Journal of Nonlinear Modeling and Analysis http://jnma.ca; http://jnma.ijournal.cn
Volume 3, Number 4, December 2021, 577-601 DOI:10.12150/jnma.2021.577

Regularity Criteria of the Solutions to
Axisymmetric Magnetohydrodynamic System

Xuemeng Liu"f

Abstract In this paper, we consider Cauchy problem of the axially sym-
metric Magnetohydrodynamic (MHD) system. By using energy method, we
establish some regularity criteria of the solutions for the axisymmetric solu-
tions of the three dimensional incompressible MHD system.
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1. Introduction

In this paper, we consider Cauchy problem of the incompressible MHD system:

u+ (u-V)u—Au+Vp=(v-V)B,
B+ (v-V)B—AB=(B-V)u,
divu =0, divB =0,

(u, B)(x,0) = (uo, Bo),

(1.1)

where u = u(x,t) € R? denotes the velocity of the fluid, B = B(x,t) € R? stands for
the magnetic field, the scalar function p = p(x,t) is pressure and x = (z,y, 2) € R3.

Our main concern here is to establish a family of unique solutions of system
(1.1) with the form

U(X, t) = ur(r, 2, t)er + UF)(Ty 2, t)eF) + uz(,r’ 2, t)ezv

B(x,t) = B.(r, z,t)e, + By(r, z,t)eg + B.(r, 2, t)e.,
in the cylindrical coordinate system. Here,

Ty
r = 777a07 =\~
er=(2,2,0), ep=(

r=+/224+y? (x,y,2) = (rcosf,rsinb, z).

RS

X
2.0), e, = (0,0,1),
)'[’7 )’e ( )
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In terms of (u,, ug, u,, By, By, B.), the MHD system (1.1) can be rewritten as

Opur + (u- V)u, — Au, + % — =2 +an (B V)B + 5 —O,
Orug + (u V)ug ANug + ug + us — (B V)Bg B =0,

Ouy + (u-Viu, — Auz +8Zp (B V)B, =0,

u-V)B, — +B: —(B-V)u, =0,

u-V)By — ABQ + Be + wBe (B V)uy — Bt =, (1.2)
0B, + (u-V)B, — AB, — (B V)uz =0,

=+ Opuy + du, =0,

% +0,.B, +0.B. =0,

(y, ug, 1z, By, B, B.)(r, 2,0) = (uf, u§, u§, By, BS, BE)(r, 2).

First, let us briefly review some results of the MHD system (1.1). For the 2D
case, Jiu and Zhao [9] get a global regular solution of MHD with dissipation terms
—(=A)*u and —(—A)?B, when 0 < a < %,ﬂ > 1,3a+ 28 > 3. In particular, they
also prove the solution exists globally when @ = 0 and 5 > % For more details, one
may refer to [1,6,15,19,20,24]. In the 3D case, Zhou [23] gets the MHD system with
dissipation terms —(—A)%u and —(—A)? B satisfying the following conditions:

20 3

t) € LP(0,T; LI(R3)), =— + = <2a—1 <
u(z,t) € LP(0,T; LY(R?)), p+q7 o ,2a_1<qfoo,
or
200 3 3
A“ t LP0,T:L1), —+—-<3a-—1 < .
u(z,t) € LP(0, T} ),p+q_a a1 SIS 5T

Then, the solution is globally regular. Other regularity criteria were shown in
[4,7,8,21,22,25].

When B = 0, system (1.1) reduce to axisymmetric Navier-Stokes system, there
have been extensive studies on the regularity criteria for axisymmetric Navier-
Stokes, cf. [2,5,10-12, 16, 18]. Here, we only mention some results that related
to our main results. Firstly, Chae and Lee [2] obtain some regularity criteria for
axisymmetric weak solutions of the 3D Navier-Stokes equations with nonzero swirl.
In [18], Wei proves the global regularity of solutions to the axially symmetric Navier-
Stokes equations, if [rug(r, 2,0)| Lo or [[rue(r, z,t)|| Lo (r<ry) is smaller than some
dimensionless quantity of the initial data. This result improves the one in Lei and
Zhang [12]. Motivated by [18], we will study a global regularity for the axially
symmetric MHD system.

For equation (1.2), Lei [10] proves the global well-posedness of classical solutions
for a family of special axisymmetric initial data whose swirl components of the
velocity field and magnetic vorticity field are trivial. In [16], Wang and Wu study
the properties of solutions to axially symmetric incompressible MHD system in
three dimensions, and construct a family of global smooth solutions by applying
the one-dimensional solutions. Recently, Li and Yuan [13] have obtained regularity
criteria for the axisymmetric solutions of MHD system, if wy € L9(0,T; LP(R?)),
and ng € L(0,T; LP(R?)) satisfy

T
3 2 3
/ (llwolld + [ImellF)dt < oo, with §+§§2, 5 <p<oo, 0<qg<oo.
0
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It is well-known that finite energy smooth solutions of the MHD system satisfy

the following basic energy identity

T
lu(®)lIZ> + 1 B®)II72 + 2/0 (IVullZs + [V BII72)(s)ds = [[uollZ2 + [ BolI72-(1.3)

Denote J = rug, L = r By, we obtain

W(J+L)+ (u-V)(J+L)—AJ+L)+ %6T(J+ L)—(B-V)(J+L)
+2(ug B, — u,By) = 0, (1.4)
O(J—L)+ (u-V)(J—L)—A(J - L)+ %aT(J—L) —(B-V)(J-1L)
+2(uy By — ugB,) = 0. (1.5)

By direct calculation, the vorticity w =curl 4 and w =curl B can be written as

w(z,t) =V X u=wre, +wgey + we,,
n(z,t) =V X B =n,e, +ngep + n,e,,

with
Wy = _62’“97 wp = 8zur - 6TUZ7 Wy = ;8T(’I"’U/9)7
1
ny = _82397 neg = 8’!‘BZ - azBra n,; = ;8T(TBG)'
Denote
QYo _ O,y — Oy, wr _6zue
o r T e T r’
I — % o 8ZB,. — 8,.BZ - & - _ang
o r P e T r
then
O+ (u-V)Q— (A+20,)0— (B-V)[ + 2R — 2Be | = 0,
R+ (u-V)R— (A+20.)R — (B-V)K — (0,0 + w,0s) " (1.6)
+(’I’L787- + nzaz)TT = 07
and
O+ (u-V)I — (A+20,)T — (B-V)Q =0,
WK+ (u-V)K — (A+20,)K — (B V)R — (0.0, + w.0,) 2= (1.7)

+(n,0p +n.0;)% = 0.

The initial data is given by
Jo(r,z) = J(r, 2,0), Qo(r,z) =Q(r,2,0), Ry(r,z) = R(r,z,0),
Lo(r,z) = L(r, 2,0), Do(r,z) =T(r,2,0), Ko(r,z) = K(r,2,0).
Note that ,T" and R, K are introduced by Chen [3] and Majda-Bertozzi [14].
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Our main results are as follows: If (u, B) are axially symmetric solutions to the
MHD system (1.1), satisfying 73wy (r, 2, 0), r®ng(r, 2,0), Jo, Lo € L*(R3), then r3wy €
L*(0,T; L3(R?)) and 73ng € L>(0,T; L?(R?)).

Under the assumption of Theorem 1, let 79 > 0, u, By—ug B, € L*(0, T; L>°(R3)),
ug € H?, By € H?(R?) such that Jy € L®(R3), Ly € L>(R?). Denote

Pr= (24 [[Jollz + I Lol )([[uoll 2 + [ Boll2),

and
Py = (||Q0]lz2 + [|Rollz2 + [[Tollz2 + | Kol z2) P,

then there exists an absolute positive constant Cy > 0 such that if

i 3
172 rro) + 1L Lo rrgy < (14 In(Comax{ Py, rg PP} +1))7%,  (a)

the axially symmetric MHD system are globally well-posed. If u,.Bg — ugB, = 0,
the condition u, Bg —ug B, € L*(0,T; L>°(R?)) is naturally satisfied. Then, theorem
1 is a global existence result. For example u, = B, = 0 or By = B, = 0 or

1 T
By = ug = 0 etc.. By choosing 79 > 0 such that Py > 7, *P; and using
| \lLe + || LIz < ||Jollnee + || Lo|l L, we obtain the following regularity condition

1
ol + [|Lollz= < (1 +In(CoFy +1))"3.  (b)

This condition depends only on initial values and is useful especially when ||Jo|| - +
|Lo||L= is small. Denote

M) = V120 Do _ Vet eh

for 0 < e <1, then we can easily check that

)

1+mwu@+%mwﬂaﬁze%,E%M@)z%@>m
0
for some absolute positive constant Cy and 0 < € < 1, the functions M and M, are
given in Lemma 2.

This paper is organized as follows: In Section 2, we will give some notations and
lemmas which will be used in the proof of our main theorems, and in Section 3, we
will give the proofs of our main theorems.

2. Notations and lemmas

The Laplacian operator A and the gradient operator V in the cylindrical coordinate
are

1 1
A:£+;&+ﬁ%+f,V=@@+%%+Q@

we will denote % = % + 4O + u,0,.

Now, we begin with the elementary lemmas (see [18]).

Uy Uy
IV=—"11Z: < 190172, V2217 < 10:2017, (2.1)
T r
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B, B,
IV="1%2 < Tl V2= 172 < [10:T 7. (2.2)

Denote

r
h
h(r,z,t) :/ |U9(7‘I7Z,t)|d7"/, forr >0, a(t) = ”*(t)”L“v
0 T

(r, 2, 1) / |Bo(r', 2, t)|dr’, for r >0, b(t) = H;(t)nm,

then we have the following inequality:
2 Ug
a(t)” < [|R(®)] 2]l == (@)l =, (2.3)
By
b(t)* < K@)l 21—~ @)l 2 (2.4)

(see [18]) For the a(t) and the b(t) are given in the Lemma 2, [|J||p(r<r) < € <

M(
L ILl g rery <€ <1, and 0 <1 < % Then,

lua ()] 1 (75 + ||J||L°°) 2
[0 ppan <k [ jacsde +0 . [ 15, (25

1
r>-

2 E§+ JQoo
[ wotpisas <<t [ fonstan s o E W) [ g o)
R3 R3 r1 r>o

[ B0 gy < ot [ e s o E ) [ e )
R3 R3 1 :

1
T2

[ mopistar < [ josear +c% [ Wik, (28)
R3 1 Z

. 1
T2

for all axially symmetric scalar and vector functions f € H!(R3). The proofs of the
above lemmas follow the same idea as [18] and is omitted here. According to the
Lemma 2, we immediately have the following. Assume that ¢ > 0, ||.J||p(r<r,) <

e <1 ||L||pee(reryy <e<1,and 0 <7y < eM(e) _then

COETOR
1 oo
/ o ()21 f 2z < = / 10, fPPda +c%/ F2dz, (2.9)
R3 6 1 r>4
1 L o0
[ maopisear < it [ o @I [ a0
R3 6 1 7‘2%
Proof. By using (2.7) and (2.8), we have

/ g (1) P 3 /P

3 3 + || J]2 1
1 r>

ko
=72

2
<l / o s+ 0 E ) [ g,
6 1 r>Z

1
2



582 X. Liu

similarly, we also have

1
[ BaoP | s
RS

> 1 34 ||L)2
Se@/ |76,.f|2dar:~¢—6’7(6 T ”2 | )/
R3 4 1 r>

$ [ Jonspas o 1) +”L”2°°)/ |fd.
1

1
r>-

<L
16°

The corollary is proved. O

3. Proof of the main theorems

Before proving our main theorems, we give the following proposition that is crucial
in this paper. Suppose that (u, B) are axially symmetric solutions to the MHD
system (1.2), J, L satisfy (1.4)-(1.5), with initial data Jo € L*(R3), Lo € L*(R?),
then J € L2(0,T;L2(R3)), L € L2(0,T;L2(R3)), J 4+ L € L2(0,T; H'(R3)) and
J— L e L2(0,T; H(R3)) for any T > 0. Proof. Multiplying the both sides of
(1.4) by (J + L) and integrating over R?, we obtain

1d
(J+L)2dx+/ |V(J + L)|*dz
R3 R3

2dt
2
=- =0.(J+ L)(J + L)dx — 2/ (up B, — Bou,.)(J + L)dx
Rr3 T R3
=K + Ko. (3.1)

Direct calculation we have

K, =— 3(J+L)(J+L)
:—27r/ / o-(J+ L) 2drdz

Here, we have used J(0,z,t) = L(0,2,t) = 0. As for K5, by applying the Holder’s
inequality, Young’s inequality, Gagliardo-Nirenberg inequality and the Basic Energy
estimate, we have

Ky < / (uo By + Bou,)(J + L)dx
R3

:/ UQBT(J+L)dIL'+/ urBo(J + L)dx
R3 R3
< (7 + L)l lluoll s I By ll 2 + 11T + D)o | Boll o e 2
< IV + L) |2 llugl| 22 Vo | 11 By | 2
+ V(T + L)l 2 Bl 22 IV Bal 2 ] .2
< CIV(J + D)2 Vugl f2 + CIV(I + L)l 2]V Bol
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< IV + D)) + C([Vugl Lz + [V Boll2).

N =

Thus, we have

1d 9 1 9

—— (J+ L)*dx+ = IV(J+ L)|*de < C(||Vug||r2 + IV Byl 2)
2 dt R3 2 R3
By using Gronwall’s inequality, we can obtain

T
sup ||J+L||2L2+/ |V(J + L)||2.dt
T 0

0<t<

T

< C(|lJo + Loll72) +C/ ([IVugllL2 + [V Bg|| 2 )dt
0

luol|z2, || Bollz2)- (3.2)

< C(|lJo + Loli72) + Cr (]
Similarly, multiplying the both sides of (1.5) by (J — L) and integrating over R?,

we obtain
d
— / (J—L)*dz+ [ |V(J—L)]*dx
dt Jrs R3
gGT(J —L)(J—L)dz — 2/ (Bouyr — upB)(J — L)dzx. (3.3)
R3

R3 T

Thus, we have
1d
(J = L)*dz+ | |V(J —L)PPda < C(|[Vuel|2 + [ VBo| 2).
RS

2dt Jgs
Hence,
T
sup |[J — L|Pada + c/ V(T — L)|2.dt
<t<T 0
< C(|lJo = Loll72) + Cr([luoll L2, [ Bol 2)- (3.4)
Combining the (3.2) and (3.4), we obtain
SltlgT(llJHL? +[Lllz2) < ClJollr2 + |1 Lollr2) + Cr([[uoll L2, [ Boll£2)
< C(|[JollL2, [| Lol 2, [[uoll 2, [| Boll 2, T)- (3.5)
O

Now, we finish our proof.
Using Proposition 3, we prove Theorem 1 now.
—0,) to u, and u, of (1.2), we

Proof of Theorem1.1 Applying the operator (9,
U, Wo (‘Luz

have
9 5 1 1
Owwe + (urOr + 1,0, )wg — (9, + 0; + ~0p)wy + —wp —
r r r r

BTTLQ . 8233 (3 6)

= (B0, + B,0,)ng +
r r
Suppose that r3wy € L2*(R®), multiplying the both sides of (3.6) by 76wy and

integrating over R?, we obtain

1
s [P+ [ 0+ w0)(n) (e
2 dt RS RS
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— / ur[&n(rg)]we(r?’w(;)d:ﬂ - [/ (5‘3 + 83 + 15‘7,)(7"3<,u(9)(r?’wg)dac
R3 R3 r
- 2/]1@ [0 ()] (Orwi) (r3wp)dx — /11%3 (r3w2) (02 + %8T)r3dac]

2
—|—/ %we(rﬁwg)d:ﬂ—/ Urto (Tng)dx—/ M(r6we)d:p
rR3 T R3 R3

r r

:/ (BrarJrBzaz)(rSng)(rSwg)dx—/ B, [0,(r3)ng (r3we ) dx
RB

R3

+ /]RS Brng (r8wq)da — /]RB LZ(TB(?)] (r8we)dz.

r
After integration by parts and more elementary computations, where ng (ur-0r +
u,0,)(r3wy)(r3wg)dx = 0, we have
1d (
2dt Jgps

= / (B0, + B.0.)(r*ng) (r3wp)dx + 4/ rSwiu,dr
RS R

3

rwe)?dz + / |V (rPwe)|?dx
R3

+ 8/ riwdde —2 | ByrSwgngdx +/ r2wp[0: (uf))dx
R3

R3 RS
_ /R gl (B3 (3.7)
Similarly, applying the operator (9., —9,) to B, and B, of (1.2), we have
g + (up0p + u,0.)ng — (02 + 0% + %@-)Tle I %2”9 _ urng
— (B0, + B.0)ws + 2 . iy (3.8)

Suppose that r®ny € L?(R®), multiplying the both sides of (3.6) by 7%ngs and
integrating over R?, we obtain

%% /R3 (T3n9)2d$ + /Rs(urar + Uzaz)(rgng)(r3n0)d$

- / u, [0 (1) g (rng)da — [/ (02 + 07 + 1GT)(7‘371(9)(r3ng)d:c
R3 R3 r

) /R 106 (@) (o) — /R ()02 + 50,

1 i
+/ fzng(rﬁng)dm—/ 4o (rﬁng)dx
rR3 T R3

.
_ / (Bu0, + B.0.)(r*wo) (Pno)dz — | Bul0n(r)|wo (rPng)da
R3 R3
—|—/ Brno (r%ng)da.
R3 T

After integration by parts and more elementary computations, where [o4(u,0, +
u,0,)(r3ng)(r3ng)dx = 0, we have
1d

la 3, 32 3.\ 2
5 7 R3(T ng) dx—|—/Rg |V (r°ng)|*dx
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:/ (B0, + B.0,)(rwe)(r*ng)dx + 4/ rongu,dr
R3 R3

+8 /]R3 rinide — 2 /R3 B,r’wongdz. (3.9)

Combining the equations (3.7) and (3.9), and by (B - Vn,w) = —(B - Vw,n) with
the condition divu = 0, we have

1d
§a[/ (r?’wg)de—i—/ (r3w9)2dx]—|—/ |V(r3w9)\2dx+/ |V(r3n9)|2d:r
R3 R3 R3 R3

:4/ r5w3urdm—|—4/ r5n§urdx+8/ r4w§d$—|—8/ rinZdr
R3 R3 R3 R3

—4 | B,r’wyngdx +/ 5wy [0, (u2)]dx —/ r5wy[0.(B)]dx
R3 R3 R3
=h+L+Is+ 14+ 15+ I+ I7. (310)

We will estimate I; — I7, by use of the Hélder’s inequality, Young’s inequality,
Gagliardo-Nirenberg inequality and Basic Energy estimate, and choosing e suffi-
ciently small, we obtain

B < Clula( [ (0% e
< C’(/Rg (wa)2dx)%(/Rg (rPwg)’dx)3
<C [ (wo)dx+ C(/ (r3wg)’dx)?
]R3 ]R3

2 35 3 H
< Cllwslize + Cllr wall 221V (r°we) |l 72
< Ollwollzz + el V(rwo) 122 + Cellr®wo| 2.
Similarly, we estimate I,
Iy < Cllng|| 22 + el V(r®ng) |22 + Ccllr®nel[72.

For I3 and I, we estimate

I3<C | (rPwp)3 (we)dde
RS

<c([ nrdn([ o)}
R3 R3
< Cllwell7z + Cellr’wel|7--
Similarly, we estimate Iy,
I < C(/ (r3ng)2dm)%(/ (ng)2dz)?
R3 R3
< Cllngll7z2 + Cellr®noll7-

As for I5, we obtain

I < C||B, 2 / (r0) & (w)F (Pnp) & (1) b dx
RS
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L L

((rno)da) ([ nfdoy( [ (no)ao)

R3

<c <vwwd@a/

R3 R3
3 5 3 5 1 1
<Cfr wellisllr nellisllwllizllna\\iz
< Cllruwl| IV (Pwo) £ lrna | IV (P n)ll 2 lwol o | -
< Cllwslliz + el V(rwo) 72 + Cellr®well7»
+Cllnell72 + ellV(r®ne)||72 + Cellr®nol|7-.

For Is and I7, we estimate
Ig+1; < / (7’3(,L19)[8Z(<]2 — Lz)]d:c
RS
< / (r3w)0.(J + L)(J — L)dx
R3

:/ () (J — L)az(JJrL)da:Jr/ (3w)(J + L)0.(J — L)da
R3 R3

< |Nrwollr2|(J = L) ||z [10:(J + L) || .2
+ [Ir?we | 2 |(J = L) || zoe 10:(J + L)]| 2
< Cc|rPwell2s + CIV(J + L)|22 + C||V(J = L)| 2.

Inserting the above estimate into (3.10), we get

%%(/ (rPwp) d:c+/RS(r w)*da)

+/ \V(r3wg)|2dﬂc+/ IV (%) [2da
R3 R3

< C(llwollZs + lInollz) + Celllr’wellZs + lIr*nollZ2)
+C(IV(I = D)l + 1V + L)[72). (3.11)

Using the Gronwall’s inequality and Basic Energy estimate, we have

sup [||Ir’wgllZ2 + [[7°nel172]
0<t<T

T T
+C[/ / IV(r3we)|2dxdt+/ / IV (r®ng) |2 dadt]
0 R3 0 R3

T T
scwmﬁwwwé+w%mmﬁﬂ+qé Wﬂéﬁ+é o2

T
+ C[/O IV(T = D> + IV + L)|[72d1]
< C(T, [Ir%w(0) | 2, Ir®ne () 2, luol 2, 1 Bol 2, I Joll e, | Lol £2)-

Thus, Theorem 1 have been proved.

Now, we give the following proposition before proving the Theorem 1. Sup-
pose that (u, B) are axially symmetric solutions to the MHD system (1.2). Let
J lurBg — ugB,||~dt < C, J, L satisfy (1.4)-(1.5), with initial data Jo, Lo €
L% (R?), then J € L>(0,T; L>(R3)), L € L>=(0,T; L>°(R3)). Proof. Multi-
plying the both sides of (1.4) by |J + L|P~2(J + L) and integrating over R3, we
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obtain
1d 4(p
|J+L|pdm+7/ \V|J + L|% 2z
pdt R3

far(J + L)|J + LIP~%(J + L)dx
rR3 T

- 2/ (ug B, — Bou,)|J + LIP~2(J + L)dx
R3

= K3+ K. (312)
For K3, we have
Ks / 200(J + L)|J + LIP~>(J + L)da
/ / Op|J + L|Pdrdz = 0.
For K4, we estimate
Ky < / |J 4 L|P~ Y ug B, — Bou,|dz
R3
<N+ LI luo By — Boue | -
Thus, we obtain
d 4(p—1) D
——|lJ + LIl + THVIJJr LI% |3
< |+ L% luo By — Bour |-
Based on direct calculation, we obtain
(3.13)

d
—||J + L||zr < ||ugBr — Bouy||Le-
Let p — oo and use the assumption fOT |lwg B — Bouy||L=dt < C, we obtain

T
sup HJ"‘ L”Loo S HJO +LOHL°° +/ H’LLQBT — BQUTHLoodt
0

0<t<T
< | Jo + Lollz= + C. (3.14)

Similarly, multiplying the both sides of (3.25) by |J — L|P~2(J — L) and inte-

grating over R?, we obtain

1d 4(p—1 p
u—me+(p >/|vu—uﬂ%x
pdt p? Jgs

= —/ Z0.(J = L)|J — LIP2(J — L)dx
R3 T

- 2/ (u, By — ugB,)|J — L|P~2(J — L)dx.
R3
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Then, we have

1d 4(p—1) D
——||J = LI, + ———2||V|J — L|2|]2
S = Ll + 291 — LB s

< || = LIl 1Bour — uBg By | o
Hence, we obtain

sup ||J — LHLW < ||J0 — L()HLoo + C. (315)
0<t<T

Combining the estimates (3.14) and (3.15), we obtain

sup ([|/||lze + [|L][L=) < C([| ol + [|Loll o). (3.16)
0<t<T

Thus, we complete the proof of Proposition 3. O
For p € [2,00), by using Hélder’s inequality, Young’s inequality and Gagliardo-
Nirenberg inequality, we have

K4S/ |J 4 LI~ up B, — Bou,|dx
R3
= [+ LI+ L B, — Bowdo
R3

P p—2
T+ Lo 1T + L5 2 g By — By | s

I

» p—2
< V1T + LiE el + LT uoBe — Byuel| s,
2(p—1 4 C 2 p=2
< 2Py 2+ T 4 LT s Be — Bow|?
P p— LP+3

Thus, we have

1d 2(p—1) p
E%H‘]+L||ii’ + ——=—IIV|J + L|> 172
Cp? p=2
< L \J+ L) Z |lueBr — Bour|® s, .
L pt+3

p—1
which implies

1d

bl Cp?
2.dt

p—1

[T+ Lz < luo By = Bour? s - (3.17)

Hence, we have

T
up 17+ Ll < 1o+ Loll +C0) [ 0B, = Bl dt. (319
0<t<T 0 [ p+3

Similarly, we obtain
1d 2(p—1) »
sl = Ll + =5 —lIVIT = LI? 172

2
<Cp
= o1

p—2
||J + LHLI27 ||Bt9u7‘ - UGBrHi 3p_

p+3
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which implies
T
sup [/~ Ll < 1o = Lollts + C) [ Bowr — waB, | s dt. (319
0<t<T 0 Lp+3

where fOT |lug B — Bou.||? s, dt < C satisfied, we could obtain J € L>(0,T; LP(R?)),
Lpt3
L € L0, T; LP(R%)).
In particular, if p = 3, the assumption foT |lug B — BgurHiédt < C is satisfied
2

naturally. Hence, we have
sup || Jllzs + I Ll[Ls < C([[JollLs + [ Lolls)-
0<t<T
In fact, by using Hélder’s inequality and Gagliardo-Nirenberg inequality, we get

luo By — Bou ||y < [ Vul L[| BI7-.

By applying Proposition 3, we give the proof of Theorem 1 now.
Proof of Theorem 1 By applying standard energy estimate to Q, I" equations, we

have
1d 9 2
——||19Q72 + Qu - V)Qdz — QA+ -0,)Qdx + QB -V)dzx
2 dt R3 R3 T R3
2 2B
+/ Q(ﬂ)RdH/ Q= Kda =0, (3.20)
R3 T R3 T
and

1d 2
—— |13, D(u-V)Ddz — [ T(A+=9,)T
5T+ [ T vrds— [ ra+ Zoras

+/ (B -V)Qdx = 0. (3.21)
R3
Using divu = 0, we have
1
/ Qu - V)Qdz = / Qu;0;Qdz = —7/ (V- u)Q3dx = 0.
R3 R3 2 Jps
Similarly, we have
1
/ I(u-V)I'de = —3 /(V )T 2dx = 0.
R3

By direct calculations, we get

[ o+ 20)0de =~ 0rde+ [ 020,0da]
R3 T R3 R T
1
=[] Q0;0,Qdx + / —(0,92)rdrdz]
R3 R3 T

IVl + [ 190,20z



590 X. Liu

Similarly, we have
2
7/ T(A + 20,)Tdx = || VT2 +/ IT(0, 2,t)|?dz.
R3 r R3

We can obtain
1d
s

B
= —2/ (YR + 2LK)dz. (3.22)
R3 T T

Q72 + ITIIZ2) + (IVQIIZ: + [VTI72) + /RS 12(0, 2,1)|*d=

Now, we estimate the right hand side of (3.22) under the assumption of condition
(a). Let

e = (1+In(Comax{P%, ry/*P} + 1)) 2, (3.23)

then [|J||poe(r<r) <€ <1, [[L]|poe(rery) <€ < 1,0 <7 <7, and we can apply
Lemma 2 with

By Lemma 2, we have
—2 / % O Rdax
rR3 T

Ug Ug
2 [ |1l )12 s
R3 r r

5%/ M|Q\2'da:+4:-:*%/ M|R|2dx
rR3 T rR3 T

1

4

1. 1 7é oo

755[575/ 0,0)2dz + CE 11l )]/ 102 da]
4 R3 T r>

r1
1 2

C(e™5 + || J ||z
+45—%[5—%/ 0, RPdx + CE 3+2” I )/ |R|dx]
R3 1 r>4

1 C(1+ 3| J|| po
Honslz. + L) [ g,
r>IL

IN

IN

IN

IN

2
1

C _2 1 1 Tl e
o, i + O [ s, (324)
T >3

Similarly, we have

—2/ &QKdm
R

3 T
C(1 + 5| =)
2

1

_2 i
L Ce 3(1+€3HLHL°°)/ K da. (3.25)

1 2
< .93, + [, 10kds 4o, K
rZ3

2
1

Inserting (3.24) and (3.25) into (3.22), we obtain
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1d
21

190, 2, 1) d= + / (0, 2 ) d
R3

120172 + [IT11Z2) + (IVQIZ2 + [VD]Z2)

+
—_

< 519,207z + 475 (|9, RIIZ2 + 119, K1172)

e =+ UEls=) [ g,
r>

\V]

+

2
1 71

|R|? + |K|?dx. (3.26)

2
1

, et b (e + [Llo~)] [
>7

As for R, K equations, we have the following estimates

1d 2
2RI +/ R(u-V)Rdz —/ R(A + =8,)Rda +/ R(B-V)Kdx
2 dt R3 r R3
™ BT’
7/ R(w,0, + wzﬁz)u—dx + / R(n,0rdx + n,0,)—dx = 0, (3.27)
R3 T R3 r
and
2
4 K2, +/ K(u-V)Kdz — | K(A+20,)Kdv+ | K(B-V)Rdx
2 dt R3 T R3
B
— K(w,0, + wzaz)—rdx + K(n,0, +n,0,)—dx = 0. (3.28)
R3 r R3 r

Similarly, using divu = 0, we get

R(u-V)Rdx = —%/ (V- u)R*dz = 0,

R3 R3

K(u-V)Kdr = i/ (V- u)K?dz = 0.
R3 2 R3

and by direct calculations, we obtain

2
— [ R~ +20,)Rdx = VR +/ IR(0, 2, 1)2dz,
R3 r R3

2
- K(A+ =0,)Kdr = ||VR||32 +/ |K(0, z,t)|%dz.
R3 T R3

Combining the equations (3.27) and (3.28) and applying (B - VI',Q) = —(B -
vQ,T) (B-VK,R)=—(B-VR,K), we get

1d
2dt

+/ |R(0,z,t)|2dz+/ K(0, 2, 1)|2d>
R3 R3

) B,
— / R(w, 0 + wzaz)u%dx — R(n,0pdx + nzaz)TTdac
R3

R3

= (IRIZ: + 1K]72) + (IVR[Z + IVE|2)
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r Br
+ / K(w,.0, + wzaz)u—dx — / K(n,0rdx 4+ n,0,)—dx. (3.29)
R3 T R3 r

Notice that

R(w,0, +wzaz)&dx
R3 T
1
/ (0-Ryugd, ()~ / (0.R) (rug)d, (7 )da
R3 R3 r r
< CHVRIILz\IUN( iz
< *IIVRIILz + I\UeV( e (3.30)
Similarly, we have
B, 1 B,
= [ R(n0y +n.0:)—Fdw < 1||VR||2LQ + ||BGV(7)H%Q, (3.31)
R3
B, 1 B,
K(wr0r + wzaﬁidx < 7||VK||%2 + [[uoV (=5)|1 22, (3.32)
R3
— | K(n,0.+ nzaz) “dr < f||VK||L2 + ||BgV( |3 (3.33)
R3

Hence, using (2.9) and (2.10), when we choose f = 0,(%=), 0. (%), we obtain
Uy 1_ u,
lua V(5] < / | |4ua|2|—w7>\2dx

2 Ces (1+e75|J)3 .
§/ |8V 2da + 5 ( +€2 /117 )/>T1 V(L) 2de,

1 r

Uy r
B9 ()]s < / BV P

1 s S(1+e3|L)3 v
76 §/ |av 2d +C€ ( +52 ” ”L )/ |V(U’7)‘2d$
rzr—l

L r

Similarly, when we choose f = 9,(£=),9.(£=), we obtain

1 = r Ced(1+e7 3|2 B,

e L A e T
7'11 7’271 T
1 = B, Ced(14e 3|02 B,

B9 < et [ 0. 9(Eypar s CEUEE ) [ u(Beypas
1 7"2% r

By using Lemma 2, we have

/|av< \da:</ V() Pz < VAP < 10003,

[0V < [ 930 Pds < IVHER)PE: < J0.T -
Combining the above estimates, we have

1d

1
S (IRIE: + 1K) + SV RIZ: + [IVE]3)
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+/ |R(0,z,t)|2dz+/ |K(0,2,t)|%dz
RS R3

Ces[1+ e 3(|J) 2 + |IL]|2 o o B

1
T3

5 (1|0.9)122 + |8.T[22). (3.34)

oo\»—‘

Multiplying the both sides of (3.26) by ésg and combining the (3.34) with it,
then we can obtain

d. 1 2 1 2
g[EW(HQHQB +T72) + (HRHL2 + 1K (172)] + 23 ( / 19(0, 2,t)[*d>

4 / (0, 2, £)dz) + / R(O0, 2, t)Pd= + / K(0, 2, £)dz
R3 R3 R3

L Gl ed (] + ||L||L°°)]/ Q2dx
r>g

OO

2
1

Cl1+e3(| ]|z + | L] Lo
1 2?1
Ced[l+e 3(|J)3w + L] 2) B, .
2 TZ% T '
Denote ) ,
Py=1+¢e5(|J]lze + ILllze) + e 3 (|7 + L1 7),
we have
d. 1 1
e IR +IT22) + SIRIZ: + 13
Chy 2 Ur 12 2 B, 5 2 2
V(— Q V(— R Kl|“dx. (3.36
<t [ VDR + 198 + V(DR + [RE + |K e, (330

By Lemma 2 and the fact that

V() = e, (50) + L0p(E) + e:0(F)
UT r z Vu’r‘ u’r
= (7' )er + ﬁrur + —azur = - (ﬁ)em

Uy U
Vul* = |vw2+|we|2+|wz|2+| P12

Similarly, we have

B,
r r _(r2

VB|* = IVB|2+|VBa|2+|VB|2+\ |2+| 2P

)er,

By Lemma 2, we have

[y VIR +10Pde < VDI + 193 < 21903

=72
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Ur 2 2 2 Ch 2
— Q dx.
oo FCP 108 + AP < s [ (9t

Similarly, we have

B,
[, V)P < -,
T

B,
[ VDR + i
r>

Hence, we can obtain

CP s

ﬁ/ w L IVEDP +12 +V(ZD)P) + R + K Pde
CPy . 2

< r(t)2 €3 211922 + [T1122) + IRl + 1K),

CP .

#/ o SIVEDP +1Q2 + V(5 P) + R + K Pde

P, O , ,
<
< g VUl VBl de,

(' is a absolute positive constant.
Denote

1 2 1
A(t) = 7622 (190172 + ITN1Z2) + S (IRIZ= + 1K ]172),

then A(t) € C[0,T)N Cl(O,T). Hence, we have

d CP. . 2 1
FA® < T minged (1203 + D12 + SORIL: + 1K13),
G 2 2
5 B
T(t)2 /T>T(21) |VU| + |V | da:}
CPZ . Cl 2 2
< A t T No 2 B 2 . .
= r(t)? min{A(t), T(t)Q(HVUHL +[IVB|72)} (3.37)

Fix t € (0,7). If 0 <ry =r(t) = a(et])\i(zf()t) < rg, by Lemma 2, we have

a(t)? < ”R(t)HLZH%(t)”LQ < [R®) 2| Vu(t)l|2 < A@)Z(|Va(®)]| 2z,

b(t)* < HK(t)IILZH%(t)Ilm <KDz |VB®)llz2 < AW VB2,

L (a(®) +5(1)* _ 2(a(t)” +b(t)*) _ 2A(t)* (|| Vul|2 + IVBllz=2)
ra(t)? - (eM(e))* T (eM(e))* (e1M(e1))?
Hence, the equations (3.34) implies
d CPRA()? ([Vul 2 + VB z2)
a0 = ErE)
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2A4(t)? (| Vullz2 + |V Bl|2)

min{A(t), e (Va2 + IVBI2:)}
CRAW(IVuls +IVBl) . s (Vullee + VBl 2
< o AR T g )
< CPAW3 (| Vullz + [VB]12)*
= (M)}

On the other hand, if () = r¢o and we have

d CPh . Ch 2 2
— < —= A 2 Bl|7-2
AW < g minf A0, S (IVullie + [V BIE2))
CP.
< =2 (IVulz: + [ VB72)- (3.38)
0

Combining the above two hands, we have

4 2 2
@ 41 < max( CPAQ V02 +1VB]52)* OPa(IVullz + 19Bl22)
dt (5M(5))§ 0
A): 1
< CPy(||Vul|22 + ||VB||?2) max — — 5 3.39
(7l + VB max{ e ) (3.39)
Denote

4

= JroomaxLi -1
P = [ ety )

then we have

_ e y% 1.0
PAw) = [ el ol

there we have

d dF dy dF y3 1
—Fy)=—-—=, — = —[max{——, —
afw dy dt’ dy [ {(eM(g))% rg‘;}]

Hence, we obtain

9 P(aw) = ~CP (VD)3 + IVBW)I.)

we also get

—F(A(1)) S/O CPy([IVu(s)Z2 + [V B(s)[I7)ds,

and we use the energy identity to obtain

t

F(A(0)) = F(A(#)) S/O CP([[Vu(s)lZ + [VB(s)l[72)ds
< CaPy(Jluoll7> + 1| BollZ:),

C5 is a absolute positive constant.
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Therefore, we have to obtain the result F(A(0)) > CoPs(||uol|22+]|Bol/22). Now,
we know

inf F(A(t)) >0, sup A(t) < +oo,

o<t<T 0<t<T

and
sup ([|Q()[172 + [IT(#)[|72) < +oo.
0<t<T

Hence, we can prove the global regularity.
We notice that

F(A©) > Flnax{a(), L)
o
= o max 711% i -1
=" e
2
= 3max{A(0), (6‘]\{%5)) }*%(61\4(5))?7
and
A% = [ F (19012 + ITollZ) + 5 (1Rl + 1 Koll2)]

< [I0llz2 + [ITollz2 + [ Rollz2 + [[ Kollz2-
Form the definition of Py, Py, P», €, and Proposition 3, we have
Py < e 51+ (||l + [ Lllo)?, Pollluolliz + [1Boll?2) < e 5 P,
P}A(0))% < Py, Mo(c) > Comax{PJ,rg ' P}
For prove F(A(0)) > CoPa(||uo||22+]Bol|22), we claim that Co > Cs max{1, (%)},

there Cy and C3 are absolute positive constants. Thus, Theorem 1 is true for this

Co.
Py(||uollZ2 + ||BO||%2))3
F(A(0))
e~ 3 P2

(SmaX{A(O% (ML -1/3(e M (e))*/3

(

jw

IN

)

max{P3A(0)%, PLEME)y

372
"o

S TR eM(e)

P, P
§373/2max{ f — , T 1,; 32}
[Comax{PZ,ry 3P }]* [Comax{Py,ry *P}]3rd/
ct C3
<373 max{ =3, =2}
C;' Gy
— 3—3/2(@)3 < 01*3/2.

0

Therefore, the claim is true this completes the proof of the Theorem 1, and the
condition (a) in Theorem 1 is satisfied.
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4. Appendix

In this appendix, we shall present the detailed proof of Lemma 2 in the previous
sections.
Proof. First, we prove that if f =0 for r > rq, integrate in z and then

/ ‘Ue( )| ‘f|2 drdz < e %/ |arf|27,.d,rdz, (41)
RS °
/ |Be()||f|2 drds < o} / 16, frdrdz. (4.2)
R3 R?

In this case,

fl' z2)=— /T1 rwm,

there 0 <7’ < ry.
By using Hélder’s inequality we have

7‘11 T1
f P < [ Sar [ o se )P

It is easy to estimate that

/ lug(r', 2, t Hf(r',z)|2dr'

/|ua7“ zt|d7‘/ fdr/ |0, f(r, 2)[2dr

_/]1%3 r|0-f (1, 2)| dr/o lug(r', z,t)|dr’ /TT1 dTT (4.3)

’

Similarly, we have

/ Bo(r', 2, )| £+, 2) 2’
RS

T1 1 T1
§/|Bg(r’,z,t)|dr’/ fdr/ r|0nf(r, 2)|2dr
! T !

T1 T1 /
< [ rlocstaPar [ 1Btz [T (1.4
R3 0 r

/

there h(r, z,t) = for lug(r’, z,t)|dr’, r > 0, and s(r, 2,t) = fOT |Bo(r', 2, t)|dr’, v > 0,

we have
T1 T1 d
/ [ug (r', zt|/ —d’—/ h(r,z,t)—, 0 <71’ <7y, (4.5)
0 r

71 71 d
/ |Bo(r', 2, t) \/ —dr 7/ s(ryz,t)—, 0 <71’ <1y, (4.6)
0 r

there a(t) = ||@||Loo7 b(t) = ||$HLOC, |J| = |rug|, |L| = |rBg|, then we have

(r,2.1) < ra(t) < rlatt) + b0 Juol = 2 < &
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E
IN
= 1o

s(r,z,t) <rb(t) < rla(t) + (1)), |Be| =

for 0 < r < r1. Hence, if ng) < r <rq, we obtain
h(r, z,t) /|uer z,t)|dr’
FGE=6) , r , ,
= lug(r', 2, t)|dr’ + lug (', 2, t)|dr
0

£
RGO

= h(%,z,t) + /T lug(r', 2, t)|dr’

a(t) + b t m
€ " €
< ————[a(t) +0(8)] + —dr’
a(t) + b(t) [ )] S - /

=e¢(1+1In w)

Thus, we can get the above estimate of h as

T1 1
/ h(r, z,t)—dr
0 T

EoEIO) 1 m 1
= / h(nz,t)fdr—i—/ h(r, z,t)—dr
0 T r

£
AGEIE)

3 r

. /O(tmm T[a(t)+b(t)]%dr+/n 5(1+IHM)}‘”

£
a(+5(D

M(e) d
S&?Jr/ 5(1+lnr)7r
1

W=

e(1+InM() + %(lnM(e))2 =¢e 3.

When 0 < r; < #4% , we have

/ g (', 2 DL F (=) Py’ < e / (o, 1 2dr.
R3 R3

Similarly, we have the estimate of s as
T
s(r,z,t) = / |Bo(r', 2, t)|dr’
0

SS(G/(t)j'b(t),Z’t)Jr/r |Bg(r"z,t)‘d7ﬂ/

& __
a(t)+b(t)
r

[a(t) + b(t)] + =ar

e
a(t)+b(t)

Hence, we have

T1 1
/0 h(r, z, t);dr

(4.7)
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EoRz0) 1 rla(t) +b(t)], 1
< /0 rla(t) + b(t)]—dr + / £(1+1In i),dr

T 5 T
a(t)+b(t)

1

< \E[l—i-lnM(e:)—i—%(lnM(zs)]2 =e 5. (4.8)

When 0 < r; < Wfb()t), we have

/ |Bg(r',z,t)||f(r’,z)|2dr’§s’%/ r|0, f 2dr.
R3 R3

Now, we discuss general f. Set a smooth cut-off function of r such that0 < r < rq,
(109 <0, ()p=1,if 0 <r < %, ()¢ =0, if r > 1. Then, we have

|1 raras

/|u9 Mot drdz—/ s 11— 6 )| Pdrds

IA

/ ”Hqs( )i+ [ "”(1— o) f2drd
0< 7 1

1
25

S ousPravas+ S [ e+ [ i
0<r< 1 TZ% r>4 r

IN

1
(.
< 5_%/ |0, f|?rdrdz +C(3+—!HL)/ |f|?rdrdz.
0<r< 1 r>5

For all 0 < r < 71, one has
/ |0-(6(—) f)|*rdrdz
r r r
= [ 00D + 6P ion s Pyrdrds — [ 17P0L6()000( Drdrds
R3 (8] (8] R3 ™ 1
< / |0, f|2rdrdz + gz / |f|*rdrdz.
o<r< L T Jr>Z

i
2

Next, we have
| o o1 Prara:
/ |ug(t |‘¢ f|2Td7"dZ+/ |ug(t) 1— (£)2)|f|2rdrdz
1

||J||L°°(r§r1)/0< . |ug (¢ )||¢( )f| drdz—|—/> . | |

1 1
2 = 2

JI2
|f|2rdrdz

IN

IN

£ 2
[ ospraras s oS [
o<r<+ 1 >

Similarly, we have

[ 122 rprara:
R3 r
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1
3 L|| g
<es / |0, f|?rdrdz + CW/ |f)?rdrdz.
0<r<iL 1 >
[ 1Bt sPrdras
R3
2 (€5 + I LlI3=)
<es / |0, f|2rdrdz + Cizm/ |f)?rdrdz.
0<r<it r1 r>
O
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