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Abstract. In this paper, we derive and analyze a conservative Crank-Nicolson-type
finite difference scheme for the Klein-Gordon-Dirac (KGD) system. Differing from
the derivation of the existing numerical methods given in literature where the nu-
merical schemes are proposed by directly discretizing the KGD system, we translate
the KGD equations into an equivalent system by introducing an auxiliary function,
then derive a nonlinear Crank-Nicolson-type finite difference scheme for solving the
equivalent system. The scheme perfectly inherits the mass and energy conserva-
tive properties possessed by the KGD, while the energy preserved by the existing
conservative numerical schemes expressed by two-level’s solution at each time step.
By using energy method together with the ‘cut-off’ function technique, we establish
the optimal error estimate of the numerical solution, and the convergence rate is
O(72 + h?) in [*°-norm with time step 7 and mesh size h. Numerical experiments
are carried out to support our theoretical conclusions.
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1. Introduction

In this paper, we consider the Klein-Gordon-Dirac (KGD) equation in d (d = 1,2)
dimensions [17]
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8ttqz5(t, X) — Aqf)(t, X) + qb(t, X)

= gU*(t,x)o3¥(t,X), X€ RY, t>0,

d (1.1)
107U (t,X) +1i »_ 0;0;U(t,X) — wog¥(t,X)
j=1

= go(t,X)o30(t,x), xeRY t>0.

The Klein-Gordon-Dirac equation is a fundamental model in quantum electrody-
namics and describes the dynamics of a complex-value Dirac vector field ¥(¢,x) :=
(¢1(t,X),12(t,x)) € C? interacting with a neutral real-valued meson field ¢ := ¢(¢,x) €
R through the Yukawa potential [13,25,27,33,36] with a coupling constant 0 < g € R.
Note that w > 0 is the radio between the mass of the electron and the mass of the
meson, i = /—1 is the imaginary unit, ¢ is time, x € R? is the spatial coordinate vector.

In 2D, x = (z1,29)7, 8; = 9/0zj, j = 1,2 and A = 23:1 7. In addition, ¥* is the

conjugate transpose of ¥, o1, 0o and o3 are the Pauli matrices given as

01=<(1) (1)>, 02=<? BZ>, U3=<é _01> (1.2)

The KGD system (1.1) is dispersive and conserves the total mass
M(t) == |9 (t, )72 = /Rd W (t,x)|2dx = || W(0, )72, (1.3)
and energy
1 2 1 2 1 2
E) =5 [ |0t x)|de+ 5 | 0.0 X)["dx+ 5 [ [o(t,x)[7dx
2 R4 2 R4 2 R4
d
—|—/ [i\ﬂ*(t,x) Zajaj\lf(t,x) — wU*(t,x)o3¥(t,X)
R4 =
- g¢(t,x)\If*(t,x)03\I/(t,x)} dx = E(0), t>0. 1.4)

For the KGD system (1.1), we introduce an auxiliary function u := 0;¢ to rewrite it into
the following equivalent system:

8tu(tvx) - A¢(t,X) + (b(t,X) = g\If*(t,X)O'g\I/(t,X), X< Rd7 t> Ov

Op(t, x) = u(t,x), xeR? t>0,

d (1.5)
0, (t, %)+ Y 0;0;U(t,X) — wosl(t,X)
j=1

= go(t,x)o3¥(t, %), xeRY t>0.
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Corresponding to (1.3)-(1.4), the system (1.5) still preserves the total mass

3(0) = () = [ 100 30Pdx = 900, 1.6

/\u x)[2dx + = /]Vqﬁ(tx\dx—i— /\¢ x)[2dx

_|_/ [z\p* ZUJQ\IJ ) — w¥*(t,X)o3¥ (¢, X)

and energy

- g¢(t,x)\II*(t,x)03\II(t,x)} dx = E(0), t>0. (1.7)

There have been extensive theoretical studies on the KGD (1.1) system, includ-
ing the local and global well-posedness of the Cauchy problem and the existences
of bound state solutions, for which we refer to [2, 14, 15,19, 20, 23, 24, 32, 35] and
references therein. For the numerical part, different kinds of numerical methods, in-
cluding the finite difference time domain (FDTD) methods and spectral methods have
been proposed and analyzed for efficient computations of wave propagation in classical
quantum physics, i.e., dispersive waves in the Gross-Pitaevskii equation [3], the Klein-
Gordon equation [7,8,12,22,29,34,40,43], the Dirac equation [1,4-6,26,28,30,39],
the Klein-Gordon-Schrodinger equations [10, 21], the Klein-Gordon-Zakharov equa-
tions [11, 16, 37], the Maxwell-Dirac equations [9,31], etc. However, the approaches
for KGD (1.1) proposed in the literature [17,41,42] are limited. To the best of our
knowledge, there has not been any numerical work on the KGD (1.5) which is equiv-
alent to (1.1). As well as, in the construction of the finite difference scheme, the
nonlinear term of Klein-Gordon part is treated as n and n + 1 layers which is not men-
tioned in existed literatures. Thus, the aim of this paper is to design a new conservative
Crank-Nicolson-type finite difference (CNFD) scheme for KGD (1.5) and analyze the
effectiveness and accuracy of the scheme.

In this paper, we propose and analyze a conservative CNFD scheme for KGD (1.5)
with periodic boundary conditions. We prove that the scheme perfectly inherits the
conservative properties of KGD system in the discrete sense. In the process of error
analysis, we apply the energy method and the ‘cut-off’ function technique to obtain the
convergence order of the scheme under proper assumptions about the exact solutions.
Moreover, in the numerical calculation, our scheme can be started directly, i.e. we do
not need to calculate the value of the first layer time alone.

The remaining part of this paper is arranged as follows. In Section 2, we introduce
a new conservative CNFD scheme and state our main results. Section 3 is devoted to
the error analysis. Numerical results are shown in Section 4 to demonstrate the error
behavior. Finally, some conclusions are drawn in Section 5. Throughout the paper, we
adopt the standard notations for Sobolev spaces and write p < ¢ to represent that there
exists a constant C' > 0 independent of the discrete parameters, such that |p| < Cjg.
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2. A new conservative scheme and the main results

In this section, we shall derive a new finite difference scheme for the KGD system.
For simplicity of notations, here we only illustrate the numerical method in one di-
mension, and extension to two-dimensional case is straightforward with some small
modifications. We truncate the whole space onto a finite interval 2 = (a,b) with pe-
riodic boundary conditions in practical computation, which is large enough to ignore
the truncation error. The initial-boundary value problem of the one-dimensional (1D)
KGD system reads

Opu(t,x) — Oprd(t, x) + P(t, ) = gVU*(t, x)o3V(t, x), e, t>0,

Oo(t,z) = u(t,z), x e, t>0,
0¥ (t, ) + 1010, Y (t, x) — wosV = go(t,x)os¥(t,x), =€, t>0,
u(t,a) = u(t,b), Oyu(t,a) = 0yu(t,b), t>0, 2.1)
O(t,a) = B(t,b), B,0(t,a) = By(t,b), £>0,
U(t,a) = U(t,b), 0,V(t,a) =0,V (t,b), t>0,

#(0,2) = ¢o(z), u(0,2) =d¢1(x), ¥(0,2) = TVo(z), =z €,

where ¢ := ¢(t,2) € Rand ¥ := U(t,x) = (¢1(t,x),¢2(t,z))T € C2. The periodic
initial-boundary value problem (2.1) conserves the total mass

B(0) = [¥(t ) ooy = [ 1¥t0) e = [Wol e 2.2
and energy
B(t) =2 [ fut,)Pdz+ = [ (0.0t 2)Pdo+ = [ |o(t,2)Pds
2 Ja 2 Ja 2 Ja
—i—/ [illf*(t,x)alamllf(t,x)—wllf*(t,:v)ag\lf(t,x)
Q

— g(b(t,x)\lf*(t,m)aglll(t,m)} dr = E(0), t>0. (2.3)

2.1. A conservative CNFD scheme

Choose temporal step size 7 := At > 0 and denote time steps as ¢, := nr for
n = 0,1,.... Choose mesh size h := Ax = b_wa with M being an even positive integer
and denote grid points as z; := a + jAz, j =0,1,..., M.

Denote

Xu = {U = (Uo, U1, Uz, ,U)T |U; €R, j=0,1,..., M, Uy =Un},
Xy ={U = (Uo,U1,Us, - ,Uy)" |U; €C%, j=0,1,...,M, Uy =Un},
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and we always use U_; = Uy/—1 and Uy = Uy if they are involved. Introduce some
finite difference discretization operators for U € X;; or X,

SHUT = Ua’lﬂh— A N .Uf+12—th1, s — L~ 22]2]” UL
n+1 n n+1 n n+1 n n—1
UWF% _ Uj +Uj — Uj —Uj 2 — Uj —2Uj +Uj
J - 9 ’ t =y T ’ t¥g = 72 :

The discrete inner product, standard [?-norm, H'-seminorm and [*°-norm for U,V &€
Xy (or U,V € X)) are given as

M-1 M-1
O V)=hY ViU;,  |Ull= |h> U
=0 =0
M-1
— +77.12 — .
Uy = h}% OETG2, U oo = | _max |Uj].
=

Let ¢7,u} and 7 be numerical approximations of ¢(t, x;), u(tn, ;) and ¥ (t,, z;),
respectively, for j = 0,1,...,M andn = 0,1, ..., and denote

o~
¢n:(¢8a¢?,a¢§\b/[) GXM,
u" = (ug,u?,--- ,uYZ(/[)T € )Z'M,

= (w0, 0n ) e Xy
as the solution vector at ¢ = ¢,,. Based on the above basics, we propose the following
nonlinear CNFD scheme to discrete the KGD system (2.1) for j = 1,...,M:

Sun — 6267 4 gt = L () w0 o0t nz0, 24)
A A 2(j ) o3+ (UF) 050y |, n >0, :
1
5o} =), n>0, (25
1 1 1 1
iU 4010,V 2 —wos¥T 2 = go) PosW] 2, n > 0. (2.6)

Meanwhile, the periodic boundary and initial conditions in (2.1) are discretized as

ur]\?lzungl’ ur_k{l :uﬁ_lp u?:(bl(wj)a nZOa j:0717"'7M7
M=ot ettt =0t ) =do(z;), n>0, j=0,1,....M, (2.7)
Ut =gt vt = w09 =Vg(z;), n>0, j=0,1,...,M.

The above scheme is time symmetric and time reversible, i.e. the scheme (2.4)-(2.6)
is unchanged under 7 +» —7, n + 1 <> n and taking complex conjugates. In numerical
calculation, eliminate the intermediate item «™ for n > 0 in the scheme (2.4)-(2.6),
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we obtain the following equivalent nonlinear implicit finite difference scheme for j =
1 M:

1 1
0} — JOR0] T +20] + ) + (07 + 20 + )
= % |:(\I/n*1)*o' \If’?*l + 2(\11?)*03\1,? + (\I,;;ﬂ)*agg,?ﬂ] , n>0, (2.8)

- —(6*% —uf) + 26%? + g[(\P})*aswl + (09) " 0308] + 6 =0}, >0, (29)

i v +i015$\1’j — wos W nts g¢”+2 "*2, n > 0.(2.10)

The computations of the scheme (2.8)-(2.10) can be arranged as follows: ¢°,? are
given by the initial conditions, ¢! is updated by (2.9), then ¥! is obtained by (2.10),
and then ¢? is updated by (2.8), for n > 2, ¢" and ¥ are available, ¢"*! is updated
by (2.8) and ¥"*! is updated by (2.10).

2.2. Mass and energy conservation

As the discrete version (or approximation) of the initial-boundary value problem
(2.1) possessing the conservative properties (2.2)-(2.3), the proposed scheme (2.4)-
(2.7) still possesses similar conservative properties which can be viewed as the discrete
version of (2.2)-(2.3).

Theorem 2.1. The nonlinear CNFD scheme (2.4)-(2.7) preserves the total mass and en-
ergy in the discrete sense, i.e.,

=P = M0 n>0 2.11)

and

1 1 1 Nl
"= §HU||2 + §||5I¢"H2 + §H¢"H2 +ih Z () 016,97
7=0

M-—1 M-—1
—wh Y (T7) 03} —gh Y ¢} (V) 050) = E°, n>0. (2.12)
j=0 Jj=0

Proof. Firstly, we prove the mass conservation (2.11). To do this, we make the inner
product of 7(¥"+! 4+ ¥") with (2.6), then take the imaginary part to obtain

M—1 N ;
Im{h S (et ey <z'5t+\11y +ioy, U2 — w03\I'?+2> }

7=0
M-1 1 il

{h S (LU ge) 2ol 2 } (2.13)
]_
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where Im{a} means taking the imaginary part of complex value a. Simple calculations
gives the left three items of (2.13)

M-1
Im{h > or(urtt \p;%)*z'ajqu} (2.14)

=Redh Y (U5 +wp) (w5 — \Pﬁ} = e — e,
j=0
M—-1

Im{h (Ut my)*ialémqf?*%} (2.15)
7=0
M-1
= Re % (WIH 4+ 07) 016, (W + \If?)}
=0
M-1
h .
= T [ ) oo (W ) 6 (W ) o (0 ) | =0,
=0
I N n+1 n\ * nJr%
md b Y (U 4 B wos ¥ (2.16)
7=0
. M-1
N _hclwz S ) g (W ) — (U w7) o (U 4 07)| =0,
7=0

where Re{a} means taking the real part of complex value a. From (2.16), by using the
fact that (W7 + W1)* o3 (W) + W) is real, we get

M—1 A .
hn{h/§:/TC¥?+1+-W?Yb¢?+203W?+2} =0, (2.17)
=0

Inserting (2.14)-(2.17) into (2.13) gives
[ HH2 — em|? =0, (2.18)

which immediately gives (2.11).

Secondly, we prove the energy conservation (2.12). To do this, we compute the
discrete inner products of (2.4) with §;¢", (2.5) with §; u", (2.6) with 26, (¥"), re-
spectively, then take the real part of the third result to obtain

M—-1 M—-1 _,_1 M—-1 _,_1
hy o oFepotul —h Y 6 otee P+ h Y §Fere;
j=0 j=0 j=0

IR (LADEA TR ARAHE (2.19)
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M—1
Ry Sl =h Z 5ul ”*2, (2.20)
§=0
M— M—1
{ Z FUR) i 0+ h S 28 (W) oy 6,0
7=0 7=0

M-1
—h Z 25+ \I’") wag\I’ }

7=0

M-1 1
_ Re{h 3 26, (W) 9o agqf?*?}. (2.21)

7=0

By simple calculations, (2.19) and (2.20) become

h Z 5+¢n5+un + L <H5+¢n+1H Héj(an?) + %(H(ﬁnJﬂHQ _ H(anZ)

7=0
M—-1
- %h > (o - [(‘I’"H) 30T+ (‘I’?)*as\l’ﬂ, (2.22)
7=0
M—-1 1
h D 0FaT e = o (e = ). (2.23)
7=0

For the left three terms and the right one term of (2.21), we have

M—-1
Re{h 3 25j(\1/;?)*z'5jqf§b} = 2t { [l 0" |*} =0, (2.24)
j*O
n+2
Re hZQ (V) i016, 0 2
7=0

hM 1
:Im{;z (W — vy 05$(xpy+1+\1/;%)}
1

M-
= —% S (I =W oy 0, (U0 4+ W) — 6, (UTH U)oy (U0 — )
7=0
ih N
Y [(@"H)*a 5, Ut — (\If?)*alémllfﬂ , (2.25)
7=0
M—

L 1
Re{h 26+ \If" wagllf;Hi}
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wh = 4 1
=Req — > (U —0p) o3 (WIH! + 07)
T =
wh M-1
=9 [(\If;?“ — U7 o5 (UTH 4+ W) 4+ (U 4 Wh) o (W — \113?)]
7=0
wh M-1
= 3 () o wr - (07) op s (2.26)
j=0

M
=S o (U () () (g - )
7=0
h M-1
= IS (o o) [ - () o] 2.27)
7=0

Inserting (2.24)-(2.27) into (2.21) yields

i M-1
S () e, () 016,97

-
J=0

~

wh N
wh [ (U7 oyt - (\I/?)*Ug\llgb)]

T

,_.

J=0

—

h'x . .
=23 (o 0)) (W) o w - () opw)] (2.28)

T

\V)

j=0

Combining (2.22), (2.23) and (2.28) leads to E® = E"~!, and the energy conservation
(2.12) holds. O

2.3. Existence and uniqueness

The purpose of this section is to prove the existence of the numerical solution of
(2.4)-(2.6).

Lemma 2.1. For any given ¢", v™ and " with n = 0,1, ..., the solution "1, u"+! and
U+ of the CNFD scheme (2.4)-(2.6) exists and is unique at each time step.

Proof. For a fixed n, the scheme (2.4)-(2.6) can be written as

2 nJr% n 2 nJr% n+2
_(“j _“j> — 00 * +9;

T

= g [(\I/?H)*qu,?ﬂ + (\If?)*ag\ﬂﬂ , (2.29)
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2 1

F(¢"+2 &) =", (2.30)
+3 +3 T n+ +1

LR 01533\1’? F i Lo —1%¢? A RS (2.31)

Combining (2.29) and (2.30), we can get

-1
ntx 4
¢; = (—72 +1—6§>

4 2 9 F1y* +1 *
x (ﬁéb? + ;U? + B {(‘I’;L ) Us‘lf? + (\If?) nglfﬂ . (2.32)
Note )
07" = F(ol,ul, U ) € Xy, (2.33)

As a consequence, the solvability of the scheme (2.4)-(2.6) is equivalent to the follow-
ing finite difference equation:

n+1 T n+i Wt n+i+ 9T
\Ij_] QZ\IJ?_§O-15$\IJ] 2—170'3\:[/]» Q—ZE.F( 5 ],

Define a map G" : Xy — Xy, for W € X, as

\I/“H \p”)ag\p . (2.34)

G"W; =W, — W + 015 Wi+ i 03W +i 2}'( o, UL W) oW (2.35)

It is obvious that G" is continuous from X,; — Xj;. Moreover, the fact for |[W|? >
[on)?

Re{(G"W, W)} = |[W|* — Re{(¥", W)} > [W|*(IW[* - [[&"]*) >0,  (2.36)

which implies that there exists a solution W* such that G"W* = 0 by applying the
Brouwer fixed point theorem [3]. In other words, the scheme (2.4)-(2.6) is solvable.
The uniqueness is a direct consequence of the fact that the solutions in (2.4)-(2.6)
are updated as ¢! — V! — ¢? — W2... where a linear system is solved at each
step. U

2.4. Main results

Before giving our error estimate results of the proposed scheme, we make the
following two type of assumptions on the exact solution ¢ and ¥ of the KGD equa-
tion (2.1):

Assumption (A)
¢ € CH[0,T]; L=(Q)) N C3([0,T); Wy (Q)) N C*([0, T); W2 ()
NCH ([0, T W2 () N C([0,T]; W, (),
U e C3([0,T); Wy (Q))?) N C2([0, T); (W22 ()]) N CH([0, T [W,r>° (Q)]%).
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Assumption (B)
¢ € C*([0,T]; L>®()) N C*([0, T]; W, () N C?([0, T]; W™ ()
NCH ([0, T W () N C([0,T]; W, (),
U e C*([0,T]; [L()]7) N C2([0,T); [W, > ()]%) N CH([0,T]; [W,» > ()]?),

where
Wy (@) = {v | v e Wm(Q), 0bv(a) = dhv(a), 1 =0,1,...,m =1}, m>1

with 0 < T' < T* (T* is the maximal existence time of the solution to the KGD system
(2.1). We denote
Ny = [|#ll2es  No =¥z (2.37)

with

L® = L%([0,T; L>*(®))  for ¢, (2.38)
L= = 12([0, T [L*(Q)]?) for W,

and the grid error functions " € Xy and € € Xy,
N = otn,z5) — ¢, € =W(ty,x;) =¥}, j=0,1,....M, n>0 (2.39)

with ¢ and ¥} being the numerical approximations obtained from the proposed CNFD
scheme, then the error estimates can be established as follows:

Theorem 2.2. Under Assumption (A), there exist constants hg > 0 and 7y > 0 sufficiently
small, such that, when 0 < h < hg and 0 < 7 < 79, we have the following error estimates
for the nonlinear CNFD scheme (2.4)-(2.6):

™| + 650" S h* + 72, |le"|| + 165 e™|| S h* + 72, (2.40)
1n"lee S h*+ 72, le"|loo S B? + 72, (2.41)
16" loo <1+ Ny, [0"|lso <14 Ny, 0<n<T/r. (2.42)

Theorem 2.3. Under Assumption (B), there exist constants hy > 0 and 7y > 0 sufficiently
small, such that, when 0 < h < hg and 0 < 7 < 79, we have the following error estimates
for the nonlinear CNFD scheme (2.4)-(2.6):

™ + (1650 | S h* + 72, |le™|| S h* + 72, (2.43)
1n"loe S h*+ 72, le"loo S B? + 72, (2.44)
0" |co < 1+ Ny, [¥"|oo <14+ Ny, 0<n<T/r. (2.45)

Remark 2.1. Obviously, the assumption on the exact solution ¢ and ¥ given in As-
sumption (B) is weaker than that given in Assumption (A). Hence, the error estimates
given in Theorem 3.2 is weaker than those given in Theorem 2.3, and one can see in
Section 3 that the proofs of the two theorems are quite different.
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3. Error estimates

In this section, we propose the rigorous error estimates of the CNFD scheme (2.4)-
(2.7) for solving the KGD equations (2.1).

3.1. The proof of Theorems 3.1 and 3.2

Similar to the nonlinear Schrédinger equations [3,27,38], we truncate the nonlin-
earity of the KGD equation to a global Lipschitz function with compact support in 1D.
There is a good news, in [6, 18, 37], the same main difficulties were tackled by this
method. This idea ensures that the numerical solution is close to the continuous solu-
tion if the continuous solution is bounded. Here, we apply the same cut-off technique
to choose a function p(s) € Cj°(R) as

1, |s| <1,
ps)= e l01], 1<)/ <2,
0, ls| > 2.

Denote N = (1 + Ny)?, No = (1 + Ny)? and define

fa(0) = p(|9P /N1, fny(8) = p(|6]*/N1)¢, T eC? ¢eR. (3.1)

Then fn, (V) and fx,(¢) have compact supports, and are smooth and global Lipschitz,
i.e., there exist Cy;, > 0 and Cl, > 0 such that V¥, Uy € C2, Vg1, ¢o € R, and

| f, (B1) = fa, (B2)] < On, |91 — Wy,

3.2
[ Fra (1) — Fra(62)] < Cralét — o] (3-2)

Set ¢ = ¢g, U0 = Wy, 4’ = ¢, and determine ¢",a" € X, and ¥ € X as
follows for j = 0,1,..., M

)

~ ntd ottt
§U — 6207 P4 ¢ 2

:gwﬁﬂf@mﬂﬁmy+@ﬂ%ﬁmmpy n >0, (3.3)
5oy =t n>0, (3.4)
zéj@? + i016x(1\’?+% — wagl/l\f?+% = gf]?,:jéagf;ij%, n =0, (3.5)
where
e+l 1o~ n+3 A B PN T PR BN
e AT N A U AN AR (Ut

Gt _ 1
. - 2 o R R (3.6)
i =5 (P @) + 1 (99), fan? =5 (@) + v (@)
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In fact, 5;1 and \f/? can be viewed as the approximations to ¢(t,,z;) and ¥(t,,x;)
respectively. Using the properties of p and standard techniques [3], it is easy to check
that the above scheme (3.3)-(3.5) is uniquely solvable for sufficiently small time step 7.
Define the error functions as

7= ¢t z;) — ¢, & =U(ty,z;) — V", j=01,...,M, n>0. (3.7)
Concerning the errors bounds on 7" and €”, we have the following estimates.

Theorem 3.1. Under Assumption (A), there exist constants hy > 0 and 9 > 0 sufficiently
small, such that, when 0 < h < hg and 0 < 7 < 7, we have the following error estimates
for the nonlinear CNFD scheme (3.3)-(3.5):

17+ o™ S k2 + 72, || + |0 e < h? + 72, (3.8)
17" loo S h?+ 72, [€"|loo S A? + 72, (3.9
6™ loo < 1+ Ny, 0| <1+ Ny, 0<n<T/T. (3.10)

Theorem 3.2. Under Assumption (B), there exist constants hg > 0 and 9 > 0 sufficiently
small, such that, when 0 < h < hg and 0 < 7 < 7, we have the following error estimates
for the nonlinear CNFD scheme (3.3)-(3.5):

7+ (1657 S h* + 72, |le| S h* + 72, (3.11)
17" o0 S h*+ 72, 1€ loe S 1%+ 72, (3.12)
16" loo < 1+ Ny, [0"o <14 Ny, 0<n<T/T. (3.13)

We start with the local truncation errors of (3.3)-(3.5) E ”,{A” cX y and o c X M
as follows:

G = o ultn, ) - %6% (@(tnr1,25) + b(tn, 75)) + %(¢>(tnﬂ, 25) + Gtn, ;)
g

— 5 [\I’*(thrl,CCj)O'g\If(thrl,xj) + \I’*(tn,xj)gggllf(tn,Cﬂj)], n =0, (3.14)
-~ 1
£ = 5t o(tn,zj) — §(u(tn+1,xj) + u(tn, z;)), n >0, (3.15)

~ ) 7
0 :=i6, U (tn, x;) + 501536(\11(%“,%) + U(tn,z;))

w
— 50’3(\11(@14_1,1']‘) + \If(tn,.%'j))

- %(¢(tn+17xj) + O(tn; 7)) 03 (¥ (tns1, 25) + V(tn, z5)), n=0. (3.16)

And we have the following estimates held for CA", E" € Xy and " € Xy,

Lemma 3.1. Under Assumption (A) or Assumption (B), there exist constants hg > 0 and
70 > 0 sufficiently small such that when 0 < h < hg and 0 < 7 < 7, the local truncation
errors (3.14)-(3.16) satisfy
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(i) Under Assumption (A), we have

I S B2 472 1€+ 167 € S P+ 72,

~ ~ (3.17)
167 + 165 6" S h*+77, 0<n<T/r—1
(ii) Under Assumption (B), we have
| < h2—|—7'2, “n + 5+/\n < h2—|—7'2,
HE I+ 150 1

167 < h?+72, 0<n<T/r—1.

Proof. Noticing (2.1), we apply Taylor expansion to the local truncation errors
(3.14)-(3.16) under Assumptions (A), then we obtain the following inequalities with
the help of triangle inequality and the Cauchy-Schwartz inequality:

h2

2 2
-~ T T

7_2 7_2 .
+ 5 19ulloe + L 000 107 ¥ oo,

7.2

2
~ T
€71 < 710t lloc + - 10rull oo,

2 2
5 T T
6,7 €] < ﬁ”attttgbuoo + Enatttuuom
N 72 K2 72
’6?’ < ﬂ”attt\puoo + FHaxm\IlHoo + g”aﬂctt\l’”oo

-2 -2
+ 100 ¥ loe + L0l 00¥
N 2 B2 2 2
24 6 8 8
gr’
L (100 100W o + 1016l 0 ¥ ).
These immediately imply

1C oo + 1€ oo S B2 472 10700 + 10507 lo0 S K2 +72% 0<n <T/7—1. (3.19)

~

Then we can obtain (3.17). Similarly, we can also obtain (3.18). Thus, the conclusions
for the local truncation errors are derived. O

Next, we study the growth of the errors. Subtracting (3.3)-(3.5) from (3.14)-(3.16),
respectively. Then we denote 7} := u(t,,, z;) — u7, the error equations can be obtained
asforj=0,1,..., M

1 1 P
O G — SO (T ) + S (T ) =G+ AT 0<n<T/r—1, (3.20)
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1, N ~

oy — S+ 17) = & 0<n<T/r—1, (321

. i W o

zéjé‘? + §Jlém (é?»”rl +§?) - 503(é7+1 +€?) = ;‘—|— X?, 0<n<T/T—-1, (3.22)

o=, 0 =My, =0, 0<n<T/T—1, (3.23)

G=ey, &=, @=0 0<n<T/r—1, (3.24)

=My, =My, =0, 0<n<T/r—1, (3.25)
where A" = (A2, A7, -+, An)T € Xprand X" = (X2, X7 -, X%y)T € Xy are the errors

of the nonlinear terms as

A = %[(‘I’*(tn+1,wj)03\ll(tn+1,xj) U (b, )03 ()

— (U ) osfn, (U7 + (\T’?)*asfm(\lf?))}, (3.26)
Xj = % (Bt 25) + Ot )05 (U (tns1, 25) + Uk, 7))

— (9] + fra(@)) o (F (B ) + le(‘Tf}“))]. (3.27)

In order to prove Theorems 3.1 and 3.2, we propose the following lemmas with
regard to the nonlinear terms A7 and X7.

Lemma 3.2. Under Assumption (A) or Assumption (B), the nonlinear terms \" and 5%k
(0<n<T/r—1)satisfy

(i) Under Assumption (A), we have

~ 1 N 1 1

IS e 2], XTI S ez || + 177z,

1657 S 2|+ (072 | + 72| + |67 77 2. (3.28)
(ii) Under Assumption (B), we have

-~ 1 —~ 1 1
A S e 20, XS e 2 0+ (2. (3.29)
Proof. Under Assumption (A), rewriting the nonlinear term A", we get

55 = 2[00 (. 2y) — W (o o, (8
Ut 25) 03 (B1FY) = (U7 0 f, (574
+ U (b, 25) 03U (b, ) — U (b, )03 fiv, (D7)
U (b )0 f e (B0) — (T7) 03 f (B7)]
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and in view of the properties of fy, and fy,, we get
n g ~n Jn ~n Jn
o] < Lo [ (N + 1 (B3 D)) + 21 (Vo + | (F7)]) ]
Similarly, rewrite the nonlinear term Y as follows:

i?:%[(¢(tn+17%)+¢tmx] )03(V (tng1, x5) + ¥ (tn, x;))
— (tng1, 25) + Dtn, 7)) o5 (v, (UTT) + v, (TF))
+ (Stns1,25) + Sltn, )03 (fa (U ? Y+ (B7)
~ (fn <¢"+1>+fN2<¢]>>as(le< )+ (@),

which combined with (3.2) to get
5] < So[Nofert+ e + | d g + 7).
which also implies that
05%7] < G0 l0nWlloclEy ™ + &7 + NooF [+ + ]
SN T e ),

where the constant C' is independent of ~ and 7. Under Assumption (A), applying the
properties of fn, and fy,, then combining the above inequalities, we obtain (3.28),
similarly for Assumption (B), we can obtain (3.29). Then, we complete the proof. [

Based on Lemmas 3.1 and 3.2, we are ready to prove the error estimates of scheme
(3.3)-(3.5) under Assumptions (A) and (B).

Proof of Theorem 3.1. When n = 0, the estimates are obvious and for 1 < n < T/,
the proof is divided into two parts.

Part 1. (Estimates of ||7"|| + ||6; 7" + [[€"] + ||6;€"| for 1 < n < T/7). Computing
the inner product of (3.20) and (3.21) with (77! — ") and (u"*! — "), respectively,
then subtracting the two obtained equations, we get

1 n -n 1 -~n -~n -~n
5 (AP = 1" 1) + S (o™ 1% = llog am|1*) + (Hn P = 11" 1)
M-1 R R M-1 R
=71h > 6 (G +A)) —Th > SFETES. (3.30)
j=0 j=0

In (3.30), replacing n by [, then summing it up for . =0,1,...,n — 1 < T/7, we get

~ ~ 1 1
(A = A7) + 5 (ol = laga”ll%) + 5 (a1 = 12°11*)

DN | —
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n—1 M-—1 n—2M-—1
=7h S+ AL +rr >0 ST st — (e
=0 j5=0 =0 j5=0
n—1M-—1 R n—2M-—1 R
—7h (uj sy &) (C+ L) +7h alttere — (am ey, (3.31)
=0 j5=0 =0 j5=0

and in (3.31), making use of Cauchy inequality, triangle inequality and Lemmas 3.1
and 3.2, we obtain

1, .. 1, .. 1 . 1
(—nwuz = SIR) + 5 (31 = W) + 5 (P = 1°1P)

~l ~I ~l Y l o
255 (W12 4+ 110+ 0T + IR0 + Dl ) + NEm+ 2
=0
n—1

ST <||Al+1\|2 BN+ e + 11 + (h® + 72)2) - (3.32)

Next, computing the inner product of 7(e"*! + €") and 762 (e"*! + &") with (3.22),
respectively, then subtracting the two obtained equations and taking the imaginary
parts, we get

€I — [l + o e — o e
M-1 R R
= Im{27’h @ e (07 +x7) + ok (@t @) ok (07 + y;%)}. (3.33)
j=0

In (3.33), replacing n by [, then summing it up for i = 0,1,...,n — 1 < T/7 and
applying Cauchy inequality, triangle inequality and Lemmas 3.1 and 3.2, we obtain

™1 = 1[°11% + flofe™||* — lloF e

n—1M-1
_Im{QThZZ (@ +2)7 (0 +X4) +of (8 + €)7ot (Hl+xj)}

=0 j=0

—_

n—

STZ(H?“HZJr!!?HQJrHtSi?“HQJrH@ﬂ\“\@!l”!l P 16O + 1167 H)

o~
Il
o

3
—

Al Al Al =1 =~ =~
ST (II TP+ 1P+ o e P + o + 1P + 1)1

T
o

1A + 102 + (B2 + 7)) (3:34)

Denote
1, . 1 1
"= ZHM”HQ + 5\\5177”\\2 + 5!!77”\\2 + [l E")1* + [l e ||, (3.35)
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then the inequalities (3.32) and (3.34) imply
n—1
SPSTY S+ (P +7%)? 1<n< T (3.36)
1=0

therefore, the inequality implies that there exists a constant 7; sufficiently small, such
that when 0 < 7 < 7, by making using of the discrete Gronwall’s inequality, the
following holds

ST < (B2 4722, 1<n< T/, (3.37)
this together with (3.35) gives

177+ 657" + e[| + |65 €™ | S h* + 7%, 1<n<T/r. (3.38)

Part 2. (Estimates of ||¢"||« and |[¢"|s for 1 < n < T/7). Applying the discrete
Sobolev inequality, we get from (3.38) that

7" loo < C(R" I+ 657" ) < C(h* +7%), [l < C(h* +72), (3.39)

thus, there exist h; > 0 and 75 > 0 sufficiently small, such that, when 0 < h < hy and
0 < 7 < 79, there are

H¢”’oo < H(b(tnij)Hoo + HﬁnHoo < Ntb +1,

- - (3.40)
19" loo < [[W(tn; 2j)lloo + € [loc < Nw +1.

Choosing 79 = min{7y, 72} and hg = hy, the proof of the Theorem 3.1 is completed. [

Based on the proof of Theorem 3.1, and recalling the definition of p, Theorem 3.1
implies that (3.3)-(3.5) collapse to (2.4)-(2.6). Thus Theorem 2.2 is a direct conse-
quence of Theorem 3.1.

Proof of Theorem 3.2. Under Assumption (B), we give a brief proof process for
the error estimates of scheme (3.8)-(3.10). Similarly, when n = 0, the estimates are
obvious and for 1 < n < T/, the proof is divided into two parts.

Part 1. (Estimates of ||| + ||6,77"|| + ||€"|| for 1 < n < T'/7). Recalling the proof of
Theorem 3.1, we can get the following results directly. Denote

1, .. 1, 1
S"= ZIIM"H2 + §||<5$77”||2 + §H77”||2 + e, (3.41)
we can get
n—1
S"STY ST+ T+, 1<n<TYr, (3.42)
=0

therefore, the inequality implies that there exists a constant 73 sufficiently small, such
that, when 0 < 7 < 73 by using the discrete Gronwall’s inequality, the following holds

ST < (B2 472)?%, 1<n< T/, (3.43)
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due to (3.41), we get

17+ 5" |+ e S h* + 72, 1<n<T/m. (3.44)

Part 2. (Estimates of HQAS"HOO and ||1,Z"HOO for 1 < n < T/7). Applying the discrete
Sobolev inequality, we get

17"se < C(I7" 1 + 557" (1) < C(h* + 7). (3.45)
By inverse inequality we can get for 1 <n < T/,

1 h2 4 72
[e™ |l \/EII | T

On the other hand, due to the triangle inequality, the error equation (3.22) implies

(3.46)

18o@+ 4@ < C (672 + 21+ &)+ 177+ 7+ | + 1197

on sn+1
<o (I o o)
T
2 2
SC’h +T, 0<n<T/T-1 (3.47)

T

for sufficiently small 7 and the constant C' is independent of h and 7. The Sobolev
inequality shows that

[ oo = 16" oo < €™ +€"loo

N

< Clett ez (et + el + |15 @ +e)])

h2 2
<cE T g<n<T/r-1 (3.48)
T2
Summing the (3.48) together for time step 0,1,...,n — 1, we have
h2 2 h2 2
[Eo < On et <o 1 <<y (3.49)
T2 T2

Therefore, for 1 < n < T/, in view of (3.46) and (3.49), we have
h2 + ,7_2 h2 + 7_2
VRS
thus, there exist hy > 0 and 74 > 0 sufficiently small, such that, when 0 < h < hy and

0 < 7 < 74, we obtain

€% |oo < C’min{ } < C(2r7hi 477 + h?), (3.50)

16" [loo < 1@(tn, 25)lloo + 17" [loo < Ng +1,

~ . (3.51)
[ oo < [0 (tn; 25)lloo + [[E"[loo < N + 1.

Choosing 7-(/] = min{r3,74} and hy = hy, the proof of Theorem 3.2 is complete. O
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Based on the proof of Theorem 3.2, and recalling the definition of p, Theorem 3.2
implies that (3.3)-(3.5) collapse to (2.4)-(2.7). Thus Theorem 2.3 is a direct conse-
quence of Theorem 3.2.

Remark 3.1. The above theorems can be directly generalized to the two-dimensional
case. That is to say, they are still valid under the technical conditions 0 < 7 <

1/4/Cy(h) and 0 < h < 1/4/Cy(h). The key observation is that ||7"| s and ||e€"| s
can be controlled by the discrete Sobolev inequality [3] in 2D as

1, d=1,

< + =
1Ulloo S Ca(h)[IU] + 165 UN],  Ca(h) { |Inh|, d=2,

(3.52)

where U is a periodic 2D mesh function.

4. Numerical examples

In this section, we report numerical results to verify our theoretical error analysis
on the difference solutions. The computational interval 2 is chosen as 2 = [-128, 128,
i.e. a = —128 and b = 128. In the computation, the problem is solved numerically with
the coefficients ¢ = 1 and w = 1. Let ¢(¢,x) and ¥(t,z) be the ‘exact’ solution which
is obtained numerically by using the scheme (2.4)-(2.7) with very fine mesh size and
small time step, i.e. h, = 1/2048 and 7. = 5¢~°. In order to quantify the convergence,
we define the error functions ({2-error, discrete H!-error and [*°-error) as

et (t) = 1/ I10(tns ) — "I + 10 (B(tn, ) — ") 2

et (tn) = W (tn, ) = O+ [0 (Wt ) — 0,

e (tn) = |6(tn, ) = "l ef(tn) = [ (tn, ) — T,
ego(tn) = [¢(tn, ) — " [l0os e\opo(tn) =¥ (tn, ") = ¥"|lc0-

For the initial conditions, here we take

2 3 2 2

do(r) ==, di(a) = 567%7 Uo(x) = (77 e

We test and study the temporal and spatial error separately. Firstly, we measure
the spatial discretization errors. In order to do this, we fix the time step size 7 = 5e=*
sufficiently small, such that the errors from time discretization are negligible, and solve
KGD with CNFD method under different mesh sizes h. Tables 1 and 2 list the numerical
errors ey, ¥ at t = 1 with different mesh sizes h for scheme (2.4)-(2.7).

Next we test the temporal errors at ¢ = 1, listed in Tables 3 and 4 under different
7 with a very small mesh size h = h, such that the discretization errors in space are
negligible.

Finally, Figs. 1 and 2 display the values of total mass and energy in the discrete level
at different times with ~ = 1/128 and 7 = 0.001 which confirms the mass and energy
conservation of the proposed CNFD scheme.

12
- 4.1)
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Table 1: Spatial errors of CNFD for ¢ at t = 1.

S. Bian et al.

Spatial error | ho =1/8 ho /2 ho /22 ho/23 ho/2%
e 7.71E-4 | 1.93E-4 | 4.82E-5 | 1.21E-6 | 3.04E-6
Order — 2.00 2.00 2.00 1.99
e’ 5.81E-4 | 1.45E-4 | 3.63E-5 | 9.11E-6 | 2.30E-6
Order — 2.00 2.00 2.00 1.99
efp 1.80E-3 | 4.52E-4 | 1.13E-4 | 2.83E-5 | 7.12E-6
Order — 2.00 2.00 2.00 1.99
Table 2: Spatial errors of CNFD for ¥ at ¢t = 1.
Spatial error | ho =1/8 ho/2 ho /22 ho/23 ho /2%
b 8.20E-3 | 2.10E-3 | 5.18E-4 | 1.30E-4 | 3.26E-5
Order — 1.99 2.00 2.00 1.99
ey 4.10E-3 | 1.00E-3 | 2.58E-4 | 6.46E-5 | 1.61E-5
Order — 1.98 2.00 2.00 2.00
et 2.00E-2 | 5.00E-3 | 1.30E-3 | 3.16E-4 | 7.94E-5
Order — 1.98 2.00 2.00 1.99
Table 3: Temporal errors of CNFD for ¢ at ¢t = 1.
Temporal error | 70 =1/20 | 70/2 70/22 70/23 70/2%
e;é 1.00E-3 | 2.58E-4 | 6.46E-5 | 1.62E-5 | 4.04E-6
Order — 2.00 2.00 2.00 2.00
e 8.27E-4 | 2.07E-4 | 5.16E-5 | 1.29E-5 | 3.23E-6
Order — 2.00 2.00 2.00 2.00
e?, 1.50E-3 | 3.83E-4 | 9.56E-5 | 2.39E-5 | 5.98E-6
Order — 2.00 2.00 2.00 2.00
Table 4: Temporal errors of CNFD for ¥ at ¢t = 1.
Temporal error | 7o = 1/20 | 79/2 T0/22 70/23 T0/24
el‘g 6.70E-3 | 1.70E-3 | 4.19E-4 | 1.05E-4 | 2.62E-5
Order — 2.00 2.00 2.00 2.00
el 4.10E-3 | 1.00E-3 | 2.56E-4 | 6.41E-5 | 1.60E-5
Order — 2.00 2.00 2.00 2.00
6%1 9.10E-3 | 2.30E-3 | 5.68E-4 | 1.42E-4 | 3.55E-5
Order — 2.00 2.00 2.00 2.00
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Figure 2: The discrete energy E™ with 7 = 0.001 and h = 1/128.

5. Conclusion and further question

In conclusion, a new conservative CNFD method was proposed and analyzed for
solving the KGD system. After converting the auxiliary function, we prove that the new

scheme perfectly conserved the total mass and energy in the discrete level. By utiliz-
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ing ‘cut-off’ function technique and energy method, two type of error estimates were
rigorously established under two different hypotheses, which showed that the CNFD
method was second-order accurate in both space and time. Numerical experiments
were conducted to confirm our estimates of the proposed scheme. In future, our fur-
ther exploration is to give an unconditional error estimates of the proposed scheme for
solving the two-dimensional KGD equations, and we will discuss it in detail in our next
research work.
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