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THE MIXED FINITE VOLUME METHODS FOR STOKES
PROBLEM BASED ON MINI ELEMENT PAIR

HONGTAO YANG AND YONGHATI LI*

Abstract. In this paper, we present and analyze MINI Mixed finite volume element methods
(MINI-FVEM) for Stokes problem on triangular meshes. The trial spaces for velocity and pressure
are chosen as MINI element pair, and the test spaces for velocity and pressure are taken as the
piecewise constant function spaces on the respective dual grid. It is worth noting that the bilinear
form derived from the gradient operator and the bilinear form derived from the divergence are
unsymmetric. With the help of two new transformation operators, we establish the equivalence of
bilinear forms for gradient operator between finite volume methods and finite element methods,
and the equivalence of bilinear forms for divergence operator between finite volume methods and
finite element methods, so the inf-sup conditions are obtained. By the element analysis methods,
we give the positive definiteness of bilinear form for Laplacian operator. Based on the stability,
convergence analysis of schemes are established. Numerical experiments are presented to illustrate
the theoretical results.
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1. Introduction

The Stokes problem, as a basic problem in incompressible fluid mechanics and a
classical prototype model of mixed problems, has been extensively studied. There
are many research about finite element methods(MFEM), for which reader is re-
ferred to [I9, B, [, B, 28] and the references cited therein. The MFEM theory
[@] shows that an elementary requirement, which makes discretization system cor-
responding to Stokes problems, is that the velocity-pressure element pair satifies
the inf-sup condition. For solving the Stokes problem, there are many velocity-
pressure element pairs to be constructed[l, B], and many stabilization technology is
proposed[f, P0]. The finite volume method is also a common numerical method for
partial differential equations. Due to the local conservation property, fintie volume
method is widely used in computational fluid dynamic[27, [6, I°7, 2, 31, IX].

Finite volume element method(FVEM), which belongs to a kind of Petrov-
Galerkin methods, is an important type of finite volume method. By choosing
the Lagrange type finite element space as the trial space and using the piece con-
stant function space on the dual grid as the test space, a complete theoretical
framework of FVEM is established like finite element methods[Z7, O, &2, 29, 37].
There are many scholars studied finite volume methods for Stokes problem. The
finite volume methods by using the nonconforming elements space for velocity and
the piecewise constants for pressure is studied in [0, I3, B9]. The finite volume
methods by using the conforming elements space for velocity and the piecewise
constants for pressure is studied in [I2, B3, &1, &0]. Ye in paper [38] investigate the
relatonshape between finie volume and finite element both conforming and uncon-
forming velocity space and constants pressure space. The unified analysis and error
estimation is established in [IH, 26, B]. For research on the finite volume method
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whose velocity and pressure are both conforming elements space, they either use
stablilized equal order pairs[22, 21, B2, B6], or discrete continuity equations by finte
element methods[?2, B2, [M]. MAC-like(Marker-And-Cell) finite volume methods
on staggered grids are studied in the papers [, B0, B5]. As the same time, scholars
also extended the finite volume method to the Navier-Stokes equations[?5, 23, P4]
and other complex fluid problems|[34].

In this article, we construct and analyze the MINI mixed finite volume element
methods for Stokes problem. Based on the primary trianguler meshes, two differ-
ent dual meshes associated with velocity and pressure are constructed. Then, the
trial space for velocity and pressure are taken as MINI element pair, and the test
spaces for velocity and pressure are choosen as the piecewise constants space on
respective dual meshes. So we construct a full finite volume scheme for both mo-
mentum equation and continuity equation. Obviously, the schemes satisfy the local
conservation of mass on dual element of pressure. However, the bilinear form de-
rived from the gradient operator and the bilinear form derived from the divergence
are unsymmetric, and they are all different from the corresponding bilinear form
in mixed finite element methods. With the help of two new transformation oper-
ators, we establish the equivalence of bilinear forms for gradient operator between
FVEM and MFEM, and the equivalence of bilinear forms for divergence operator
between FVEM and MFEM, then the inf-sup conditions are obtained. Moreover,
the equivalence of bilinear forms for gradient operator and divergence operator is
obtained. The stability of bilinear form for Laplacian operator is proved by the
element analysis methods. Based on the stability of saddle point system, the error
estimations are proved.

The outline of the this paper is as follows. In section B, we construct the MINI
mixed finite volume methods for Stokes problem. In section B, the continuity and
stability of the bilinear forms are establish. We carry out the convergence analysis
for the MINI mixed finite volume methods in section B. In section B, numerical
experiments are presented to confirm the theoretical result.

2. The MINI mixed finite volume element methods

In this section, we establish the MINI mixed finite volume method for the Stokes
equations

—vAu+Vp = f, inQ,
(1) div(u) = 0, inQ,
u = 0, ondf,

where  is a bounded polyhedral domain in R?, v > 0 is the kinematic viscosity,
u = (u®,uY) is the fluid velocity, p is the pressure and f = (f*, f¥) is the give body
force per unit mass. For a non-negative integer k and D € R2, let H*(D) denote
the Sobolev space with the norm || - ||x,» and the semi-norm | - |5, p. When D = Q,
we take | - |, denote || - ||x,q. Then, we introduce the following spaces

(2) L3(Q) := {p € L*(Q): //dexdy = O},
(3) Hy(Q) == {v e HY(Q) : v|po = 0} .
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Furthermore, the variational problem corresponding to the equation (@) can be
expressed as finding (u, p) € (H(%(Q))2 x L%(9), such that

@ a(u,v) —blv,p) = (fiv), Voe (H}Q)),
b(u,q) = 0, Vg € L§(Q),

where

(5) a(u,v —u/ Vu : Vodzdy,

(6) b(u, q) // qdiv(u)dxdy.

2.1. Primary meshes and trial space. Let T, = {K} be a quasi-uniform tri-
angular partition of {2, which means there exist constant o such that

(7) min{pr, K € Tp} > oh,

where pg largest circle contained in K, and h = max hg, here hy is the diamerter
of element K. We denote by P, the set of all vertices of triangular elements, and
by Oy, the set of all barycenters of triangular elements. And we define H ,’f Q) =
{ve L*(Q) :v|k € H¥(K),YK € Tp,}.

we define P; denote the linear polynomials space, and P14, denote the linear
polynomials space enriched with bubble functions. Then any v € P;(K) can be
written as

(8) V(A1 A2, Ag) = v1 A1 + V2o + U3A3,
and v € P114(K) can be written as
(9) ’U()\l, )\2, )\3) = U1A1 -+ U2>\2 =+ 1)3)\3 =+ 27’01))\1)\2)\3,

where v, = v — %(’Ul + vy + v3), vy and v;(i = 1,2,3) represent the value of v
at the barycenter and the vertices respectively, and A;,7 = 1,2,3 denote the area
coordinates.

We take the MINI mixed finite elements space pair [P115)?/P; as the trial spaces
of velocity and pressure respectively, which is a stable Stokes pair from mixed finite
element methods]].

The trial function space for velocity component is taken as

(10) Vi, = {uh c C(Q) : 'Lth‘K c ]P)1+b(K),VK c E,uhlag = 0}7
we can split any up € Vj, as
(11) Up, :UZ-FUI;JL,

where u! is the linear part and the ! is the bubble part.
The trial space for pressure is taken as

(12) Qn = {pn € L§(Q) : pr, € P1(K),VK € Tp,} .

In the paper [I], D. N. Arnold et al. prove that [P14,]?/P; pair satifies discrete
inf-sup condition
b(vn, qn)

(13) sup  ——— > Yollqnllo-

vne(Vi)2\{or  |vnl
2.2. Dual meshes and test space. Since the distribution of interpolation nodes
in velocity space is different from in pressure spaces, we need to construct differ-
ent dual meshes and corresponding test functions space for velocity and pressure
respectively.
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2.2.1. Dual meshes and test space for velocity. Accroding to the position of
interpolation nodes in velocity space, we construct the dual meshes as follow. By
connecting the midpoints of any two edges on the triangular element K € T, we
divide the each triangle into four sub-triangles corresponding to the vertices and
barycenter, see Figure [{a].

(a) Dual element surrounding barycenter (b) Dual element surrounding vertex
FIGURE 1. Dual element for velocity.

The dual element K , surrounding the barycenters O € O, is the triangle
A My MsMj see Figure . The dual element K , associated with Py is formed
by all sub-triangles with Py as the vertex, see Figure [[b]. The dual elements
corresponding to all vertices and barycenters constitute the dual parition 7;L*U =
{K;,Pa ;,07 PeP,, Oc€ Oh}.

The test function space corresponding velocity component space V}, is defined as
(14)
Vi = {vh € L*(Q) : vp|k+ is constant, VK € TnorOnli: , =0,YP € 89},

2.2.2. Dual meshes and test space for pressure. The dual element for pres-
sure construct as follow. By connecting the barycenter O and the midpoints of
three edges of triangular element, we divide the triangular element into three sub-
quadrilaterals, see Figure B{a)]. Then the dual element surrounding vertex Py is
formed by all sub-quadrilaterals with Py as the vertex, see Figure B{b]. The dual el-
ements corresponding to all vertices constitute the dual parition ’Th*p = {K;y p, Pe

Pr}.

Py P

Py
My, P
. <\
Py
M
Py Py
(a) Dual element for pressure on one triangu- (b) Dual element surrounding vertex

lar

FIGURE 2. Dual element for pressure.

The test function space corresponding pressure space (Jp, is defined as

(15) Q= {Qh € L3(Q): qh|K; is constant, VK, € 7}:1)}.
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2.3. The fintie volume methods. Firstly, we introduce the following bilinear
forms and inner product:

(16) h(uh,vh Z / 1/87 vpds, uhE(Vh)Q,'th(VJ)Q,
KpeTy , K3

A7) bp(vnpn) = > / prvp - nds, v € (Vi)% pn € Qn,
KgeTy, ” OKS

19 Blwna)= Y [[ divwadsdy, e (G20 € Qi
Kzery 7 KG

(19) (Ffoon) = > // f - vpdady, vy € (V)2
K;eTy

h,v

where n denote unit outward normal vector to 0K;.
The MINT mixed finite volume element method for Stokes problem (W) is to find
(un,pn) € (Vi)? x Qp, such that

(20) an(un,vp) + b (vn,pr) = (f.on), Yy, € (V)2
bi(’ll,h,Qh) = 03 VQh S Q;km

In the following, we introduce two projection operator:
Firstly, we let I}, be the projection operator from Vj, to V" as follow

e1) = Y (wh(P)+ b)) .

PEPLUO,
here ¢ is the characteristic function defined on dual element K p € 7,7, the value
of I¥uy, is equal to uy(P) on dual element K} corresponding to vertex P € Py,
and equal to u} (O) + L2u? (O) on dual element K}, corresponding to barycenter
O € Op. Secondly, let 117 denote the projection operator from Qp to Q},

(22) I pn = Z pr(P)¥p,

PePh

here 9%, is the characteristic functions defined on dual element K » € T)* .
Then the variational equations (20) is equivalent to

(23) an(up, Ivp) + 0y (s, pr) = (fIwvs), Vo, € (Va)?,
bizl(uhvn;;qh) = 07 V(Jh € Qh~

3. Stability

In this section, we establish the satility of the MINI mixed finite volume meth-
ods. By establishing the equivalence of b},(-,-) and b(,-) , and the equivalence of
b2(-,-) and b(-, -), respectively, we prove the Inf-Sup conditions of b} (-, -) and b3 (-, -).
Firstly, we indroduce the following discrete semi-norms, which play a vital role in
stability analysis.

We define the discrete semi-norm | - |1y, on trial space V4, for all wy, € Vj,

1/2
(24) [whl1,v;, = (Z |wh|%,vh71<> ;

KeT
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and
2 _ 2 2 2
lwnlt v, = Y7 + Y5 + Y5,

where Y; = wp, (P;) —wp(0), here P;(i = 1,2, 3) are vertices, and O is the barycenter
of triangular element K. And we define the discrete semi-norm |-[1,y,» on test space
Vi, for any wy, € V'

1/2

1 2
=1 D E[E[wh] ds ;

EGST;

(25) [wh,

where &7+ denotes the set of boundary segments of all dual elements in 7",

[wn] = walky, — wn|k; , denotes the jump of wy on edge E, where K, and K7 5

are two adjacent dual elements, and |E| is the length of E.
Next, we show that the discrete semi-nomrs |-[1,y;, and [II}-[1,v;» and the Sobolev
semi-norm | - |; have the following properties.

Lemma 3.1. Assume Ty is reqular, then there exist positive constants ¢; and Cfq,
such that

(26) cilwnlrv, <lwpl < Cilwpliv,,  wn € Vi,
and there exist positive constants co and Cs, such that
(27) c2|wnl1,v, < [wal1 vy < Colwpli v, wh € Vi.

Proof. Since wp,| i can be expressed in the form (A), and A\ + Ay + A3 = 1, we have

ow

e = (= Y2) 90 = 2dg — M) (Vi + 2 +Y5),
(28)

ow

7&; = (Y1 — Y3) + 92 — 2XoA3 — AD)(V] + Vs + YV3).
In addition, by the chain rule
(29)

6wh 2 6wh 2 1 2 8wh 2 2 6wh 2 6wh 8wh
= l Gl =) —2l 01)—

( oz ) * ( dy e [\ ) T2\ o, 23 c0s(01) 3 Hng

here |K| is area of triangle K, Iy and I3 are opposite edge lenghts of vertices P,

and P; on K, and 0; is the angle between ls and I3. Substitute (E8) into () and
integrate on element K

//K |Vwp,|?dxdy :ﬁ [20(1 — cos(61)) (I3(Y1 — Ya2)? + 13(Y1 — Y3)?)

+ (9((2 — COS(Gl))(lg + lg) + COS(Gl)(ZQ — l3)2) (Yl + Y2 =+ }/3)2
+ 20COS(91)1213(}/2 — Y5)2] .

Since K € Tj, is regular, then we have

9 1002
1001 (Y +Y7 +Y5) < //K [Vwp|*dady < 1 (Y? + Y5 + Y.
Furthermore, since 7y, is regular, then equivalence between | - |1y, with |- | is

proved.
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Now, we prove the equivalence (24). We rewritte (23) as follow

(30) |wh|th’f = Z \whﬁ,v,j,m
KeTy
where
(31) ‘whﬁ,v,j,K_ |/ wh ds.
EeKng .

v

Thereby, we only need prove that \H:wh|17V;7K is equivalent to w7y, - By
direct calculation, we have

N 1
wnltve i = 3 [F5 (N + Y2 +Y5)" + (Vi = Y2)" + (V2 = ¥3)" + (Y3 — Y1)
105
=g T2+ Y)?+ (V7 +Y5 +73).
Then we have
4 7
(32) Y+ Y5+ Y5 < |szh|iv* K < 13 — (VP + Y5 +Y5).
So |H:wh|;f,vhf is equivalent to ‘whﬁ,v,;
O
Lemma 3.2. There exist positive constants cz and C3, such that
(33) csllanllo < Mgnllo < Csllgnllo,  Vrn € Qn-
Proof. By the definition of ||II}gxllo, we have
N 1
(34)  Manlls = |Kplan(P)* = S 1K (ai(Py) + i (P2) + q; (P3)) -
3
KeTy, KeTn
For further proof, please refer to Reference [27] page 124. (]

Now, we prove the continuity for the bilinear form ay (-, ), b} (-, -) and b2 (-, -).

Lemma 3.3. Assume T, is reqular, then there exist constants My, My and Ms;
independent of h, such that for all w € (Hg(Q) N Hﬁ(Q))2 and p € L3(2) N HL (),

(35) an(w,vp) < Mi(luly + hlulop)|vnliv: Yo, € (V)2
(36) by (vn,p) < My wlvnlivy  Von € (V)2
(37) b (w,qn) < Mslulillgnllo Van € Qy,

1/2
where | - |k,h = (ZKeTh |- IiK) :

Proof. First, we rewritte

(38) an(won)=— 3 /E yg—z-[vh]ds.

Jol T

By Cauchy-Schwartz inequality, we have

Nl

(39) - / ’Uh dS < |’Uh|1 V* Z V|E|/ |vun|2d8
E

E€E s

h,v v



MIXED FVM FOR STOKES PROBLEM BASED ON MINI ELEMENT PAIR 141

According to the trace theorem, we have
(40) [ < 0l g+ halolt ) we HYE),
ECK

where hg is maximum edge length of triangle K.
By inequality (0), we obtain

(41) > V|E\/ V- n|*ds < My (July + hlulzp)?.
Bt S

Thus inequalty (83) follows.
Similarly, b},(-,-) can be rewritten as

(42) by, (vn, p Z / [vn] nds,

EeEr:

furthermore, we have

Z / ’Uh dS < |’Uh|1 v

21 [ Ivfas
Ec&ér T Ees T,

< Ma(|[pllo + Rlpl1,n)|vnliv,:

Finally, for bilinear b2(-,-), by using Cauchy-Schwartz inequality

bi(w,qn) < | > / div(u)grdz| < |[div(u)lollgnllo < Mslul1(lgnllo-
KpeTy, o Ka

First, we introduce the operator II;, from V} to Vj,
(43) up, = ul, + %uz.
Then, we have the follow equivalence.
Lemma 3.4. For any vy, € (V,)?, we have
(44) by (TG0, qn) = —b(IThvn, qn),  Ygn € Qn.

Proof. Firstly, we prove that the operator II’, and II; satisfies the following orthog-
onality,

(45) // (Hhvh — H:Uh) d:cdy =0, Yoy, € P1+b, KeT,.
K

By the area coordinate integration formula, we have

1
// nhvhdxdy—fm@vhm )+ 21|22 x 27 x b« (0)

i=1

(46) K| 1K

16 MK
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In addition, due to I} v, is piecewise constant function, we have

(47)

3 3
. 1 1 1 11
] ey = G155 h (P + 5106 <3sz|x<a>+ Lokl (0 >>

i=1
1, < 11
= LTS v (P) + 1 K] (0).
i=1
Apply Green’s formula to (B) and (),

(48)  b(Ilpvn,qn) = // qn div(Ilpvp,)dzdy = — Z/ Van - yvpdedy,

KeTn
and
(49) bh(H 'vh,qh Z IT* 2Uh * / hnds= Z H:'Uh-/ thd:l}dy.
K;eTy, KeTy, K3
Due to (E3)

b([hvn, qn) + b (Mo, qn) = Y Moy, - // Vandzdy

K*E7-h*'u
— Z // Vaqp, - lIpvpdxdy
KeTh
Z th // H 2Uh — Hhvh) dﬂjdy =0.
KeTn

Corollary 3.1. There exists a positive vy, independent of h, such that

1
(50) sup bh(vha qh)

> vllanllo,  Yan € Qn.
vne(Vr)?\ (0} [Vnl1v;

Proof. Considering IIj, is a linear one-to-one mapping of V}, onto itself, there exist
constants ¢4 and Cy, such that

(51) calupli < [Hpupli < Caluplr.

By Lemma B3, and combining equivalence between (28) with (22), we obtain
bl
sup M > sup

by, (150, qn)
vrev\for |Unlive T meinvgor H5valv;

b(Ilpvp, qn) Yo
> su — > .
— G100y 5, ¢( vh%o\{o} Mponli C1C2C4th”0

Lemma 3.5. For any vy, € (V3,)?, we have

(52) bWy, qn) = b (v, I5q),  Van € Qn.
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ideri _ a1 4 55,0
Proof. Considering Il up = uj, + 3guy,

b(pun, qn) :// g, div(up,)dxdy

(53) (// qn div(ul))dzdy + // qn div(ub) dxdy)

KeT

Similarly, we have

b%z (uha H;Qh)

Z // div(up) pqhdxdy

K;eTy,

(// div( uh pqhdxdy + // div( uh pqhda:dy)

For the linear part, considering div(u}) is constant on K, then

/ div(ul,)qndedy — / div(uﬁl)H;qhdxdy = div(u}) // (qn — Iqn) dzdy = 0.
K K K

For the bubble part, by simple calculation, we have

K
// qn div (I, u?)dzdy ‘ | -Vagp, = // div(ub) I, qndzdy.

Then equation (62) holds. O

KeTh

Corollary 3.2. There exists a positive o independent of h, such that

(55) sup b}%(”hv‘]h)

> v2llanllo,  Yan € Qj.
wnevi)?\(oy  [vnl

Proof. By Lemma B, Lemma B2 and (B1), for any ¢, € Qp, we have

b2 (v, g b2 (11
sup i(vn th> > sup » (pvn, qn)
vre(V)2\{0} [vnl1 v €(V)2\{0} [vnl1
1 b(Ilpvp, g
> L gy ORI 20, S,

4 wpe(v2\{o}  |Hrvnl1

Then the Inf-Sup condition of b? (v, gp) is proved.

Remark 3.1. According to Lemma and Lemma B, we have,
(56) by (v, qn) = b(ILavn, qn) = by (vh, Iqn).

When the scheme (2D) is expressed as the block 2 x 2 linear systems

PRI

where A, By and By denote the matriz corresponding to the bilinear form ap(-,-),
b(-,+) and b2(-,-), and O is the null matriz, we can find By # By. However (B8)
shows that although By # Bs, there exists a simple linear transformation G such
that GBT = BY.

Now, we prove that ap(-, IL%-) satisfies the following positive definiteness.
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Theorem 3.1. If T}, is regular, and Omin, x > 11.62° for all K € Ty, then there
exist positive ¢ such that

(57) an(wn, yup) > clup?,
where Opin, ik 15 the smallest angle of K.

Proof. With the help of operator IT¥, we can rewritte the bilinear form (IB) as
follow

ap(up, Muy) = Z al (up, uy,),
KeTh

where

ahK ('u,h, H:juh)

8uh
Y /M”a (L) ds

Beér:
- ¥ / %“h suf] ds — Z / aa“’”‘ [ up] ds
Eeg,. YECK BeEr, VECK

h,v

=i (up, Iup) + vk (uy, Iuy).

Obviously, in order to obtain the coercivity of af (up, II:uy), one only need to
prove

(58) IK(Uh,H:Uh) > C|Uh|%, Yo, € Vy.
By computation, we have
0
(59) (o ) = — 30 / 9V (11 ] ds = YT DAY,
Eee.. JECK on

where Y = [Yl,YvQ,Yg)]T,

1 19, 7, 7 1 7(@2 + 043), 3as — asg, Jag — s
D= E 7, 19, 7 y A= é 30[1 — Q3, 7(0[1 + 013)7 3043 — Q1 s
7, 7, 19 3@1 — Qg, 30&2 —Qq, 7(0&1 + 042)

here o; = cot(¢;),i =1,2,3. Conmdermg
(60) Iic (0, 1T sy 0) = 5 (YTDAY + YTATDTY) —YTBY,
i

where B is the symmetrized quadratic form. It is easy to verify that when K is a
regular triangle, the matrix B is positive definite, that is when a1 = g = a3 =
V/1/3, det(B) = % 3, and the smallest eigenvalue of B is 0.866. By computation,
we have

(61) det(B) = (—4 (1 + a2 + a3)3 — 2Tayasag + 103 (a1 + ag + ag)) .

9
512
Without loss of generality, let 8; < 63 < 63, and 0 < as < a;. Since az =
(1 —aqa2)/(a1 + az), we have

9 5 5

513 — (a1 + ) (19401 + 258a1ai 4 258y — 12a105 — 120 s
+ 9102 + 9102 + 91a] + 91a; — 408 — 40§ + 3aia) + 2600

+ 3ajad + 3220203 — 4)),

det(B) =
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when fixed «a, then \/m —ay <as <o
Odet(B) 9

das  512(a; + ag)?

+ (79) (a1 + a2)? — 9a2a3 + 24a1ay — 12)

(2 4 2a1ap — 1)(1503 (a1 + 200) — 1205 (20 + az)

:m(ag + 20109 — 1)((79 + 1503 — 24a3) (a1 + az)?

+12(1 + ) (a2 + 20105 — 1)),

when ay = \/a? + 1 — a1, det(B) reach the smallest value. So,

. 9
(62) min(det(B)) = 102403 (25505 + 9603 — 1) .
By simple continuity argument, when
(63) Omin > 180° — 2 arccot < 4”255547) ~ 11.62°,

the smallest eigenvalue of B is positive. So when 6,,,;, x > 11.62°, by equivalence
of discrete norm, we have

(64) I (vn, Iop) = YTBY > A5, (Y? + Y3 +Y5) > clunli k.

min

where A2

is the smallest eigenvalue of B. Further
an(un, up) = Y I (ufl, uf) + Y Ic(uf, Tuf) > clug?.
KeTy, KeTh
Then we finish the proof.
O

Finally, we give the existence and uniqueness of the solution of MINI mixed finite
volume methods.

Theorem 3.2. Assume that Ty, is quasi-uniform, Opn k> 11.62° for all K € Tp,.
Then for f € L*(Q) the MINI mized FVEMs (23) has a unique solution.

Proof. Considering,
(65) by, (IL5wk, qn) = —bj (vs, I5qn).

Furthermore, we have when 0., x > 11.62°, ap (up, [ILup) > cluy|?, and b2 (up, ¥ pn)
satifies Inf-Sup condition. By the theory of saddle-point problem[I9, B], we know
that the solution of (E3) exists uniquely.

([l

4. Convergence analysis

Before the error analysis, we introduce the null space corresponding to the con-
tinuum problem, the finite element methods, and the finite volume methods respec-
tively as follows

(66) Z :={u € (Hy(Q))* : b(u,p) =0, Vp € L§(V)},
(67) Zp :={un € (Vi)? : b(un,pr) =0, Vpr € Qn},
(68) Z,ZL = {uh S (Vh)2 : bi(uh,ph) =0, Vph S QZ} .
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In the paper [0], D. N. Arnold et al. construct the operator Ilp,,, : (H})? —
(Vi)? that satisfies for any v € (H{)?

(69) / div(v —TIp,,,v)qn =0, Va € Qn,
Q
(70) p,,,v)1 < clvlr.

Relation (69) imply that IIp,_, can project any element of Z into Z,. And operator
IIp,,, has the following interpolation estimate [19]

(71) v —T1lp,,,v| < Ch* ™|vly, Yve (H*Q))? m=0,1L

Now we introduce interpolation operator ﬁpr : (HE(Q))? — (Vi)?, which is
defined as Ilp,,, = I, ' o IIp,,,. By simple computation, we can prove that Ilp, .,

can project any element of Z into Z7. Since operator f[]pl ., only adjusts the bubble
term coefficient of operator Ilp,.,, based on similar arguments, we can get the
following interpolation error estimates.

Lemma 4.1. Let T, be reqular partition. For anyw € (H>*NHE)?, the interpolation
operator Ip, , satisfies
(72) ]vfﬁpmv‘ < Ch*™vly, m=0,1.
m
Now, we proof the error estimation.

Theorem 4.1. Let (u,p) € ((Hg N H?)?,LE N H') be the solution of problem (1),
and (wp,pr) € (Vi,)? X Qy, is the solution of (BD). If the partition Ty, is reqular, and
Omin, ik > 11.62°, there exists a constant C such that

(73) lu —unly + [P = pally < Ch(fJullz + [lpll) -
Proof. By (M) and (20), we have

(74) an(uw — wp,vp) + by (v, p —pr) =0, Yoy € (V)2
(75) by (w —un,qn) =0, Yau € Q.

Let § =u — ﬁPHbu’ & =up — ﬁPHbu’ n=p—Ilp,p and np = pp — llp,p
an(&n,vn) + bj(Vn,mn) = an(€,vn) + by (vn,m),  Yon € (Vi)

b (&, an) = bj,(€nan) =0, Van € Q-
Taking vy = I[}€;, and gn, = Ly
(76) bi(Hzéh? 77h) = biQL (£h7 H;nh)’

then
ah(€h7 H'zgh) = ah(f, Hifh) + blll(H:éha 77)’

First, we give the error estimate for the velocity.
By interpolation estimations of operator Ilp,,, and operator Ilp,

(77) an(§,11,€,) < ClEl1|€, |1 < Chlula|€y 1,
(78) by, (I35, n) < Clnlol€nlr < Chlplil€ps-

Considering the coercivity of bilinear form ap(-,II%-), we obtain

€417 < an(€),,15€,) = an(&I15€,) + by (I0€,, 1) < Ch(|ul2 + |pl1) €41,
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then

(79 Ju—wpli < |lu— Ty, ul + e, u —upls < Ch(fuls + [pl).
Now, we give the error estimate for the pressure. By (I), we have

(80) b (v, nn) = an(u — up,vy) + bj (v, 7).

According to the continuity of bilinear form a(-,-) and bj (-, )

(81) ap(u — up,vy) < Mi|lu — ug|i|vpli,
(82) b, (vn,n) < Ma|nlolvnli < Mahlpli|vnli-
Combined with the Inf-Sup condition of bilinear form b}, (-, -)
Il < = sup ORI iy, Ol < (s + 91
Lo,e(v)? [onhy;
By the triangle inequality
(83) P = prllo < [lp = Ip, pllo + [[Hp,p — pallo < Ch(Julz + [pl1).-
Combining (79) and (83), we have
(34) = unl + o~ pallo < Ch (lulla + ).

5. Numerical experiments

In this section, three benchmark test, which come from reference [I4], are taken
to illustrate the theoretical results. In all test problems, the Stokes equation ()
is considered in unit square domain = (0,1)2, and the exact solution of pressure
have vanishing mean over the domain. We use uniform right triangular meshes in
the following test. The discrete errors for H!'-semi-norm and L?-norm are calculated
as follows

om0 (G (2 o) )
(K; /[ =y dxdy> N
(;%;ﬁ/};(pphfchdy>2.

The rate of convergence is given by the following formula:

RMe:kg<§$3>bgC$>4,

where hi, ho denote the mesh sizes of the successive meshes, and E(hy), E(hy) are
the corresponding error.
Example 1 Enclosed vortex with non-polynomial solution

In this example, we test the schemes by enclosed vortex problem with non-
polynomial solutions. Consider right-hand side of equation (0) as

f® = —4n?vsin(27y)[2 cos(2mz) — 1] 4 47 sin(27z),
fY = 4n?vsin(2mx)[2 cos(2my) — 1] — 472 sin(27y),

lw —wunllo :

2 — pally :
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and the corresponding exact solution are
u*(z,y) = sin(2ry)[1 — cos(27z)],
u¥(z,y) = sin(27x)[cos(2my) — 1],
p(z,y) = 2m[cos(2my) — cos(2mz)].

TABLE 1. Errors and convergence rates for Example 1.

h [u—wll,, Rate [u—wn),, Rate |p—pally, Rate
1/6  1.6909 x 1071 — 34796 x 1070 — 1.5143 x 107° -

1/12  4.3483 x 1072 1.9593 1.7845 x 107° 0.9635 4.5513 x 1071 1.7343
1/24  1.0845 x 1072 2.0035 8.9566 x 10~! 0.9945 1.4570 x 10~1 1.6433
1/48  2.7009 x 1073 2.0054 4.4786 x 107! 0.9999 4.9335 x 1072 1.5623
1/96  6.7356 x 10~* 2.0036 2.2383 x 10~! 1.0006 1.7113 x 1072 1.5275
1/192 1.6815 x 10~* 2.0020 1.1188 x 10~! 1.0005 5.9945 x 10~% 1.5134

Example 2 Lid-driven cavity flow with polynomial solution
In this example, we test the schemes by lid-driven cavity flow problem with
polynomial solutions. Consider right-hand side of equation (0) as

fe=0,
fr=v[(12z—6) (y* — y*) + (82 — 122” + 4z) (6y° — 1) + 0.4 (62° — 152" + 102°)]
and the corresponding exact solution is
u®(z,y) = (m4 — 223 + x2) (2y3 -y),
u(z,y) = — (2x3 — 322+ x) (y4 — y2) ,
p(z,y) = v [(42® — 627 + 22) (2y° — y) + 0.4 (62° — 152" + 102°) y — 0.1] .

TABLE 2. Errors and convergence rates for Example 2.

h lw —unllg s Rate lw —wply Rate o —»nllo p Rate
1/6 1.6366 x 1073 — 5.4723 x 102 - 7.4636 x 1072 -

1/12 41454 x 107*  1.9811 2.6491 x 1072 1.0467 2.4116 x 1072 1.6299
1/24  1.0177 x 10~* 2.0262 1.2893 x 1072 1.0389 7.1561 x 10~3 1.7528
1/48 25074 x 107° 2.0211 6.3645 x 107> 1.0185 4.9335 x 1073 1.7581
1/96  6.2179 x 1076 2.0117 3.1647 x 10~3 1.0080 6.4426 x 10~ 1.7154
1/192 1.5480 x 10~% 2.0060 1.5786 x 10~3 1.0035 2.0448 x 10~* 1.6557

Example 3 Corner flow with polynomial solution
In this example, we test the schemes by corner flow problem with polynomial
solutions. Consider right-hand side of equation () as

ff=-v [sin(xy):c (x2 + y2) - QCos(zy)y] — sin(zy)y,
fY = v [sin(zy)y (2* + y*) — 2cos(zy)z] — sin(zy)z,
and the corresponding exact solution is
u®(z,y) = (m4 — 223 + xz) (2y3 -y),
u(z,y) = — (2x3 — 322+ x) (y4 — y2) ,
pz,y) =v [(4363 — 622 + 2x) (2y3 —y)+04 (6x5 — 15z + 10953) y—0.1].
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TABLE 3. Errors and convergence rates for Example 3.
h lw —wnllg g Rate lu —uply Rate lp — pullo.s Rate
1/6 29182 x 103  — 12966 x 10T  — 52445 x 102  —
1/12  7.0837 x 107* 2.0425 6.4367 x 1072 1.0103 1.7623 x 1072 1.5734
1/24  1.7449 x 1074 2.0214 3.2029 x 1072 1.0070 6.2350 x 1073 1.4990
1/48  4.3360 x 1075 2.0087 1.5971 x 10~2 1.0039 2.2042 x 10~3 1.5001
1/96  1.0812 x 107° 2.0037 7.9740 x 102 1.0021 7.7816 x 10~ 1.5021
1/192  2.6997 x 1076 2.0018 3.9841 x 1072 1.0010 2.7472 x 10~* 1.5021

Velocity vector fields

Velocity vector fields

(¢) Test Problems 3

FIGURE 3. Velocity vector fields for the benchmark test problems.
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The results of the three benchmark tests are shown in Table 0, Table B and
Table B, respectively. At the same time, the velocity vector fields corresponding
the three problems on the 2 x 32 x 32 meshes are showen in Figure B. As shown
by data, the convergence order of velocity in L2norm is O(h?) in H'-norm is O(h)
and convergence order of pressure in L?-norm is about O(h*/?). The convergence

of MINI-FVEM are consistent with MINI mixed finite element methods.

Remark 5.1. Although numerical experiments show that convergence order of ve-
locity in L?-norm for MINI-FVEM is O(h?), but in the theoretical analysis, we
find that the bilinear form of poisson operator in MINI-FVEM does not satisfy the
orthogonality condition proposed in [, and the bilinear form of divergence oper-
ator in MINI-FVEM is different from corresponding bilinear form in MINI mized
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finite element methods. Therefore, we can not give a proof of the error estimate in
L2-norm for velocity of MINI-FVEM.

6. Concolusion

In this paper, we contructed and analyzed MINI mixed finite volume elemen-
t methods for Stokes problem on triangular meshes. Both momentum equation
and continuity equation are discreted by finite volume element methods. Then we
prove the inf-sup conditions of bilinear form for gradient operator and divergence
operator. By element analysis methods, the positive definiteness of bilinear for-
m for Laplacian operator is obtained. Furthermore, the convergence analysis is
established.
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