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GAUGE-UZAWA METHODS FOR THE NAVIER-STOKES
EQUATIONS WITH NONLINEAR SLIP BOUNDARY
CONDITIONS

HAILONG QIU, LIQUAN MEI, AND ZHANGXIN CHEN

Abstract. In this paper, the Gauge-Uzawa method is applied to solve the Navier-Stokes equations
with nonlinear slip boundary conditions whose variational formulation is a variational inequality
of the second kind with the Navier-Stokes operator. In [1], a multiplier was introduced such
that the variational inequality is equivalent to the variational identity. We give the Gauge-Uzawa
scheme to compute this variational identity and provide a finite element approximation for the
Gauge-Uzawa scheme. The stability of the Gauge-Uzawa scheme is showed. Finally, numerical
experiments are given, which confirm the theoretical analysis and demonstrate the efficiency of
the new method.
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1. Introduction

Numerical simulation for incompressible flow is a fundamental and significan-
t problem in computational mathematics and computational fluid mechanics. It
is well known that a mathematical model for a viscous incompressible fluid with
homogeneous boundary conditions involves the Navier-Stokes equations.

In this paper, we will consider the following Navier-Stokes equations

ou
(1) E—uAu—i—(u-V)u—i—Vp:f,
divu = 0.

It is obvious that (1) is a coupled system with a first-order nonlinear evolution
equation and an imposed incompressible constrain so that the numerical simulation
for the Navier-Stokes equations is very difficult. A popular technique to overcome
this difficulty is to relax the solenoidal condition in an appropriate method to
result in a pesudo-compressible system, such as a penalty method or a artificial
compressible method. An operator splitting method is also very useful to overcome
this shortage. The main advantage of the operator splitting method is that it can
decouple the difficulties associated to the nonlinear property with those associated
to the incompressible condition. For more details, see [2].

The Gauge-Uzawa method has been a popular tool for the numerical simula-
tion of incompressible viscous flow. The purpose of this paper is to propose two
new Gauge-Uzawa schemes for incompressible flows with nonlinear slip boundary
conditions. This class of boundary conditions are introduced by Fujita in [3, 4, 5].
The first scheme will be based on a system in convected form [6] while the second
scheme will be based on the stabilized Gauge-Uzawa method [7]. We recall that the
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Gauge-Uzawa method is introduced in [6, 8] to overcome some implementation dif-
ficulties associated with the Gauge method introduced in [9]. It has been shown in
[6, 10, 11, 12] that the Gauge-Uzawa method has many advantages over the original
Gauge method and the pressure-correction method. We will show that a proper
Gauge-Uzawa formulation is well suitable for problems with variable density. More
precisely, our two new schemes will only involve one projection step and will be
proved unconditionally stable.

The paper is organized as follows. In the next two sections, we present the two
Gauge-Uzawa schemes and show that they are unconditionally stable, respectively.
In Section 4, we decrible the finite element approximation of the two Gauge-Uzawa
schemes. In Section 5, we present some numerical results which reveal the con-
vergence rate of our schemes for each of the three unknown functions and some
concluding remarks are given.

2. Navier-Stokes Equations with Nonlinear Slip Boundary Conditions

Consider the Navier-Stokes equations:

0 .
@) S~ Hdu+ (u-V)u+ Vp = f in Qr,
divu =0 in Qr,

where Qr = Q x [0,7T] for some T > 0, u(t,x) denotes velocity, p(¢,x) denotes
pressure, and f(¢,x) denotes the external force. The domain 2 C R? is a bounded
domain. Given the initial value u(0,z) = up(z) in Q, we consider the following
nonlinear slip boundary conditions:

3) { u =0, onI,

up =0, —or(u)€ gdlu,| on S,
where I'N S =0, T'US = 9Q with |T'| # 0,]S| # 0. The viscous coefficient y > 0
is a positive constant, g is a scalar function, and u, = u-n and u, = v — u,n
are the normal and tangential components of the velocity, where n stands for the
unit vector of the external normal to S. o,(u) = ¢ — o,n, independent of p, is the
tangential components of the stress vector o which is defined by o; = o;(u,p) =
(neij(u) — pdi;)n;, where e;j(u) = gg} + ‘?;;g ,i,7 = 1,2. The set 01(a) denotes a
subdifferential of the function ¢ at the point a:

op(a) ={be R*:(h) —1p(a) > b-(h—a) VY he R?}.

Introduce

V={uecH(Q)? ur=0, u-n|s =0}, Vo=H}Q)?

Vo ={uecV, divu=0}, M = L3(Q) = {q € L*(Q), (1,q)r2(q) = 0}.

Let || - || be the norm in the Hilbert space H*(Q)2, and (-,-) and || - || be the
inner product and the norm in L?(Q)2, respectively. Then we can equip the inner
product and the norm in V by (V-,V-) and || - ||v = ||V - ||, respectively, because
||V -] is equivalent to ||-||1. Let X be a Banach space. Denote by X’ the dual space
of X and < -, > be the dual pairing in X x X’. Also we will use ¢ as a difference

of two functions, for example, for any sequence function z"*+1!,

62" = ot o552 = §(02" ) = 2T -2
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Introduce the following bilinear forms and trilinear form:
a(u,v) = p(Vu, Vo) Yu,veV,
d(v,p) = (p.divo) VYveV,pe M,
b(u,v,w) = [(u-V)v-wdz Y u,v,weV.

Moreover, if divu = 0, then trilinear form b(-, -, -) satisfies
b(u,v,w) = ((u-V)v,w)+ 3((divu)v, w)
=3 ((u-V)v,w) — 3((u- V)w,v) You,v,we V.
Thus we have
b(u,v,w) = —b(u,w,v) YV u,v,w e V.
The weak formulation associated with the problem (1) and (2) is the following
variational inequality problem of the second kind with the Navier-Stokes operator:

Find (u,p) € V x M such that
() <u',v—u> +alu,v —u) 4 b(u, u,v —u) + j(v,;) — j(ur)
—d(v—u,p) > (f,v—u) YovelV,
d(u,q) =0 Vqge M.

Using a regularized method in [13, 14], we can show the following theorem about
the existence and uniqueness of a solution to (4):

Theorem 2.1. Given ug € V,, f € L?(0,T,H) and g € L?(0,T,L>(S)), there
exists a unique solution u € £°°(0,T, H) N £*(0,T,V) with u € (0, T, Vl) and
p E 152(0,T7 M) of the variational inequality (4). Moreover, the following energy
inequality holds:

T 4 T
sup | u(t) [|? +u/0 I u(€) I} d¢ < ;/O (L@ N5 + 1 9(&) 5)de+2 || uo [

0<t<T

Theorem 2.2. For almost everywhere t € (0,T), that u € L*>(0,T, H)NL*(0,T,V)
withu € L2(0,T,V') andp € L*(0,T, M) is the solution of the variational inequal-
ity (4) if and only if there exists a A(t) € A such that

<u',v > +a(u,v) + b(u,u,v) — d(v,p) + Js Agvrds = (f,v)  YveV,
(5) § dlu,q) =0 Vg e M,
My =| ur | a.e. on S.

3. Gauge-Uzawa Method

In this section, we will state the Gauge-Uzawa method to solve the variational
problem (5).

3.1. A first-order version. The first-order semi-discrete Gauge-Uzawa method
based on the conserved system (5) reads as follows:

Algorithm 3.1. Set u® = uy € V,, s° = 0, and \° € A is given; repeat for
1<n<N<T/r—1.
Step I: Find u™*! as the solution of

an—’_l —u” ~n—+1 n Sn+l n
(6) < ———, v > 4a(@tv) + b(u™, "t v) — p(s", Vo)
T

+ [ A"g" T urds = (f"Tv) Ve eV
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Step II: Find ¢" ! as the solution of
(7) < V"L VY >=< divi" ™y > Ve € HY(Q).
Step IIT: Update u™' and s"™' as the solution of

unJrl — ~n+1 + V¢n+l7
) {

T

Step IV: Update A" as the solution of

(9) { AL = py (A" + pg”“u?“), p>0, ,

pa(p) = sup(—1,inf(1, p)) Vu € L2(S5).
Remark 3.1. In practice, we derive immediately from (7) and (8) that
(10) <u"ttVg>=0  Vge HY(Q),
which implies that in the space continuous case, we have
(11) V-u"tt =0.

However, in the space discrete case, only a discrete version of (10) will be satisfied
so the discrete velocity field will generally not be divergence free.

Remark 3.2. Note that the pressure does not appear in the above algorithm. How-
ever, a proper approzimation of the pressure can be constructed [6, 11]. In addition,
the pressure p" Tt € P can be computed via

(12) pn—i-l _ /J,Sn+1 _ T—1¢n+1'
Theorem 3.1. The Gauge-Uzawa Algorithm 3.1 is unconditionally stable in the

sense that, for all T >0 and 0 < N < T/7 — 1, the following a priori bound holds:
(13)

N N
@3 + X (3 =3 + 96 3) + s 13+ 7 3 Va3
n= n=
N N
<@l + Cur 320 ™2+ Cur 32 Nlg™ 7 s
n= n=

Proof: We take v = 27u™*! in (6), and get

[ G + @ — w1 — [[all§ + 2rpl VA |I§ + 2pr || s¥ 13

(14) +2pur < V", umtt > —2ur [ Xhgmuntlds = 2ur < frt At >

The next task is to derive a suitable relation between |Ju™||2 and ||u"||3 so that we
can sum over n the relation (14). To this end, we derive from (7) and (10) that
lullf =<u",u" >

=<u"+ Vo™, u" >

=< u™,u" >

=<u™,u"+ Vo" >

= |a"|[§+ < u" — Vo", V" >

= @[5 — IVe™ 3.
We now sum up (14) and (15) to get
(16) [Fa™ 1§ — "I + @ — u™[I§ = Vg™ I3 + 2u7(|Va" T [[§ = A1 + Az + As

with

(15)

Ay =2ur < s,V -unt >,
(17) Ay = =2u1 [ A" g"ultds,
Az =2ur < frtt gntl >
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We derive from the well-known inequality
(18) IV-vllo < [Vollo Vv e Hy(9),
and (8) that

Ay = —2ur < 5", s"H — 5" >
—par(lsm B = 57 = 57 = 57
= —W(I\S“ll\g —lls"lig) + WIIVA-U’Z+ JIo
< —pr((Is"FHIE = l1s™18) + prlVar g,
Using the Cauchy-Schwarz inequality, we find

Ay < 2ullg" | g 27
< Curllg™ sy + 471V - @13,

(19)

(20)

n /'L ~n
(21) Az < Cpr[lf" 2y + Z7V -G

Inserting the above two results into (16) leads to

(22) [ Hig —las + ulT(IIS"“H% - I\Snlllgz)l\ﬂ"+1 - U"||31—2||V¢”H3
HETIVETHE < Cur|[f7 2, + Curllg™ e s)-

Summing the above over n from 1 to N yields (13).

O
3.2. A second-order version. Algorithm 3.1 is only first-order accurate. How-
ever, a second-order version with essentially the same computational procedures
can be constructed as follows. For simplicity, we denote, for any function a, its
second-order extrapolation by "t = 2a™ — a1,

Algorithm 3.2. (The stabilized Gauge-Uzawa Method) Set u® = ug € V,, s° =0,
and A0 € A is given; compute u', o', s', p* with Algorithm 3.1 and set ¢* = —%Tpl:
repeat for 2<n < N <T/r—1.

Step I: Find u™*! as the solution of

3’\n+1 _ 4 n n—1 R R
gy < T @) + b@t, @t v) — (7, V- v)
(23) 27

+ [¢ Ahg" T ords = (f*He) Yo eV
Step II: Find ¢" ' as the solution of
(24) < V¢"TH Vi >=< V", Vop > + < diva" ¢ > W € H(Q).
Step IIT: Update u™' and s"™' as the solution of
W =@ V(g - ),

(25) sl = gn . gt
il = st %
Step IV: Update X"t as the solution of
(26) { Pt ipA()\n +Rgn+1u¢+l), p >0, )
pa(p) = sup(=1,inf(1, 1)) V€ L*(S).

To see that the above scheme is indeed (formally) second-order accurate, we
drop the nonlinear terms (note that it is obvious that the approximation for the
nonlinear terms is second-order); after eliminating 4" *!, we find

< 3ﬂn+17§in+u7171 0> +a(an+1, v) _ (anrl’ \va v) + fS /\”g"JrldeS — (fnJrl’v)
Vv e V.
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Hence the scheme is formally second-order accurate.

We remark that Algorithm 3.2 consists with (5), like the classical Gauge-Uzawa
Method. In order to derive the rotational form of the pressure correction projection
method which is studied in [15], we denote

el C3(e" T = 9"
T 2T

and we subtract the three consecutive equations of (25) to get
anrl — pn + é-nJrl _ ‘uv . anJrl.

Then we arrive at the rotational form of the pressure correction projection method
in [15].

Algorithm 3.3. (The rotational form of the pressure correction projection method)
Setu® =ug €V, s =0, and \° € A is given; compute u', ¢', s*, p' with Algorithm
3.1 and set ¢ = —%Tpl.' repeat for 2<n < N < T/t —1.

Step I: Seta = 2u™ —u"~1 and find u"*! as the solution of (23).

Step II: Find £ as the solution of

(27) < VETTL VY >=< %divﬁ"*l, Y>> Yy e HY(Q).

Step III: Update u™' and p"t! as the solution of

n+1 — ~n+1 _ n+1
(28) unJrl un nzg i ~n-+1
prTt=pt T = pV e utT

Step IV: Update \"*! as the solution of
(29) { A+l — pA()\n + pgn-i-lu:_z-l-l) p>0,
pa(p) = sup(—1,inf(1, p)) Vi e L2(S).

Remark 3.3. Algorithms 3.2 and 3.3 are basically equivalent at the semi-discrete
level. The only difference is the representation of pressure between (25) and (28).
The pressure p" ™t in (25) is designed by addition of two functions of ¢ and s. Both
of them can be expressed by V -u, so we can replace p™ in momentum equation (23)
to the terms of V - 1.

We will prove that the following stability of Algorithms 3.2. Because Algorithms
3.2 and 3.3 are equivalent, we conclude that Algorithm 3.3 is also unconditionally
stable.

Lemma 3.1. For any sequence {z}Y_,, we have:

2 < 32T —4pm 4 ol L s 1202 4 227 — 2|2

30 n n n n
(30) 68213 — |22 — 227 — 2m2,

(31) 2 <M =2 T = G 11227 = 2 G - 112G,

(32) 2 <" =2 2 >= MG - (122 2 — (12" S
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Theorem 3.2. The Gauge-Uzawa Algorithm 3.2 is unconditionally stable in the
sense that, for all >0 and 0 < N < T/7 — 1, the following a priori bound holds:

G A+ uNFHIE + 120 — u g + 3 Ve I3

+2rpllsV G + Z (180w T + B[V HH[§ + rul| VA +1[5)

33 ~
B3 < J2ut — w2+ ]2 + 3IVLYZ + 22202

+Cur zl |F7 12, + Cur 21 19" 2 .
n= n=

Proof: We first rewrite the momentum equation (23) by using (24) and (25) as
follows:

3an+l _ 4un + un—l
< 2
(34) 3¢n+{
—(
We now take v = 4Tu"+1 € H}(Q) and use (30) to get

[um G + (126" = w|[§ + [|d0unTHE — IIU"Ilo

v > +a(@ o) + b@ tt antt v)

—pq", V- v) + [¢ N'g"Hords = (f*Hv) Y eV

35 n n T
(35) —JJ2um — w3+ | Va3 = z Al
where
A =6 < Vertl antl >, Ay = 41 < ol gntl >,
As =dru < s™,V-u"tt >, Ay =4t [¢ X'g "+1A"+1ds

We note here that the convection term is vanished. In conjunction with #"*+!

u"tt — Vigpn Tt and (31) yields
Ay =—6 < V" Vip" T >= =3(||[Ve" 5 — Vo™ (5 + Vo™ H5).

Clearly, we have
A, < OZ 412 TH vantl)2
2 < Mllf 121 + 5 IVa™ 5.

In the view of (25) and (18), we have [|6¢" T2 = ||V - @™ Y2 < ||[Va" |2, Hence

Az = —4pr < 8™, 8¢" T >
—2p7(||s" I3 = 118" — ||5Q"+1ﬂ(2>)
—2p7([|s" |G — ||8"||3 + 2ur||[Var g,
Ay <2u7||g™ || oo sy 1™ |

< CuTllg"“HQm + 7|V - a3

IA

Inserting A1-A4 back into (35) and summing over n from 1 to N lead to (33) by
using [[@"H[§ = [lu" [ + [ Vaem 3.
The proof of Theorem 3.2 is complete. O

4. Finite Element Approximation

We now describe, as an example of space discretizations, a finite element method
for Algorithm 3.1. Let T} be a family of regular triangular partitions of € into
triangles of diameter not greater than 0 < h < 1 [13]. Let V3, C V and M}, C V be
conforming finite element subspaces, which satisfy the discrete inf-sup condition,
i.e., there exists a positive constant 8 > 0, independent of h, such that

d(vh, pn
Blipnll < sup dlon, pr)
onevi lvnllv
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Denote V,;, the discretized solenoidal subspace of V. According to the definition
of b(-,-,-), we have

b(uh,vh,vh) =0 VYup,vp € Vi
Denote Ay, = {wy, : |wp(zs)| < 1Vzg € Ng}, where Ng is the set of all nodes on S.
For every A\, € Ay, and vy, € V},, we have

c(Ans gvn) < Cllgllpe(s)llvnllv-

For initial value ug € Vo, the discretized initial value ugh € Voh is defined as
follows:

a(uon,vrn) = a(ug,vy) Yop € V.
The finite element approximation of Algorithm 3.1 in (6)-(9) is:

Algorithm 4.1. Set u) = uop € Vop, 89 =0, and \) € Ay, is given; repeat for
1<n<N<T/r—1.
Step I: Find U} as the solution of

(36) < > +a(@pt vp) + b(ul, @t v) — p(sE, Vo)
—l—fs A g g ds = (f7T o) Vo, € Vi,

Step II: Find ¢"+1 as the solution of
(37) < Vot Wiy, >=<diva; g, > Vi, € HiL(Q).
Step III: Update uZH and S"H as the solution of

n+1 /\n—i—l n+1
up = + Vo,
(39) i i

Step IV: Update /\ZJrl as the solution of

)‘Z—H = PAy ()‘Z + pgn—i_luz—i_l)v p >0,
(39) . T 9

pa(p) = sup(—1,inf(1, 1)) V€ LA(S).
Algorithm 4.2. (The stabilized Gauge-Uzawa Method) Set u) = uop, € V,,, ) =0,
and \° € A is given; compute uy,, ¢1, 51,y with Algorithm 3.1 and set ¢* = 23Tp,11 :

repeat for 2<n < N <T/7—1.
Step I: Find u™' as the solution of

oy < SRR o a@yt ) + 0@ T ) — 0. )
+ [g A" g urds = (fitt ) Yo € V.
Step II: Find ¢"+1 as the solution of
(41) < Ve Vi >=< Vop, Vb > + < divup o > Vb € HE(Q).
Step III: Update u"+1 and s"+1 as the solution of

up =t (g ),

+1 _ ~ +1
(42) s =sp, =V uy
n+1 n+1 3¢n+1
Py = U8y, T

Step IV: Update /\nJrl as the solution of

{ AP = pa(AR + pgp T hulih, p>0,

(43) pa (1) = sup(—1, inf(L, 1)) Vi € LA(S).
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5. Numerical Results

In this section, we present some computational experiments using the Gauge-
Uzawa methods.
Assume that the domain is the standard square domain ([1, 13]) i.e., Q = [0, 1] x
[0,1]. The exact solutions u and p are
u(z,y) = (ui(t, z,y), uz(t, x,y)), plz,y) =t2z - 1)(2y — 1),
ur(z,y) = —tzy(z — 1)(By — 2), wua(w,y) = tay*(y — 1)(3z — 2),
and f is defined.
It is easy to verify that the exact solution u satisfiesu =0on I, u- W =u = 0,

us #0on Sy and uy # 0, u- 7 =wuy =0 on Ss. Moreover, the tangential vectors
on S; and Sy are (0,1) and (—1,0), so

o, = 4duty*(y — 1) on Sy,
o, =4utx®(z — 1) on Ss.

On the other hand, from the nonlinear boundary conditions (2), we have
lo-| < g, orur + glur| =0,

on S = 51 US,. Then the function g can be chosen such that g = —o, > 0 on Ss.

Let © = 0.1. The external force f can be determined by the first equation of
(2). Since the finite element space (Vj,, Mp) must satisfy the discretized inf-sup
condition, we use the Taylor-Hood element (P2 — P1 element). Take the initial
value ug = 0, A\g = 1, the space step h = 7, and the parameter ¢ = 0.54.

TABLE 1. The error and the rates of convergence for Algorithm 4.1

il oo Tl o o—mle o
[ull: [ulle ol

1/8  0.00290906 / 0.0256771 / 0.033258 /
1/16  0.00150963 0.9464  0.0138472  0.8909 0.0174686  0.9290
1/32 0.000768923 0.9733 0.00678532 0.9487 0.00869924 1.0058
1/64 0.000389941 0.9796 0.00346521 0.9695 0.00437643 0.9911

TABLE 2. The error and the rates of convergence for Algorithm 4.2

h 7| [u = unllz2 Order 7| v — unlla Order 7”]9 — pall Order
[ull Tull ol

1/8 0.000370236 / 0.00240039 / 0.00487653 /

1/16  9.42152e-5 1.9744 0.000674267 1.8320 0.001346908 1.8562

1/32  2.46783e-5 1.9327 0.000170945 1.9800 0.0003477467 1.9535

1/64  6.35522e-6  1.9573  4.25791e-5 2.0049  8.75396e-5  1.9900

Next, we give the results of Algorithm 4.1 in Table 1 and the result of Algorithm
4.2 in Table 2 if the Gauge-Uzawa method is used, such as the usual Galerkin finite
element method with (P, — Py element). The L? and H' error of the velocity field
and the pressure isovalue are displayed. Figure 1 shows the velocity field and the
pressure isovalue at T = 1 as the space step h = 1/32, the time step 0.01 and the
parameter o = 0.54.

In summary, the Gauge-Uzawa method is very valid for the Navier-Stokes equa-
tion with nonlinear slip boundary and the numerical results are consistent with the
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FI1GURE 1. The velocity field and the pressure isovalue.

theoretical analysis.

References

[1] Y. Li, Mathematical Theories and Numerical Methods of the Variational Inequality Problems
in Incompressible Viscous Fluid, Ph.D.Thesis, Xi’an: Xi’an Jiaotong University, (2009).

[2] R. Glowinski, Finite Element Methods for Incompressible Viscous Flow, Handbook of Nu-
merical Analysis, Vol. IX, 2003.

[3] H. Fujita, A mathematical analysis of motions of viscous incompressible fluid under leak or
slip boundary conditions, Mathematical Fluid Mechanics and Modeling, 888(1994), 199-216.

[4] H. Fujita, Flow Problems with Unilateral Boundary conditions, Lecons, College de France,
October, 1993.

[5] H. Fujita, A mathematical analysis of motions of viscous incompressible fluid under leak or
slip boundary conditions, RIMS Kokyuroku, 888, 1994, 199-216.

[6] R. Nochetto and J.H. Pyo, The Gauge-Uzawa finite element method part I: the Navier-Stokes
equations, SIAM J. Numer. Anal., 43(2005), 1043-1068.



56

H. QIU, L. MEI, AND Z. CHEN

[7] J. H. Pyo, Error Estimates For The Second Order Semi-Discrrete Stabilized Gauge- Uzawa

Method For The Navier-Stokes Equations, International Journal of Numerical Analysis and
Modeling, 1(1) 2011,1-20.

(8] J. H. Pyo, The Gauge-Uzawa and related projection finite element methods for the evolution

Navier-Stokes equations, Ph.D Dissertation, 2002.

[9] E. Weinan and J. G. Liu, Gauge method for viscous incompressible flows, Commun. Math.

Sei., 1(2)(2003), 317-332.

[10] J. H. Pyo, The Gauge-Uzawa and related projection finite element methods for the evolution

Navier-Stokes equations, Ph.D Dissertation, 2002.

[11] J. H. Pyo and J. Shen, Normal mode analysis of second-order projection methods for incom-

pressible flows, Discrete Contin. Dyn. Syst. Ser.B, 5(3) (2005), 817-840.

[12] R. Nochetto and J. H. Pyo, The Gauge-Uzawa finite element method part II: Boussinesq

equations, Math. Models Methods Appl. Sci., to appear.

[13] Y. Li and K. T. Li, Operator Splitting Methods for Navier-Stokes Equations with Nonlinear

Slip Boundary Conditions, International Journal of Numerical Analysis and Modeling, 7
(2010), 785-805.

[14] Y. Li and K. T. Li, Global regular solution of two dimensional Navier-Stokes equations with

nonlinear slip boundary conditions, Submitted to Acta Mathematica Sinica.

[15] J. H. Pyo, Error Estimates For The Second Order Semi-Discrrete Stabilized Gauge-Uzawa

Method For The Navier-Stokes Equations, International Journal of Numerical Analysis and
Modeling, 1(1)(2011), 1-20.

School of Mathematics and Statistics, Xi’an Jiaotong University, Xi’an, 710049, China
E-mail: ghl1f@163.com (H. Qiu) and lgmei@mail.xjtu.edu.cn (L. Mei).

Center for Computational Geosciences, School of Mathematics and Statistics, Xi’an Jiaotong

University, Xi’an, 710049, China. Department of Chemical & Petroleum Engineering, Schulich
School of Engineering, University of Calgary, Calgary, Alberta, Canada, T2N 1N4

E-mail: zhachen@ucalgary.ca



