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Abstract In this paper, some properties of a stochastic convolution driven
by tempered fractional Brownian motion are obtained. Based on this result,
we get the existence and uniqueness of stochastic mean-field equation driven
by tempered fractional Brownian motion. Furthermore, combining with the
Banach fixed point theorem and the properties of Mittag-Leffler functions, we
study the existence and uniqueness of mild solution for a kind of time frac-
tional mean-field stochastic differential equation driven by tempered fractional
Brownian motion.
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1. Introduction

In 2015, Sabzikar, Meerschaert and Chen [16] proposed a tempered fractional deriva-
tive that multiplies the power law kernel by an exponential tempering factor. Tem-
per means that it produces a more tractable mathematical object, and can be made
arbitrarily light. It has better properties than the fractional derivative that can be
approximated by adjusting the parameters by resulting operator over a finite inter-
val. The basic definitions and properties of tempered fractional Brownian motion
(TFBM for its abbreviated form) was proposed in [12], which modifies the power
law kernel in the moving average representation of a fractional Brownian motion
adding an exponential tempering. Then, the theories of stochastic integrals for TF-
BM were developed in [13]. Along the way, they also developed some basic results
on tempered fractional calculus. First, we give the definition of TFBM, as defined
n [12]. Detailed description will be introduced in Section 2.
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Definition 1.1. For any ¢ < 1/2 and A > 0, letting {B(¢) }+er be a real-valued
Brownian motion on the real line, the stochastic integral

—+o0
BN = [ [ )5 e N ()7 Blda)

is called a TFBM, where (z)4 = Tl (z>0), 0% =0, and X is called tempered parame-
ter.

A solution to stochastic evolution equations can usually be as represented a
stochastic convolution generated by infinitesimal generator driven by noises. It is
requisite to give the regularity of stochastic convolution in function spaces where the
solution exists. In this paper, we are concerned about the regularity of stochastic
convolution driven by TFBM (Lemma 3.2 and Lemma 3.3). As an application, the
existence and uniqueness of the following mean-field stochastic differential equations
(SDEs for its abbreviated form) driven by TFBM is studied.
da(t) = Az(t)dt + f (£, 2(t),Pyy) dt + 7 (8, Pory) dBG (1), a1

x(0) = xo,

where the operator A generates an exponentially stable semigroup, f,~ are contin-
uous functions with additional properties which would be specified below. Assume
that there exists a complete orthogonal basis {ex } .y in a Hilbert space H, and that

BG = {Bg’\(t)} _ s cylindrical H -valued TFBM defined on (Q,Jf, {(Fi}oo P)
t>0 -

with a finite trace nuclear covariance operator @ > 0. Denote Tr(Q) = 202 Ak < 00,
which satisfies that Qex = Apeg, k € N. The cylindrical H -valued TFBM is defined
as

BEMt) =Y VB e, t>0,
k=1

where {Bz’)‘} (k € N) are independent TFBMs.

Mean-field SDEs, also named as McKean-Vlasov equations, whose coefficients
depend upon the marginal distribution of the solution, were discussed the first time
by Kac, Uhlenbeck and Hibb [7] in their analysis of the Boltzmann equation for the
particle density in dilute monotonic gases and a toy model for the Vlasov kinetic
equation of plasma. Mean field SDEs have been used to study high-dimensional
systems corresponding to a large number of particles, i.e., N-players stochastic
differential games [9,10]. The existence and uniqueness of almost automorphic so-
lutions in distribution of mean field SDEs driven by fractional Brownian motion
were established in [2]. The existence of stationary solutions adapted to dissipative
finite-dimensional SDEs driven by TFBM was studied in [5,6]. Recently, Wang,
Liu and Caraballo [19] have considered the exponential behavior and upper noise
excitation index of solutions to evolution equations with unbounded delay and tem-
pered fractional Brownian motions. As far as we are concerned, it is meaningful
to discuss the global existence and uniqueness of mean-field stochastic differential
equation driven by TFBM. In addition, it has been found that fractional calculus
can be useful in the most diverse areas of science, mainly due to the nonlocal char-
acter of the fractional differentiation. There have been many meaningful results in
recent years. Carvalho and Planas [1] got the mild solutions to the time fractional
Navier-Stokes equations in R™. Shen and Huang [18] discussed time-space fractional
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stochastic Ginzburg-Landau equation driven by Gaussian white noise. Zou explored
a Galerkin finite element method for time-fractional stochastic heat equation in [20].
Li and Yang [11] got the stability analysis for the numerical simulation of hybrid
stochastic differential equations. Recently, Kumar et al., [3,4, 17] have explored
the dynamics of fractional differential equation, and they also give computational
algorithms for fractional partial differential equations in [8, 14].

Therefore, in this paper, we also give the regularity of Mittag-Leffler function
driven by TFBM (Lemma 4.1 and Lemma 4.2). As an application, the global
existence and uniqueness of the following mean-field SDEs driven by TFBM is
given

{ Dfx(t) = Az(t)dt + f (t,2(t), Pugry) dt + 7 (£, Pogry) dBGA (1), 12)

z(0) = zo.

The structure of the paper is given as follows: In Section 2, we prove some
basic results on tempered fractional Brownian motion, and give the regularity of
stochastic convolution of TFBM. In Section 3, we give the existence and uniqueness
of mean-field SDEs driven by TFBM. In Section 4, we discuss the properties of
time fractional Mittag-Leffler functions driven by TFBM, and give the regularity
and existence and uniqueness of time fractional mean-field SDEs. We also give the
existence and uniqueness of mean-field damped wave equation as an example in
Section 5.

2. Preliminaries

In this section, we present some basic properties related to tempered fractional
calculus and stochastic integrals with respect to TFBM.

Definition 2.1 ( [16]). For any f € LP(R) (where 1 < p < c0), the positive and
negative tempered fractional integral on R are defined by

19 f( / flu )e e My (2.1)

and
1

a,\ _ - oo _ pna—1_—X(u—t)
I f(t) = F(oz)/t flu)(u—1t)*""e du (2.2)

respectively. For any a > 0 and A > 0, where I'(a) = fo
Gamma function.

Definition 2.2 ( [12]). For any —1/2 < 0 < 0, > 0, and for any a,b € [0,T] with
b > a, we define

/ " OB () = Tk 1 1) / ") R )R, (23)

o0 ez pa=1dy is the

for any f € Ay = {f € L%(a,b) f |]Ik>‘ AP Af(t){th < oo}. Here,

k = —o and A; is a linear space with inner product <f, 9) 4, = (F,G)L2(ap), Where
P(t) = T(k + 1) (T2 (1) = A (1),

T(k+1) (H’i”\g(t) - A]I’i“%(t)).

Q
—
~+
~
I
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Next, we have the following lemma to give the isometric property of stochastic
integral with respect to TEFBM. Throughout the paper, we assume that (H, ||-||) is a
real separable Hilbert space. We denote by L£(H, H) the space of all bounded linear
operators from H to H. Note that £(H, H) is a Banach space, and we denote the
norm by || - || zqm,ay- We assume that (€, F,P) is a probability space, and £2(PP, H)
stands for the space of all H -valued random variables Y such that

E|Y]? :/ |YV[[2dP < oo.
Q

It is £2 -bounded, if sup ;er| Y (¢)]]2 < co.
A stochastic process Y : R — £2(P,H) is said to be £2-continuous or square-
mean continuous, if for any s € R

lim E|Y () - Y(s)||* = 0.

t—s

A function g : R x £2(P,H) — £*(P,H), (t,Y) — g(¢,Y) is said to be square-
mean continuous process in ¢t € R for each Y € L£2(P,H), if g is continuous in the
following sense

Ellg(t,Y)— g, Y)> =0, as (£,Y') = (Y).

The operator A is an infinitesimal generator on a Hilbert space H, (e,,a,),n =
1,2,--- are the eigenvectors and eigenvalues of A. Denote the operator A is well
defined in the space of functions

H={f = Sfaen| I/l := (S7202)* < 0}

For v, ¢ € L(H), we define (¢, ¢)g = Tr (¥Q¢*), where ¢* is the adjoint of the
operator ¢. Then, for any bounded operator ¢ € L(H, H),

2

)

ol = Tr (6Q6) = 3 | VAwser]
k=1

where {ey} is a complete orthogonal basis in H. If [|¢||3, < co. Then, ¢ is called a
@ -Hilbert-Schmidt operator. Then, we have

Lemma 2.1. If ¢ : [0,T] — L(H,H) satisfies fOT l(s)||Hds < oo, then for any
tel0,T],
2

| [ oz o) <rra - [jowias 24)

where —=1/2 < o <0, A > 0.

Proof. According to the Definition 2.1, Definition 2.2 and the isometric property
of Itd stochastic integration, we have

2

| [ S()BE )

; /O VA(s)exdBEG (s)

2
=E
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E

Sor-0) [ (Aol - M As(s)al) dB(s)
k=1 0

F2(1—o—)/0t

2
ds.

7MY VAkb(s)er] = A7V Akd(s)e]
k=1 k=1

2

Then, by using the definition of tempered calculus and the Young’s inequality,

we can get

IN

IN

IN

<

Similarly,

IN

IN

IN

IN

/0 t H_”’A[li VAr6(s)ex] o
ﬁ /Ot /:o[gl Vad(w)er](u—s) "7 te A=) gy 2ds
F2(10)/0t /_O;[g:l VAd(u)er](u — s)77 e M)+ gy 2ds
I\z(l_a)/ot §m¢(5)ek 2ds (/Ots;"—le*5+ds>2
(fomsrz(f,;sds)z A imas(s)ek s
e | l6(s) s,

t . )
/ oA VAol | ds
==/ t / m[i Srrsend(— 50| 4
F2(11_U)/0t /Oo [i VAko(u)ex](u — 8)37e M9+ dy st

T k=1

2 t 2
ds (/ s+"e—)‘s+> ds
0

2

1 &
I2(1-o) /0 ; \/EQS(S)%
e vas)®
I

T2(1— o)

ds

> VAkb(s)en
k=1

t
2207 [ ool

Then, by combining the two estimates, the proof can be finished.
For the sake of convenience, from now on, we denote H = % —o,and C(\,H) =
21 —o)\%.

O
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Lemma 2.2. For any —1/2 < o < 0,\ > 0, assume that a function F : H — R!
and its first and second Frechét deriwatives Fy, Fy,, are uniformly continuous on
bounded subsets of [0,T] x H. f and g are predictable processes on [0,T),P -a.s.,
and X (0) is a Fo- measurable random variable. We have the following rules. If

X(t) :X(O)—i—/0 f(s)ds—i—/o g(s)dB"”\(s),

“‘/Ot;Tr{Fm(X(S)) [HE’A79(8)—>\HE+1”\9(8)} [Hli”\g(s)—/\]lli“”\g(s)}*}ds_

Proof. According to Definition 2.2,

X(t) = X(0) + /0 f(s)ds + /0 "2 g(s) — AI"T 12 g(s)dB(s).

Then, by using the Itd lemma for stochastic integral for Brownian motion, the proof
can be finished. O

Let (X, d) be a separable, complete metric space and let Pr(H) be the space of
Borel probability measures on H, which is a Hilbert space.

For p,v € Pr(H), we define
/ hd(ﬂ - V) ’
H

where h are Lipschitz continuous functions on H with the norms

dpr(pu,v) = sup
Rl BL<1

1kl = max {{|Allec, 1PN} s [[hlloo := Slelglh(x)l < 0,

[h(z) — h(y)|
[z —yl|
It is known that dpy, is a complete metric on Pr(H), which generates the weak

topology. For a random variable z : (Q,F,P) — H, we will denote by u(z) :=
Pox~! its distribution. If pu,v € Pr(H), W(u,v) denotes the 2-Wasserstein metric

||h||L:sup{ ,w,yéﬂw#y}.

W(u,v) := inf {/ llz — y||*n(dz, dy); = € Pr(H x H) with marginals z and 1/} .

By the definition, we have

1/2
|E [21] — E [z2]|| < W (Pyy, Parry) < [Ellz — 2| ] .

Here, P,y denote the distribution of x(t).
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3. Existence and uniqueness of the mild solution of
(1.1)

For simplicity, as Da Prato’s work in [15], we assume that A is a dissipative semi-
group with o < 0, where «j means the eigenvalues of A. Then, the operator
generates a Co-semigroup T'(t) satisfying

IT@)] < Ke™* (3.1)

with w, K > 0. Then, we can give the definition of the mild solutions of (1.1).

Definition 3.1. A H-valued stochastic process z(t) is called a mild solution of (1.1)
with initial value x, if the following equation is satisfied

x(t) = xo +/0 T(t —s)f(s,2(s),Pys))ds + /OIT(t - s)v(s,Px(s))ngv\(s).

Lemma 3.1. Assume that —1/2 <0 <0, A >0, H=1/2—0, and v is uniformly
bounded on [0,T), then

2

< 00. (3.2)

t
E \ [ 7= onts Baang )
0

Proof. According to the property of T(t) and Lemma 2.1, we have

t 2
E \ [ 1= onts Ba)ang o
0

2
t
T(t — s)v(5, Pags)) vV Arerd B (s)

2
ds

\/ Tt—S S Px(g))

<oonmy / MIT(E = )21 (5, Pagoy) s
k=1
< C()\7H)||'y(s,IP’x(s))||2 < 00.

Thus, it completes the proof. O

Lemma 3.2. Let —1/2 <0<0,A>0, H=1/2—0, and vy is uniformly bounded
on [0,T], 3272 =3 < 0o, where BU’\( t) = oo VABr(t)er, Aer, = agey. Then,

the stochastic convolutwn 2(t fo (t — 5)7(s,Pys) )dBU)‘( ), t € [0,T] has a
continuous version.

Proof. For s,t € [0,1], s < t, we have
Elz(t1, ) — z(t2, z)||*

tl t2 2
/ T(ty — 5)1(s, Pagey )ABE(s) — / T(ts — 8)1(s, Pagey )dBE(s)
0 0

=E
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2

= 25| [ (701 - 9 Tt~ (o Pug B

2

ta
+%:/ T(tz — 5)v(5, Pu(s))dBG (5)

t1

— I, + L.
Then, for T'(t) is a Cy-semigroup, we calculate that
ty \
B =E| [ (2t~ 5) = Tlt2 = ) (5. Pagy B 5|
0

2
ds

o0

Z(T(tl - S) - T(tQ - 5))7(57 Pz(s))ek

k=1

t; ©© 2
< C(\H) / >k [t — A (s By e | ds
0 k=1

<\ H) /0 !

oo th
<MY\ / e (1=9) _ ganlta=9) (5 B, )| 2ds
k=1 0

< C()\, H) ki:jl ”’7(57]}%(5))”2% {2 (1 _ e_(tl—t2)06k) _ (1 _ e—2(t1—t2)ak)

_ (1 _ 6*2(t1*t2)04k> _ (e*tlak _ e*twék)q

<C\H)Y HV(S’P“S))”Q(TZ (1 o (ti—ta) k)

k=1
< COH)Y (s, Poo)) 1P === 1t =t
k=1 g

< OO\ H)|t — b

Note that for arbitrary x € [0,1] and all x > 0,y > 0,|e”® —e Y| < |z — y|".
Here, we need to prove that ||y|| is uniformly bounded. Similarly, according to the
dissipative property of T'(t), we have

2

ta
L =E\ [ 7= (s P36

t1

2
ds
Q

Z V )\k:T(tQ - S)’Y(s?Pm(s))ek
k=1

< OO\ H) /

to
t1

Z T(tQ - S)’Y(Sa Pw(s))ek
k=1

2
ds

ta

< OO\ H) /

t1

o) to
<O )Y / Nl (8, Paey) |22k 4
k=17t

oo

A
<OOH) Y el = tal™,
=1 %
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Thus, there exists x € [0,1] such that

E|l2(t1, x) — 2(te, 2)|I* < C(\, H)ty — ta "
By the Kolmmogorov’s test theorem [15], there exists a continuous version of z.
The lemma is proven. O

Theorem 3.1. Assume that f,~v are square-mean continuous processes in t € R
for each x € L*(P,H). Moreover, assume f and v satisfy Lipschitz conditions, that
is, for all z,y € L?*(P,H),u1,puz € Pr(H) and t € R, —1/2 < o < 0, A > 0,
H =1/2 — o, there exist constants L and L' such that

If (tspin) = f Gy )| < (e = gll* + W2 (i1 p2)) (3-3)

17 (8 1) =y (& p2) | < LW (i, o) - (3-4)

2K2%L 2K2C(\H)L
w? + w?

where L satisfies < 1, and ~ is uniformly bounded on [0,T].
Then, equation (1.1) has a unique continuous solution.

Proof. We need to prove that the operator

t

Lie=alt) =20+ / T(t = 8)f (5, 2(5), Pus))ds + / T(t — )7(s, Pa(e))dBG (5)

is a compress operator defined on C([0,T],H). Taking norms of the £(z), we have

2 2

t t
Elle(®)|> <|leol>+E H [ 7= 91006 Pago)as|| +E| [ 70— 5106 Pri s

+E|

By Lemma 3.1, we get that the operator £ maps C([0,T],H) to C(]0,T],H) . Then,
we need to prove that it is compressed. Let x(t), y(t) € L2, taking norms of the
L(z —y), we have

Ela(t) - 0 <E|

/O T(t — 8)[f(5,2(5), Page)) — F(5,4(5), Py(oy)lds

2
+E

/0 T(t — 5)v (s, Pagey) — (5, Py(oy)lds

2L+ I,

Then, we calculate that

2

I <E H/_ T(t—s) [f (5,2(5),Pacs)) — f (5, 4(5),Pys))] ds

t t
< Kg/ e~ @t=9)ds (/ e_“’(t_s)EHf (s,x(s),]}”z(s)) —f (S,y(s),Py(s)) |2ds)

—00 —00
2

t
< K?L </ e“’(ts)ds> igﬂ}g (]E||x(t) —y(t)||? + W? (IP’x(t),IP’y(t)))

2K2L
< == supE|z(t) — y(t)||”
w teR
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and

t 2
L<E H/_ T(t =) [v (5. Pas) =7 (5:Py(s))] dBG (5)

t 2

< K2C(\H)L (/ e““S)ds) sup (Ell2(t) = y(I” +W* (Pa Pyn))
S

2K2C ANH)L
< 7(2 ) sup E[lz(t) — y(¢)[|*.
w tcR

Thus, it follows that, for each t € R,

E - Z
2 2 Sup 2(s) —y(s)|l

2 2
E |[(Lx) (£) — (Ly) ()] < [2K L 2K C(%H)L}

2
Under the condition [25? 4 2K C(fg"H)L} < 1, it follows that £ is a contraction

mapping on C ([0, 7], H)) . Hence, using the Banach fixed point theorem, we get the
existence and uniqueness of the equation. O

4. Existence and uniqueness of the mild solution of
(1.2)

To establish the existence and uniqueness of
Dfx(t) = Ax(t)dt + f (t,2(t), Pogry) dt + 7 (. Pogr)) dBG (), 1)
2(0) = xo, .

which is a time-fractional stochastic mean-field equation driven by TFBM. The
definition of A, f and « are introduced in Section 2. Here, the Df* denote the
Caputo fractional derivative with « € (0,1). First, we give some definition of
fractional calculus.

Definition 4.1 ( [1]). For a > 0, the Riemann-Liouville fractional integral operator
of order « for function f € L([0,T],R) is defined by

1

o F(t) = m/0 (t— ) f(s)ds,  tel[0,T] (4.2)

Definition 4.2 ( [1]). For a € (0,1), the Caputo fractional derivative of order «
for function f € C([0,T];R) is defined by

d

Dy f(t) == — [~ (f(t) = £(0))] =

1 ! —a gl
== )/O(t—s) f(s)ds. (4.3)

Nl -«

Definition 4.3 ( [1]). The Mainardi’s function is given by

- (=2)*
M, = 1 . 4.4
o(?) kgoklf(—ak+1—a)’0<a< »2€C (44)




The Regularity of Stochastic Convolution Driven by TFBM and Its Application 597

Moreover, M, (z) > 0 for all ¢t > 0, and satisfies the following equality

I(r+1)

" M, (t)dt = ,
/0 ®) I'(ar+1)

r>—-10<a<l. (4.5)

Definition 4.4 ( [1]). The Mittag-Leffler functions is defined by

k

Z 27, a,n € C, Re(z) > 0. (4.6)

Fanl®) = 2 Tk )

Definition 4.5 ( [1]). The Mittag-Leffler families operators based on the analytic
semigroup S(t) generated by the space fractional operator (—A)7 is defined by

Toq(t) = /0 h M, (s)S(st%)ds = /O h M, (s)e "4 ds (4.7)

and

Sa~(t) = /000 asM,(s)S(st™)ds = /000 asMgy(s)e "4 ds. (4.8)

Now, we shall introduce some notations of functional spaces given as following

H = {u = unen € L2[R] ‘ ]

e = (nuiafl)% < oo}

245)2. Then, (e,(x),a)) are the eigenvectors and

with the norm ||ullgx = (ku ,a) _
eigenvalues of A with Dirichlet boundary conditions, and the operator A% is well

defined in the Banach space H".

Definition 4.6. A H"-valued stochastic process z(t) is called a mild solution of
(1.2) with initial value ug and ng, if the following equation is satisfied,

t
x(t) = Thoxo + / (t— s)a_ls'ayg(t —5)f(s,2(s),Py(s))ds
0

t
+ / (t— )" S a(t — 5)7(5, Pagay)dBE (5).
0

Let 2(t) = fot Sa2(t—s)v(s, Pz(s))ngj)\(S)~ Next, we will give the regularity of

z(t).

Lemma 4.1. When —1/2 < 0 < 0, a > 0, H = 1/2 — 0, and 7 is uniformly
bounded on [0,T]. Then,

< oo0. (4.9)

i
HK

t
/ Sua(t — $)1(5 Pae)dBZ (5)
0

Proof. It follows from the fact that ||ex||cc < 1. Then, by the disspative property
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(3.1),
E[|2(t) 7

oo t 50
> <A; / (t=m) / asMo(s)e " dsy(s, Py(s))dBG (1), €k>
k=1 0 0
oo t o )

H) Z/ [/ A%(t — T)Oé—l/ asMa(S)e—S(t—‘r)aAek’y(S,Pw(s))dsd.r] dr

D 0
2
C(\ H) Z/ [/ sTOM, (s)(t T)a_l_QQW(SaPm(S))dS} 0

)\ H Zkzﬁ 20)”7 S Px() ” / 2a 2— 2a9d7_

2

<C\H) Z R TEOTRI200 oy (5, Py )P < o0
k=

Choosing 6 > 2% to ensure the H* norm of z(t) is well defined. O

Lemma 4.2. Let —1/2 <0 <0,a>0, a € (%,1), and 7y is uniformly bounded,
then the stochastic convolution z(t), t € [0,T] has a continuous version.

Proof. For s,t € [0,1],s < t, we have

Elz (t) - ( 2)”

<2C>\H /

=1
oo

2
dr

(t1 —7) 7/ asMy(s)e 0= e, (2)ds

0

[ ty — 1) 1/ asM,(s)e 5= 4
0

2

—(ta — 1) 1/ asM,(s)e _S(tQ_T)aAds} ex(z)| dr
0

£2C(\, H)1 +2C(\, H) I

Minkowski’s inequality yields that

[ oo tl %
/ Mo (s) (/ (ty — 720D ezs(nrmng) ds]
0 ta

L o,
e} ty 2
/ asM,(s) (/ (ty — )27 D=0 s_aak0d7> ds}
0 to
r oo t1
/ asM,(s) (/ (t1 — 7)4(0‘71) s™%a 0dr
0 ta

2 3
—|—/ (ty —7) 72 s_ea;9d7'> ds]
ty

2
L

M

T
I

o

=~
Il
—

o

=
Il
—
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> 40-3 _0 [ 1_0
SZ [t1 —to| 2 ak2/0 as T2 M,(s)ds

k=1

1-2a060 _ 6 o 1_0 2
+ |t —to| 7 a? / as "2 M(s)ds
0

k=1
< CZ/{:_QG (|t1 _ t2|40¢73 Tt - t2|172o¢9).
oo

Choosing 0 < %, o> 4 ensures that I; < oo, we obtain

oo 00 to
I Z [/ OéSM ) </ | (tl _ T)afle—s(tlf'r)aak _(tl _ 7—)0‘716*5(1‘/2*7')&%
0

1 2
2 2
d7'> ds}

oo [e’e] ta o o 2
Z [/ asM,(s) (/ | (t1 — T)Q(a_l) (e_s(tl_ﬂ ar _ gms(t2=7) “’“) dr
—1 0

2

+ <t1 - T)a_l e s(tmm) ek _ (t2 — T)a_l e—S(tz—T)(‘ai

o—25(ta—7)%ax ((tl B R (g 7-)0‘_1>2 d7'> ’ ds]

oo to
{/ s Mo ( )(/ ats? |ty — to] (1 — T)Q(Q_l) (t— 7))
0

ta %
e~ 2s(t=T) kg 4 / 579 (ty — T)fae a,;e [t1 — t2\2 (t— 7)2(“_2)d7) ds]
0

1—9i1 o0 9 01 to 9 209 9 9 0 %
a / as™ > Mo (s)s / [t1 —ta2]“(t1 — 7) (t —7)**=*7*%dr
0 0

2

Mg\

k=1
2

k=1
[e'e] o to %
+ / as?™3 M, (s)ds <|t1 - t2|2a,;9/ (ta—7)" % (t - T)2<a2>d7>
0 0

o0
<C Z ap "’ [(tl — ) <(f1 — 1) T e (1t — )t +t4a*3*a61)]

k=1
(oo}
+C> a;’ [|t1—t K (t§ 200 (¢ — 1)1 T 4t 7)]
k=1
<O (R k) (0 = 1) b 1)
k=1

where % <0< 5-,00>2 + 5,a > <. Then, by the Kolmmogorov’s test theorem
[15], the lemma is proven. O

Theorem 4.1. Assume that f,~v are square-mean continuous processes in t € R
for each x € L*(P,H), and vy is uniformly bounded on [0,T]. Moreover, assume
f and ~ satisfy Lipschitz conditions. That is, there exists L such that all x,y €
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L3(P,H), 1, 2 € Pr(H) andt €R, —-1/2<0<0,a>0, H=1/2 -0,
If (82 p1) = f (89, 12)|” < L (12 = yll* + W (1, p12))

v (&, 1) =y () || < LW (pa, ) -

Let =1/2 <0 <0,a>0,H=1/2—0, a € (3,1), s € (},3), if the T is small
enough. Then, the equation has a unique solution belonging to C([0,T], H).

Proof. First, we need to prove the operator
t
L:x— Thoxo+ / (t—s5)* 'Saa(t—s)f(s, z(s),Pys))ds
0
t
+ [ =97 Sunlt = 9705 Pag)ABE ()
0
maps H" to H”. First,

2
aSM ( ) 7S(tiT)QAf(Sax(s)apx(s))dT

2
- <ak/ asMa(s)e_s(t_T)a“"f(s,x(s),Px(s)),ek>
1 0

k=
o0 00 2
< CZ <a,§_9 / aslieMa(s)(t - T)iaef(sa CU(S), ]P)x(s)), ek>
k=1 0
< O RO (- 1) 7200 f (s, 2(5), Pags)), )
k=1

< O3 R = 1) (5, 2(5), Page) | < 00,

k=1

For stochastic term z(t), we have
E |l2(t, )| 5~
EZ< / )a*1/0 asMa(s)efs(th)aAfy(s,Pw(s))dsngA(T), ek>
2

Z / [ / Bt—r)! /0 N OéSMa(S)e_S(t_T)aAekv(s,Pm(s))dsdx] dr
c\H Z / [ / ' Mo (s )(t—T)a—l—a%(s,m(s))dsrm

)\ H Zk2fc 29)“,}/ S Pm(s) ” / 2a 2— 2a9d7_<oo

2

Then, we want to prove that £ is a contraction mapping,

/0 (t =) Sa2(t —7) [f(5,2(5), Pus) — f(s,9(5). Py(s))] dr
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§ C Z k2(0720) (t - 7)72aeRe<f(s> x(s)a ]Pa:(s)) - f(sa y(s)a ]P)y(s))a €k>2
k=1

< CZ k2(0720)(t - T)72a0||f(8am(3)apw(s)) - f(57y(8)7Py(8))”%2
k=1

<CY RO — 1)L (|l — y|* + W (i, 1))
k=1

< CIL>? Z k2(o—20) (t _ 7_)—2049”1, _ y||2
k=1

As for the stochastic term,

E |2t 2) = 2(t,y) e
0o t oo
EZ<A5/ (th)o‘*l/ asMgy(s)e s(t=m)"A
=1 0 0
o, 2
[0, Pae)) = 705, Py(s))] dsdBG (7). e )
o0 tr o0 - é
SC(A,H)Z/ /A(th)afl/ asMy(s)e st A2 ¢
—Jo LD 0
2
[’7(571[}1(3)) - 7(57Py(s))] deI] dr
o t [ poo
SC()\,H)Z/ / a2’
k=170 L/0
2
['Y(Svpx(s)) - ’V(S?Py(s))] ds] dr

i t
< C(M\H) Z J2(r—20) H’y(s7 Pois)) — (s, Py(s))H2 /0 (t — 7_)2o¢—2—2a9d7_
k=1

as' O M, (s)(t — 7)> 170

B

< C(>H H) Z k2(m720)T2a7172a9”7(87 ]Px(s)) - 7(57Py(s))||2
k=1

o0
< CL>2 Z k2(0720) (t _ 7_)72049”13 _ y||2
k=1
Let T be small enough, so £ has a unique fix point in C ([0, T]; H*), which is the

unique solution of (4.1) on [0,T]. The proof of Theorem 4.1 is completed.
O

Lemma 4.3. Assume that x is the solution of (1.2) over [0,T], and v and f are
uniformly H® — bounded on [0,T]. Let =1/2 < ¢ < 0, a > 0, H = 1/2 — 0,

a € (%7 1), k € (%, %) Then, it holds that

lz () Fex < O (T, llzollee, max || f (£, 2(5), Pas)) e, max [[y(s, P ) lIzr ) -

Proof. By the form of the solution, we have

(f 52— s)f(x(s»udsﬂ

Ellz(t)|* <3 {IIS“’Q(t)xollﬁm +E
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! B

t
s3@@mmm+ﬂ%4Ewwm%m@m@@

t
+E /Sa’Z(tfs)y(t,Px(s))dB””\(s)
0

+C(\, H)M?2 Uot Elly (£, Pacs)) ) ds} } .

Here, MZ = CL? 22021 k2(0—20)7=200 which is derived from Lemma 4.2. Choosing

0 < %, a > % ensures the norm is well defined. Moreover,

t t
/mw@m%mmm@@§0/0+mmwm@
0 0

and

t
jﬁ (EIS™2(t — 5y (5, Page)) %) ds

0 k=1

[e'e) t
<2 (CLQ Z }2(0=20) (¢ _ T)—zaé)) / (1+E||z(s)[|fx) ds
0

k=1
t
<Ot L) [ (1+ Bl ) ds.
0
By Gronwall inequality, it is now clear that

”x(t)H]%I“ <C (T7 ||x0||H”7maX Hf (tax(s)apw(s)) ||%]IR,H1&X ‘lFY(S?PI(S))”%H”) .

The proof is completed. O
Therefore, we can extend the conclusion of the Theorem 4.1 to intervals [0, T,
[T, 2T)... Thus, the global well-posedness of the equation is obtained.

Theorem 4.2. Assume that f,v are square-mean continuous processes in t € R
for each x € L?(P,H). Moreover, assume f and ~y satisfy Lipschitz conditions, just
as Theorem 4.1 and f,~ is uniformly bounded on [0,T]. Let —1/2 < 0 <0, a > 0,
H=1/2—-0,a€(3,1), k € (},3), then equation (1.2) has a global mild solution
{z(t),t € [0, T]} in C([0,T];H*) for all xg € H".

5. Example

Consider the the mean-field damped wave equation driven by TFBM on the interval
[0, 1] with Dirichlet boundary condition

0%u ou 0%u B
w(tﬁf) = _20[5@75) + aigg(tag) + f(tvua]P)u(t)) + g(tapu(t)) af (t7§)7 t> 0;

u(t,0) = u(t,1) =0, ¢ > 0.

Here, a > 0 is a constant, and f, g are continuous functions with additional prop-
erties, which would be specified below. Let A be the Laplace operator, then



A: DA = H2(0,1) N H&(O,l) — L2(0,1). Denote H = H&(O,l) X L2(0,1),
and let

u u
Y = ) =

u

ot v

Then, the stochastic damped wave equation can be written as an abstract evolution
equation
dY = (AY +F(t,Y, Py )))dt + G(t, Py () dB (t)

on the Hilbert space H, where

0 I 0 0
A= , F(t,Y):= , G(,Y):=
A —2al f(tv U, ]Pu(t)) g(tv IP)u(iﬁ))

Note that the operator A generates a Cp-semigroup satisfying the exponential dis-
sipation property (3.1) for some positive constants K and w. If the functions f,g
satisfy the Lipschitz condition, and g is uniformly bounded, we can get that the
damped wave equation has a unique equation in C([0,1], L?) by Theorem 3.1.
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