘

= U+ alun) (L + afu]) (1 + afun)(1 + alu])

|vhuh — vup, + vup — vu’ 9 ’Uh“hw — vup|uf + vup|u| — vulup|
A+ aun) (0 +aful)  ° (1+ alun) (1 + aful)
fwllon=el el =
T (+aun)T+alul) (14 alun)(1 4 alul)
|uh\u| —u|uh||
(1+ alup|)(1 4 alul)

Junllulle — ol
(1 + alup|)(1 + alul)
< 2fuop — o] + (1 + 30) ol [u — w |

+ a?

+ a®[v|

At the last step we have used the inequalities —2%2L- < 1 and —L— < 1 for the

1+alup| s 14alul
1 _atfunllu]
first term, (Tl (TalaD < 1 for the second term, Falon U TalaD < 1 for the

third term, while for the fourth term (adding and subtracting u|u| first) the bounds

1i|;||u| <1, and m < 1. It remains to bound the second nonlinear term of (26).

For this purpose, we simply observe that standard algebraic manipulations lead to,

(29) u(l = ful) = upn(l = fup])| < (1 + [uf + |un])|u = unl.

Setting wp = ey, and wp, = e,y into (26) and (27) respectively, using (28), (29)
and standard algebra we deduce,

m

1, ., 1 .
60 gletnNEa + 5llew" Eaey +di [ [Veunlads

tn

1 o tn
< Sl + [ [ ool (0 3a)lullu—unl) lewsdeds
tn—1

twy
+/ /(1 T lul + lun])lu — wn|ewn|dzds,
tnfl Q

and

1 . 1 . ¢
(31) §H€vh—||iz(9) + §H[€vh] HIZe (o) + d2/t . IVeun 20 ds
t774

t'n.
c 1, .- c
+ 5/ lewnl|Z2(0yds < §||evh—1||%2(ﬂ) + 5/ lewpll 720y ds
t

n—1 tn—1

+b/ /(2|v—vh|+(1+3a)|v||u—uh\)|e,,h|d:cds.
tn—1.Jq
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Adding d, j;t:,l lleunl|72(qyds on both sides of (30) and do f::,l levnl|F2(qyds on
both sides of (31) and adding the resulting inequalities we finally arrive at,

1 1 - g
§||€Zh7|‘%2(9) + §||[euh}" 1”%2(9) +d1/ ) Heuhllip(mds
tn—
i

1 n 1 n—
4 e e + el My +da [ llewlBinayds

;
.
C
45 [ llemlads

tn—l
g

e 1. ,._ c
(62 <l s + 51l e + 5 [ leolaayds
tn—l

N |

" t"™
+m/ wmm@@+@/ lewnl 0y ds
t

n—1 tn—1

t7l
—|—/ 1 / (2lewn, + evp| + (1 + 3a)|v||euwn + eupl) (|eun] + bleun|) dzds
tn—1.JQ

'
+/ /(1+|u\+|uh\)|euh+eup||euh|dxds.
n—1.Jq
t’”/

1 n—1 1 n—1 ¢
= S i + et ey + 5 [ ewnlEaards

t7l t’ﬂ
+d1/ Heuh||%2(g)d8+d2/ ||evh||%2(9)ds+11 +12

tn—1 tn—1

We need to estimate the integrals I;, for ¢ = 1,2. For the first term, we easily
observe that

tn

L < Coas [ (lewnliiaiay + lewla + leunliacay + leuliae) ds
tn—

where C, 45 = Cmax{2, (1 + 3a)||v|[pe[o,1;1 ()]} max{1, b}, For the second term

using Young’s inequality,

n—

.
L<Co [ (leliam +lewlis) ds
t 1

tTI,
+/ 1 lunllz2(o) <||euh||2L4(Q) + ||€uhHL4(Q)||€up||L4(Q)) ds,
tn—

where C, = 1 + ||u||Loojo, 7,1 (2)]- Therefore, combing the last two bounds,

e

Il + I2 < Coo,a,b/

[ lewnlitaq@) + lew iz + lewnlEaqo + leanliaqe ) ds

t’ﬂ

[ el (leanlEace + lewlloro lean i) ds
-

where C o4 = max{C, 4, Cy}. It remains to bound the last integral. The GNL

interpolation inequality and Young’s inequality with p; = 4, po = 4/3 and ¢; > 0

(to be determined) for the first integral and the embedding H'(2) C L*(Q) and

Young’s inequality with p; = ps = 2 and €3 > 0 (to be determined) for the second
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one imply that

t
[ Tunllaey (lean oy + lewloscoleanl i) ds
tn—1

tn

1/2 3/2
< C||Uh||L<x>[O,T;L2(Q)]/ ) (HeuhHL/Z(Q)Heuth{l(Q)dt + ||euh||H1(Q)||eup||H1(Q)> ds
tn—
4,2 g o
€105 ) 3 ,
< (C—== 3
<C—; /t ||euh|\L2(Q)ds+4é/3 | el yds

€2Cst,2 K 2 1 v 2
D2 [ ewlnds + 5 [ leal s

where Cy; o denotes the stability constant of Theorem 3.1 and C' is an algebraic

+C

n
-1

constant depending on the domain. We select €; such that ﬁ = % and ﬁ = %1,
and substituting the resulting bound into I; +I5 and then I +1I5 into (32) we derive
the desired estimate. O

For low order schemes, i.e., when k = 0 or k = 1, standard Gronwall techniques
imply the desired estimates. In order to include high order schemes in our analysis

we need to provide a sharp local estimate for ftt:,l <||euh|\%2(9) + H%h”%z(g)) ds.

This is achieved in the subsequent proposition.

Proposition 4.4. Suppose that the assumptions of Theorem 3.1 and Proposi-
tion 4.3 hold. If in addition, 7 satisfies CxC(d; + Cslt/g)T < di/2, C,Cr < 1/2,
Ci(Coo,ap + )7 < 1/4, and CyCoo o7 < 1/2 where Cy o is the stability constan-
t (11) of Theorem 3.1, C denotes the constant of Proposition 4.3, and Coo,a =
C max { max{2, (14 3a)C,}, 1+ Cu}, Coo,ap = bCo0,awith Cy = ||| o [0,7;¢ ()]
and Oy := ||ul|Leojo,7; 1 ()], then the following estimate holds: For alln =1,..., N,

n i
”eﬁth%?(Q)""_ZH[euh]l_l"%?(ﬁ)""_dl/o Heuh”%{l(g)d‘s
i=1
i

n tm
et ooyt S lewnl™ 220+ / lewn 2 gy ds-te / lewnl2aqyds

=1

< CeokéT{ /t
0

Proof. We will closely follow the proof of Theorem 3.1. We fix 2z, € X} and t €
(t"~1,¢") and we return back to (26) to set wy(s) = @(s)zp, where ¢ € Py (t"~1, ")
satisfies,

n

(lean ooy leun Brvcn) ds}.

t

o
p(t" ) =1, / oY = ¢, P EePea(t" ).
tn—1 tn—1

Note that due to [8, Lemma 3.2], ||@|| Lo 4n-1,¢n) < Ck, where constant Cy is inde-
pendent of the fixed t. Therefore, this particular choice of wy,, allow us to integrate,

t’fb
/ (Cunrwon)ds + (77 — el wPh) = (eun(t) — 0071, 21).
t

n—1
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Hence, working identically as in Theorem 3.1, we obtain that

tn
(33)  (eun(t) —epption) = —dl/ aleun, znd(s))ds
t

n—1

_ /t ((vhh(auh) — vh(G,U), Zh¢(3))) ds

n—1

t7l

+/ 1(uh(l — Jup|) — w(1 — |ul, znp(s))ds.

-

Therefore, since ||¢|| oo (tn—1,¢n) < C, and z, € Xp,, and applying bounds (28) and
(29) to (33), it yields,

m

n—1

(euh(t)fez,:_l,zh)‘ ng{dlf /|Veuh||Vzh|dacds
t Q

o
+/ / (2|vp, — v+ (1 + 3a)|v||u — up)) |2n|dzds
tn-1Ja

t'n,
+/ 1/(1+u|—|—|uh|)|u—uh|zh|dxds}.
tn— Q

Using Hoélder’s inequalities and since z;, € X}, (and independent of s) the above
inequality leads to,

.
(eun(t) — 63;_17211)‘ < Ck{d1||vzh||L2(Q)/ ) IVeun||L20)ds
tn—
.
+Coo,a||ZhHL2(Q)/ (llewnll 2 @) + llewpll L2 @) + lleupllzz@) + llewnll L2 (o)) ds

tn—1

i
+ lznll L2 (@) / llunll L2y lleun + 6up||L4(Q)dS},
tn—1

n

where here we denote by Cy , = Cmax{max{Q,(l + 3a)Cy},1 + Cu} with
Cy = |[vl|zeco, sz (0)) and Cy := [Jul|peeo,1;0(0)). Hence, using the embedding
H'(Q) c L*(Q) and working identically as in Theorem 3.1 we obtain,

o
n— 1/2
(34) /t ) lewnl20) < Can{”eh—l'%?(Q + (d1 + Cst/,z)HeuhH%Z[tnfl,tn;Hl(Q)]

+ C,a (”euh||2L2[t"—1,t";L2(Q)] + Hevh||%2[t"—1,t";L2(Q)]>

+ Cooya (”eu:vH%ﬂt"*l,t”;LQ(Q)] + ”eva%?[t"*l,t”;L"’(Q)])
1/2
+ Cst/,2 l€up H%?[t"*l,t";Hl(Q)] }

We proceed in a similar way to derive the bound on f:,il ||evh||%2(9)ds. Indeed,
once again we fix z, € X} and set wy(s) = ¢(s)zn, in (27) where ¢ € Py ("1, ")
satisfies,

t" t
p(t" ) =1, / ¢ = ¢, EPra ("),
tnfl

tn—1
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Hence, working in an identical way, we get

s

(cantt)=elit )| <Cuds [

tn—

/|Vevh|\Vzh| + cleyn || zn |dxds
)

JrC'kb/ / (2lvp, — v| 4+ (1 4 3a)|v||u — upl) |zn|dzds.
tn=1.JQ
Thus, we arrive at

[(on—eliitzn)|

t" t"
SCkT%/2{d2||th|L2(Q) / ||Vevh||L2(Q)d5+c||zhHL2(Q) / Hevhl|L2(Q)dS
1 tn—1

tn

tn
+ Coo,apllznllz2(a) / ) (||euhHL2(Q) + llewnllz2@) + llewpll 2 (o) + ||evp||L2(Q)>dS}7
tm—

where Coo 4p = bCo0,q. Setting now zj, = e, (t) and integrating with respect to
time we easily deduce,

tn—

i
(35) / ) lewn]|F 20y dt < Can{EZ{_lH%Z(Q) + do||Vewn || Z2pm1 g1 o)
+ (Cosab +€) (||€vh|\2m[tnfl,tn;m(g)] + ”euh||%2[tn*1,t";L2(Q)]>

+ Cocarb (”euP”%?[t"*l,t";Lz(Q)] + ”evpH%?[t’”*l,t";Lz(Q)]) }

Adding (34) and (35), and for Cy(Coo,ap + )T < 1/4, CrCoo.aTn < 1/2 (note that
C', might be different in different occurrences), we hide the terms ||, ||%2[t”,1 tnaL2(Q)]

and ||6vh||%z[tn717tn;Lz(Q)] at the left hand side to obtain,

n—

t’n,
(36) /t ) (Heuh”i%m + ||€vh||2L2(Q)) dt < CCan{||eZI:1|%2(Q) + ‘|€Z}:j||%2(ﬂ)

1/2
+ (d1 + Cst/,z)||6uhH%?[tn—l,tn;Hl(Q)] + dz||€vh||2L2[tn—1,tn;H1(Q)]

+ max{Cso,q; Cso,a,b} (HeuP"%?[tn*l,t";Lz(Q)] + HevpH%?[t“*l,t";LQ(Q)])

1/2
+ Cst/,Q||eu17||%2[t”*1,t";H1(Q)] }
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Replacing (36) into Proposition 4.3, we finally obtain,

1 n 1 n— tn
et ey + lleas] Moy + i [ leunlFionds
.
.

1, . 1 - "
+ et ey + e e+ [ lewlads +5 [ lewluads
< (5 +0e0m) (el age + gl 12
— 2 k n uh— L2(Q) 2 vh— LQ(Q)
~ 1/2 " - ¢
+ €O+ [ el + CCLCdm, [ flewnlods
tn— tn—
tn
+CL8(1 + max{Cocts Cocad ) [ (leanlBcey + leurlacey) ds
t’”*

tn
~ 1/2
+C80+ 3 [ (lewln + leulip @) ds.

i
Choosing 7, such that C’CkC(dl +C’i£)7’n < 2 , CC,CdsT, § 42 and C,Cr, < 1,
we obtain the desired estimate using standard algebra. D

Remark 4.5. Let us briefly consider the case of the functional response of Holling
type ITI. Then, we only need to prove an analog of (28) for the case when h(au) =

Ttauz- For this purpose, we simply observe that

avpu} avu? ‘

(1+ au?) 1+ au?

2‘vhuiu2 — vuzui‘

(37) ‘vhh(auh) - Uh(au)) — ’
a’vhui — mﬂ‘

~ (14 aui)(1 4+ au?) * (14 au?)(1+ au?)
’|

a

|onui — vui + vu} — vu o |on —vluiu?

a

- (14 au?)(1 + au?) (1+ au?)(1+ au?)

oo ol =l ) |, o vlude?
(14 aud)(1+ au?) (14 au?)(1+ au?) (14 au?)(1+ au?)
1/2

<2v —vp| + a4 4|U| |up, — ul.
For the first term we have used that (l'f:jl 7y <1 and m < 1, while for the
second one (Hau\{)‘% < 2, and 1{(1'3'2 <3 L . Finally for the third term term we

2

have that % < 1. Hence, the remaing of the proofs of Proposition 4.3

and Proposition 4.4 remain the same upon using different algebraic constants C'.

4.3. The symmetric estimate and rates of convergence. We close this sec-
tion by stating the main result.

Theorem 4.6. Let the assumptions of Theorem 3.1 and Propositions 4.3 and 4.4
hold and let Ploc defined as in Defintion 4.1. Then, there exists a constant D such
that

flu — UhHW 0,1) + llv — Uh||W(o ) < D(HU - PlOCUHW(o,T) +[|v — PéLOC”W(O,T)

+ llto = Prtoll 2oy + o = Prvollz2(@ )-
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If in addition u,v €€ L?[0,T; H(Q)] N H*0,T; L*(Q)] there exists constant
D > 0 such that

Tk+1

).

If in addition u,v €€ L?[0,T; H*H(Q)] N H*1[0, T; H'(Q)] then there exists con-
stant D such that

||7.L — uhHw(QT) + ||U - Uh”W(O,T) < D(hl +

lw — un|lwo,ry + |v = vrllwo,r < [)(hl + Tk+1)_

. 1/2 - . .
The constant D depends upon the constant (CQE’Z +1)Ce%TC  where C is defined

in Proposition 4.4, Cs.o is the stability constant (11) of Theorem 3.1 and it is
independent of T, h.

Proof. First note that Proposition 4.4 implies an estimate at arbitrary time points.
Indeed, from (36) and the classical inverse estimate - in time applied to e, and
eyn repsectively, we obtain,

||€uh|‘%oo[tn*1,t";L2(Q) + ||evh||2L°°[t"*1,t";L2(Q)]

Ck
< . (||€uhH%Z[tnfl,tn;m(n)] + ”evh||2L2[t"*1,t";L2(Q)]>
n
< COk{HeZh—l”%?(Q) + llepn 1720

t" t"
1/2
+ @+ [ ewlnads+da [ lea s

n

t t
1/2
+ Cst/,z - ”eup”%ﬂ(ﬂ)d‘s eraX{COO,aaCOO,a,b}/t » ||eup||%2(ﬂ) + ||evp||2L2(Q)ds}~

Using now Proposition 4.4, the above estimate implies that

(38) ||€uh|\%oo[tn—1,tn;L2(Q)] + ||€vh||2Loo[tn—1,tn;L2(Q)]
1/2

Cs 2 ~ C
<( d? + 1)C€Ckc{ (||€vp\|%2[o,T;H1(Q)] + ”euP”%z[O,T;Hl(Q)]) }

The first estimate now follows from Proposition 4.4, inequality (38) and triangle
inequality after splitting e, = eun +€up, €v = €yn +€yp and substituting the bounds
of eyp, €yp by (24). The second and the third estimate follow by Lemma 4.2. O

5. Conclusion

In this work we have studied high order schemes for the predator-prey system
based on a discontinuous Galerkin approach in time combined with standard finite
elements for the spatial discretization. After proving the main stability estimate
in the natural energy norm, under minimal regularity assumptions on the given
data, we were able to obtain an a-priori error estimate of almost symmetric type
that can be viewed as the Céa Lemma’s analogue. The estimate is applicable when
high order discretizations both in space and time are used and it is derived without
making any assumption regarding point-wise discrete stability estimates on the
fully-discrete solutions. Future work will include extensive testing of high order
schemes under various choices of the physical parameters involved.
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