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Abstract

The purpose of this paper is to introduce a split generalized mixed equi-
librium problem (SGMEP) and consider some iterative sequences to find a
solution of the generalized mixed equilibrium problem such that its image un-
der a given bounded linear operator is a solution of another generalized mixed
equilibrium problem. We obtain some weak and strong convergence theorems.
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1 Introduction and Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - || and C be
a nonempty closed convex subset of H. Let f be a bi-function from C' x C to R and
¢ : C'— R be a function, where R is the set of real numbers. Let B : C — H be a
nonlinear mapping. Then we consider the following generalized mixed equilibrium
problem: There exists an x € (', such that

flz,y) + ¢(y) — p(z) + (Bx,y —x) >0, foranyy e C. (1.1)

The set of solutions of (1.1) is denoted by GM EP(f, ¢, B).
If B =0, problem (1.1) becomes the following mixed equilibrium problem: There
exists an x € C, such that

fz,y) +oly) —@(x) >0, foranyy e C. (1.2)
The set of solutions of (1.2) is denoted by M EP(f, p).
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If ¢ = 0, problem (1.1) reduces to the following generalized equilibrium problem:
There exists an z € C, such that

flz,y)+ (Bx,y —x) >0, foranyyecC. (1.3)

The set of solutions of (1.3) is denoted by GEP(f, B).
If ¢ =0 and B = 0, problem (1.1) becomes the following equilibrium problem:
There exists an x € C, such that

f(x,y) >0, foranyy e C. (1.4)

The set of solutions of (1.4) is denoted by EP(f).

Equilibrium problem is very general in the sense that it includes, as special
cases, optimization problems, variational inequalities, mini or max problems, Nash
equilibrium problem in noncooperative games and others; see for instance [1-20].

In 2012, Zhenhua He [12] proposed a new equilibrium problem which is called
split equilibrium problem (SEP). Let E; and Ey be two real Banach spaces, C' be a
closed convex subset of Eq, K be a closed convex subset of Fy, A : E1 — FE5 be a
bounded linear operator, f be a bi-function from C x C' into R and g be a bi-function
from K x K into R. The SEP is to find an element z* € C, such that

f(z%,y) >0, foranyyeC,
and such that u := Az* € K satisfying
g(u,v) >0, foranyve K.

Inspired and motivated by the above works, we propose a split generalized mixed
equilibrium problem (SGMEP). Let E; and E» be two real Banach spaces, E} and
E3 denote the dual of Ey and Ej, respectively, C be a closed convex subset of Fy,
K be a closed convex subset of Fy, A : E1 — Es be a bounded linear operator, f be
a bi-function from C' x C' into R, g be a bi-function from K x K into R, B : C — E}
and S : K — E3 be two mappings, ¢ : C' = R and ¢ : K — R be two functions.
The SGMERP is to find an element p € C such that

fp,y) +¢(y) — ) + (Bp,y —p) =20, foranyyeC, (1.5)
and that u := Ap € K satisfies
g(u,v) +¢(v) —P(u) + (Su,v —u) >0, for any v € K. (1.6)

For convenience, we denote the solution set of the SGMEP by (2, that is, 2 =
{r e GMEP(f,p,B): Ar € GMEP(g,¢,S)}.

Now, we give two examples to show Q # ().
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Example 1.1 Let B} = Es = R, C :=[1,+00), K :=[-2,400). Let Ax = -2z
for all x € R, then A is a bounded linear operator. Let f(z,y) =y — z, ¢p(z) = z,
Bz = 22, g(u,v) = v —u, Y(u) = —2u, Su = u?. Clearly, GMEP(f, o, B) =
{1} and A(1) = =2 € GMEP(g,¢,S). So Q = {x € GMEP(f,p,B) : Az €
GMEP(g,1,S)} # 0.

Example 1.2 Let F; = R? with the norm ||| = (a%—i—a%)% for each o = (a1, ag)
and Fy = R with the standard norm |- |. Let C := {a = (a1,a2) € R?|ag —a; > 1}
and K := [1,+00). Define f(p,y) = —[pf(y1 — p1) + p3(y2 — p2)|, ©(p) = p2 — p1,
Bp = (p?,p2), where p = (p1,p2), ¥y = (y1,y2) € C. For each o = (ay,a2) € Ey,
let Aoe = as — a1, then A is a bounded linear operator from FEj into F». Next we
define g(u,v) = v —u, Su = u?, ¥(v) = —v for all u,v € K. Direct computation
shows that GMEP(f,p,B) = {p = (p1,p2)|p2—p1 =1} and Ap=p2 —p1 =1 €
GMEP(g,%,S). So Q= {z € GMEP(f,,B) : Ax € GMEP(g,,S)} # 0.

Remark If B = S = 0, the SGMEP reduces to the split mixed equilibrium
problem (SMEP); if ¢ = 1 = 0, the SGMEP becomes the split generalized equilib-
rium problem (SGEP); if B =5 =60 and ¢ = ¢ = 0, the SGMEP reduces to the
split equilibrium problem (SEP) (see [12]).

In this paper, we construct two iterative algorithms to solve the SGMEP. Some
weak and strong convergence theorems are established. The results obtained in this
paper improve and extend the corresponding results announced by many others.

2 Preliminaries

In this paper, we denote the sets of positive integers and real numbers by N and
R, respectively. We also denote by “—” and “—” the strong convergence and weak
convergence, respectively.

Recall that the mapping S : C'— C' is said to be nonexpansive if

1Sz = Sy|| < [z —yll, for any z,y € C.

We denote by Fiz(S) the sets of fixed points of the mapping S.
A mapping B : C'— H is said to be a-inverse-strongly monotone if there exists
a constant o > 0 such that

(Bx — By,z —y) > a||Bx — By||?, for any z,y € C.

For all z € H, there exists a unique nearest point in C, denoted by Pc(x), such
that ||z — Po(z)]| < ||z — y|| for all y € C. The mapping P¢ is called the metric
projection of H onto C. It is also known that P satisfying

(v — Po(x), Po(z) — y) > 0,
forall z € H and y € C.
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Lemma 2.1 Let C be a closed convex subset of H. Define a mapping Po as
the metric projection from H onto C. Then Pc has the following characters:

(1) (z — 9, Po(x) — Po()) > | Po(@) — Po(y)|2, for any o,y € H;

(2) forx€ H and z€ C, z= Po(x) if and only if (xt—2z,z—y) >0, for any yeC;

(3) forz € H and y € C, |ly — Po(@)|* + ||z — Po(2)|* < [z -yl

Definition 2.1 A Banach space (X, || -||) is said to satisfy Opial’s condition if,
for each sequence {x,} in X which converges weakly to a point € X, we have

liminf ||z, — z|| < liminf ||, —y||, foranyy e X, y # z.
n—oo n—oo

It is well known that each Hilbert space satisfies Opial’s condition.

3 Let H be a real Hilbert space, C be nonempty closed convex

Lemma 2.2
subset of H and S : C — C be a nonexpansive mapping. Then the mapping I — S
is demiclosed at zero, that is, if {x,} is a sequence in C such that x, — = and
Xy — Sxy — 0, then x € Fix(S).

Lemma 2.3 Let H be a real Hilbert space. Then for any x,y € H, we have

(1) oz + (1 — a)yl]? = all2ll? + (1 - )llyl> — a(1 — @)z — y|, a € (0,1);

2) (z.y) = 3(l]* + [lyl* = [l — yl*).

Let Hy and Hy be two Hilbert spaces. The operator A from H; into Hs and
the operator A* from Hs into H; are two bounded linear operators. A* is called
the adjoint operator of A, if for all x € Hy, y € Ha, A* satisfies (Ax,y) = (z, A*y).
Then A* has the following characters:

(1) [[A*]] = [IAll;

(2) A* is a unique adjoint operator of A.

For solving the split generalized mixed equilibrium problem, we assume that the
function f: C' x C — R satisfies the following conditions:

(A1) f(z,z) =0, for all z € C;

(A2) f is monotone, that is f(z,y) + f(y,z) <0, for all z,y € C;

(A3) for each y € C, z — f(z,y), is weakly upper semicontinuous;

(A4) for each z € C, y — f(z,y) is convex and lower semicontinuous;

(B1) for each z € H and r > 0, there exists a bounded subset D, C C and
Yz € C such that for any z € C\ Dy,

£ ) + 9laa) = 9(2) (g = 2,2 = 2) < 0

(B2) C' is a bounded set.

214 Let C be a nonempty closed convex subset of H, f be a bi-

Lemma 2.4
function from C x C to R satisfying (Al)-(A4) and ¢ : C — R be a proper lower
semicontinuous and convex function. For r > 0 and x € H, define a mapping

TS? . H = C as follows:
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T3(z) = {2 € C: f(9) + 9ly) — 0lz) + ly = 5,2~ 2) 2 0, for any y € C},

for all x € H. Assume that either (B1) or (B2) holds. Then the following results
hold:

(1) For each = € H, T} + 0;

(2) T is single-valued;

(3) TS s firmly non-expansive, that is for any v,y € H

ITS#(@) = TH2 () 1> < (T2 (x) = T (y), o — y)s

(4) FPia(T}%) = MEP(f.¢);
(5) MEP(f, ) is closed and conver.

3 Main Results

Theorem 3.1(Weak convergence theorem) Let C' be a nonempty closed convex
subset of H1, K be a nonempty closed convex subset of Ho, where Hi and Ho are
two real Hilbert spaces, f : C x C — R and g : K x K — R be two bi-functions
which satisfy (A1)-(A4), ¢ : C — R be a lower semicontinuous and convex function,
v K — R be a lower semicontinuous and convexr function, A : Hy — Hy be a
bounded linear operator with the adjoint operator A*, B : C — Hy be an a-inverse-
strongly monotone mapping and S : K — Hy be a B-inverse-strongly monotone
mapping. Assume that GMEP(f,o,B) # 0 and GMEP(g,v¢,S) # 0. Let {x,}
and {uy} be sequences generated in the following manner:

x1 € C,

f(un,y) + @(y) — @(un) + Hy = tn, un — 23) + (Ben,y — un) > 0,

g(wn, 2) +¥(2) — P(wy) + %(z — Wy, Wy, — Auy) + (S(Auy), 2 — wy) >0,

Tpt1l = Ay + (1 — ap) Po(un + pA* (w, — Auy)),

(3.1)

foranyy € C, z € K, n € N, where r € (0,a), a = min{2«,28}, a,, € (0,1)
and p € (0, W) are constants. Suppose that Q@ = {x € GMEP(f,¢,B) : Az €
GMEP(g,¢,8)} #0. For f,o and C, assume that either (B1) or (B2) holds. For
g, and K, assume that either (B1) or (B2) also holds, then the sequences {x,}
and {un} converge weakly to an element p € GMEP(f,p, B), while {w,} converges
weakly to Ap € GMEP(g,v,5).

Proof Let z* € Q, namely 2* € GMEP(f,p, B) and Az* € GMEP(g,¢,5).
By Lemma 2.4, it follows that

THo(I —rB)(x) = {z € C: f(2,y) + o(y) — o(2)

1
+—(y—2z,2z— (I —rB)x) >0, for anyy € C},
,
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namely,

THP(I —rB)(x) = {z € C: f(z,9) + ¢(y) — ¢(2)
—}—%(y —z,z—x)+ (Bx,y—z) >0, for anyy € C}.

Hence, we obtain that GMEP(f,, B) = Fiz(T{*(I — rB)). We also have that
GMEP(g,v,8) = Fiz(T¢" (I — rS)). From (3.1), we get

Up = TTfW( - TB)(xn)7 (32)
w, =TIV (I —18)(Auy,),
ot =TH?(I —rB)z*, Axz* =TI —rS)Az*

For any z,y € C, we see that

I(I —rB)z — (I —rB)yl* = ||(x — y) — r(Bx — By)|]?
= ||z = y|* = 2r{x — y, Bz — By) + r*||Bx — By|?
< |lz — y||* - 2ra||Bx — By|* + r*|| Bz — By|?
= [l — y||* = r(2a — r)|| Bz — By|?
< lz —yl*. (3.5)

So, I — rB is nonexpansive. In a similar way, we can deduce that I — r.S is nonex-
pansive. By (3.2),(3.3) and (3.3), we notice that

lun — 2| = | TSI = rB)xy — 2*|| < [l — 2], (3.6)
|w, — Az*|| = | T9Y (I — rS)Au,, — Az*|| < ||Au,, — Az*.

From (3.5), we have

lun = 2| = | TSI = rB)zy — 2*||?
<||(I =rB)an — (I —rB)z*|?
< ||lzn — 2*||* = r(2a — 1) || Bz, — Bz*||?, (3.8)
|wn — Az*||? = | T9Y (I - rS)Au,, — Az*||?
< (I —r8)Au, — (I —rS)Az*|?
< ||Aup — Az*||2 — (28 — 7)||S(Au,) — S(Az")|2. (3.9)

By (3.7), we obtain that
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= 2u{A(uy, — %) + (wy, — Auy) — (wy, — Auy), wy — Auy)
= 2u((wy, — Az*, w, — Auy,) — ||lw, — Augl?)
2p( Gllwn = Az*|* + 5 lwn — Aun|* = Sl Aup — Az™|[* = [|w, — AunH2)

1
Sl Aty — A" 4 Sl — Aunll? = 2 Aun — Az | — i — A )

- 2u(§uwn = Aun|? = [wn — Aup|?)
= —pllwn — AunHZ- (3.10)
We also have
1A* (wn — Aug)||* < | A™|*lwn — Au . (3.11)
From (3.1),(3.6),(3,10) and (3.11), we see that

[#nt1 — 212
= ||anzn + (1 — an) Po(un + pA* (w, — Auy)) — 2|2
+ (1= )| Po(up + pA*(wy, — Aup)) — Poa*|?
< apllen — ||2 +(1- Oén)(llun — |+ [|pA* (g, — Aug)|?
+2pun — A" (wn — Auy)))

< apllzn —x ||2

+(1- an)(\lun = 2"+ @2 AP wn — Aun|? — pllwn — Aun||?)
= apllen — 2|7 + (1 = o) Jun — 2*|* = p(1 = an) (1 = ul| A*[*) wn — Au®
<l = 2% = (1 = an) (1 = pllA*|?)|lwn — Aun*. (3.12)

< apl||zn —x H2

Notice that p € (0, ﬁ), ap, € (0,1). It follows from (3.12) that liﬁm |2 — 2|
exists. So {z,} is bounded and from (3.1), {u,} is also bounded.
Again by (3.12), it implies that
(1 = an)(1 = A7) — Ati]? < flzn — 22 = s — 27,

hence
lim |w, — Au,|| = 0. (3.13)
n—oo

Put z, = Po(uy, + pA*(w, — Auy,)), for each n > 1. It follows from (3.6) and
(3.12) that
1z = 2| < flun — 2™ < [lzn — 27 (3.14)

From (3.12), we have
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lzn+1 = 2*|* < anllzn —2*[* + (1 = an)l|2n — 2"
= |lzn — 2*[* + (1 = an)(|l2n — 2*[|* = [lzn — ).
This shows that
0 < (1= an)(llan — 2I° = llzn — 2*[%) < llzn — 2*[* = lwnss — "%
It follows from (3.14) that
lim ||u, —2*|| = lim ||z, —2"|| = lim |z, —z¥|. (3.15)
n—oo n—oo n—oo
From (3.8), we obtain that
lim ||Bx, — Bz*|| = 0. (3.16)
n—o0
Applying (3) of Lemma 2.4 and (2) of Lemma 2.3, we have
lun —*| = |TH9(I = rB)an — TH(1 - rB)2*|?
<{(I =rB)xy, — (I —rB)z*,u, —x™)
1
= 5 (It =rB)zp = (I = rB)z"||* + Jun — 27|*
—I(Z = rB)zy — (I = rB)a* — (un — 2")||*)
1 * *
< i(Hxn —*|* + [Jup — 2| = J& — un — r(Bxy, — Ba®)||)

1
= S (lzn =27 + llun = 21 = (l2n — un®

+r%|| Bz, — Bx*||* = 2r{x, — upn, Bz, — Bz*))), (3.17)
which yields that
lun = 2*(|* < flon — 2|* = |z — wnl® + 2rl|zn — un[| Bz, — B,
namely
1z = unl® < llzn — 2% = lJun — 27||* + 2r||z — unll| B2y — Ba™|.
Further, combining (3.15) with (3.16), we have
nh_)n(go ||xrn — unl| = 0. (3.18)
Since {z,} is bounded, there exists a subsequence {z,,, } which converges weakly to
p € C. Then uy,; — p and Au,; — Ap by (3.18).
Next we prove p € Q. By (3) of Lemma 2.4, we have GMEP(f,p, B) =
Fiz(T{(I — rB)), GMEP(g,v,S) = Fiz(TZ"(I — rS)). Since

lim ||z, =y, || = im ||z, — TSP — 7B)ay, || =0,
j*)OO ]4)00
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and Tf’“’([ —rB): C — C is nonexpansive, we have Tﬂc’@(] —rB)p = p by Lemma
2.2. This shows p € GMEP(f,¢,B). We also can prove Ap € GMEP(g,v,S),
similarly.

Finally, we prove {z,} and {u,} converge weakly to p € Q, respectively, while
{wy} converges weakly to Ap. Assume that there exists another subsequence {z,, }
of {z,}, such that {x,, } converges weakly to ¢ € Q, where p # ¢. In view of the
Opial’s condition, we see that

Tim [l — gl = liminf [z, — g|] < lminf |z, —p| = lim |z, - 7]

= liminf [|z,; — p|| <liminf ||z, — ¢l = lim ||z, — q||.
j—o0 j—00 n—00

This is a contradiction, so we have p = ¢q. Hence {x,} and {u,} converge weakly to
p € Q. Furthermore, from (3.13) we notice that nlgrolo lwn, — Augl|? = 0, so we get
that Au,, — Ap and w, — Ap. The proof is completed.

If B=S = 0 in Theorem 3.1, then the split generalized mixed equilibrium
problem (SGMEP) is reduced to a split generalized equilibrium problem (SMEP).

Corollary 3.1 Let C be a nonempty closed convexr subset of Hi and K be a
nonempty closed convex subset of Ha, where Hi and Hy are two real Hilbert spaces.
Let f :CxC — R and g: K x K — R be two bi-functions which satisfy (A1)-(A4),
p: C = R be a lower semicontinuous and convex function, ¥ : K — R be a lower
semicontinuous and convex function, A : Hy — Hs be a bounded linear operator with
the adjoint operator A*. Assume that MEP(f,¢) # 0 and MEP(g,v%) # (. Let
{zn} and {u,} be sequences generated in the following manner:

.%'160,

f(un,y) +@(y) — o(un) + %<y — U, Uy — Tp) >0, yeCl,
Tntl = QpZp + (1 - an)PC(un + ,U'A*(wn - Aun))v for anyn € N,

where r > 0 and oy, € (0,1), p € (0, ﬁ) are constants. Suppose that Q = {z €
MEP(f,¢): Ax € MEP(g,¢)} # 0. For f,¢ and C, assume that either (B1) or
(B2) holds. For g,v and K, assume that either (B1) or (B2) also holds, then the
sequences {x,} and {u,} converge weakly to an element p € MEP(f, ), while {w,}
converges weakly to Ap € MEP(g,1).

If ¢ = ¢ = 0 in Theorem 3.1, then the split generalized mixed equilibrium
problem (SGMEP) is reduced to a split generalized equilibrium problem (SGEP).

Corollary 3.2 Let C' be a nonempty closed convex subset of Hi and K be a
nonempty closed convex subset of Ha, where Hy and Hy are two real Hilbert spaces.
Let f: CxC — R and g : K x K — R be two bi-functions which satisfy (A1)-(A4),
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A : Hy — Hj be a bounded linear operator with the adjoint operator A*, B : C' — H;

be a a-inverse-strongly monotone mapping and S : K — Hs be a B-inverse-strongly
monotone mapping. Assume that GEP(f,B) # 0 and GEP(g,S) # 0. Let {x,}

and {uy} be sequences generated in the following manner:
xr1 € C,
f(un7y)+%(y_un7un_$n>+<3xn7y_un>20) yECa
g(wy, z) + %(z — Wy, Wy, — Auy) + (S(Auy), z —wy) >0, z€ K,
Tnt1 = Ty + (1 — an) Po(uy + pA*(wy, — Auy)),  for anyn € N,

where r € (0,a), a = min{2«,28} and o, € (0,1), p € (0, \|A}<||2) are constants.
Suppose that Q@ = {x € GEP(f,B) : Az € GEP(g,S)} # 0, then the sequences
{zn} and {un} converge weakly to an element p € GEP(f, B), while {wy} converges
weakly to Ap € GEP(g,S).

If B=S=60and ¢ =1 = 0 in Theorem 3.1, then the split generalized mixed
equilibrium problem (SGMEP) is reduced to a split equilibrium problem (SEP) (see
[12]).

Corollary 3.3 Let C be a nonempty closed convex subset of Hy and K be a
nonempty closed convex subset of Ho, where Hy and Hs are two real Hilbert spaces.
Let f :CxC — R and g: K x K — R be two bi-functions which satisfy (A1)-(A4),
A : Hy — Hsy be a bounded linear operator with the adjoint operator A*. Assume
that EP(f) # 0 and EP(g) # 0. Let {x,} and {un} be sequences generated in the
following manner:

x1 € C,
f(unay)+l<y_unvun_$n>207 yEC,

T

g(wn, 2) + Yz — wy,wy — Auy) >0, z€ K,

r

Tnt1 = Ty + (1 — an) Po(uy + pA*(wy, — Auy)),  for anyn € N,

where r > 0 and oy, € (0,1), u € (0, ﬁ) are constants. Suppose that Q = {x €
EP(f): Az € EP(g)} # 0, then the sequences {xn} and {u,} converge weakly to
an element p € EP(f), while {wy} converges weakly to Ap € EP(g).

Theorem 3.2(Strong convergence theorem) Let C' be a nonempty closed convex
subset of H1 and K be a nonempty closed conver subset of Hy, where Hy and Ho are
two real Hilbert spaces. Let f:C x C — R and g : K Xx K — R be two bi-functions
which satisfy (A1)-(A4), ¢ : C — R be a lower semicontinuous and convex function,
¥ : K — R be a lower semicontinuous and convex function, A : Hy — Hy be a
bounded linear operator with the adjoint operator A*, B : C — Hy be an a-inverse-
strongly monotone mapping and S : K — Hy be a B-inverse-strongly monotone
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mapping. Assume that GMEP(f,o,B) # 0 and GMEP(g,v,S) # 0. Let {x,}
and {u,} be sequences generated in the following manner:

xr1 € C = Cl,

f(un,y) +0(y) — o(un) + %<y = Up, Uy — Tp) + (BTp,y —up) >0, yeC,

g(wna Z) + ¢(z) - w(wn) + %(Z — Wnp, Wn — Aun> + <S(Aun)a = wn> >0, z€K,
Yn = Qpn + (1 — an) Po(un, + pA*(wy, — Auy,)),  for anyn € N,

Crnt1={v € Cy t [lyn —v|| < [lun —v|| < ||z — ||},  for anyn € N,

Tny1 = Po, ., (20),

(3.19)
where r € (0,a), a = min{2a,28} and o, € (0,1), u € (0, W) are constants.
Suppose that Q # 0. For f,o and C, assume that either (B1) or (B2) holds. For
9,% and K, assume that either (B1) or (B2) also holds, then the sequences {xy} and
{un} converge strongly to an element p € GMEP(f, ¢, B), while {w,} converges
strongly to Ap € GMEP(g,¢,S).

Proof By Lemma 2.4, it follows that
GMEP(f,¢,B) = Fiz(Tf#(I — rB)), GMEP(g,1,8) = Fiz(T9%(I - rS)),
Uy = T,f’w(I —rB)x,, w,= Trg’d’(I —1rS)Auy,.
In fact Qe€C,, for ne N. For each z*€(2, it follows from (3.10), (3.11) and (3.6) that
lyn — 2*|1?
= [Janun + (1 — an) Po(un + pA*(wy, — Auy)) — 2|
< anllin — 12 + (1 = )| Pt + pA" (1w — Aun)) — Pe”|?
< anllun — 2|* + (1 — an)(|lun — z*||?
A" (0 — Aut) | + 2pa{in — 27, A (1w — Aun))
< apllun = 2| + (1= an)(lun = 2| + 12| A% lwn = Aup® = pllwn — Aug|?)
= allin — 72+ (1= an)lfum — 2712 — (1 — ) (1 — A7) — A
(1= pll A1) lwn — Aun||?
(1= A2l — Au2. (3.20)

= llun — 2*[* = (1 — )
< lwn — a1 = (1 — an)

This shows that
lyn = 2*|” < [lun — 2|1 < [ln — 2™,

It implies that z* € C,, 1 C Cp, 50 Q € Cpy1 € Cp, and C,, # () for all n € N.

Next we show that C, is a closed convex set for n € N. It is obvious that C), is
closed for n € N, so we just need to prove that C), is convex for n € N. In fact, let
v1, v € Cpyq for each A € (0, 1), then we have
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lyn — (o + (1 = Awa)[1?
= [[A(yn —v1) + (1 = M) (yn — ")2)“2
= Mlyn — 01> + (1 = Mllgn — v2[> = A1 = N)[Jor = va?
< Ml = v1l? + (1= M) — w2 = AL = N)[|or — va|?
= |lun — (M1 + (1 = Nwa)]|?. (3.21)

namely

1y = Avr + (1 = Mv2)[| < [lun — (Aor + (1 = Awa)-
In a similar way, we can obtain that ||u,—(Avi+(1=A)va)|| < ||zn—(Avi+(1=X)va)]|.
This shows Avy + (1 — A)vg € Cpq1, s0 Cpqq is a convex set for n € N.

By (4) of Lemma 2.4, Fiz(T{*) is closed and convex. Since T{ (I — rB) is
nonexpansive, we see that Fiz(T; S #(I—-rB)) is closed convex. So € is a closed convex
set, and there exits a unique element ¢ = P(x¢) € Q C C,. For z,, = Pc, (x9) and
q € QC C,, we get ||z, — z0| < |lg— zol|, which implies that {x,} is bounded, so
are {u,} and {y,}.

Note that Cy41 C Cy and 2,41 = Po,,, (%0) € Cpy1, we obtain that

[Znt1 = ol < [an — 20l (3.22)

which shows that lim ||z, — xo|| exists.
n—o0

For some m,n € N with m > n, from z,,, = P, (z9) and (3) of Lemma 2.1 we
arrive at

12— 2m|* + 20 —2mI* = l|lzn — Pe,, (o)1 + |20 — P, (z0)I* < llan—oll*. (3.23)

Applying (3.22) and (3.23), we see lim ||z, — x| = 0, so {z,} is a Cauchy
n—oo
sequence. Let x, — p.

Now we prove p € Q. Since x,41 = Po, ,, (x0) € Cp, from (3.19) we get

n+1
1yn — 2ol < lyn — o1l + |20 — Tosall < 2)|2n — 2p1al] = 0, (3.24)
[tn = @pll < [[un = Znga || + lon — T |l < 2[2n — 2pga|| = 0, (3.25)
[yn — unll < [lyn — 2ol + |20 — unll — 0. (3.26)

Using (3.20) and (3.26), we obtain
1

p(l = o) (1 — pl| A*]]2)
1

= ui—an) 01—l A7)

[ — Aunl|* < (lzn = 2*[1* = llyn — 2*]1%)

20 =ynll([lzn =2 +]lyn—2"[) = 0, (3.27)

namely
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lim [|wp, — Auy[| = lim | 9% (I — 18)Au,, — Auy|| = 0. (3.28)

n—oo
Since T,nf’“D(I — rB) is nonexpansive and z, — 0, it follows from (3.25) that
ITH9(I = rB)p = pll < |TL#(1 = rB)p = TL#(1 = rB)a,|
+HTrf’¢(I —1rB)zn — Ty + |25 — pl|
< len = pll + llun = znll + [[2n — pll = 0,
which yields that p € GMEP(f, ¢, B). Furthermore we have ||Az, — Ap|| — 0 by
2, — p. Then by (3.28), we see that
|72 (1 —r8)Ap — Ap|

< T8 (I=18) Ap—TE (I—18) Ay | + | T8 (I —rS) Ay — A|| + || Ao — Ap|

< ||Azy — Ap|| + | T2Y (1 = rS) Az — Axy|| + || Azs — Ap|| — 0,
which yields that Ap € GMEP(g,%,S). Hence {x,} converges strongly to p € Q
and {u,} converges strongly to p € Q by (3.25).

Then, we get Au,, — Ap by u, — p. Note that li_>m |lwy, — Auy,|| = 0 by (3.28),
n—oo

so wy, — Ap. This completes the proof.

Corollary 3.4 Let C be a nonempty closed convexr subset of Hy and K be a
nonempty closed convex subset of Hy, where Hy and Hy are two real Hilbert spaces.
Let f : CxC — R and g : K x K — R be two bi-functions which satisfy (A1)-(A4),
p: C — R be a lower semicontinuous and convex function, ¢ : K — R be a lower
semicontinuous and convex function and A : Hi — Hs be a bounded linear operator
with the adjoint operator A*. Assume that MEP(f,¢) # 0 and MEP(g,v) # 0.
Let {x,,} and {u,} be sequences generated in the following manner:

1 € C = Cl,
1

fun,y) +0(y) — o(un) + ?<y = Up,Up — Tn) 20, yeC,
g(wmz) +(z) — w(wn) + %(Z — Wp, Wy, — Aup) >0, z€K,

Yn = apn + (1 — ap) Po(upn, + pA*(wy, — Auy,)),  for anyn € N,
Crnt1={v € Oyt [lyn — v|| < [lun —v|| < ||z — ||},  for anyn € N,

Tn+l = Ch+1 (I’O),

where r > 0 and oy, € (0,1), p € (0, W) are constants. Suppose that Q # (). For
f,o and C, assume that either (B1) or (B2) holds. For g,v and K, assume that
either (B1) or (B2) also holds, then the sequences {z,} and {u,} converge strongly
to an element p € MEP(f, ), while {w,} converges strongly to Ap € MEP(g,v).

Corollary 3.5 Let C be a nonempty closed convexr subset of Hy and K be a
nonempty closed convex subset of Ha, where Hy and Hy are two real Hilbert spaces.
Let f: CxC — R and g : K x K — R be two bi-functions which satisfy (A1)-(A4),
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A : Hy — Hj be a bounded linear operator with the adjoint operator A*, B : C' — H;
be an a-inverse-strongly monotone mapping and S : K — Ho be a B-inverse-strongly

monotone mapping. Assume that GEP(f,B) # 0 and GEP(g,S) # 0. Let {x,}
and {uy} be sequences generated in the following manner:

r1 € C = (Y,

fun,y) + %(y — Up, Up — Tp) + (Bxp,y —un) >0, yeCl,

g(wy, z) + %(z — Wp, Wy, — Aug) + (S(Auy), z —wy) >0, z€ K,

Yn = oy + (1 — an) Po(un + pA*(w, — Auy)),  for anyn € N,
Cnt1={v € Cn: [lyn — vl < flun — vl < flzn —vll},  for anyn € N,

Tn+1 = £Cpyr (xO)a

where r € (0,a),a = min{2«,25} and oy, € (0,1), p € (O,ﬁ) are constants.
Suppose that Q@ = {x € GEP(f,B) : Ax € GEP(g,S)} # 0, then the sequences {x,}
and {un} converge strongly to an element p € GEP(f,B), while {w,} converges
strongly to Ap € GEP(g,S).

Corollary 3.6 Let C be a nonempty closed convex subset of Hy and K be a
nonempty closed convex subset of Hy, where Hi and Hy are two real Hilbert spaces.
Let f :CxC — R and g: K x K — R be two bi-functions which satisfy (A1)-(A4)
and A : Hy — Hs be a bounded linear operator with the adjoint operator A*. Assume
that EP(f) # 0 and EP(g) # 0. Let {x,} and {u,} be sequences generated in the
following manner:
z1 € C=Cy,
f(unyy)+%<y_unuun_$n>207 yeC,
g(wn, 2) + 2z — wy,wp — Aup) >0, z €K,

Yn = i + (1 — ap)Po(uy + pA*(wy, — Auy)),  for anyn € N,
Crnt1={v € Cy t [lyn —v[| < [lun —v|| < ||zn — 0|},  for anyn € N,

Tn+1 = PCn+1 (SC()),

where v > 0 and o, € (0,1), p € (0, W) are constants. Suppose that Q = {x €
EP(f): Ax € EP(g)} # 0, then the sequences {x,} and {u,} converge strongly to
an element p € EP(f), while {w,} converges strongly to Ap € EP(g).
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