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The Number of Limit Cycles in a Class of
Piecewise Polynomial Systems

Shanshan Liu®', Xuyi Jin! and Yujie Xiong'

Abstract In this paper, we pay attention to the number of limit cycles for a
class of piecewise smooth near-Hamiltonian systems. By using the expression
of the first order Melnikov function and some known results about Cheby-
shev systems, we study upper bound of the number of limit cycles in Hopf
bifurcation and Poincaré bifurcation respectively.
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1. Introduction

As we know, the second part of Hilbert’s 16th problem [5] is to estimate the number
of limit cycles in a planar system

T = Pn (J}, y)a

Y= Qn (1'7 y)a
where P, (z,y) and Q,(z,y) represent nth-degree polynomials in (z,y) and to inves-
tigate their distributions. In 1977, Arnold [1] first proposed the weakened Hilbert’s
16th problem, which is to study the maximum number of zeros of the first order
Melnikov function in the following near-Hamiltonian system

$ = Hy(mvy) + Ef(xvy)a

y = 7Hx(xa y) + €g(l’,y),
where H, f and ¢ are polynomials in (z,y), and € > 0 is small. This problem
is still open. Many mathematicians have done a lot of researches on limit cycle
bifurcations.

In recent years, stimulated by non-smooth phenomena in the real world, piece-

wise smooth systems have been widely investigated (see [2,3,6,7,9,12,13] for ex-
ample). The authors [9] considered the piecewise near-Hamiltonian system on the
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plane

+ +
| Hy (z,y) +ep(x,y,0), ©>0,
H, (z,y) +ep (z,y,6), =<0,

(= (1.1)
+(:]c y) +eqt(z,y,8), >0,

. —H
a H, (z,y) +eq (x,y,9), =<0,

where H*, p* and ¢+ are C*®, ¢ > 0is small, and § € D C R™ is a vector parameter
with D a compact set. Suppose that (1.1)|.—o has a family of periodic orbits around
the origin and satisfies the following two assumptions [3,9].

Assumption (I). There exist an interval J = (o, ), and two points A(h) =
(0,a(h)) and A;(h) = (0,a1(h)) such that for h € J,

HT(A(h)) = H(Ay(h)) = h, H™(A(h)) = H™ (A1(h)),

Hy (A(h)Hy (Ay(h) # 0, a(h) > ay(h).

Assumption (IT). The equation H*(z,y) = h, x > 0, defines an orbital arc LZ
starting from A(h) and ending at A;(h); the equation H ™ (x,y) = H~ (41(h)), « <
0, defines an orbital arc L; starting from A;(h) and endlng at A(h), such that
(1.1)]c=o has a family clockwise periodic orbits L, = L, |J L}, h € J.

The first order Melnikov function was defined and its formula was given in [9]. In
fact, by Theorem 1.1 in [9] and Lemma 2.2 in [7], the first order Melnikov function
of system (1.1) has the form

Hy(A)
Hy (A)

M(h,8) = M™*(h,8) + M~ (h,6), (1.2)

where
Mi(h, 0) = / qidx fpidy.
Ly

In [13], the authors studied a piecewise smooth near-Hamiltonian system of the
form

(1.3)

i =y+ep(z,y,0),
y = —g(l') +5Q(1'73/a5)7

where
arr + ag, z >0,

bix + by, x < 0,

+(z7y75) = Zz—',-j =0 wx yj X > O

p
p(x,y,0) = ¢
p (x7y75)_21+j =0 Uny LL'<0

(,y,0) = 30— biga'yl, x> 0,

q
q(z,y,0) = ¢
q ($7y75) = 27,4-3 Obux y X < 0
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0 < e < 1, and ¢ is a vector of bounded parameters. Particularly, when system
(1.3)|e=0 satisfies
a1 =0, ap>0, by >0, by <O, (14)

the origin is an elementary center of system (1.3)|.— according to [8]. Obviously,
system (1.3)]c—o has a global center under condition (1.4) (see Figure 1). It was

Figure 1. The phase portrait of system (1.3)|c=¢ under condition (1.4)

proved in [13]

n+[n;1]§2(n)§n+2{n+l}, n+{n+l]<N(n), (1.5)

5 <
where Z(n) denotes the maximal number of zeros of M(h,d) for h > 0, N(n)
denotes the maximal number of limit cycles of system (1.3) near the origin for
¢ > 0 sufficiently small, and [s] denotes the integer part of a real number s.

In this paper, we consider the following two piecewise smooth systems

. (y+ep™(x,y,0), —ao + eqt (2,9,6)), x>0,
(@,9) = (1.6)
(y =+ Epi(l',y,é‘), —x + 1 +5q7(1',y,5)), T < 07

and
(y +€p+(‘ray75)v -z —2 +€q+(x’y75))7 x Z Oa

(&,9) = (1.7)
(y+ep(z,y,0),—bo + ¢~ (2,y,6)), x <0,

where ag > 0,by < 0, p* and ¢* are arbitrary polynomials of degree n.
Note that H, (A) = H, (A) for systems (1.6) and (1.7). By formula (1.2),

M(h,8) = M*(h,8) + M~ (h,5), h € (0,+00). (1.8)

Compared with (1.5), we provide a more accurate estimation of the maximal number
of positive zeros of M (h,d) for systems (1.6) and (1.7) based on the expansion of
M (h,d) and some known results about Chebyshev systems.

Let
n+1, n=1,2, n+1, n=1,2,
Lip = and Zy, =
5, n =3, 6, n = 3.
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The main results of the paper are stated in the following theorems.

Theorem 1.1. Suppose that the first order Melnikov function defined in (1.8) is
not zero identically. Then, the mazimal number of zeros of M (h, ) of system (1.6)
and system (1.7) for 0 < h < 1 is both exactly Zy,,, multiplicity taken into account.

Theorem 1.2. Suppose that the first order Melnikov function defined in (1.8) is
not zero identically. Then, for small || > 0 and bounded &, the mazimal number of
limit cycles bifurcated from the family of periodic orbits {Ln} of system (1.6) and
system (1.7) is both exactly Za,, multiplicity taken into account.

This paper is organized as follows: Several helpful definitions and lemmas will
be listed in Section 2. In Section 3, we study Hopf bifurcation and prove Theorem
1.1. In Section 4, we use ECT-systems to get upper bounds for the number of zeros
of the first order Melnikov function and prove Theorem 1.2.

2. Preliminary lemmas
In order to prove Theorem 1.1, we first present two lemmas which give concrete
expansions of Mt (h,d) and M~ (h,d) in (1.8) for system (1.6) respectively.

Lemma 2.1 (Lemma 3, [13]). The function M*(h,d) in (1.8) has the following
exTpression

M*(h,6) =n'? Y~ B, Wt h>0, (2.1)
i+2k=0

where
B 2k+1+1/2a3_,2k

0.2k 2k+1 7

2k+1+1/2 2% +1 /2 .

Bj% = —F (aj% + 7_+b;r_1 2k+1) X / sin?* @ cosit? 0do, 1<i<n.

’ ao 1 ’ 0

Lemma 2.2 (Lemma 5, [13]). The function M~ (h,d) in (1.8) has the following
expression for h > 0

n—1 n 2k+1+1/2a62k
. B o 2k &
M~ (h,6) =Vh [ Y Garbah) = ) T—Hh ]
i+2k=0 2k=0

n—1 7 r/ B
+ Y q@2k< > a;k<2h+1>k+ 2100(h)>,

i+2k=0 r=0, r even

where
1 .
- 1+ 1
I-(h) = V2h+1—v2dv, @ =b 4 +-——a;,, . 2.3
00( ) VoA J J+1 j+ 1 +1,j5 ( )
each o, is a constant and ¢;;. is a polynomial of degree k 4+ [(i + 1)/2].

Here, we give a remark related to o, and ¢;,(h) in Lemma 2.2.

Remark 2.1. Similar to the formulas (50)-(51), (56)-(57) and (61) in [13], we
obtain
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(i) a;,, has an expression of the form

o = 207 a0, (2.4)
where
_ a, k>1, __ a,,r=>1,
A = Q. =
1, k=0, 1, r=0,
with

o (2k + 1)(2k — 1)(2k — 3) 5 -+ x 3
Yk Tk 2+r)(2k+ )2k -2+ 1) XX (d+7)

. 0, r odd,
Y T (r—1)(r—3)x-x3x1

(247r)r(r—2)x---x6x4? reven.

(i) ¢;;.(h) has an expression of the form

Gi(h) =207, (h), (2.5)
r=0
where
U (h) = (=1)""'V2¢., (h) — 2v2hay,, (2h + 1) @, (R),
on(h), k> 1, 5 (h),r>1,
g = 3 7 g =17
0, k=0, 0, r=0,
with
o (2n)* 2k + 1

o) = Y @ e k) < B DenT

(2k +1)(k — 1)
2k+2+r)2k+r)(2k—2+7)
(2k+1)(2k—1) x--- x5
2k+24+7r)2k+r)2k—2+7r)x -+ x(447)

+ x (2h+1)2(2n)F 2 4 ...

+ x (2h + 1)F~12p,

(-1, (D) (=1)"(r = 1)(r - 3)
(r+2) 2+r)r @+r)r(r=2)
(1) 2T (= 1) (r = 3) x - x (r+ 1 — 2[752])

1)
2+r)r(r—2)x---x (r—|—2—2[7;1])

@, (h) = 2h+1)+

X (2h+1)* + -+

x (2h + 1)[%1].
Similar to the proof of Theorem 2.4.2 in [2], we have further

Lemma 2.3. Let ) .
M(h,8) =hz> b;j(5)h?,

Jj=0

where 6 € R™, and 0 < h < 1. Suppose that for an integer k > 1,
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(i) mnk%:k—&—l,mZk—l—l;

(ZZ) whenb0:b1:-~-=bk:O, bj:O,jZk'—Fl.

Then, the function M(h,d) has at most k positive zeros near h = 0 for Z?:o |b;]
sufficiently small.

Next, we introduce Chebyshev criterion, which will be used to obtain the maxi-
mal number of zeros of the first order Melnikov function. Let F = {fo, f1,- -, fa—1}
be an ordered set of analytic functions defined on an open interval L of R and
Span(F) be the set of all linear combinations of elements of . Then we have

Definition 2.1. The ordered set F is said to be an extended complete Chebyshev
system (for short, an ECT-system) on L if for all k = 1,2,--- ,n, any nontrivial
function in Span(F)

o fo(z) +arfi(x) + - + an—1fu-1(2),

where the coefficients «q, -+ ,a,_1 are not all 0, has at most k — 1 zeros on L,
multiplicity taken into account.

Remark 2.2. We remove “isolated” before “zeros” in the definition in [10]. If not,
it may lead to misunderstandings. For example, take F = {z,2z}. Clearly, any
nontrivial function in Span(F) has no isolated zero for x > 0. In fact, the set F is
not an ECT-system.

Now, we recall some relations between the ordered set F and their Wronskians

Jo(x) filz) - faoi(o)

Wi (x) = Wlfo, f1,- - foo1](z) = fola) filz) e fioa(o)

V@) (@) - £ ()

Lemma 2.4 (Lemma 2.3, [10]). The ordered set F is an ECT-system on L if and
only if for each k =1,2,--- ,n,

Wi(xz) #0 for all z € L.

Lemma 2.5 (Corollary 1.4, [11]). Assume that all the Wronskians are nonvanishing
except W, (x), which has exactly one zero on L and this zero is simple. Then,
the maximum number of zeros counting multiplicity of any nontrivial function in
Span(F) is n + 1 and for any configuration of m < n + 1 zeros there exists an
element in Span(F) realizing it.

Lemma 2.6 (Theorem 1.1, [11]). Assume that for each i = 0,---  n, the Wron-
skian W; has v; zeros counting multiplicity. Then, the number of isolated zeros
(multiplicity taken into account) for every element of Span(F) does not exceed

n—14vp1+vn-2+2Vp-3+ - +v)+ pn—2+ "+ us,

where p, = min(2vg, vg—3 + -+ 1), k=3,--- ,n— 2.
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3. Proof of Theorem 1.1

First, we compute the expressions of Mt (h,d) and M~ (h,d) for system (1.6). By
(2.1) in Lemma 2.1, we have

M*(h,8) =h? [Bfy + (Bify + Bly)h + (Bfy + Bf)h® + Bi,p],  (3.1)
where
42 Vor
By =2V2a8y, Bfy = 3 (afo +b31), By = T(“E + 3bgz),
ag ag
44/2 1612 1 3v2 1
Bl =gy Bl = Tz (ah + 301 ). B = g (oo + 505,

From (2.2), (2.4) and (2.5), M~ (h,0) has the following expression

M~ (h,8) = h?(=2v2a5, + Pih) + (Q1 + Q2h) o, (3.2)
where

3 A2 52 42ag,

P = do2 — 3 d10 — 3 dag 3

_ 3__ - 5 _ _ __
Q1 =2qy + 502 +2q,0 + 59200 Q2 = 3qp2 + Ga0-

Take the transformation u = \/;’—; — % Then, I;,(h,6) in (2.3) becomes

! ux/lfUQd
—_——du.
o V14 2hu?
1

Using the power series expansion of e We obtain that for 0 < h < 1

I5y(h,0) = (2h)2

1+ i (_1)77;2(3:;!_ Dz | gy (3.3)

Iog(h,6) = (2h)3 /0 uy/1 = u?

m=1

Note that
! 1 1 (! 1
/u(l—u2)5du:—f/ (1—u2)7d(1—u2):0,
0 2 /o

1 /2 2m)!!
/ u2m+1(1_u2)%du:/ Sil’l2m+1 0C082 0do = & m = 1’2,... .
0 0

(2m +3)1’
Inserting the above formulas into (3.3) gives that
Ioo(h,6) = VB >tttk (3.4)
m>0
where
CUmTVE e,

Umtl = om + 1) (2m + 3)
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Substitutng (3.4) into (3.2), M~ (h,d) can be rewritten as
M~ (h,6) =h? [ 2v2a0) + (P + u1Q1)h + (usQ1 + u1Qa)h?
3 (1 Q + umQa)h . (35)

m>2

By (1.8), (3.1) and (3.5), we obtain the following expansion for A > 0 small

8) =vVhY vl (3.6)
i>0
where
vo =2v2(agy — ag),
o =22ty o)+ P, M0+ 05 4 ),
vy = \4/;:-( 5 3b%) + 11(?/3 (agﬁ) %bﬁ) - 81\5f(b01 + ayg)
- 81\5F(b11 + 2a4) + 8\5[ <b03 + 3a12)
U3 Z?;;g (a+0 %b+) 12\!(%1 +ay) + lzf(bn + 2a5) (3.7)
+ %(bi + 3ag,) — 1(;\5[ (b63 3a1_2),
o == 2200 1) - 224 203) - 2205, 3y
+ 3385[ (bos 3a12)
+%af2) + %(bi + 3“30)} »n=> 4
Let

1 =agdy — agy, 02 = afy + b3y, 63 = by + 3azy, 01 = ady + lea

d5 :agz — Qg, 06 = a12 + 3b03, o7 = azo + ibua ds = ajp + by,
_ _ _ 1 _
59 :bll —+ 2(120, 510 = bOB + §a12.
It is obvious that
d(01, 62,03, ,010)

+ - + + + + - -
8(a00aa10ab21aa30aa02aalzvazoaalovbnabo:a)

rank =rankF; = 10,

where E7 denotes the 10 x 10 identity matrix. Therefore, 61, 2,03, -+ ,d19 can be
taken as new free parameters and they are linearly independent. Then, (3.7) can
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be rewritten as

vy =2v/201,
44/2 44/2 44/2
o =25, V25 V2
3ag 3 3
U:\fw6+16\f _sf _sf +8\/§§
> dag 1542 15 15 5 1O
3v2 16f 16v/2 32\f _16v2
3 = 1) 1) 6 ) 3.8
U3 8a3 4+ g+ 35 %9 + 105 35 010) (3.8)
32v/2 32\/5 128+/2 32v/2
vy =— dg — dg — 3+ d10,
63 63 315 105
(—1)r2ntly/2 6 4n —4
il = 208 + 209 — ——— 019 + ——— 03|, n > 4.
U Sy Den 43y | T T g 0 T g %)
Next, we prove vg, v1, - - , U5, Up41 are linearly dependent for n > 5 and v, vy, - -+ , vs

are linearly independent with each other. One can compute that

8(”0701aU27U3, ’U47’U57vn+1)

T _
0(01, 02,97, 84, 08, 09, 010, 93, J5, 0¢) - <61’ﬁ2’m ”610) =4

where
4
ﬂl:(2\/§7070707070a0)7 ﬂQ_(O 3\/>00000)
ao
16
B3 = (0,0, 15‘{,0 0,0,0), B4=(0,0,0, 8{,0 0,0),
3 _(0 42 8V2 16\f C32v2 64v2  (-1)"2n V2
T\ T3 15 3 63 ' 99 '(2n+1)(2n+3)
By — (0 0 8V2 16V2  32v2 64v2  (-1)"2"*2V2 )
6=\ T T35 0 63 T 99 T 2n+ 1)(2n+3)/
5 (00 8\/§ —16v2 32v2 —64v2 (—1)"t12nt2,/2
T\ TS T35 105 0 231 (2n+ D)(2n 4 3)
By = (0 0.0 32v2 —128v2 128v2 (—1)"2"*2y2  2n-—2
ST 050 315 0 231 T (2n+1)(2n+3) (2n—1)
4 2
8 = (0, {00000) B10 = (0,0, *4[ 10,0,0,0).

Since the row rank is equal to the column rank for a same matrix, we next obtain
the rank of the matrix A by doing simple row and column transformations. Let W
denote an n x m matrix, r; denote the ith row of W, ¢; denote the jth column of
W, u;; denote the element in the 7th row and jth column of W. Take elementary
transformations to A with the following steps:

S].Z ri/uii, i:1,2,3,4;

S2: c; + (—Ugi) X C2, 1= 5,9,
S3: ¢+ (—us;) X cs, 1=5,6,7,10;
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S4: ¢+ (*U4i) X Cq, 1=25,6,7,8;

S5 : 7’5/(—%\3/5)

so: (%)

. (_1)n2n+2\/§
ST T7/<(2n+ 1)(271—1—3))
S8: X1y Txre (2n—1) X ry;

1
S9 : Ce — Cs; —5 X C7; Cg — Cs;

i

i

S10:  cg+c.
Then, A becomes
_ F,00
A1: _ )
0 BO
where
5 010
B= 7 010,
2n—1010

E; is the 4 x 4 identity matrix. It is easy to see that

8(1)0,111, U27U37U4705)

rankB = 2, rankA = rankA; = rank = 6.
9(61, 62,07, 04, 08, 09, 610, 03, 05, 06 )
It means that vy, v1,va, v3,v4, U5, Up41 are linearly dependent and vg, vy, -+ ,vs are
linearly independent with each other. That is, when vg = v; = -+ = v5 = 0,

Unt1 = 0, n > 5. By Lemma 2.3, M (h,d) has at most 5 zeros for 0 < h < 1,
multiplicity taken into account. Further, we can vary d; such that

0< |UO| < |U1| <K |,U5‘ <1, VjUj+1 <O7j:O717"' 747

which ensure that M (h,d) has 5 isolated positive zeros.

The result for case n = 2 (n = 1, respectively) follows by taking d3 = d4 = d¢ =
010 =0 (83 = 04 = 65 = 0 = 67 = dg = d10 = 0, respectively). Similarly, we obtain
the conclusions for system (1.7). The proof of Theorem 1.1 ends.

4. Proof of Theorem 1.2

In this section, we will use ECT-systems and their Wronskians to estimate the
upper bound for the number of isolated zeros of the first order Melnikov function
for n = 1,2, 3 respectively. Let us consider system (1.6) first.

4.1. Casen=1
By (2.1) in Lemma 2.1, we obtain the expression of M ™ (h,§)

M*(h,8) = h* (Bgy + Biyh) (4.1)
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where By, and B, are defined in (3.1). We have further from Lemma 2.2
M~ (h,8) = —2v2a55h? + 2450 I5o.- (4.2)

Noting that

1
/\/a2_x2dx:§[x a2—x2+a2arcsinﬁ +C,
a

where C' is a constant, it follows from (2.3) that

-1
Ioo(h,0) = / V2h +1—v2dv
—v2h+1

V2h 1 T . -1
=" + 5(2h + 1)(5 + arcsin \/TT) (4.3)

Substituting the above fomula into (4.2) and combining (1.8) and (4.1), the first
order Melnikov function M (h,d) can be written as

V2h
M(h) =h? (Biy — 2v2ag + Bh) + 20| — ~5~
1 T . -1
+ 5(2h+ 1)(5 + arcsin W)] (4.4)
Let r = v/h. By (4.4), we have
M(r) = cor +c1(2r* + 1)(az + 1) + cor®, (4.5)

where

_ _ _ T, _
co =By — 2V2a5, — V2(bg; + agy), c1 = §(b01 +a),

2 -1
Co :B1+0» a = —, z = arcsin ——.
™ 2r2 +1
Through direct calculation, we get
2v/2 -2 0
0
rank—(fo’ ci’ 024)_ =rank[ 0 Z 0 |=3.

d(agy, a19, a1p) "
0 0 35

Therefore, the coefficients cg, ¢1, ¢ in (4.5) are linearly independent.

Let fo =7, fi = (2r> + 1)(az + 1), fo = r3. Next, we prove that {fo, f1, fo}
is an ECT-system on (0, +00). According to Lemma 2.4, we need to prove that for
any r € (0,400), the following three conclusions hold:

WI#Ov W2#07 WS#O
Clearly, we have W1 = r # 0 for r € (0, 4+00). The Wronskian W5 is provided by

L (2r2 +1)(az + 1)

- = (2r = 1) (az V2ar = gia(r).
14r(az +1)+2a (2 Diez+1)+v2 12(r)
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Note that g12(0) = 0 and z € (—7,0). We have

g1a(r) = 4r(az + 1) + V2a(1 - +1)>4r(az+1) > 0.

2
2r2 +1

Therefore, W5 > 0 for any r € (0, +00).
Now, we compute the Wronskian W3

r (2r2 +1)(az+1) r3
1 4r(az +1) +2a 3r?

04(az+1)+ é\r/;j:lr 6r
2r

2r2 41
2r

2r2 41

W3

[(27“2 + D(az+1)(2r — 3) + V2ar(2r® + 3)}

g13(7).

The behavior of function gi3(r) on [0,2] is drawn by Maple (see Figure 2). Obvi-
ously, W5 > 0 for r € (0,2]. For r € (2,+00), we have

Figure 2. The graphic of function g13(r) for r € [0, 2]

g13(r) > (2r% + 1)(az + 1) + V2ar(2r? +3) > 0.

Hence, W3 > 0 for r > 0.

Therefore, the ordered set { fo, f1, f2} is an ECT-system on (0, +00). According
to the property of ECT-system, the first order Melnikov function M (h) in (4.4) has
at most 2 isolated zeros for A > 0, multiplicity taken into account.

4.2. Casen=2
From Lemma 2.1 we have
M*(h,8) = h* By + (Biy + Bia)h + +B3h?] (4.6)

where By, Bjy, Bj; and By are defined in (3.1). The function M ~(h,d) has the
following expression by (2.2)

M~ (h,8) = h#(=2v2a5, + Pih) + Q1 15, (4.7)

where

W2 22 o
b = —3 %10~ 3 %2 Q1 = 2qy + 21,
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Inserting (4.3) into (4.7) and combining (4.6), the first order Melnikov function
M (h,d) can be represented as

M(h) = h? [B;{] —2v2ag, — 3% + (B + By + P1)h + B, h?
7TQ1 2 . -1
+ T(Qh + 1) (1 + ; arcsin ﬁ) . (48)

Let r = vh. We have

M(r) =cir+ c"{(2r2 +D(az+1)+ 0’2‘7“3 + c§r5, (4.9)
where
2 . -1 @
a==, z=arcsin ———, ¢! = B, —2v2a;, — ==,
p Bz 1 © 00 0= 5
ct :Tl’ s = Biy+ B, + Py, ¢ = Bi,.
It is direct that
2v2 /2 0 0
a *, * *, * 0 jus 0 0
rank S_CO C_l’ 62+ c) = rank 2 =4,
Aagy atgs ajy, asp) 0 0 %05 0
16v2
0 0 0 185

which implies that the coefficients cfj, ¢}, ¢35, ¢5 in (4.9) are linearly independent.
Let fo =7, fi = (2> + 1)(az + 1), fo =13, f3 = r5. Next, we prove that
{fo, f1, f2, f3} is an ECT-system on the open interval (0, 4+oc0).
From the proof in case n = 1, we know that {fo, f1, f2} is an ECT-system on
(0, +00). Hence, we only need to prove Wy # 0 on (0,400). For the purpose, we
calculate the following Wronskian determination

r (2r2+1)(az+1) 3 o°

1 4r(az +1) +v2a 3r% 50t r3 B
4= = 55 1,5924\T),

0 4(az +1) + H2er 6r 2078 (274 1)

0 2 6 60r?

where

gaa (1) =384(az + 1)7% + 192v2ar® — 576(az + 1)r* + 704v2ar® — 864(az + 1)1
+ 240v2ar — 240(az + 1).

Part of the image of function go4(r) is shown in the Figure 3. One can see that Wy
> 0 for all r € (0,2]. Next, we consider the determination Wy for r € (2, +00). Let
u=az+ 1. It is obvious that go4(r) > 0 for all r € (2, +00), since

384ur® — 576urt = 384urt(r®* — 1.5) > 0,
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192v2ar® > 0,
704v/200® — 864ur? > 633.6r%(r — 1.4) > 0,
240V 2ar — 240u > 216(r — 1.11) > 0.

From Lemma 2.4, {fo, f1, f2, f3} is an ECT-system on the open interval (0, 400).

(a) r € [0,0.5]. (b) r € (0.5,2].
Figure 3. The graphic of function g24(r) for r € [0, 2]

Then, the function M (h) in (4.8) has at most 3 isolated zeros for h > 0, multiplicity
taken into account.

4.3. Casen=3

Combining (3.1)—(3.2) and (4.3), we obtain the expression of first order Melnikov
function M (h,d) for system (1.6)

1 _ @ Q2
M(h) =h? [BSQ) — 2205 — 5+ (B, + B + P - \—@>h + (Bfy + Bf)h® + B{h*
T 9 g . -1
+7 [Q1 + (2@1 + Qz)h +2Q2h ] (1 + — arcsin 7m) (4.10)

Let 7 = v/h. Then, the first order Melnikov function can be rewritten as

M(r) = éor+& (2r2 +1) (az+1) +Er® 4+ E31° + &4 + &5 (az+1)(rt —0.25), (4.11)

where
- + \[ — Ql ~ ™ 1 ~ + +
Co :Boo -2 2CL00 - %7 1 = Z(Ql + 5@2)7 Cy = B10 + Boz +P17
C3 :BB + B;B, Cy = B;Q), G5 = IQQ, o= g, z= arcsin_il.
2 ™ V2r2 +1
It is easy to get that
2v2-v/2 0 0 0 0
o 2 0 0 o0 %
G0y G Cn. Ca & 0 0 %2 o 0 5/2
8(60761762563764765) 3ag
rank e e rank = 6.
Iagg, atg, ajy, asg, azg, azg) 0 0 0 1165‘{? 0 0
3v2
0 0 0 0 Sad 0
o 0o o0 o0 o0 &
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Hence, ¢y, ¢1, 2, C3, €4, C5 in (4.11) are linearly independent.

Let fo =7 fi =2+ 1)(az+1), fo =713 fa =1 fo =77, fs = (az +
1)(r* — 0.25). From the proof in case n = 2, we know that {fo, f1, f2, f3} is an
ECT-system on (0, +00). Hence, we just need to study the properties of W5 and
Weg. The Wronskian Wi is expressed as follows:

r (22 +1)(az+1) r* > T

1 4r(az +1) ++2a 3r? 50 7 .

— 4v2ar 3 5| = 7”"
W5 = 04(az+1\)ﬁ+ s Or 20r° 42r° | = (2T2+1)3935(T),
8V 2«
0 m 6 607‘2 210T4
0 —gn 0 120r 84073

where

g35(1) =184320(az + 1)r® + 92160v2ar” — 368640(az + 1)r° 4 586752/ 2ar”
— 829440(vz 4 1)r* + 407040V 20® — 460800(vz + 1)r% + 80640V 2aur
— 80640(az + 1).

The figure of function gss(r) is drawn by Maple as follows. From Figure 4,
we know that gss5(r) > 0 on the interval (0,5]. Next, we prove gss(r) > 0 for

J

(a) r € (0,0.1]. (b) r € (0.1,2.5]. (c) r € (2.5,5].
Figure 4. The graphic of function gss(r) for [0, 5]
r € (5,400). Let u =1+ az. Then gs5(r) can be rewritten as
g35(r) =96 [19201“”8 +960v2ar” — 3840ur® + 6112v2ar® — 8640ur? + 4240v2ar®
— 4800ur? 4 840V 2ar — 840u

596?]35(7').
Note that w € (0.9111,1) for r € (5,4+00). For the terms in gs5(r) we have

1920ur® — 3840ur® > 1749.3r%(r* —2) > 0 (4.12)
9

9607207 — 8640ur* > 960v/2art (13 — ———) > 0 (4.13)
2v/2

6112v2ar® — 4800ur? > 550072 (1% — 0.88) > 0 (4.14)

4240v2a7r3 4 840V 2ar — 840u > 3816(r% 4 0.19r — 0.22) > 0. (4.15)

Adding up (4.12)-(4.15) gives that gss(r) > 0 for all r € (5, 400). Therefore, W5 > 0
for r > 0.
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Now, we compute Wronskian Ws. For the sake of convenience, let R? = 2r% 4 1.
Then, Wy is expressed as follows

r R2y rd rd T u(rt = 0.25)
1 dru++2a 3% 5% 7 f5'
S e A AN A L U L
= = —z7936(T),
0 8%2“ 6 602 21000 f R
0 — % 0 120r 84073 554)
0 ggééégkf:ll 0 120 252002 £
where
V2a(r* —0.25
f5/ :# + 4’1"3U,
4v2a(3r° + 213 + 0.25r
5" = ( Rt ) +12r%,
5 4v2a(9r* + 7r? +0.25)
5( ) _ = + 24ru,
) :8\@&(127"5 +16r° + 9r) + 24u,
R6
(5 _96v2a(=2r% + 1)
5 = RS ’

With the help of Maple, we obtain that

g36(r) = — 768V 2ar [fsl% + f5" 2 + f5(3)s03 + f(4)<,04 + f(S)RQ% +u(r* — 0.25)

6300
xmmmﬁwwzfum—&%mR%—4%mR%?—mmmﬁ+mmﬁﬂ
(0%
—768v2ar
—TQ%( r),
where
6300 8 6.2 4.2 2.4
1= - -
o= uR®r — 6300R%r? + 12600R*r? + 40320R*r* + 67200r° — 6720r%,
20
1575 8 2 8 4.3 2.5 7 5
@2:::z§7ufz(2r — 1) 4 1575R% — 4200R** — 16320R*° — 2880017 + 2880r°,
(6]
3 = 55R8 —2r? 4+ 3) — 1575R%r + 2100R%r* + 2880R?r% + 640018 — 6407,
ISV
2
@4*73mR8%7372D+6%R%3—HEM#W+3%R%&7MWﬁ+6Mn
2
1
%:ngﬁﬂ2ﬁ+nfmw%ﬁﬂwﬁﬁf%ﬁﬁfmﬁ
o

The figure of function gse(r) is drawn by Maple as follows. From Figure 5, we can
see Wy has precisely 1 isolated zero on the interval (0, 4+00). It is easy to calculate
that the zero ro of W is close to 0.70639773 and W{(rg) # 0.
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Figure 5. The diagram of function gse(r)

By Lemma 2.5, the function M (h) in (4.10) has at most 6 isolated zeros on the
interval L = (0, +00) and 6 zeros can appear for some suitable choice of parameters
(e,6), multiplicity taken into account.

From above discussion, we can obtain the results for system (1.6) following the
Theorem 4.4 in [4]. Make change of variables (z,t) — (—x, —t), system (1.7) can be
transformed into system (1.3) satisfying the condition (1.4). Using the same method
as system (1.6), we can obtain the similar conclusions for system (1.7). This ends
the proof. O

We remark that different order of set F leads to different upper bound esti-
mations of zeros of nontrivial function in Span(F). For example, consider system
(1.6) for case n = 3. Let fo =71, fi = (2r2 + )(az + 1), fo =713, f3 =1 f1 =
(az +1)(r* = 0.25), f5 = r’. Through previous proof, the set {fo, f1, f2, f3} is an
ECT-system on (0, 4o0c). However, direct calculations show that the Wronskian W
has one isolated positive zero in this order. In fact,

r  R?u r3 o u(rt —0.25)
1 dru+ V2« 3r2 5rt fs'
Ws =10 4u + % 6r 2073 15"
0 82 ¢ gor2  fY

R4
0 —8tyZar o 120 fiY
r
Zﬁ\/ﬁa [f5/¢1 + f5"¢2 + f§3)¢3 + f5(4)¢4 + u(r* —0.25)
2880
(2880R4r + 2 URS — 5T60R*r — 1536Or3)}
V2a
ro_
Eﬁg&’)(r)v
where
2880 6 4 2 2.2 4
¢1 = — —R°ru — 2880R™r* + 5760 R“r~ 4+ 15360r™,
V2«
720 6 2 6 2.3 5
2 = — —R°u(—2r" + 1) + 720R°r — 1920R*r> — 6144r°,

V2a
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240
b3 :\fTRe’ru(—%Q + 3) — 720R%r% + 960R* r* + 10247,
«
240 6,.2 2 6,..3 4.5 2.5
p4 =——R°r“u(0.4r° — 1) + 240R°r° — 384R"*r° 4+ 128 R*r°.

V2a

The figure of function gss(r) is drawn in Figure 6.

-1000

40 -2000

-3000

(a) r € (0,0.5]. (b) = € (0.5,0.75).

-100000

-200000

-300000

-400000

-500000

(c) r € (0.75,1]. (d) r € (1,00).

Figure 6. The graphic of function gss(r)

By Maple, one can see that the Wronskian W5 has precisely 1 isolated zero ry
near 0.702581 and W{(r1) # 0. Then, from Lemma 2.6, we only obtain that the
number of zeros of M (h) in (4.10) of system (1.6) does not exceed 7.
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