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Abstract In this paper, we generate an extended result by Bor and Seyhan
concerning absolute Riesz summability factors. Further, we develop some well-
known results from our main result.
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1. Introduction

n
Let > a,, be an infinite series, {s,}= > aj be the sequence of its partial sums and
k=0
th

n'™ mean of the sequence {s,} is given by u,, s.t.,

Uy = Zunksk. (1.1)
k=0

(1.2)
Definition 1: An infinite series Y a, is absolute summable, if
lim u, =s
n—oo
and
Z [thr, — Up—1] <00, (1.3)
n=1
Definition 2: Let {p,} be a sequence with py > 0 and p, > 0 for n > 0
n
P, = va — 0. (1.4)
v=0
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Fora > —-1,0< 8 <1, a+ B >0, define:

atB_q coth_ (a+B+1)(a+B+2)...(a+B+n)

s o . (n=1,2,3,..) (1.5)

= Z Sl (1.6)

n
PP = Zp%’ﬂ — 00, M — 00 (1.7)
v=0
and
Pl =p*l=0,n>1

Then, the sequence-to-sequence transformation ¢, defines the (N, p®#) mean of
series > a, and is given by:

t, = Pa’B Zpk’ﬂsk, PP 40, neN (1.8)
n k=0

and lim,, o t, = 5, and the series is called (N, p2?), formed by sequence of coeffi-
cients {p®~}.
Further, if sequences {t,} is of bounded variation with index k > 1 i.e.

oo Pg“g k—1 X
‘Atn—ll < 00, (19)
pi’

n=1

then the series Y a,, is said to be absolutely (R,p%?), summable with index & or
|N, p&#|;, summable to s. B
Definition 3: The series is said to be |N,p2?; 8|, summable, if

0o Pa,@ Ok+k—1
> < i 5) |At, 1|F < oo, (1.10)
n=1 pn
with k> 1,0 >0 and
At, = o Bpaﬁ Z “Pay, n>1. (1.11)

n—1 v=1

Bor [1-3] generalised the result associated with Riesz summability factors. Bor
and Ozarslan [4,5] established theorems using [N, p,,; 8| summability factors. Ozarslan
[11,12] used the definition of almost increasing sequence for absolute summability.
Mishra et. al. [9,10] gave useful result on approximation. Also, Mishra et. al. [7,8§]
provided new results related to matrix summability and improper integrals. In [13],
Sonker and Munjal established new theorem on absolute summability for Trian-
gle matrices. Yildiz [14,15] determined theorems on generalized absolute matrix
summability factors.
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2. Known result

By using [N, p%; §|x summability, Bor and Seyan [6] proved the following theorem.

Theorem 2.1. [6] Let p,, be a sequence of +ve numbers s.t.:

P, =O(np,) as n — oo. (2.1)

By using |N, p%; 8|, summability, Bor and Seyan [6] proved the following theorem.
Let (X,,) be an almost increasing sequence and assuming (£,) and (A,) are s.t.:

& — 0 as n— oo, (2.3)
> n|AG X, < oo, (2.4)
n=1
[An|Xn =0(1) as n — oo, (2.5)
N | PN\ 1
> (n> =0 (”) =k (2.6)
n=v+1 Pn P’n,—l 2 Pv
m s p ookl
Z (n> to|* = O(X,) as m — oo. (2.7)
n=1 n

Then, S anAp is |N, pn; 0| summable where, k > 1 and 0 < 6 < %

3. Main result
A sequence is of bounded variation i.e. (\,) € BV, if :

D 1AM = An = Ana] < o0

n=1

Theorem 3.1. Let (X,,), (&,) and (\,) be as defined in theorem 2.1 and verify
2.2-2.5. If the following conditions also satisfy:

o0 1 o Ok ] papy Ok
Z o,B ( Zﬂ) =0 B ( Zg) ) (3.1)
n=v+1 Pn—l Pn P” Po

m o, ok—1
< Zﬁ ) |t"‘k = O0(Xnm), (3.2)
n=1 Pn
m
A
> el _ o(1) (3.3)
n
n=1
and .
"1 [ P>
Z o ( o ) tal® = O(X.n) as m — . (3.4)
n=1 n
then, 3. anAn is [N, p%P; 8|s, summable where k > 1 and 0 < § < %
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Proof. Let Y, denote the (N, p2?) mean of 3" a,\,. We have:

1 n v
w5 2P D ik
Pr v=0 =0

n =

Forn > 1,

AY, =Y, — Y, | = PBayh, =
1= Paﬁpaﬁz 1 aﬁpoz

n—1 v=1 n—

L

v=1

AYn - T;jal;s pa tnAn

n—1
P’ p B ), vl
POMBPQ,L'} v vitv
n n—1 =1
B n—1
I Bt, AN, L
+Pgﬂps_ﬁ1 = v v
s nzl
Pyt ,f 1
+Pa,BnPa,13 Z P’U t’U)\U"F]. v
n n—1 p—=1

=Y1+Yo+Y5+Y,.

To prove the Theorem 3.1, it is enough to prove

Sk+k—1
pp
z ( ) AY, [ < oo,

Using Minkowski’s inequality,

Y1 + Yo + Y + YaF <4R(IV3|" + [Yol® + [Y5]F + [Yal").

Then, equation 3.7 reduces to:

oo P,?’ﬁ Sk+k—1 i
Z o7 [Y,]* <oo for r=1,23,4.
n

n=1

Now, the L. H. S. of equation 3.8 is given as:

m poB Sk+k—1 m poB Sk+k—1
21 (pg,ﬂ ) Yl = 21 (pg,ﬂ ) 7;216 Dy
n= n—=
m Pa B dk—1
- 21 (Z5) " el 12l
n=

oWl 5 (50)" el

ok—1
PL”B) k
pt;t,B |tU|

o0 il £ 5

m—1

= O Am|[Xm +0(1) 32 [AN[Xn
n=1

=0(1) as m — oo,

m41 ;g Sk+k—1 +1 a8\ 0k—1
P2 P
> () mr=om) Y o (B5) %

(3.5)

(3.6)

(3.7)
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n—1 K 1 n—1 k—1
< S Al (S )
v=1 n—1 py=
m
= 0(1) Z pg,ﬁ tvlkl)‘v|x
v=1
m+1 ap Sk—1
< ()
n:;-ﬁ-l P::tﬁl p%ﬁ
m 0B A 1 paB ok
=0() X Il Nl 5 (557
v=1 v Pv

o m ngg (Sk‘—l k
=0l & (37) It

m—1 n a8\ 0k—1
+O) T AN X (Hr) Il

v=1 \Pv
m—1
= O0(D)|A\n|Xs +0(1) 3 |AN| X,
n=1
=0(1) as m — oo, (3.10)
mAl , asy Skhtk—1 m+1 iy Sk—1
> (55) T mE-om) T iy (Br)

B s
n=2 Ps—l Pn

n—1 & 1 n—1 k-1
<5 P (P ) Pfﬂfv)
v= n-— V=

= 0(1) 3. PrPgltofx

1 ok—1
REIED

pﬁ’ﬁ

m o Pa’ﬁ ok
=0() X Pl 6o pds (Fiw)

= PP\ pg

m PQ’B ok
= mgm Z % (p&,g) |tﬂu‘}C
= v
m—

v .8\ Ok
+O() T Awe) 4 () Il

[e3
p;

_ =

m—1
= O(l)mmem + O(l) 2::1 |A(U§v)|Xv

— OWmén X+ O(1) S |AE X,

v=1

m—1
"’0(1) Z £v+1Xv+1

v=1

=0(1) as m — oo, (3.11)

m B\ Sk+k—1 m+1 g\ Ok—1
Y (H5) T M=o ¥ pb ()

B
n=2 Pf:— 1 Pn

n—1

n—1 N \ k—1
« Zl Pgﬁl uv+1| Ito|* ( L3 pgz,ﬁ\ vv+1>
o=

B
Pnl v=1
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UL A
=0(1) 3 pos Rusljy ks
v=1

m+1 1 Ps’ﬁ ok—1
DY ToB \ oop
n=uv41 ‘n-1 n

= A

=0(1) Y, poslunlyp kL
v=1 v

poP

m pos ok
=0() X Ponlt (57) Il

m poB Sk
=0l X 3 (Fm)  Iul”

m—1
+0()'S AAvi|x

v=1
v o, B
<3 H(Es)
=1 i
m—1
= 0(1)|)‘m+1|Xm + O(l) Z A|/\,U+1‘XU
v=1
=0(1) as m — co. (3.12)
Collecting 3.5-3.12, we have
00 Pa”@ Ok+k—1
> ( gﬂ> Thr¥ <00 for r=1,2,3,4. (3.13)

n=1

Hence, the theorem is proved.
O

Corollary 3.1. Let (X,,), (§&n) and () are s.t. conditions 2.2-2.5 of theorem 2.1,
condition 3.3 of theorem 3.1,

—  h ( 1 )
—n =0, (3.14)
2 mr O\
3 %Itnl’“ = O(Xm) as m — 0o (3.15)
n=1""
and
1
Z E|tn|k =0(Xmm) as m — o0 (3.16)
n=1

holds. Then, 3" ap\, is |N,p%|, summable for k > 1.

Proof: By using B8 = 1 and 6 = 0 in main theorem, we will get 3.14, 3.15 and
8.16. The proof is same as the main theorem 3.1, but here we used equations 3.1/,
3.15 and 3.16 instead of equations 3.1, 3.2 and 3.3.
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Corollary 3.2. Let (X,,), (&) and (\,) are s.t. conditions 2.2-2.5 of theorem
2.1, condition 3.3 of theorem 3.1 and 3.1/ - 8.16 holds. Then, Y a,\, is |N,p%|
summable.

Proof: By using 8 = 1, k = 1 and § = 0 in main theorem and equations 3.14 -
3.16, we get this result.

4. Conclusion

The negligible set of conditions has been obtained for the infinite series in this paper.
By the examination, we may infer that our hypothesis is a summed up variant which
can be diminished for a few notable summabilities as appeared in corollaries.
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