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Abstract. In this paper, we calculate the sharp bound for the generalized m-linear n-
dimensional Hardy-Littlewood-Pólya operator on power weighted central and non-
central homogeneous Morrey spaces. As an application, the sharp bound for the
Hardy-Littlewood-Pólya operator on power weighted central and noncentral homo-
geneous Morrey spaces is obtained. Finally, we also find the sharp bound for the
Hausdorff operator on power weighted central and noncentral homogeneous Morrey
spaces, which generalizes the previous results.
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1 Introduction

As a multilinear generalization of Calderón operator, the m-linear n-dimensional Hardy-
Littlewood-Pólya operator is defined by

P( f1, · · · , fm)(x) =
∫

Rnm

f1(y1) · · · fm(ym)

max(|x|n, |y1|n, · · · , |yn|n)m dy1 · · · dym. (1.1)

Computation of the operator norm of integral operators is a challenging work in har-
monic analysis. In 2006, Bényi and Oh [3] proved that for n = 1,

‖P( f1, · · · , fm)‖Lp1×···×Lpm→Lp =
m

∑
i=1

m

∏
j=1, j 6=i

p′j.
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In fact, they proved sharp bound for certain multilinear integral operators that includes
the Hardy-Littlewood-Pólya operator. In 2011, Wu and Fu [9] got the best estimate of
the m-linear p-adic Hardy-Littlewood-Pólya operator on Lebesgue spaces with power
weights. In 2017, Batbold and Sawano [2] studied one-dimensional m-linear Hilbert-type
operators that includes Hardy-Littlewood-Pólya operator on weighted Morrey spaces,
and they obtained the sharp bounds.

For the Hardy-Littlewood-Pólya operator over p-adic field, we refer to Fu et al. [5]
and Li et. al. [6].

Inspired by [2, 3, 9], we will investigate a more general operator which includes the
Hardy-Littlewood-Pólya operator as a special case and consider its operator norm on two
power weighted Morrey spaces and its central version.

In the paper we use the following notation: For any measurable function w over a set
E is given by

w(E) =
∫

E
wdx.

In what follows, B(x, R) denotes the ball centered at x with radius R. Moreover, |B(x, R)|
denotes the Lebesgue measure of B(x, R). Also, B(0, R) denotes a ball of radius R cen-
tered at the origin.

We use this notation in the following definition of the weighted and weighted central
homogeneous Morrey spaces.

Definition 1.1. Let w1, w2 : Rn → (0, ∞) are positive measurable functions, 1 ≤ q < ∞ and
−1/q ≤ λ < 0. The weighted Morrey space Lq,λ(Rn, w1, w2) is defined by

Lq,λ(Rn, w1, w2) = { f ∈ Lq
loc : ‖ f ‖Lq,λ(Rn,w1,w2)

< ∞},

where

‖ f ‖Lq,λ(Rn,w1,w2)
= sup

a∈Rn, R>0
w1(B(a, R))−(λ+1/q)

(∫
B(a,R)

| f (x)|qw2(x)dx
)1/q

.

Remark 1.1. When w1 = w2 = 1, Lq,λ(Rn, w1, w2) is the classical Morrey spaces Lq,λ(Rn)
and it was introduced by Morrey [8]. Note that Lq,−1/q(Rn) = Lq(Rn), Lq,0(Rn) = L∞

and Lq,λ(Rn) = {0} with λ > 0. Based on the above reason, we only consider the case
−1/q < λ < 0.

Definition 1.2. Let w1, w2 : Rn → (0, ∞) are positive measurable functions, 1 ≤ q < ∞ and
−1/q ≤ λ < 0. The weighted central homogeneous Morrey space Ṁq,λ(Rn, w1, w2) is defined
by

Ṁq,λ(Rn, w1, w2) = { f ∈ Lq
loc : ‖ f ‖Ṁq,λ(Rn,w1,w2)

< ∞},
where

‖ f ‖Ṁq,λ(Rn,w1,w2)
= sup

R>0
w1(B(0, R))−(λ+1/q)

(∫
B(0,R)

| f (x)|qw2(x)dx
)1/q

. (1.2)
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The weighted inhomogeneous central Morrey space Mq,λ(Rn, w1, w2) is defined analogously with
the exception that the supremum over R > 0 is restricted to R ≥ 1 in (1.2).

Obviously, Ṁq,λ(Rn, w1, w2) ⊂ Mq,λ(Rn, w1, w2) for λ ≥ −1/q and 1 < q < ∞.

Remark 1.2. When w1 = w2 = 1, Ṁq,λ(Rn, w1, w2) goes back to the classical homo-
geneous central Morrey spaces Ṁq,λ(Rn), which was introduced by Alvarez, Guzmán-
Partida and Lakey [1]. Obviously, Ṁq,λ(Rn) reduces to {0} for λ < −1/q, and it is true
that Ṁq,−1/q(Rn) = Lq(Rn).

2 Sharp bound for the generalized Hardy-Littlewood-Pólya
operator

In this section, we will study the generalized of m-linear n-dimensional Hardy-Littlewood-
Pólya operator. Let now K : Rn × · · · ×Rn → (0, ∞) be a measurable kernel such that

Cm =
∫

Rnm
K(y1, · · · , ym)

m

∏
i=1
|yi|−d(λi ,qi ,α, qiγi

q )dy1 · · · dym < ∞, (2.1)

where

d
(

λi, qi, α,
qiγi

q

)
= −nλi +

1
qi
· qiγi

q
− α

(
λi +

1
qi

)
and 1 < q1, q2, · · · , qm < ∞ are some arbitrary fixed indices. The m-linear operator T is
then defined by

T( f1, · · · , fm)(x) =
∫

Rnm
K(y1, · · · , ym) f1(|x|y1) · · · fm(|x|ym)dy1 · · · dym, (2.2)

where x ∈ Rn\{0} and fi is a measurable function on Rn with i = 1, · · · , m. Note that T
is in fact an integral operator having a homogeneous radial kernel K̃ of degree −mn,

T( f1, · · · , fm)(x) =
∫

Rnm
K̃(x, y1, · · · , ym) f1(y1) · · · fm(ym)dy1 · · · dym, (2.3)

where
K̃(x, y1, · · · , ym) = |x|−mnK(|x|−1y1, · · · , |x|−1ym).

By inserting K̃, (2.1) can be rewritten as

Cm =
∫

Rnm
K̃(1, y1, · · · , ym)

m

∏
i=1
|yi|−d(λi ,qi ,α, qiγi

q )dy1 · · · dym < ∞. (2.4)

When α = 0, n = 1, γj = 0 and λi = −1/qj with j = 1, · · · , m, Bényi and Oh [3] proved
that

‖T‖Lq1×···×Lpm→Lq = Cm.
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Recently, Batbold and Sawano [2] showed that for α 6= −1 and n = 1, there holds

‖T‖
Lq1,λ1 (R,xα,x

q1γ1
q )×···×Lqm ,λm (R,xα,x

qmγm
q )→Lq,λ(R,xα,xγ)

= Cm.

For more about sharp constants of multiple integral inequalities with homogeneous ker-
nel, we refer to Hong, Yang et al. [4, 7]. In this paper, we will sightly modify the method
in [2, 3] and extend their results to the n-dimensional setting. Our results can be read as
the following two theorems.

Theorem 2.1. Let m ∈N, fi be radial functions in Lqj,λ(Rn, |x|α, |x|
qjγj

q ), 1 ≤ q < ∞,−1/q ≤
λ < 0, 1 < qj < ∞, 1/q = 1/q1 + · · ·+ 1/qm, γ = γ1 + · · ·+ γm and −1/qj ≤ λj < 0 with
j = 1, · · · , m. Then

‖T( f1, · · · , fm)‖Lq,λ(Rn,|x|α,|x|γ) ≤ Cm

m

∏
j=1
‖ f j‖

Lqj ,λ(Rn,|x|α,|x|
qjγj

q )
, (2.5)

where Cm is the constant defined by (2.1) or (2.4). Moreover, if α 6= −n, −1/qj < λj < 0, and
qλ = qjλj with j = 1, · · · , m, then Cm is the sharp constant in (2.5).

Theorem 2.2. Assume that the real parameters m, α, Cm, γ, γj, q, qj with j = 1, · · · , m as same
as in Theorem 2.1. Then we have

‖T( f1, · · · , fm)‖Ṁq,λ(Rn,|x|α,|x|γ) ≤ Cm

m

∏
j=1
‖ f j‖

Ṁqj ,λ(Rn,|x|α,|x|
qjγj

q )
. (2.6)

Furthermore, if α 6= −n, −1/qj < λj < 0 and qλ = qjλj with j = 1, · · · , m, then the constant
Cm in (2.6) is best possible.

By letting λj → −1/qj, j = 1, · · · , m, we recover the result on Lebesgue spaces, which
is of independent interest.

Corollary 2.1. Let m ∈ N, 1 ≤ q < ∞, 1/q = 1/q1 + · · · + 1/qm, γ = γ1 + · · · + γm,
γ > −n, 1 < qj < ∞ and γj < nq(−1/qj + 1) with j = 1, · · · , m. Assume that the kernel K
satisfying

Dm =
∫

Rnm
K(y1, · · · , ym)|y1|

− n
q1
− γ1

q · · · |ym|−
n

qm−
γm

q dy1 · · · dym < ∞. (2.7)

Then
‖T‖

Lq1 (Rn,|x|
q1γ1

q )×···×Lqm (Rn,|x|
qmγm

q )→Lq(Rn,|x|γ)
= Dm.

In order to prove Theorems 2.1 and 2.2, we need some definitions and lemmas. The
following lemma discovers the scaling properties of the power weighted central and non-
central homogeneous Morrey space.
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Lemma 2.1. Let 1 ≤ q < ∞,−1/q ≤ λ < 0 and α, γ ∈ R. If t > 0 and f ∈ Lq,λ(Rn, |x|α, |x|γ)
(or Ṁq,λ(Rn, |x|α, |x|γ)), then we have

‖ f (t·)‖Lq,λ(Rn,|x|α,|x|γ) = tnλ− γ
q +α

(
λ+ 1

q

)
‖ f ‖Lq,λ(Rn,|x|α,|x|γ), (2.8a)

‖ f (t·)‖Ṁq,λ(Rn,|x|α,|x|γ) = tnλ− γ
q +α

(
λ+ 1

q

)
‖ f ‖Ṁq,λ(Rn,|x|α,|x|γ). (2.8b)

Proof. We only prove the scaling in Lq,λ(Rn, |x|α, |x|γ), and the other one is similar. We
compute that

‖ f (t·)‖Lq,λ(Rn,|x|α,|x|γ)

= sup
a∈Rn,R>0

(∫
B(a,R)

|x|αdx
)−λ− 1

q
(∫

B(a,R)
| f (tx)|q|x|γdx

) 1
q

=t−
n
q−

γ
q sup

a∈Rn,R>0

(∫
B(a,R)

|x|αdx
)−λ− 1

q
(∫

B(ta,tR)
| f (x)|q|x|γdx

) 1
q

=tnλ− γ
q +α

(
λ+ 1

q

)
sup

a∈Rn,R>0

(∫
B(ta,tR)

|x|αdx
)−λ− 1

q
(∫

B(ta,tR)
| f (x)|q|x|γdx

) 1
q

=tnλ− γ
q +α

(
λ+ 1

q

)
‖ f ‖Lq,λ(Rn,|x|α,|x|γ).

This finishes the proof of Lemma 2.1.

For convenience of this paper, we define the dilation index in (2.8a) and (2.8b) by

d(λ, q, α, γ) = −nλ +
γ

q
− α

(
λ +

1
q

)
.

Unlike the weighted Lebesgue space Lq(|x|γ), the weighted Morrey space
Lq,λ(Rn, |x|α, |x|γ) contains |x|−d(λ,q,α,γ) and the weighted central homogeneous Morrey
space Ṁq,λ(Rn, |x|α, |x|γ) contains |x|−d(λ,q,α,γ) for α 6= −n. More precisely,

Lemma 2.2. Let 1 ≤ q < ∞, −1/q < λ < 0 and α, γ ∈ R with α 6= −n. Then we have

|x|−d(λ,q,α,γ) ∈ Lq,λ(Rn, |x|α, |x|γ) and |x|−d(λ,q,α,γ) ∈ Ṁq,λ(Rn, |x|α, |x|γ).

Moreover,

‖| · |−d(λ,q,α,γ)‖Lq,λ(Rn,|x|α,|x|γ) ≤ max{|Sn−1|−λnλ, |Sn−1|−λ(qλ + 1)−
1
q |n + α|λ}, (2.9a)

‖| · |−d(λ,q,α,γ)‖Ṁq,λ(Rn,|x|α,|x|γ) ≤ |Sn−1|−λ(qλ + 1)−
1
q |n + α|λ. (2.9b)
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Proof. First, we consider (2.9a). Writing out the norm fully, we have

‖| · |−d(λ,q,α,γ)‖Lq,λ(Rn,|x|α,|x|γ)

= sup
a∈Rn, R>0

(∫
B(a,R)

|x|αdx
)−λ− 1

q
(∫

B(a,R)
|x|−d(λ,q,α,γ)q+γdx

) 1
q

.

Since −1/q < λ < 0, there exist 1 + qλ < t < 1 such that t/(1 + qλ) > 1. Thus, using
Hölder’s inequality, we have

‖| · |−d(λ,q,α,γ)‖Lq,λ(Rn,|x|α,|x|γ)

≤ sup
a∈Rn,R>0

(∫
B(a,R)

|x|αdx
)−λ− 1

q
(

1
|B(a, R)|

∫
B(a,R)

|x|
nλt

λ+ 1
q
+αt

dx

) qλ+1
qt

|B(a, R)|
1
q

≤ sup
a∈Rn,R>0

(∫
B(a,R)

|x|
nqλt

(qλ+1)(1−t) dx
) (qλ+1)(1−t)

qt

|B(a, R)|
1
q−

qλ+1
qt .

If |a| > 2R, then |x| > R. For −1/q < λ < 0, we have

(∫
B(a,R)

|x|
nqλt

(qλ+1)(1−t) dx
) (qλ+1)(1−t)

qt

|B(a, R)|
1
q−

qλ+1
qt

≤Rnλ|B(a, R)|
(qλ+1)(1−t)

qt + 1
q−

qλ+1
qt ≤ |Sn−1|−λnλ.

If |a| < R, then B(a, R) ⊂ B(0, 3R), we have

‖| · |−d(λ,q,α,γ)‖Lq,λ(Rn,|x|α,|x|γ)

≤ sup
R>0

(∫
B(0,3R)

|x|αdx
)−λ− 1

q
(∫

B(0,3R)
|x|−d(λ,q,α,γ)q+γdx

) 1
q

.

Notice that

−(α + n)
(

λ +
1
q

)
− d(λ, q, α, γ) +

γ + n
q

= 0.

Thus, by the scaling argument, we have

‖| · |−d(λ,q,α,γ)‖Lq,λ(Rn,|x|α,|x|γ)

≤
(∫

B(0,1)
|x|αdx

)−λ− 1
q
(∫

B(0,1)
|x|α(qλ+1)+nqλdx

) 1
q

=|Sn−1|−λ

(∫ 1

0
rα+n−1dr

)−λ− 1
q
(∫ 1

0
r(α+n)(qλ+1)−1dr

) 1
q

.
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Assume first that α + n > 0. In this case, we have

‖| · |−d(λ,q,α,γ)‖Lq,λ(Rn,|x|α,|x|γ) ≤ |Sn−1|−λ(qλ + 1)−
1
q (n + α)λ.

If α + n < 0, then we calculate the integral and obtain

‖| · |−d(λ,q,α,γ)‖Lq,λ(Rn,|x|α,|x|γ)

≤|Sn−1|−λ

(∫ 1

0
rα+n−1dr

)−λ− 1
q
(∫ 1

0
r(α+n)(qλ+1)−1dr

) 1
q

=|Sn−1|−λ lim
ε→0

(∫ 1

ε
rα+n−1dr

)−λ− 1
q
(∫ 1

ε
r(α+n)(qλ+1)−1dr

) 1
q

=|Sn−1|−λ(qλ + 1)−
1
q |n + α|λ lim

ε→0
(εα+n − 1)−λ− 1

q (ε(α+n)(qλ+1) − 1)
1
q .

The relation

tab − 1− (ta − 1)b = b
∫ ta

ta−1
sb−1ds− 1 ≤ b

∫ 1

0
sb−1ds− 1 = 0

for a > 0, 0 < b < 1 and t ≥ 1 implies

ε(α+n)(qλ+1) − 1 = (1/ε)−(α+n)(qλ+1) − 1 ≤ (εα+n − 1)qλ+1.

Thus,
lim
ε→0

(εα+n − 1)−λ− 1
q (ε(α+n)(qλ+1) − 1)

1
q ≤ 1.

Noting the definition of Lq,λ(Rn, |x|α, |x|γ), we are done.
Now, we start to consider (2.9b). Since

‖| · |−d(λ,q,α,γ)‖Ṁq,λ(Rn,|x|α,|x|γ)

= sup
R>0

(∫
B(0,R)

|x|αdx
)−λ− 1

q
(∫

B(0,R)
|x|−d(λ,q,α,γ)q+γdx

) 1
q

.

Thus, using above argument, inequality (2.9b) holds.

The proof of Theorem 2.1 and Theorem 2.2 are almost the same. For simplification,
we only prove Theorem 2.2.

Proof of Theorem 2.2. Set

gj(x) =
1

wn

∫
|ξ|=1

f j(|x|ξ)dξ, x ∈ Rn,
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where wn = 2πn/2/Γ(n/2) and j = 1, · · · , m. Obviously, gj (j = 1, . . . , m) are radial
functions and T(g f1 , · · · , g fm)(x) is equal to∫

Rnm
K(y1, · · · , ym)g1(|x|y1) · · · gm(|x|ym)dy1 · · · dym

=
∫

Rnm
K(y1, · · · , ym)

m

∏
j=1

(
1

wn

∫
|ξ j|=1

f j(|x||yj|ξ j)dξ j

)
dy1 · · · dym

=
1

wm
n

∫
|ξ1|=1

· · ·
∫
|ξm|=1

(∫
Rnm

K(y1, · · · , ym)
m

∏
j=1

f j(|x||yj|ξ j)dy1 · · · dym

)
dξ1 · · · dξm

=
∫

Rnm
K(y1, · · · , ym) f1(|x|y1) · · · fm(|x|ym)dy1 · · · dym

=T( f1, · · · , fm)(x).

Using the generalized Minkowski’s inequality and Hölder’s inequality, for j = 1, · · · , m,
we conclude that

‖gj‖
Ṁqj ,λj (Rn,|x|α,|x|

qjγj
q )

≤ 1
wn

sup
R>0

(∫
B(0,R)

|x|αdx
)−λ− 1

q ∫
|ξ j|=1

(∫
B(0,R)

| f j(|x|ξ j)|q|x|
qjγj

q dx
) 1

q

dξ j

≤
(∫

B(0,R)
|x|αdx

)−λ− 1
q
(

1
wn

∫
|ξ j|=1

∫
B(0,R)

| f j(|x|ξ j)|q|x|
qjγj

q dxdξ j

) 1
q

=‖ f j‖
Ṁqj ,λj (Rn,|x|α,|x|

qjγj
q )

.

Therefore one has that

‖T( f1, · · · , fm)‖Ṁq,λ(Rn,|x|α,|x|γ)

∏m
j=1 ‖ f j‖

Ṁqj ,λj (Rn,|x|α,|x|
qjγj

q )

≤
‖T(g1, · · · , gm)‖Ṁq,λ(Rn,|x|α,|x|γ)

∏m
j=1 ‖gj‖

Ṁqj ,λj (Rn,|x|α,|x|
qjγj

q )

.

This implies the operator T and its restriction to radial functions have the same op-
erator norm in Ṁq,λ(Rn, |x|α, |x|γ). So, without loss of generality, we assume that f j,
j = 1, · · · , m are radial functions in the rest of the proof.

By Minkowski’s inequality and Hölder’s inequality, we have

‖T( f1, · · · , fm)‖Ṁq,λ(Rn,|x|α,|x|γ)

≤
∫

Rnm
K(y1, · · · , ym)

∥∥∥∥∥ m

∏
j=1

f j(|yj|·)
∥∥∥∥∥

Ṁq,λ(Rn,|x|α,|x|γ)

dy1 · · · dym

≤
∫

Rnm
K(y1, · · · , ym)

m

∏
j=1

∥∥ f j(|yj|·)
∥∥

Ṁqj ,λj (Rn,|x|α,|x|
qjγj

q )
dy1 · · · dym.
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Using Lemma 2.1, we can deduce that

‖T( f1, · · · , fm)‖Ṁq,λ(Rn,|x|α,|x|γ)

≤
∫

Rnm
K(y1, · · · , ym)

m

∏
j=1
|yj|−d(λj,qj,α,

qjγj
q )dy1 · · · dym

m

∏
j=1

∥∥ f j
∥∥

Ṁqj ,λj (Rn,|x|α,|x|
qjγj

q )

≤Cm

m

∏
j=1

∥∥ f j
∥∥

Ṁqj ,λj (Rn,|x|α,|x|
qjγj

q )
.

Now, we will show that the operator norm of T is equal to Cm. Taking

f j(x) = |x|−d(λj,qj,α,
qjγj

q ), j = 1, · · · , m,

we calculate that
T( f1, · · · , fm)(x) = Cm|x|−d(λ,q,α,γ),

which yields

‖T( f1, · · · , fm)‖Ṁq,λ(Rn,|x|α,|x|γ) = Cm

m

∏
j=1

∥∥ f j
∥∥

Ṁqj ,λj (Rn,|x|α,|x|
qjγj

q )
.

This finishes the proof of Theorem 2.2.

Proof of Corollary 2.1. Let q′ be the conjugate number of q and g ∈ Lq′(Rn, |x|γ). Using
duality identity and Hölder’s inequality, and making a change of variables, we obtain
the following sequence of inequalities

|〈T( f1, · · · , fm), g〉|

≤
∫

Rnm
|K(y1, · · · , ym)|

∫
Rn
|g(x)|| f1(|x|y1)| · · · | fm(|x|ym)||x|γdxdy1 · · · dym

≤
∫

Rnm
|K(y1, · · · , ym)|‖g‖Lq′ (Rn,|x|γ)

m

∏
i=1

(∫
Rn
| fi(|x|yi)|qi |x|

qiγi
q dx

) 1
qi

dy1 · · · dym

=Dm‖g‖Lq′ (Rn,|x|γ)‖ f1‖
Lq1 (Rn,|x|

q1γ1
q )
· · · ‖ fm‖

Lqm (Rn,|x|
qmγm

q )
. (2.10)

This proves the first part of our theorem.
For the second part, we will show that if the kernel K is nonnegative, then the operator

norm ‖T‖ of T is equal to Dm. For a positive integer N and i = 1, · · · , m, we define the
sequences of functions gN and fi,N by

gN(x) = |x|−
n+γ

q′ + 1
q′N χB(0,1)(x) and fi,N = |x|−

n
qi
− γi

q + 1
qi N χB(0,1)(x). (2.11)

By a simple computation, we have

‖gN‖q′

Lq′ (Rn,|x|γ)
= ‖ fi,N‖

qi

Lqi (Rn,|x|
qiγi

q )
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=‖gN‖Lq′ (Rn,|x|γ)‖ f1,N‖
Lq1 (Rn,|x|

q1γ1
q )
· · · ‖ fm,N‖

Lqm (Rn,|x|
qmγm

q )

=N|Sn−1|.

Therefore, we have

|〈T( f1,N , · · · , fm,N), gN〉|

=
∫

B(0,1)
|x|−

n+γ
q′ + 1

q′N |x|γ
∫

Rnm
K(y1, · · · , ym)

m

∏
i=1

fi,N(|x|yi)dy1 · · · dymdx

=
∫

B(0,1)
|x|−

n+γ
q′ + 1

q′N |x|γ
∫
(B(0, 1

|x| ))
m

K(y1, · · · , ym)
m

∏
i=1

(|x|yi)
− n

qi
− γi

q + 1
qi N dy1 · · · dymdx

=
∫

B(0,1)
|x|−n+ 1

N

∫
(B(0, 1

|x| ))
m

K(y1, · · · , ym)
m

∏
i=1

y
− n

qi
− γi

q + 1
qi N

i dy1 · · · dymdx

=− N|Sn−1|
∫ ∞

1
(r−

1
N )′
(∫

(B(0,r))m
K(y1, · · · , ym)

m

∏
i=1

y
− n

qi
− γi

q + 1
qi N

i dy1 · · · dym

)
dr

=N|Sn−1|m+1
∫ 1

0
· · ·

∫ 1

0
K(r1, · · · , rm)

m

∏
j=1

r
− n

qj
−

γj
q + 1

qj N +n−1

j dr1 · · · drm +
m

∑
i=1

Li, (2.12)

where Li is defined as

Li =N|Sn−1|m+1
∫ ∞

1
r−

1
N

i

∫ ri

0
· · ·

∫ ri

0
K(r1, · · · , rm)

×
m

∏
j=1

r
− n

qj
−

γj
q + 1

qj N +n−1

j dr1 · · · d̂ri · · · drmdri. (2.13)

Here, d̂ri means that we do not integrate with respect to the variable ri. The last equality
follows from integration by parts and the observation that, if we let

W(z1, · · · , zm) =
∫ z1

0
· · ·

∫ zm

0
K(r1, · · · , rm)

m

∏
j=1

r
− n

qj
−

γj
q + 1

qj N +n−1

j dr1 · · · drm,

then

d
dx

W(x, · · · , x)

=
m

∑
i=1

∂W
∂zi

(x, · · · , x)
∫ x

0
· · ·

∫ x

0
K(r1, · · · ,

(i)
x , · · · , rm)x−

n
qi
− γi

q + 1
qi N +n−1

×∏
j 6=i

r
− n

qj
−

γj
q + 1

qj N +n−1

j dr1 · · · d̂ri · · · drm,
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where the upper index (i) means that x replaces the variable ri in the i-th position. By
means of (2.12), we have

|〈T( f1,N , · · · , fm,N), gn〉|
‖gN‖Lq′ (Rn,|x|γ)‖ f1,N‖

Lq1 (Rn,|x|
q1γ1

q )
· · · ‖ fm,N‖

Lqm (Rn,|x|
qmγm

q )

=|Sn−1|m
∫ 1

0
· · ·

∫ 1

0
K(r1, · · · , rm)

m

∏
j=1

r
− n

qj
−

γj
q + 1

qj N +n−1

j dr1 · · · drm +
m

∑
i=1

Li

N|Sn−1| . (2.14)

Let now Ei denote the domain of integration in the integral Li defined by (2.13), that is,

Ei = {(r1, · · · , rm) ∈ (0, ∞)m : 1 ≤ ri < ∞, 0 ≤ rj ≤ ri, j 6= i}.

Taking into account that 1/q1 + · · · + 1/qm = 1/q, we can bound the integrand of
Li/(N|Sn−1|) on Ei as follows:

r−
1
N

i K(r1, · · · , rm)
m

∏
j=1

r
− n

qj
−

γj
q + 1

qj N +n−1

j

≤r
− 1

N + 1
p1 N +···+ 1

pm N

i K(r1, · · · , rm)
m

∏
j=1

r
− n

qj
−

γj
q +n−1

j

=r
− 1

p′N
i K(r1, · · · , rm)

m

∏
j=1

r
− n

qj
−

γj
q +n−1

j

≤K(r1, · · · , rm)
m

∏
j=1

r
− n

qj
−

γj
q +n−1

j .

For the integrand of the first term in (2.14) on [0, 1]m, we also have that

K(r1, · · · , rm)
m

∏
j=1

r
− n

qj
−

γj
q + 1

qj N +n−1

j ≤ K(r1, · · · , rm)
m

∏
j=1

r
− n

qj
−

γj
q +n−1

j .

The condition (2.1) of the kernel K is equivalent to

Dm = |Sn−1|m
∫ ∞

0
· · ·

∫ ∞

0
K(r1, · · · , rm)

m

∏
i=1

r
− n

qi
− γi

q +n−1

i dr1 · · · drm < ∞. (2.15)

From the assumption (2.15), we can use the Lebesgue Dominated Convergence theorem.
It implies that

lim
N→∞

Li

N|Sn−1| = |S
n−1|m

∫ ∞

1

∫ ri

0
· · ·

∫ ri

0
K(r1, · · · , rm)

m

∏
j=1

r
− n

qj
−

γj
q +n−1

j dr1 · · · drm. (2.16)
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and

lim
N→∞

|Sn−1|m
∫ 1

0
· · ·

∫ 1

0
K(r1, · · · , rm)

m

∏
j=1

r
− n

qj
−

γj
q +n−1

j dr1 · · · drm

=|Sn−1|m
∫ 1

0
· · ·

∫ 1

0
K(r1, · · · , rm)

m

∏
j=1

r
− n

qj
−

γj
q +n−1

j dr1 · · · drm. (2.17)

Furthermore, we have

[0, 1]m
⋃(

m⋃
i=1

Ei

)
= (0, ∞)m,

and for i, j = 1, · · · , m, any of the intersection sets [0, 1]m
⋂

Ei, Ei
⋂

Ej, i 6= j, has Lebesgue
measure zero in Rm. Consequently, (2.14), (2.16) and (2.17) imply that

‖T‖
Lq1 (Rn,|x|

q1γ1
q )×···×Lqm (Rn,|x|

qmγm
q )→Lq(Rn,|x|γ)

= lim
N→∞

|〈T( f1,N , · · · , fm,N), gn〉|
‖gN‖Lq′ (Rn,|x|γ)‖ f1,N‖

Lq1 (Rn,|x|
q1γ1

q )
· · · ‖ fm,N‖

Lqm (Rn,|x|
qmγm

q )

=Dm.

We are done.

3 An application: sharp constant for the
Hardy-Littlewood-Pólya operator

By taking particular kernel K in operator T defined by (2.2) or (2.3), we can obtain sharp
bound for the Hardy-Littlewood-Pólya operator on two power weighted central and non-
central homogeneous Morrey spaces. Our main results in this section are as followed.

Theorem 3.1. Let m ∈ N, fi be radial functions in radial functions in Lqj,λ(Rn, |x|α, |x|
qjγj

q ),
1 ≤ q < ∞. Assume that m, α, q, qj, λ, λj with j = 1, · · · , m as same as in Theorem 2.1. Assume
also that

nλ− γ

q
+ α

(
λ +

1
q

)
< 0 and nλj−

γj

q
+ α

(
λj +

1
qj

)
> −n with j = 1, · · · , m. (3.1)

Then P is bounded from ∏m
j=1 Lqj,λj(Rn, |x|α, |x|γj) to Lq,λ(Rn, |x|α, |x|γ).

Furthermore, if α 6= −n, −1/qj < λj and qλ = qjλj with j = 1, · · · , m, then

‖P‖
∏m

j=1 Lqj ,λj (Rn,|x|α,|x|γj )→Lq,λ(Rn,|x|α,|x|γ)

=|Sn−1|m mnq
−nqλ + γ− α(qλ + 1)

m

∏
j=1

qqj

nqqj(λj + 1)− qjλj + αq(qjλj + 1)
.
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Theorem 3.2. Assume that m, α, q, qj, λ, λj with j = 1, · · · , m are as same as in Theorem 3.1.
Then P is bounded from ∏m

j=1 Ṁqj,λj(Rn, |x|α, |x|γj) to Ṁq,λ(Rn, |x|α, |x|γ).
Furthermore, if α 6= −n, −1/qj < λj and qλ = qjλj with j = 1, · · · , m, then

‖P‖
∏m

j=1 Ṁqj ,λj (Rn,|x|α,|x|γj )→Ṁq,λ(Rn,|x|α,|x|γ)

=|Sn−1|m mnq
−nqλ + γ− α(qλ + 1)

m

∏
j=1

qqj

nqqj(λj + 1)− qjλj + αq(qjλj + 1)
.

Proof of Theorems 3.1 and 3.2. If we take the kernel

K(y1, · · · , ym) = (max(1, |y1|, · · · , |ym|))−mn

in Theorems 2.1 and 2.2, respectively, then all things reduce to calculating

Cm =
∫

Rnm

1
(max(1, |y1|, · · · , |ym|))mn

m

∏
j=1
|yj|−d(λj,qj,α,

qjγj
q )dy1 · · · dym.

Using the polar coordinates transformation, we obtain

Cm = |Sn−1|m
∫ ∞

0
· · ·

∫ ∞

0

1
(max(1, r1, · · · , rm))mn

m

∏
j=1

r
−d(λj,qj,α,

qjγj
q )+n−1

j dr1 · · · drm.

Since Cm was precisely calculated in [2, Lemma 3], we omit the details. Thus, we give the
sharp bounds in Theorems 3.1 and 3.2.

4 A further result

In this section, we will give sharp bound for the n-dimensional Hausdorff operator on
weighted Morrey spaces.

Theorem 4.1. Let 1 ≤ q < ∞, −1/q < λ < 0 and α, γ ∈ R with α 6= −n. Assume that a
nonnegative function Φ on Rn satisfies

F =
∫

Rn

Φ(y)
|y|n+λ(α+n)+(α−γ)/q

dy < ∞.

Then we have
‖HΦ‖Lq,λ(Rn,|x|α,|x|γ)→Lq,λ(Rn,|x|α,|x|γ) = F,

where the n-dimensional Hausdorff operator is defined by

HΦ( f )(x) =
∫

Rn

Φ(y)
|y|n f (x/|y|)dy.
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Proof. The upper bound was obtained in Theorem 1.2 of [10]. To show the constant F is
best possible, we just need to take the test function

f (x) = |x|λ(α+n)+(α−γ)/q.

By Lemma 2.2, Theorem 4.1 holds.

Remark 4.1. Theorem 4.1 can be straightforwardly extended to the multilinear and the
product setting.
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Pólya operators, J. Appl. Math., 2011 (2011), 1–20.

[10] X. S. Zhang, D. Y. Yan and M. Q Wei, Boundedness of Hausdorff operators on Morrey spaces
with power weights, Journal of University of Chinese Academy of Sciences, 38 (2021), 577–
582.


